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Structural phase transitions of interacting membranes
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A thermodynamic model for phase transitions of multilame11ar liquid crystals composed of phos-

pholipid bilayers in water is developed. By means of a Landau theory of the thermally driven hy-

drocarbon chain-melting transition of an isolated membrane and a continuum model of the interac-

tions between neutral phospholipid bilayers, the phenomenon of structural phase transitions in-

duced by membrane interactions is described. The phenomenological parameters that appear in the

theory may be readily determined by existing experimental techniques; an analysis of available data
on several phospholipid systems is used here to estimate these quantities. Semiquantitative agree-

ment is achieved with the experimental temperature-composition phase diagram as well as the vari-

ation of the characteristic dimensions of the lamellar crystals with water content. Possible origins

of pseudocritical phenomena are suggested on the basis of the unusual topology of the phase dia-

gram. The model highlights the central importance of the water-mediated "hydration repulsion"
between membranes in the phase behavior of the lamellar systems.

I. INTRODUCTION AND SUMMARY OF RESULTS

The structure of lipid membranes immersed in water
may undergo a variety of phase transitions with varia-
tions in temperature, and such internal ordering may in
turn affect the fluctuations of the bilayers as well as their
interactions with each other. As an example, the
thermally excited undulation modes which are responsi-
ble for the long-ranged "steric repulsion" between mem-
branes are governed by a rigidity modulus which is itself
related to the details of the distribution of lateral stresses
within the layer. Similarly, the short-ranged membrane
interactions of biologically important lipids are known to
be quite sensitive to the particular molecular architecture
of the lipid molecules, their conformational state, and the
presence of small amounts of added or adsorbed impuri-
ties.

Theories describing the statistical properties of in-
teracting membrane systems, seen as stacks of fluctuating
surfaces, usually neglect the specific aspects of the inter-
nal structure of the membranes, assuming that they are
infinitesimally thin, homogeneous layers characterized by
coarse-grained elastic properties. This is, of course, an
oversimplification, and it is only in the recently observed
"hyperswollen" limit that this assumption may be
justified. In ordinary multilamellar lipid bilayer arrays,
however, the typical distance between lamellae is compa-
rable to their thickness. In this regime, a variety of stud-
ies has shown that membrane interactions are dominated
by molecular forces, which in turn strongly depend on
the internal bilayer structure. Therefore, in the study of
unswollen lamellar phases it is necessary to account for
the strong coupling between the interlamellar forces and
possible intralayer phase transitions. Perhaps the most
well-studied example of such a phenomenon occurs in the
context of the so-called main transition, at which an
isolated bilayer transforms from a "fluid" state, with the

hydrocarbon chains of its constituents disordered and the
molecules free to difFuse, to one of several possible
"solid" phases in which there is collective molecular
orientation, tilt, or even in-plane modulation.

In this paper we study the effects of membrane in-
teractions on a structural phase transition of lipid bi-
layers by means of a simplified model of the main transi-
tion of isolated membranes and a continuum treatment of
the dominant molecular intermembrane forces. The phe-
nomenological theory for isolated bilayers, in which a
single, scalar order parameter distinguishes the ordered
and disordered states of the membranes, does not address
the difterent order parameters distinguishing the several
low-temperature ordered phases of the membranes, but
does address an essential geometrical feature of the
chain-melting transition; it may thus serve as a prototype
for more detailed studies of interacting membranes. The
model is used to study the phase diagram of two of the
simplest lamellar structures exhibited by hydrated neu-
tral phospholipid membranes, making direct contact with
the two most directly controllable experimental variables,
temperature (T) and the chemical potential of water

(p ). We also calculate the variation of the structural
parameters of the lamellae with these thermodynamic
variables. Some systematic variations with hydrocarbon
chain length n in the properties of the transition between
disordered and ordered planar membranes are found here
to lead to corresponding changes in the phase behavior,
and these are qualitatively consistent with experiment.

Central to the model is the choice of a coarse-grained
order parameter g which distinguishes the phases and is

coupled to the membrane interactions. We review in Sec.
II the essential empirical observations concerning the
chain-melting transition of lamellar systems which
motivate the choice of a simplified order parameter relat-
ed to the bilayer thickness. The proposed Landau model
of the transition in an isolated bilayer takes the form of
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fourth-order expansion in f with coefficients directly re-
lated to measurable quantities. For neutral phospholipid
lamellae, we construct a synthesis of this phenomenologi-
cal model and a continuum description of the relevant in-
termembrane forces acting between bilayers. These are
known to be the long-range van der Waals attraction and
short-range water-mediated "hydration repulsion". The
thermodynamic functions of a multilamellar bilayer
dispersion are then formulated in terms of the volume
fraction of lipid, P, T, and g, and it becomes clear that at
the membrane spacings of interest the order parameter it
is strongly coupled to the hydration repulsion, and that
this interaction is in large part responsible for the main
features of the phase diagram of some of the lamellar sys-
tems.

