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Quantum Necking in Stressed Nanowires
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When a macroscopic metallic wire is subject to tensile stress, it necks down smoothly as it
elongates. Here we show that for nanowires with radii comparable to the Fermi wavelength Ap,
this process is remarkably different. Using a new semiclassical energy functional to include electron-
shell effects, we formulate a PDE for the shape evolution of a nanowire using concepts from fluid
dynamics. Extensional and compressional stress lead to unusual shape dynamics, characterized by
interacting kinks connecting locally stable radii, and hysteresis, the latter in accord with recent

experiments on gold nanowires.

PACS numbers:

Recently, it has become possible to image metal
nanowires with subatomic resolution, and record their
structural evolution in real time, using transmission-
electron microscopy [m, E, E, @, ﬂ], thus opening the door
to the study of a new class of nonlinear dynamical phe-
nomena at the nanoscale. Heretofore, most of the infor-
mation about the structure and dynamics of nanowires
has been obtained indirectly, from measurements of
transport and/or cohesive properties % 1, E, E, E]
Molecular dynamics simulations [E, , , [14] have also
provided important insight into the atomic structure and
dynamics of nanowires, but cannot explain the observed
stability [m, , E] of long, cylindrical nanowires, which
would be unstable classically under surface tension [@]

The free-electron approach to nanowires [E, E, ,
E], on the other hand, has proven successful in explain-
ing the quantum suppression of the Rayleigh instability
[@] Here we extend this approach by developing a struc-
tural dynamics for a free-electron nanowire, based on the
assumption that surface diffusion is the dominant pro-
cess. This dynamics, of interest on its own as a new
class of non-linear dynamics, includes quantum-size ef-
fects explicitly and allows the study of a broad range of
dynamical effects in metallic nanowires (see Fig. [l(b-d)):
Approach to equilibrium of a point contact, roughening
of an unstable nanowire , and evolution of a wire un-
der elongation/compression. In particular, the latter can
be compared to early experiments on gold point contacts
[ﬁ, E], showing perfect correlation between force and con-
ductance with steep conductance steps, and a hysteresis
between elongation and compression.

More specifically, our model of a nanowire consists of
free electrons confined to an axially-symmetric wire by
a hard-wall potential [@] The shape of the wire is de-
scribed by its radius R(z,t) in an interval [0, L], the z-axis
being chosen parallel to the wire. Periodic boundary con-
ditions are used to extend R(z), although contacts such
as those depicted in Fig. [] (b) and (d) are to be seen
as connected to semi-infinite, cylindrical leads [P1]. The
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restriction to axially-symmetric wires is motivated phys-
ically by the fact that classically, Jahn-Teller-type defor-
mations of a wire are energetically less favorable than
axially-symmetric deformation @]

In order to find the equilibrium shape of a nanowire,
one needs to minimize its energy as a functional of R(z).
In the spirit of the Born-Oppenheimer approximation,
the total energy of the nanowire is taken to be the elec-
tronic energy. Since we are dealing with an open system
of electrons, the grand-canonical potential is used, and
can be separated into Weyl and mesoscopic contributions
[, @] Dropping the volume contribution, which is as-
sumed to be constant, we find that the energy functional
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FIG. 1: (a) Electron-shell potential V (T, R) as a function

of radius for a temperature T = 2 - 10~°Tr. Here ep is the
Fermi energy, 1r = ep/kp and kr = 27r/)\p. (b)-(d) Various
equilibrium shapes [ﬂ of a nanowire: (b) Shape obtained
starting from a double-cone geometry; (c) Roughening of an
unstable cylinder with starting radius krR = 4; (d) Shape
obtained dynamically through elongation of a constriction.



