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Order-of-magnitude treatment

Consider a simple order-of-magnitude treatment of the vertical structure in the case of

a disc with Thomson opacity and negligible radiation pressure.
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The surface density,
Y~ pH,

should be regarded as a given quantity, analogous to the total mass in a stellar structure
calculation.
These relations can be solved to give
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(© GIO 2005 33



00 05 10 15 20 25 0.0 05 10 15 20 25

N
N2

Vertical structure of a radiative model with gas pressure and Thomson opacity

Treating the above as a dimensional analysis, define characteristic physical units

Uy = o/6x1/3q=5/6 <%)—2/3 (f) —1/6’

KR
v )
P UH’
U, = 20Uy,
Up = aXQU%,

Up — (“mglp) 02U,

(© GIO 2005 34




Then introduce dimensionless variables according to
z=2iUy, H=HUy,  p=p(Z)U,

p=p3ZU,  F=F3ZUp, T=T(3Ur

The dimensionless equations of vertical structure are then

b
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The boundary conditions are

F(0) = p(H) = p(H) = T(H) = 0.

Finally, the definition of the surface density requires

H
/ pds=1.
i

These equations have a unique solution that must be obtained numerically. The resulting
profiles are almost indistinguishable from a polytropic model with index n ~ 2.7.

The vertically integrated viscosity is
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is a dimensionless constant of order unity. Again we find

7 oc rn2/3.
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1.7. Thermal-viscous instability [non-examinable]
1.7.1.  Viscous instability
We return to the diffusion equation for a Keplerian disc,
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with 7 = p(r,¥). Consider the stability of any given solution ¥y(r,t) of this equation with

respect to small perturbations. Let the surface density be perturbed to
N(r,t) = So(r,t) + X' (r, 1),
where Y'(r,t) is the Eulerian perturbation (i.e. at a fixed point in space) of surface density.

For |¥'| < ¥, the Eulerian perturbation of 7Y is given by a linear approximation,

%>
(7y) = 8(8”2 Jsv g5

The perturbed diffusion equation is then

10 [l
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This is a linear diffusion equation for ¥/, with a diffusion coefficient proportional to ¢. In
particular, for wavelike perturbations with a wavelength short compared to r, we have
oy *y’

~ 30— .
ot To2
If ¢ > 0, small perturbations will diffuse and dissipate. However, if ¢ < 0, small perturbations
will grow rapidly on short length-scales. The criterion for viscous instability is therefore

o(vx)

B> <0

1.7.2.  Thermal instability

So far we have assumed that a thermal balance between heating and cooling holds in the

energy equation. Thus
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where

9

is the vertically integrated viscous heating rate, and
C=2F"

is the cooling rate (F'* being the energy flux density leaving the upper surface of the disc).

Suppose that o < 1 so that gy, < tih < tyise.  What happens if vertical thermal
balance is not imposed, and the disc is allowed to vary on the thermal time-scale? Vertical
hydrostatic equilibrium will still hold because tqy, < fyn. Mass migrates radially on the
time-scale tisc > tin, S0 each annulus retains its surface density ¥ on the thermal time-
scale.

Consider a single annulus at radius . Solving the equations of vertical structure other
than the equation of thermal balance, we can determine H and C as functions of the in-
dependent variables > and X. In fact H depends only on v3. The equation of thermal
balance, H = C, defines a curve in the (X,7X) plane, which determines the equilibrium

relation between 7Y and ¥ at fixed r. In general,

dH = ) A7),
ac ac _

Along the equilibrium curve dH = dC and d(7%) = ¢d¥. Thus
aH  1ac  ac

=t = 1

A7) ~ q0T a0y (1)

The thermal energy content of the disc per unit area is ~ pH ~ (Q/a)vX. If the
equilibrium is perturbed by increasing the energy content slightly, 7Y increases, but recall
that ¥ is fixed on the thermal time-scale. The system will run away if the excess heating

exceeds the excess cooling, i.e. if

M o
dox) ~ an)

The criterion for thermal instability is therefore (applying equation 1)

1o

562>0.

Therefore both viscous and thermal instabilities depend on the sign of g. In practice 9C /9% <

0, so both instabilities occur when ¢ < 0.

(© GIO 2005 37



1.7.3. Outbursts

As we have seen, a radiative model with alpha viscosity, gas pressure and Thomson opac-
ity has Y o r2°/3 and is thermally and viscously stable. The same is true when Kramers
opacity dominates. However, for cooler discs undergoing hydrogen ionization, instability can
occur.

When the equilibrium curve in the (X, 73) plane has an S-shape, limit-cycle behaviour
can occur. There is then a range of 73 for which no stable solution is available. For a steady

state to exist in a binary star, we must have

_ M Tin 1/2 M
oy = 1—(—) N — for >y,
3T T 3T

yet the value of M in a steady state is fixed externally, by the rate at which the companion
star overflows its Roche lobe. For a certain range of mass-supply rates, no stable, steady
state is possible.

On the upper stable branch, the viscous torque is too great and the surface density
becomes depleted on the viscous time-scale. On the lower stable branch, the viscous torque

is too small and the surface density accumulates. The result is a limit cycle.

