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From unicellular ciliates to the respiratory epithelium, carpets of cilia display metachronal waves,
long-wavelength phase modulations of the beating cycles, which theory suggests arise from hydrody-
namic coupling. Experiments have been limited by a lack of organisms suitable for systematic study
of flagella and the flows they create. Using time-resolved particle image velocimetry, we report the
discovery of robust metachronal waves on the surface of the colonial alga Volvox carteri, whose large
size and ease of visualization make it an ideal model organism. An elastohydrodynamic model of
weakly-coupled oscillators, recast as interacting phase oscillators, offers an intuitive understanding
of the emergence of metachronal waves, and confirms the role of compliance of oscillator orbits in
producing fast, robust synchronization in a manner essentially independent of boundary conditions.

PACS numbers: 87.16.Qp, 87.18.Tt, 47.63.-b, 05.45.Xt

A major evolutionary breakthrough for unicellular or-
ganisms was the incorporation of appendages for self-
propulsion. In ancestral eukaryotes, these took the form
of 10 − 20µm long hair-like motile organelles known as
flagella which, together with their shorter ciliary ver-
sion, are now common to most extant eukaryotic species.
Whether in ciliates like Paramecium or the lining of the
respiratory tract, cilia and flagella usually appear in large
groups within which their individual motions tend to syn-
chronize in patterns known as metachronal waves (MWs),
modulations of the beating phase on the scale of many
undulipodia [1]. Many theoretical studies [2–4] hint at
a higher efficiency of propulsion by MWs, and suggest a
possible selective advantage in strategies to stabilize their
occurrence. Yet, the mechanisms behind their emergence
and the selection of wave patterns are still unclear.

Early reports of correlated changes in the directions
of flagellar beating and MW propagation [5] led to the
hypothesis of a mechanical origin for synchronization,
and motivated theoretical studies involving hydrodynam-
ically coupled filaments driven by various types of inter-
nal engines [6–9]. While these models show a general
tendency towards metachronal coordination, and help ex-
plain the generation and regulation of flagellar motion
[10], their complexity prevents a simple understanding of
the mechanism responsible for synchronization.

Minimal models of hydrodynamically coupled self-
sustained oscillators with few degrees of freedom give
insight into the emergence of MWs, and such synchro-
nization has been investigated experimentally with ro-
tating paddles [11], microrotors [12] and colloids in op-
tical tweezers [13, 14], in simulations of rotating helices
[15], and in several theoretical models of spheres driven
along fixed trajectories [16–20]. We now know that un-
der certain circumstances [17, 21] hydrodynamics alone
can phase-lock two simple oscillators. This mechanism is
probably not sufficient to account for the rapid and ro-

bust synchronization seen in biological systems [22], al-
though flexibility in the oscillators’ trajectories [19] may
remedy this problem. The precise mechanism leading to
this is poorly understood, but there is increasing evidence
for the interplay between orbit flexibility and hydrody-
namic coupling as the origin of synchronization of flag-
ellar pairs [23]. But synchronization of an isolated flag-
ellar pair is not sufficient to guarantee metachronism of
an ensemble, highlighting the need to understand better
the link between local and global coordination. Progress
hinges on the identification of suitable experimental sys-
tems to study MWs and test the intuition developed from
theory, a goal which has remained unfulfilled.

Here we introduce the colonial green alga Volvox car-
teri [24] as a platform to study coordination in ensembles
of eukaryotic flagella. Volvox is composed of thousands of
biflagellate somatic cells embedded in a spherical extra-
cellular matrix of radius R ∼ 200 µm, beating towards
the colony posterior in a nearly planar waveform. We
report the first observation of MWs in such a simple,
readily observable and easily manipulable system, and
describe a straightforward method to quantify them. The
flagella of Volvox are spaced relatively far apart compared
to the celebrated ciliate Paramecium, and hence they are
more nearly in the weak-coupling limit amenable to the-
ory. Motivated by this, a minimal elastohydrodynamic
model provides a semi-quantitative description of these
MWs and confirms the importance of elasticity for robust
synchronization. The model proposes a simple mecha-
nism for the spontaneous choice of MW direction, and
provides a unifying view of the synchronization patterns
observed by previous studies in finite chains of oscillators.