A variety of magnetic resonance and calorimetric
studies, as well as ultrasonic' and transport measure-
ments" of bilayers have shown that the melting transi-
tion of membranes is pseudocritical, with noticeable pre-
transitional fluctuations. Various theoretical arguments
concerning the melting transition of isolated membranes
have been advanced in support of these observations. ' '
We suggest here that there is an important link between
this pseudocriticality and a rather unusual topology to
the temperature-composition phase diagram, one in
which spinodal lines may appear extremely close to the
coexistence curves. We propose that, in general, it is this
property of the two-phase equilibria, rather than features
of the bilayer melting transition, per se, which is central
to an understanding of experimentally observed pseudo-
criticality.

There is, in fact, a large body of experimental data
bearing on the relationship between membrane interac-
tions and internal structure. ' Although not all of the
necessary experiments have been performed on a single
phospholipid system, there is enough data available to al-
low us to estimate the theoretical parameters. In Sec. III
we consider the measurements which determine those
quantities, and indicate the kinds of studies which should
allow a quantitative test of the theory. We conclude in
Sec. IV with a brief discussion of the relationship of our
results to previous studies of membrane interactions and
the role of fluctuations, as well as indicating directions
for future study.

II. THEORY

A. Landau theory of the main transition
of an isolated bilayer
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N(CH3)3+ structure in their polar headgroups, typically
exhibit a tilted (L&) phase, or as has been shown recent-
ly, ' several distinct L& phases further distinguished by
the relationship between the tilt and in-pjane bond orien-
tational order parameters. On the other hand, phospha-
tidylethanolamines (PE's) (—NH3+), appear to have un-

tilted L& phases. In either case, though, the L& bilayer is
significantly thicker than that of L as a consequence of
the elongated crystalline packing of the hydocarbon
chains, and the first-order jump in bilayer thickness at the
transition is seen directly in X-ray scattering determina-
tions of the multilamellar lattice constants, as well as be-
ing inferred from experiments on isolated vesicles. ' In
addition, many phospholipids exhibit an intermediate
modulated phase between the L and L& phase. '

Analysis of X-ray scattering experiments' on multilayers
of these "rippled" (P& ) membranes strongly suggests a
modulation of the membrane thickness in that phase as
well. Clearly then, there are translational, configu-
rational, and orientational order parameters involved in
the main transition.

That the membrane thickness should enter naturally
into a general coarse-grained order parameter in mul-
tilamellar arrays as well as in individual membranes can
be seen as follows. We adopt the viewpoint that these ly-
otropic liquid crystals may be treated in analogy with
conventional models of binary liquid mixtures, namely
that the two components of the system, lipid and water,
are assumed to be characterized by invariant molecular
volumes UI and U and together to fill all of space. So,
in a mixture of N& lipids and N water molecules in
volume 0, 0=NI v& +N„v, and the intensive thermo-
dynamic functions of the mixture depend only on a single
composition variable which we take to be the volume
fraction of lipid P =X,UI /Q.

Within the so-called "Luzzati approximation"' we in-
voke here, the multilamellar lattice is considered to be
composed of sharply defined aqueous and membrane re-
gions, of thickness d and 5, respectively (Fig. l). These

In developing a theory of phase transitions in mul-
tilamellar dispersions it is important to specify which of
the characteristics of the fiuid (L ) and solid (L&) phases
will serve as an appropriate order parameter for the tran-
sition, and will also couple to the membrane interactions.
In contrast to the rather universal characteristics of the
high-temperature disordered phase, the nature of the
low-temperature membrane configuration depends sensi-
tively on the type of polar head group of the lipids. ' For
example, phosphatidylcholines (PC's), which have the—

-O.5—

FIG. 1. The intermembrane potential per unit area acting be-

tween neutral phospholipid bilayers, normalized by the Hamak-
er constant JK Inset shows the geometry of the multilamellar
lattice.
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structural parameters are then related to the composition
by

S(Q,T) S(f,T& Tt, g)

and this implies that at fixed composition there is a single
degree of freedom characterizing the two variables 5 and
d. Note also that the bilayer thickness 5 and effective
area per head group X are simply related by X5=2v&, so
that once either of 5 or d is known at a given composi-
tion, so too is the geometry of the lattice. At the level of
this simple geometric description of the multilamellar
structure we see that the bilayer thickness may serve as
an internal degree of freedom whose value is chosen by
the system in order to minimize its free energy at given
values of the thermodynamic parameters T and ((i; it thus
constitutes a natural order parameter. The phenomeno-
logical Landau theory we introduce for this variable may
equally well be cast in terms of X, as others have suggest-
ed, but it proves more useful to choose 6 as the indepen-
dent variable and to define a dimensionless order parame-
ter f which vanishes in the high-temperature disordered
phase and which is nonzero below the chain-melting tran-
sition,