\
~
~
~<
~
~
~
~
~
~
~
~
~

2

Thermal-viscous instability: S-curve and limit cycle

This cyclical behaviour is the accepted explanation for the outbursts seen in many cat-
aclysmic variables, and may also apply in some X-ray binaries. The disc cycles between a

cool, poorly ionized state and a hot, highly ionized state.

(© GIO 2005 38



7
I ees B T S
- . E " *

q; o e L ~.-...s,..._-_.--.,_ db”-a-l—.—...‘-d.\-.wdu--_l
T
E.15|uu¢_,._ﬁ_.,.,_z,‘_._-.‘.;-__,. 5

=) s w e T T . H : D AT s Eoas
11 z S Sn B T ES e H = Elong
12 =

T
] o B o S Ty, s
q; \Aw \8‘ h#ﬁ W %ﬁ gLf L;;E?L i
T 19135
B - n n . Ly
11 L B L
18 ._.-u—..-....-n.-;n—-.v-—ﬂ-k-“-..._.g
; '132q
FCT ¥ 5= -
11 HES L AR e oR. ]
12 ..th,E..' h.u‘.n A W -n;-l\_."h._
< 1925
1Ej| : B T I S S T T S S S W N T
4 o 3 e A
13 \q.—Fﬁ—...eW-u.'q—...\u—..u—J -rt’l-.ﬁ-.._u‘f et -u.---l\.' \.-—wu—
i ‘1330
"E:' l:-."zi‘-..'!!.'a-\_.'! T el a : roo=
e e g el ‘\.-F‘-r-\-\_ -.-.:'\-.-Hw-n-'-—-w——-'—----\‘- -—F-hv-ur'\-—-‘
320 1935
S s emn mx Bopoow  gmema guem Rugoge  Beowemn om &g omage B o ooy
_:\-:luviﬂ—ibiﬁﬂr\r__n\v-.nm-r=b-hﬂh—wn-a— nn’-"'—-:.:...r—-...;-—-...a_-w-niﬁd'hrt.-._-— \---.,-..-in-;.......-" _'-:.
1935 14940
=% ~ » : & 2 -~ = ~ A = s &
1 . : R T - oas LR SR 5, Aok PR S T |
1 PPV e h-.p—.“‘ﬂ-\lu-:-.-u' '.ﬁ-'vq.-... -...1-!! " et T et "\:“'----"\-\.5 “‘w---nf"ﬁ-"'--
1340 '19&-‘5
o B ey B A i At oo oAxoa nrs R S i
1 s o e M e L }p—, T e e e R tg: R e e b N T s h—mnlqh-u-ﬁ NI i \_Hr
1945 1950
_— = = - - + -
1 '-""')"-!-!‘-L.‘:-‘J"s -, & & = i i :"'5-_1 L e \Fi‘ o Ao
1 Foar = Ta oty W lpind e i Tpir 1—.......:._- PR L S NP -.--.r!;._ Lot W L e A B Rl e e Treter S b
1350 1955
. "‘. * it 3 SR - i T T . il a Ak .". i £ '-.'-x b "=. =

b e Bt \......s__,_. s
1955

‘—‘-—!'\-—l-—.o—-.a;n -ﬂl-!-l--L—-—l'-dH- --W'H-:i'il-u-\.--'--luh-w d-.-."lhn- [

s

=
L el B et R B RS ber L B et B ettt Bt Bt el RV Bt e B bl T RS

£

g
o

"9“'-1*"-'.-‘:1=ﬂ.'.;'u-.="' % o e am

]
A oo. 3 R
ri— \r-b-"lv-"—l'-'P‘-"-vaw-vl-l‘-‘!-'ﬂw.;wi-_-h\-':-—'\-m P "-r‘-q-—'k'h-.i"n 3...:..-..4

.
..|.-
!

i

i

i b e i . H

q AL ‘..-...,. -n-—--r—-a,. R LGP NG DO S T - A

1970
1 b '.'I ﬁ :\ -" 7\.':“ :Ji "\ \I
1 A ._rh.-u-'b "'\-‘--H h-ﬁ-.. ..__,-\, AR T i O

13?5
1 . ot TR T omdben g R & OROE
18 il —&-‘\q‘-""\ﬂif“\—rh“-'-"i"!\pu M R s ...L_..,.-_..,_\..L,...:x.-. -,,_‘..._.'i-’!"

Aaa0

KU peman v woumus g dheecemoo Yo% e v %o oA oo ] G % o5

* 1A s s S i S N O Yoo LRSS Rl

1 R LA L WP —l';u-":-v"-'w-‘-—"'!"’*--.r\.ﬂ'— PSR S s S, R B, et U e S L \—-‘-’\— EFRPSL P S-S U R J

1983 1830

Wi : ; . : - m . : TR T S
11 : i : e R I
g [t e Mo e mertebe e T e il e
v 1940 1995
s | T O
1 E R R
13 e T

2000
AAVSO

Optical light-curve of the cataclysmic variable SS Cyg, from http://www.aavso.org

Thermal-viscous instability may also occur in the innermost parts of luminous discs
around neutron stars and black holes, where radiation pressure and Thomson opacity domi-
nate. Whether instability occurs here depends on exactly which form of the alpha viscosity

prescription is adopted.
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