may be written
Q[T, R(z)] = o(T)S[R(2)] +/0 V(T,R(z))dz, (1)

where ¢(T) is the surface tension [B3, S is the surface
area of the wire, and V is a mesoscopic electron-shell
potential. Higher-order terms [@, @] proportional to the
mean curvature, etc., are neglected. V can be expressed
in terms of a Gutzwiller-type trace formula as
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where the sum includes all classical periodic orbits (v, w)
in a disk billiard @], characterized by their number of
vertices v and winding number w, Ly, = 2vRsin(mw/v)
is the length of orbit (v, w), and Oy = kpLyyw — 3vm/2.
The factor fyw = 1+ 6(v — 2w) accounts for the in-
variance under time-reversal symmetry of some orbits,
and ayy (T) = Tyw/sinh Ty (Tyw = ThpLywT/2TF) is a
temperature-dependent damping factor. V(R), shown in
Fig. [](a), has deep minima that favor some magic radii
[E] A similar trace formula was previously derived [@]
for small axially-symmetric perturbations of a cylinder
using semiclassical perturbation theory [@, @, @] Here
we point out that semiclassical perturbation theory re-
mains valid for large deformations, as long as new classes
of non-planar orbits can be neglected (adiabatic approx-
imation). Egs. (m) and (E) define an energy functional
which is both general enough and simple enough to solve
for nontrivial nanowire geometries.

Rather than directly minimizing the energy functional
(m), we derive an equation describing the surface dynam-
ics of the nanowire, which will yield not only the equilib-
rium shapes, but also the approach to equilibrium and
the onset of instability. Our model contains two main
assumptions. First, the majority of atoms are at the sur-
face in the thin wires under consideration, so we focus on

- e VAVAVAVAVAWAVAVAVAVAV S

15 —

FIG. 2:  Propagation of an instability for a wire of initial
radius kp R = 10, time progressing from bottom to top, with
curves shifted for clarity. The top curve corresponds to a
much later stage in the time evolution.

surface self-diffusion as the origin of ionic motion. Sec-

ond, under the Born-Oppenheimer approximation, the

electronic energy () acts as a potential for the 1ons, and

we derive the dynamics from ionic mass conservation:
OR(z,1) vg O

o = _R(z,t)ﬁ_z[R(z’t)Jz(z’t)L (3)

where v, = 37%/k3, is the volume of an atom, and the
z-component of the surface current is given by Fick’s law:
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Jo = [1+ (R)?]
where R = OR/0z, and ps and Dg represent the surface
density of ions and the surface self-diffusion coefficient,
respectively. It appears that the precise value of Dg for
alkali metals is not known, but we can remove it explicitly
from the evolution equation by a suitable rescaling of
time. Accordingly, all times in this paper will be given as
a dimensionless variable 7 = ps DsTrt/T. The chemical
potential p(zg) is obtained by calculating the change in
the energy (ﬂ) with the addition of an atom at point zg,
u(zo) = Q[T, R(z) + Ad(z — zo)] — Q[T, R(z)], where
A = vy /27R is chosen so that the volume of an atom is

added:
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where by (T) = ayy cosh 7, Eq. () is then solved nu-
merically using a linearized implicit scheme.

Let us first explore the equilibrium shape of a
nanowire: Some insight can be obtained by expanding
the energy functional (El) in the perturbation ¢(z) =
R(z) — Rg about a cylinder of radius Ry. The surface
term in Eq. (m) contributes a term oc (9¢/dz)%, while the
electron-shell potential V(7 ¢) may be approximated lo-
cally by a cosine, leading to a sine-Gordon energy [E]
This suggests solutions where R(z) is piece-wise constant,
with segments of different radius connected by kinks.
This is confirmed by solving Eq. (E) numerically: Start-
ing from a double-cone shape, one finds [Fig. [|(b)] a local
minimum of the energy consisting of a series of cylindrical
sections separated by steps whose length is proportional
to Rg. The distance between the steps depends on the
initial conditions, but the general features of the solution
are robust.