Growth conditions for Volvox carteri f. nagariensis
(strain EVE) have been described previously [25]. In-
dividual colonies were inserted in a 25 × 25 × 5 mm ob-
servation chamber filled with fresh medium [26] seeded
at 2× 10−4 volume fraction with 0.5µm polystyrene mi-



2

Swimming direction

0 1 2 3 4 5 6 7 8 9
0

5

10

15

nu
m

be
r o

f c
ol

on
ie

s

Autocorrelation decay time
20 25 30 35 40 450

5

10

15

20

nu
m

be
r o

f c
ol

on
ie

s

Frequency
0 1 2 3 4 5 6 7 80

5

10

nu
m

be
r o

f c
ol

on
ie

s

Wavenumber

15

1
0.5

0
-0.5

-1
0

0.05 0.1 0.15 0.2
0.5

1
1.5

t (seconds)

0

π

π
po

la
r a

ng
le

2

0.5 10

400

200

0

-400

-200

μm/s

symplectic metachronal wave

(a) (b)

(c)

(d) (e) (f)

FIG. 1. (color online). Metachronal waves ofVolvox. (a) Radial component ur(θ, t) of the flow, measured at r∗ = 1.3×colony
radius. (b) Correlation function C(∆θ,∆t) in Eq. 1. (c) Confocal image of Volvox, showing somatic cells (small dots), interior
daughter colonies (large circles), colonial axis, and radius for velocity components (dashed). Histograms of beat frequencies
(d), decay times of C(0,∆t) scaled by beat period (e), and metachronal wavenumber (f) for 60 colonies.

crospheres (Invitrogen, USA). Colonies were captured,
oriented and held using two micropipettes with 100µm
diameter tips, hosted on pipette holders (World Preci-
sion Instruments, USA) held by motorized micromanipu-
lators (Patchstar, Scientifica, UK), and connected to two
manual microinjectors (Sutter Instruments Co., USA).
Custom-made rotation stages mounted on each holder al-
lowed rotation around the pipette’s axis [23]. We aligned
the axis of each colony with the focal plane of a 40×
Plan Fluor objective (NA 0.6) on a Nikon TE2000-U in-
verted microscope, and recorded 30 s long movies of the
surrounding flow with a high-speed video camera (Fast-
cam SA3, Photron, USA) at 500 fps under bright field
illumination. A long pass interference filter with a 10 nm
transition ramp centred at 620 nm (Knight Optical, UK)
prevented phototactic responses. The projection of the
velocity field u onto the focal plane was reconstructed
using an open source Particle Image Velocimetry (PIV)
[27] toolbox for Matlab (MatPIV), and decomposed into
polar coordinates u = urer + uθeθ as in Fig. 1c.

For each Volvox, the radial component ur(r
∗, θ, t) at

r∗ = 1.3R [Fig. 1(c)] is used to resolve spatially the beat-
ing phase of the somatic cells along the colony’s meridian
opposite to the holding pipette. As shown in Fig. 1(a)
kymographs of ur(r

∗, θ, t) reflect clearly the propagation
of a MW from the anterior towards the posterior of the
colony. This is a symplectic MW, propagating in the
same direction as the flagellar power stroke. Inspection
of several colonies at different orientations confirms that
the wave is mostly symplectic with only a minimal di-
aplectic (lateral) component. The wave parameters can

be determined from the normalized correlation function

C(∆θ,∆t) =
〈ūr(r∗, θ + ∆θ, t+ ∆t) ūr(r

∗, θ, t)〉
〈ūr(r∗, θ, t)2〉

, (1)

where ū(r, θ, t) is the deviation of the measured flow
from its time average, and 〈〉 denote averaging over t and
θ. Fitting the autocorrelation function as C(∆θ,∆t) =
e−∆t/τe−∆θ/L cos(k∆θ − ω∆t) yields the average beat
frequency f = ω/2π, autocorrelation decay time τ
and wavenumber k for each colony. Averaging over 60
colonies we obtain f = 33.0 ± 3.2 Hz, τ = 0.10 ± 0.06 s,
and k = 4.2 ± 1, with individual data summarized in
Figs. 1d-f. We emphasize that k > 0 for all colonies, indi-
cating that despite the absence of any direct connections
between somatic cells symplectic MWs are ubiquitous.