5(x)—50
g(x) =

0
(2)

S(1t,T) =ao+a, p+ —,'a2(T)f + ,'a3$3+ ,'a4$4+ . ——
where a4) 0 for stability, and by appropriate choice of

where 6O is the thickness in the L phase, and the two-
dimensional vector x references lateral position within
the bilayer plane. Although we shall study here only uni-
form phases, and neglect thermal undulations within the
layers, a description ' of modulated and fluctuating struc-
tures necessitates a spatially varying g(x)

Note that no specific assumption about the microscop-
ic state of the lipids is made in choosing 1( as the order
parameter; it should be viewed as a hybrid coarse-grained
variable which summarizes changes in various types of
degrees of freedom such as tilt and conformational
changes of the hydrocarbon chains. Since g as defined in
(2) makes no explicit reference to the degrees of freedom
which distinguish tilted from untilted phases, we shall
refer to the low-temperature phase of the model simply as
"L&." The high-temperature bilayer thickness 50 is
known in fact to be a slowly varying function of temper-
ature, with a large negative thermal expansion coefficient
o,'= —I X 10 K due to the entropic elasticity of chain
molecules. In a more detailed theory we may explicitly
include this temperature dependence although for the
purposes of the present work 50 will be assumed constant.

Experiments which are discussed in Sec. III indicate
that the typical jump in p at the melting transition is
6/=0. 1 —0.4 depending on the number of hydrocarbons
in the lipid tails, and this is sufficiently small that we may
consider constructing a fourth-order Landau expansion
of the stretching free energy per lipid $(g):

(a)

FIG. 2. (a) Thermal variation of the bare stretching energy
S(g, T}, and (b) compositional dependence of the effective
stretching energy S(f,T, P } for interacting neutral bilayer mem-
branes. Note the similar roles played by decreasing water con-
tent (increasing lipid volume fraction P} and lower temperature
T.

the zero of the lipid chemical potential and of P we may,
without loss of generality, take a o

=a, =0 for isolated
membranes. The double-well structure of S(g, T) shown
in Fig. 2(a) represents the two competing bilayer
thicknesses /=0(L ) and 1()0(L&). As usual in such
order parameter expansions, we assume that the impor-
tant temperature dependence of the coefficients a; is that
of a2, which is taken to vary linearly in the neighborhood
of a reference temperature To,

a&( T) =a z( T To) . — (4)

In the absence of a cubic term in S (and with a
&
=0 by

our convention), T„ is the temperature at which the tran-
sition from L to LI3 is critical, but with a3&0 this criti-
cal point is "preempted" by a first-order "melting" tran-
sition at a temperature T = To+2a 3/9a 2a4. At T
there is coexistence between two phases, one with /=0,
the other having P= —2a3/3a~, so to represent the
thicker low-temperature LIB phase, we take a3 ~0. The
latent heat AH per molecule is just T,hS, where hS
is the entropy jump; from Eqs. (3) and (4) we find
hH =2a 2a 3T /9a ~. Once the reference temperature Tc
is known, the three remaining phenomenological parame-
ters of the Landau model (a2, a3, a4) may be determined
uniquely from measurements of the order parameter
jump, transition temperature, and latent heat.

B. Bilayer interactions

The intermembrane potential acting between neutral
nonfluctuating phospholipid bilayers consists of a long-
range van der Waals attraction and the extremely strong
short-range hydration repulsion. The dispersion force
acting between two membranes of thickness 5 separated
by a slab of water of thickness d, computed under the as-
sumption of uniformly polarizable slabs and with the
neglect of retardation effects (valid for membrane spac-
ings less than ca. 1000 A), is of the form
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Vd(5, d) = —W
1

d2
2 + 1

(d+5) (d+25)

branes in equilibrium with excess water is essentially
identical to that of an isolated layer.

C. Thermodynamic functions of a multilamellar dispersion
where the Hamaker constant P'=10 —10 ' J is pro-
portional to the square of the polarizability of the mem-
brane. This potential is attractive for all separations d,
varying like —8'/d at small spacings, and like
—6W5 /d at large separations.

Osmotic stress experiments ' measuring the forces be-
tween phospholipid bilayers have shown that the repul-
sive potential per unit area of membrane is of the form

V& (d ) =H exp( —d /A, & ), (6)

where the amplitude H=0. 1 —1 Jm and the decay
length A,&-2—3 A. The microscopic origin of this in-
teraction is not well understood, but has been suggested
to arise from the interaction of the two profiles of in-
duced polarization of water emanating from the polar
headgroups of adjacent membranes. This notion has
been developed by treating the induced dipolar order of
water within the framework of a simple Landau theory
that predicts a repulsive potential with an asymptotically
exponential decay. We adopt the form (6) for all sepa-
rations, mindful of the fact that it may be inaccurate
when d ~A,„.