Another case of interest is the roughening of an un-
stable nanowire [E]7 or the propagation of an instability
[B7): Starting with a cylinder with an unstable radius,
corresponding to a maximum in V(R) [Fig. [(a)], and
adding a localized (gaussian in shape) deformation of
small amplitude (0.1% of the wire radius), we find that,
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Shape of a nanowire at various stages [E] of elongation (left column, a-g) and subsequent compression (right

column, h-n). Adjacent wires have the same length, from top to bottom: krL = 50,60, 70, 85,100, 115, 135. Above each wire
is its conductance in units of Gy = 262/h. Central Inset: Conductance and force as a function of the length of the wire:
(i) Conductance during elongation (solid line) and compression (dotted line); (ii) force during elongation; (iii) force during

compression.

after an incubation period during which the perturbation
decreases, the instability sets in with essentially a single
Fourier component, corresponding to the maximally un-
stable mode [@], saturates at a finite amplitude, and
propagates with a constant velocity (see Fig. E) This
is exactly how classical analogs of this instability can
behave, such as the pearling instability of membranes
[@, @] The classical Rayleigh instability itself [@] prop-
agates in a similar way, but does not saturate, instead
leading to breakup of the cylinder. Both the front ve-
locity and wavelength of the instability are strongly de-
pendent on the initial radius [@] Once the instability
is fully developed, kink-antikink pairs start annihilating,
eventually leading to a shape consisting of a series of
cylinders of different radii [corresponding to neighboring
minima in V(R), Fig. [](a)], connected by kinks. Starting

from a more realistic initial condition with random per-
turbations, the instability occurs at several places more
or less simultaneously, but the amplitude still saturates,
dominated by a single Fourier component.

The dynamical model also allows for the study of the
evolution of a nanowire under stress. Stress is simulated
by changing the length L of the wire at a constant rate
u = dL/dt, while rescaling the radius R(z) in order to
keep the volume constant. We start with a double-cone
constriction of length kr L = 50, which we let equilibrate
according to Eq. (f]) [see Fig. Bj(a)]. We then stress the
wire by elongating it at a constant speed kpdL/dr = 0.1
until it is close to breaking [Fig. pl(b-g)], at which point
we let it equilibrate again [Fig. &h)] Subsequently, we
compress the wire at the same rate until returning ap-
proximately to a cylindrical wire [Fig. E(i—n)]. During



elongation, the necking of the wire occurs by nucleation
of kink-antikink pairs at the center of the wire , with
subsequent motion of these kinks toward the leads, leav-
ing a long, cylindrical wire in the middle. During com-
pression, the reverse process occurs so long as the central,
cylindrical section is long enough: Kinks move out of the
leads toward the center, where they annihilate. Once the
cylindrical part gets too short, kinks are just pushed by
the leads and can not be distinguished from them.

These different processes lead to a substantial hystere-
sis between elongation and compression, as can be seen
by computing the electrical conductance of the contact
and the force applied to it. The force is obtained from the
change in the energy () with elongation, F = —9Q/JL.
The conductance is computed from the Landauer formula
[B1], using the adiabatic and WKB approximations [[Lf]
to compute the transmission probabilities. Both quanti-
ties are shown in the central inset of Fig. . Compared to
our previous results obtained without optimization of the
shape [@], the conductance steps and relaxations of the
force are much steeper, in better agreement with experi-
ments [ﬂ], and a substantial hysteresis is observed in the
conductance. It has been argued @, B] that the abrupt-
ness of the conductance steps, and their perfect correla-
tion with the jumps in the force, rule out an electronic
mechanism. However, we have shown that this behavior
arises naturally in a model which takes proper account
of electronic quantum-size effects on the structure, even
when atomistic effects are neglected.

A final interesting feature is the spikes in the force
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creation or annihilation of a kink/antikink pair. These
spikes are suppressed, and the hysteresis decreases, when
the speed of deformation is increased, suggesting that the
spikes might be observable experimentally by decreasing
the elongation rate. A failure of this model is the force
during compression: contrary to experiment [H, E], the
force is attractive, suggesting that a resistance to com-
pression due to the ions needs to be added to the free-
electron model. Indeed, an interesting question raised
by this work is how discrete positive ions would arrange
themselves to accomodate the predicted shapes favored
by the conduction electrons.
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