We now turn to a model for MWs. Inspired by the or-
bits of the flagellar tips of Volvox somatic cells [Fig. 2(a)],
we generalise previous studies [17–19] and model the syn-
chronous flagellar pair of an individual cell as a sphere
of radius a elastically bound to a circular orbit of radius
r0, perpendicular to a no-slip plane, with the center at
x0 =

(
x0, y0, d

)
[Fig. 2(b)]. The sphere is driven by a

constant tangential force fdreφ, and its speed v follows
the force-balance requirement of Stokes flow:

γ(x) · v = −λ(r − r0) er − ηζ eζ + fdreφ. (2)

Here the spring stiffnesses λ and η in the ra-
dial (er) and transverse (eζ) directions determine
the deformation of the trajectory in response to
external stresses. The friction tensor γ(x) =
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FIG. 2. (color online). Modelling flagella. (a) Tip trajectory
over 4 beats of a flagellum of a Volvox somatic cell. (b) Model
flagellum: a sphere of radius a elastically bound to a circular
trajectory of radius r0 (dashed) perpendicular to a no-slip
plane, driven by a constant tangential force.

γ0

[
I + (9a/16z) (I + ezez) +O

(
(a/z)

3
)]

[28] depends

on the sphere’s position x = x0 + (r sinφ, 0, r cosφ), and
γ0 = 6πµa is the drag on the sphere in an unbounded
fluid of viscosity µ. Because the drag is non-isotropic,
the sphere deviates slightly from the prescribed circle
(δr/r0 ∼ 0.5% here). For each set of parameters studied
we simulate an isolated sphere, and recover the limit cy-
cle (r(t), φ(t), ζ(t)) and the orbital period T , from which
we define the phase of the oscillator Φ = Φ(φ) where
Φ̇ = ω = 2π/T [18, 29], which is used to study the cou-
pled dynamics of such spheres. The sphere’s height above
the wall defines distal and proximal sections of the orbit
which mimic the natural power and recovery strokes of
the flagellum. As expected [17] this asymmetry induces
a net flow in the direction of the power stroke.

For N identical oscillators at instantaneous posi-
tions {xi} the hydrodynamic drag on the ith sphere is

−γ(xi) ·
[
vi −

∑
j 6=i G(xj ,xi) · F ext

j

]
, where F ext

i is the

net external force acting on that sphere (rhs of Eq. 2).
G(xi,xj) is the Green’s function (“Blake tensor”) in the
presence of a no-slip wall [30], which decays like r−3 for
displacements parallel to the wall instead of the charac-
teristic r−1 for a point force in bulk. The time evolution
of the system of N moving spheres is then given by

[
RTM−1Γ R

]
ji

 riφ̇i
ṙi
ζ̇i

 =

 fdr

−λ (rj − r0)
−η ζj

 . (3)

The 3N × 3N matrices Γ, M and R are defined in terms
of their constitutive 3 × 3 blocks Γij = δijγ(xi), Mij =
δijI +

(
1− δij

)
γ(xi) ·G(xj ,xi), and Rij = δijRi, where

the columns of the rotation Ri are given by the vectors
eφi , eri and eζi respectively.

Taking advantage of the fact that MWs in Volvox are
almost exactly symplectic, we represent the ∼ 30 somatic
cells along a colony’s meridian as an open-ended linear
chain of model oscillators. Their orbits are centered at
x0
i = (i`, 0, d), regularly spaced a distance ` > 0 apart,
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FIG. 3. (color online). Phase profile of an array of 30 spheres
after t/T = 1200 beats. Results are shown for λd/fdr =
0.1, 0.5, 1, 1.5, 2, and r0/d = 0.5, l/d = 2, a/d = 0.01.

and the driving force fdr > 0 turns them with an angular
speed along the positive y-axis. In this configuration, the
choice of η does not affect the dynamics. We explore the
behavior of chains of 2− 50 oscillators, with r0/d = 0.5,
2 ≤ `/d ≤ 10, and spring stiffnesses 0.01 < λd/fdr < 10.
Within this parameter range the system evolves to a
steady state profile in a few tens or hundreds of beat-
ing cycles, regardless of initial conditions. This phase-
locking timescale increases with increasing stiffness of the
orbit, and eventually diverges for λ → ∞ (holonomic
constraint), in line with previous studies of geometrically
constrained oscillators [17, 21]. The phase profiles after
t/T = 1200 beats for 30 interacting spheres, representa-
tive of the general behavior, are summarized in Fig. 3.
For stiff springs the phase propagates outwards from the
center of the chain, creating a chevron pattern previ-
ously encountered in similar systems [19, 31]. But as λ
decreases the phase-locked pattern morphs into a sym-
plectic metachronal wave (Φi < Φi−1 ∀ i). This appears
to be the first example of a minimal model developing a
robust MW in an open-ended chain, which mimics nat-
ural boundary conditions for ciliary arrays. For Volvox,
λd/fdr ∼ 0.1, which is in the symplectic regime of Fig. 3.