In this simple theory we take as fixed the parameters
O' 0, and A, z which appear in the bilayer interactions,
not allowing them to vary explicitly with the order pa-
rameter g. In reality this is certainly not the case, as it is
known for instance that the amplitude and decay length
of the hydration repulsion may be quite different in the
I.

&
and I. phases, as appears to be the case for dipalmi-

toylphosphatidylcholine (DPPC). These further
refinements affect the quantitative aspects of the theoreti-
cal results, and are necessary for detailed comparison
with experiment, but do not change our basic con-
clusions.

With the sum of the van der Waals attraction and hy-
dration repulsion as the total bilayer potential V(d) (see
Fig. 1), there exists a stable minimum at a separation d*
which is typically of the same order as the bilayer thick-
ness 5, roughly 15—30 A, and whose depth is of order
W/6 . Since the dispersion energy as written diverges to

as d ~0, while the hydration energy saturates in
that limit at H, there is an additional minimum in the to-
tal potential at contact, but this is irrelevant to the calcu-
lations described here and may be removed by a cutoff
procedure which replaces the first term in the van der
Waals attraction by —1/(d +g ), with /=0. 15.

The composition at which the water layer thickness
d =d* is essentially the point at which the chemical po-
tential of the intercalated water equals that of bulk water,
and at which the lamellar phase coexists with an extreme-
ly dilute and probably micellar solution [a phase referred
to as "excess water" (EW)]. The maximum swelling of
the lattice is thus d*. As is clear from Fig. 1 the well
depth of the intermembrane potential is set by the
Hamaker constant S", and as discussed below is negligi-
ble compared to the characteristic stretching energy
a2(T —Tp). For this reason, the state of the mem-

Having invoked the geometrical relationship between
the lamellar thickness 5, intermembrane spacing d, and
lipid volume fraction P, the Helmoltz free-energy density
F(N&, N, 0, T)/0 is a function only of a single compo-
sition variable, as are all intensive thermodynamic func-
tions of the system. F itself is approximated here as the
sum of the stretching energy of the lipids, NIF, (g, T), and
the total energy of interaction of the membranes,
—,
' A V(5, d), where A =NIX is the total membrane surface
area. The small contributions from furtherneighbor and
nonpairwise-additive forces are neglected. We define the
reduced free-energy density f (P, T;g) =FU&/0, and the
reduced parameters

M = WUt /5@~ h =HU~ /5p~ A =&p /5p (7)

The two variables m and h then have the units of energy.
Expressing the water layer thickness d in terms of the
composition and bilayer thickness using (1), and the latter
in terms of 5p and the order parameter g with (2), and
with (7), we obtain the free-energy density

f(0 T 0)=4~(0 T) (1+f)'
+ exp[ —D($)(1+/)],h

1+

~ [1+D(1+/)]
(I +f)'

X exp[ D(1+P) ]=—0,
a Maxwell construction being necessary when multiple
solutions exist (see Sec. II E).

We define the reduced chemical potential

Bf(P, T;g)
BP

(10)

and the reduced compressibility

from which compositional Auctuations are computed.
Taking account of the compositional variations of the or-
der parameter P in the free-energy density f (P, T;g), we
find

(Pf $2f (j2f
aqa(t

(12)

As in ordinary binary liquid mixtures, equilibrium be-
tween two phases with compositions P' and P" requires
the equality of the chemical potentials, p( P', T, g' )
=p(P", T, P"), where we have made explicit the fact that
the order parameter g may take on different values in the

where C(P)=—2P (3—P )/(1 —P ) and D(P)= (1—P)/—
A,P. In any equilibrium phase of the system, the order pa-
rameter P is found from the solution(s) to the minimiza-
tion equation

PS'(f, T)+ (I+y)'
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two phases. We require further that there be a cornrnon
tangent to the Helrnholtz free-energy density, so that
f —pP is the same in the two phases, and that the com-
mon tangent form the convex envelope of the free-energy
density. The computation of equilibria between a lamel-
lar structure and excess water in principles involves the
specification of the free energy of the latter (probably mi-
cellar) solution as a function of the lipid composition. It
is known, that this phase is extremely dilute in lipid, so
that its free energy differs little from that. of pure water;
thus, we take p=0 as the approximate coexistence for
equilibrium with excess water.

(f )-k&T /az(T —To), or (1t )' =0.2 as the typi-
cal root-mean-square amplitude of relative thickness Auc-
tuations. For the shorter lipids with lower transition
temperatures, closer to To, the compressibility and Auc-

tuations increase considerably. These same considera-
tions indicate that membrane interactions can have a
large effect on the melting behavior, for the characteristic
energy scale of the hydration amplitude h is comparable
to that of the latent heat of the noninteracting mem-
branes.

K. Interaction-driven structural phase transitions

D. Estimates of the phenomenological parameters

Before proceeding to a discussion of the consequences
of the free energy (8) we digress to consider the typical
values of the parameters a, , m, etc. , which enter the mod-
el, and which we use in numerical calculations described
below. Note that the equilibrium swelling spacing (and
hence composition) in the L phase is determined by the

competition between the attractive and repulsive molecu-
lar forces, with negligible contributions from the stretch-
ing energy. We thus require only the dimensionless hy-
dration length k and the relative amplitude of the disper-
sion and hydration forces, the ratio w/h, for its calcula-
tion. For phosphatidylcholines with intermediate chain
lengths, 50——3S A, and with a hydration length of
A, z

——2.5 A, we obtain A. =0.07. In order that the equilib-
rium swelling composition (at which p=0) be that ob-
served, namely /=0. 6, we find numerically from Eqs. (8)
and (10) that w/h = 1.5 X 10 . With the representative
value H=0. 1 J m and the lipid volume U&-—1.1 nm,
we obtain h =3.1&(10 J and m =4.6)&10 J.

Estimates of the parameters of the stretching energy
are obtained from the typical values of the order parame-
ter jump and latent heat of intermediate chain length
lipids, b,/=0. 3, ' and b,H =25 kJ/mol. at a transition
temperature T =310 K. Our estimate of the reference
temperature To-—260 K involves comparing the shift in
the melting temperature of multilayers upon dehydration
with the melting temperature of isolated membranes, and
is discussed more fully in Sec. II E. Together, these esti-
mates imply —a&/a4=0. 5, az-2. 4X10 ~' JK ', and
a~ =2.2X 10 ' J. Scaling all quantities by the hydration
energy h, we arrive at rough estimates of characteristic
energy ratios:

w/h = l. 5 X 10, a3/h = —30, a4 /h =60 . (13)

In these units, the melting transition occurs at
a2(T —To)/h = —", so with T —TO=50 K we find that
each unit of the dirnensionless temperature variable az/h
corresponds to 15 K.

These estimates allow us to assess the relative energy
scales associated with the membrane interactions and
internal degrees of freedom. Note also that the curvature
of the stretching energy controls the deviations of the bi-
layer thickness from its high-temperautre equilibrium
value 50. Equating the typical energy of stretching with
the thermal energy at the melting temperature we obtain

Returning to the free energy (8), note how the order
parameter f appears not only in the stretching energy S
but also in the interaction terms, especially in the ex-
ponential of the hydration contribution. This is the
mathematical mechanism by which membrane interac-
tions may affect the structural phase transition within the
layers and indicates how itj is a natural order parameter
independent of the microscopic degrees of freedom in-
volved in the melting transition.

Below we study the full form of f in Eq. (8) without
further approximations, but it proves illuminating to con-
sider first defining an effective stretching free-energy den-
sity S which accounts for membrane interactions. It is
defined by the relation f=PS(g, T, P), and like the bare
stretching energy S(itj, T), it may be expanded as a power
series in g:

S(f,T, p) =~o+a i&+,'~2&'+ 3~3$ + 4~4-Q +

(14)

the effective Landau coe%cients a, being functions of
composition. This expansion reveals most of the essential
features of the interplay between membrane interactions
and the main transition. First, by the existence of the
linear term,

a, (P)=3wC —h(1+D)e

even in the absence of one in the bare stretching energy 5,
we see that the interactions act as an external field on the
order parameter f. At compositions P higher than those
at equilibrium with excess water, the hydration contribu-
tion dominates that from dispersion interactions, and this
field varies approximately as —(h/A. )exp( —d/A, i, ). This
negative field acts to shift the effective free energy in a
way which favors thicker membranes at lower water con-
tents. This is the essence of Parsegian's original thermo-
dynarnic analysis relating the swelling of lipids upon
dehydration to the existence of a repulsive intermem-
brane force. Here we investigate these effects in the con-
text of a stretching free energy (2) possessing two compet-
ing minima, rather than the single minimum assumed in
that earlier work. Independent of the particular mecha-
nisrn of the structura1 change, e.g. , varying tilt or chain
disordering, the existence of a linear field a, which shifts
the minimum of the stretching potential to larger P ex-
plains the progressive increase in membrane thickness
universally observed as the multilamellar stack is dehy-
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S cp+c~p+ &c2+ + 4c4+ +
The efFective external field is

(16)

c, (P, T) =a, —
2

a3
a2

3a4 9a4
(17)

and c2 (0. In the absence of interactions, when a& =0,
c, = —(a 3/3a 4) az(T —T ), and thus passes through
zero at the main transition temperature of an isolated lay-
er. In this sense, the L& and L phases play the role of
the up- and down-magnetized phases of a ferromagnet. '