The dynamics of the chain of oscillators can be un-
derstood by studying the case N = 2. The interac-
tion between two spheres induces only small perturba-
tions around their limit cycles, and the coupled sys-
tem can be described by the evolution of the phase
difference ∆̇ = Φ̇2 − Φ̇1 = ω− + D(∆,Σ) and sum
Σ̇ = Φ̇2+Φ̇1 = ω++S(∆,Σ), where D and S are effective
coupling terms, and ω± = ω2 ± ω1. For sufficiently stiff
springs, the phase difference evolves much more slowly
than the sum, and we can average over a cycle of Σ to ob-
tain ∆̇ = ω−+ D̃(∆) and Σ̇ = ω+ + S̃(∆). The functions

D̃ and S̃ [Fig. 4(a)] are calculated numerically by simu-
lating the system for many initial conditions [Fig. 4(b)].
Over the parameter range studied we consistently find a
stable equilibrium point at a negative phase-lag ∆S < 0,
and concurrently an increase in the average beating fre-
quency (S̃(∆S) > 0), a consequence of the lower drag at
synchrony [15, 19]. Nontrivial phase locking results from
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FIG. 4. (color online). Phase oscillator reduction. (a)

Coupling functions D̃(∆) and S̃(∆) for a pair of interacting
spheres. We have used the parameters r0/d = 0.5, l/d = 2,
a/d = 0.01, λd/fdr = 1. (b) Phase difference, ∆ = Φ2 − Φ1,
for various initial conditions. (c) Amplitude of coupling func-
tions for different spring stiffnesses.

the interaction between the wall-modified flows, the com-
pliance of the orbits, and the influence of deformations
on phase speed. The flow components perpendicular to
the wall modify the in-phase configuration that would be
stable in an unbounded fluid [19] by compressing slightly
the orbit of the upstream sphere, which speeds up, and
dilating the orbit of the downstream one, which slows
down. Stable equilibrium is then skewed to a negative
phase lag. The observed phase locking is robust against
perturbations in orientation and relative position of the
spheres, or the use of more general driving forces.

Figure 4(c) shows the characteristic dependence of
the amplitudes D0 and S0 of the effective potentials
on the spring constant λ, from which we recognize stiff
(D0 < S0) and soft (D0 > S0) regimes. Although they
do not influence phase-locking for an isolated pair, these
regimes lead to different steady states in an open chain
[Fig. 3]. Drag reduction induced by synchronization is
more pronounced on interior oscillators within the chain,
which will tend to lead, creating a chevron steady state
phase profile. However, if the drive towards a non-zero
phase lag ∆s is sufficiently strong (D0 > S0), cooperative
speeding will only cause small perturbations around this
phase difference, and neighboring oscillators will phase-
lock with lags of the same sign as ∆s. In the present
case this generates a symplectic MW (Φi < Φi−1 ∀ i).
For systems in which ∆s = 0 [19], arbitrarily small per-
turbations can skew the phase lag to both positive or
negative values, and this precludes the emergence of a
well defined MW. We note that at the same time ∆S is
independent of λ, and scales as ∆S ∼ `−1 for large `/d.

This first report of MWs in the green alga Volvox car-
teri shows that large scale flagellar coordination is pos-
sible even in weakly coupled systems, and that detailed
quantitative information on the average wave properties

can be obtained with modern fluid dynamical techniques.
The manner in which these properties depend on geomet-
ric factors such as the intercellular spacing and flagellar
length will be addressed elsewhere. The model discussed
here, with an interplay between wall-induced flows, orbit
compliance, and deformation-induced changes in phase
speed, reproduces the coordination of Volvox somatic
cells in an open ended chain, which resembles a finite
size array of flagella. This simple model may thus prove
useful in clarifying the diverse types of MWs observed in
nature, and in understanding more generally the nature
of eukaryotic flagellar synchronization.
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