In the presence of interactions, and with a, ——(h/
A, )exp[ —(1—P)/PA, ], the effective field vanishes at a tem-
perature which deviates exponentially from the melting
temperature of the isolated membranes, and inversely
with the order parameter jump at the transition. Al-
though the computation of the actual transition ternpera-
ture as a function of composition requires a Maxwell con-
struction, some indication of that variation may be ob-
tained by assuming the tie lines to have negligible width
(as appears to be the case experimentally ' ) and simply
evaluating the temperature at which c, =0. From this,
we conclude that the melting temperature should vary
with membrane spacing with the same form as the hydra-
tion energy, namely, exponentially with a decay length of
order 2 —3 A; this is seen in hydrated phospha-
tidylethanolamine multilayers. The well-known de-
creasing strength of the first-order transition with de-
creasing chainlength n then leads to the prediction' that
the shift in transition temperature from fully hydrated
down to some given spacing d should be larger for the
shorter lipids, and this too is the case in the PE's.
These two results are essentially a consequence of a Cla-
peyron equation, dT/dp —bH/hP, with the chemical
potential being dominated by the hydration energy, and
the ratio of the latent heat to the order parameter jurnp
varying inversely with b, P.

In the transcribed version of the Landau theory, the
effective reduced "temperature" of the Ising model, c2,

In Fig. 2(b) we show the variation in S with P at a fixed
temperature above the melting point of an isolated layer
and for various compositions P. Even though the L&
state is only metastable at high water contents, it be-
comes stable upon progressive dehydration. Note the
similarity of this progression of curves with increasing P
to that seen with varying temperature for the bare
stretching energy of an isolated membrane [Fig. 2(a)].
The similar roles which temperature and composition
play in phospholipid systems suggest that they should be
considered as an intermediate class between thermotropic
and lyotropic liquid crystals.

The modification of the bare Landau coefFicients also
has important consequences for the degree of pseudocriti-
cality of the melting transition, and to illustrate this it is
convenient to define a new order parameter y via
f=qr+ b„and choosing the shift 6 so that the expansion
of S in powers of y has no cubic term. This is accorn-
plished by the choice b, = —a

& /3a4, and results in a Lan-
dau theory like that of a ferromagnet in an external field,
and below its critical temperature,

serves as a measure of the pseudocriticality and is shifted
upward from its negative value of —a3/18a4 in the ab-
sence of interactions. This implies that the main transi-
tion becomes weaker upon dehydration of the lattice, and
will be reflected in progressively decreasing order pararn-
eter jumps and latent heats which follow the form of the
hydration repulsion. Such a variation in the latent heat is
seen in experiments on PE's. When the hydration
repulsion is sufficiently strong we find (see below) that it
is possible that c2 may become positive at very low hy-
drations; this corresponds to a supercritical state of the
analogous ferrornagnet, and implies that interactions
have transformed the first-order melting transition to a
critical point.

F. Phase diagrams
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FIG. 3. (a) Chemical potential as a function of composition
for the model system below (i) (a2/h =3.0) and above (ii)
(a2/h =3.5) the melting temperature of the isolated membrane
(a2/h =3.33). Data shown in (b) are for DMPC, from Ref. 31,
with the chemical potential normalized to its extrapolated value
at complete dehydration.

In the construction of temperature-composition phase
diagrams, appropriate Maxwell constructions may be
found numerically by determining on a finely spaced
mesh of compositions the solutions to the minimization
equation (9). From these, we compute the two branches
(L and Lts) of both the free energy and chemical poten-
tial. A numerical search within the range of chemical po-
tentials defined by the extremes of the van der Waals loop
is then used to locate the cornrnon tangent.

Figure 3(a) shows examples of two isotherms computed
with the parameters described above, one at a value of
a2/h =3.5, above that of the main transition of an isolat-
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ed membrane (a2/h =3.33), the other at a lower value,
a2/h =3.0. For the low-temperature isotherm, the re-
duced chemical potential drops continuously toward zero
with increasing water content. In contrast, the high-
temperature isotherm exhibits a first-order jump at the
coexistence between two lamellar phases differing both in
composition and in membrane thickness, finally tending
toward zero at a larger volume fraction of water than the
low-temperature phase. This trend toward larger swel-
ling in the disordered phase, a consequence of the smaller
L bilayer thickness and consequently weaker van der
Waals attraction, is in agreement with experiment. ' As
an indication of the kind of semiquantitative agreement
possible between theory and experiment, we show in Fig.
3(b) the experimental data of Fuller, Parsegian, and Rand
on dimyristoylphosphatidylcholine (DMPC) (Ref. 31) in
water at a temperature a few degrees above its main tran-
sition, plotted in the same dimensionless units as in Fig.
3(a), with the normalization of the chemical potential, p,
being the extrapolated value at complete dehydration.
The present theoretical model is seen to account semi-
quantitatively for the main properties of the isotherm,
such as the coexistence value of the chemical potential
relative to its saturation value po, and the equilibrium
composition of the L phase. The differing slopes of the
L and L& branches of the DMPC isotherm shown in the
semilogarithmic plot of Fig. 3 reveals that the apparent
decay lengths of the hydration repulsion differ in those
two phases. The model we have studied thus far does not
contain any coupling between the intramembrane order
and the decay length A, &.

Figure 4(a) shows for the same two systems as in Fig.
3(a) the thickness order parameter P as a function of
chemical potential, highlighting the role of the membrane
interactions, measured by the water chemical potential,
acting as an external field on the in-plane structural tran-
sition. The curve (ii) may be viewed as analogous to a
subcritical isotherm of a ferromagnet, with p like the
external magnetic field and g related to the magnetiza-
tion. To the extent that the chosen parameters describe a
moderately strong first-order phase transition, there is lit-
tle indication of critical fluctuations in the neighborhood
of the coexistence value of p. The data ' on DMPC has a2/h
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not previously been plotted in the variables of Fig. 4(a),
but as shown in 4(b) it displays very much the same be-
havior, and is semiquantitatively described by the theory.

A sequence of isotherms of the kind shown in Fig. 3(a)
may be used to construct a complete temperature-
composition phase diagram for the hydrated bilayer sys-
tem, of which Fig. 5 is an example. There is a line of
first-order L —Lp transitions which terminates at a tri-
ple point involving in addition the coexistence of excess
water. The extreme narrowness of the tie lines, in agree-
ment with experiment, ' indicates the generally pseu-
docritical nature of the phase transitions in the presence
of water. At the extremely dehydrated limit, we find that
it is indeed possible for the interactions to have renormal-
ized sufficiently the properties of the chain-melting tran-
sition that it has been transformed from a first-order tran-
sition to a critical point C. Beyond this liquid-gas —like
critical point, the bilayer thickness changes continuously
as a function of temperature. Whether this point exists in
reality depends crucially on the actual symmetry
differences between the two states, as we discuss below.
We remark that data ' on dilauroylphosphatidylcholine
(DLPC) similar to that shown for DMPC in Fig. 4(b), but
at a temperature significantly higher than T of an isolat-
ed membrane, indicates a pronounced degree of curva-
ture in the f p, repres—entation. This is suggestive of a
highly pseudocritical transition at low water contents.

The discussion in Sec. II E concerning an effective Lan-
dau theory which accounts for membrane interactions in-
dicated that the hydration-induced melting temperature
shifts AT are exponential in the bilayer spacing and
thus approximately linear in the chemical potential p. At
the same time, b, T —1/hP and so these shifts increase
with more weakly first-order transitions. This is illustrat-
ed in Fig. 6 where we have plotted the T —p phase dia-
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FIG. 4. Order parameter as a function of chemical potential
for the two systems in (a), illustrating interaction-drive structur-
al phase transitions. Data shown in (b) for comparison are that
of DMPC, from Ref. 31.
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FIG. 5. Phase diagram of a multilamellar dispersion. Hor-
izontal lines are tie-lines; equilibrium with excess water is
denoted by "EW." Vertical scales are that of the bare theory
(left) and in absolute degrees (right) based on the typical values
of the material parameters. Isothermal cross sections labeled (i)
and (ii) correspond to those in Figs. 3 and 4.
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grams for three systems differing in the size of the quartic
term a4 in the stretching energy [a4/h =90, 72, 60 in (i),
(ii), and (iii), respectively], at fixed value of the cubic
term, a 3 /h = —30. The increase in transition tempera-
ture and latent heat in the sequence (i)—(iii) is qualitative-
ly like that seen with increasing hydrocarbon chain
length. Figure 6 then bears an interesting resemblance to
the family of layering transitions seen in studies of ad-
sorbed phases, with hydrocarbon number correspond-
ing to layer number, and the L -L& transition being
analogous to a liquid-gas transition within the layer.

For intermediate chain length lipids the shift in melt-
ing temperature upon dehydration to some 5 —10 A from
its values in excess water is on the order of 10—20 K.
This sets the temperature scale as a2/h =15 K, so a sys-
tem with melting transition at a2/h =-'—,

' and T =310 K
corresponds to one with the reference temperature
To -260 K.

The extreme skewing of the coexistence curve and its
general narrowness have important implications for the
interpretation of certain experiments which probe Auc-
tuations within the membrane and of the water nearby.
In particular, it is of interest to compute the spinodal
lines of the two-phase L -L& coexistence. These are
defined as the loci of the vanishing of the second compo-
sitional derivative of the free energy, that is, the diver-
gence of the osmotic compressibility g—:(d f /dP )&

' as
given in Eq. (12).

Figure 7 is an enlargement of the neighborhood of the
critical point C for a system with interaction parameters
as before, but a more weakly first-order transition
(a3/h = —30, a4/h =90), with spinodal lines indicated.
With our previous estimate of the temperature scale,
az /h = 15 K, we see that the spinodals may take on a re-
markable relationship to the coexistence curve, coming
within fractions of a degree of the phase boundaries.
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FIG. 7. Detail of a phase diagram in the region of the critical
point C indicating the spinodal lines (dashed). Measurements of
the compressibility along the indicated dotted path would detect
two spinodal lines spaced several degrees apart.

G. Other order parameters

That this should happen near a critical point in general is
not surprising; what is significant here is that the coex-
istence curve is so narrow that such a proximity may per-
sist to temperatures quite far from the critical point.
Furthermore, the extreme skewing of the two-phase re-
gion implies that a temperature scan at fixed composi-
tion, like that indicated by a dotted line in the figure,
would show the presence of two spinodal lines separated
by several degrees.

Any experiment which is sensitive to long wavelength
fluctuations of the ordering degrees of freedom of the
mixture will sense these close spinodals, and appear pseu-
docritical, even if the in-plane transition is moderately
first order. An example of this is the measurement of
sound velocity, ' which depends on the adiabatic
compressibility of the mixture. We remark that a recent
NMR study of water order near neutral phospholipids
has indeed revealed the existence of two spinodal lines
along isocomposition paths, near the triple point in PC's
at which L, P&, and excess water coexist. The difference
in temperature between the spinodals inside the P&-L
coexistence region was found to increase upon progres-
sive dehydration, in much the same way as would be ex-
pected on the basis of Figs. 5 and 7. These considerations
suggest that the pseudocritical effects at the main transi-
tion must be understood in the context of the thermo-
dynamics of the coexisting lamellar phases. It is impor-
tant to emphasize the distinction between on the one
hand the reference temperature To which enters the mod-
el of phase transitions of isolated membranes, and on the
other the spinodal temperature. Unlike the latter, the
former is many degrees away from the melting transition.

FIG. 6. Temperature-chemical potential coexistence curves
for varying strength of the melting transition.

The main shortcoming of the theoretical model
presented here is the simplification in the choice of the
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order parameter g. The solid L& phase differs from the
liquid L phase not only in the thickness of the mem-
branes, but also in the intramembrane microscopic order-
ing. In fact, these two phases have different symmetries.
Thus, beyond the critical points C in Figs. 5 and 6 there
must exist another transition line across which the in-
plane positional symmetry is broken. If the L& phase is
of hexatic nature, then such a line would be a locus of
Kosterlitz-Thouless transitions. Furthermore, recent ex-
periments by Smith et al. ' demonstrate the existence of
several different solid-like L& phases distinguished by
their tilt and positional order. One must therefore in-
clude such additional order parameters in future exten-
sions of the present model to describe the full phase be-
havior of the lamellar systems.

III. REMARKS ON COMPARISON
WITH EXPERIMENTS

We have already indicated in various places in the text
some rough quantitative comparisons between theory and
experiments, and in this section we discuss the experi-
mental information which is necessary to ascertain the
validity of the present theory. In general, the types of
measurements which are readily interpreted in the frame-
work of this paper are (i) osmotic stress measurements of
the water chemical potential as a function of bilayer spac-
ing, composition, and temperature, (ii) x-ray determina-
tions of the bilayer thickness versus p or P and (iii)
calorimetric information on the latent heat of transition
at various compositions. Magnetic resonance studies of
water order, permeability measurements, and ultrasonic
attenuation experiments provide additional information
on fluctuations and pseudocriticality. Together, these
measurements overdetermine the theoretical parameters
of the Landau theory and of the interactions, and so pro-
vide an important consistency check on the model.

In determining the coefficients of the Landau theory of
the main transition, calorimetric and structural data on
isolated bilayers are most easily interpreted. Accurate
knowledge of the order parameter jump in excess water,
preferably by comparison of measurements taken just
above and just below the melting temperature of each
lipid system, together with latent heat data determine the
coeScients a;, provided the refereence temperature To is
known (see below). While most of this information is
available for several PC's, the presence of a modulated
phases complicates the interperetation of that data. We
suggest therefore that the PE's, which have no such inter-
mediate phase and have an untilted L& phase, constitute
a simpler class of neutral lipids. Systematic measure-
ments of the transition enthalpy in these systems are
available already.

Although there have been many studies of isothermal
cross sections of the phase diagram in Fig. 5, in no single
system is there a series of such isotherms both above and
below the main transition. Such isotherms would give in-
formation on the membrane interactions completing the
quantities necessary to determine the theoretical parame-
ters. We encourage measurements of the global diagram,
particularly at temperatures far above the melting tem-

perature T of isolated layers, for they may reveal the ex-
istence of the critical point C.

In the absence of a complete set of information on one
single lipid system, we have used existing osmotic stress
data and x-ray data in PC systems to estimate the materi-
al parameters. One major uncertainty is the location of
the reference point To of the chain-melting transition.
Note that To plays the role of a kind of "pseudocritical"
point in the Landau theory in the sense that thermo-
dynamic quantities of a given lipid system will show
singularities upon extrapolation to To. Our estimates
suggest that for intermediate length lipids T -To is some
tens of degrees; large pseudocritical fluctuations are thus
improbable within a single layer. On the other hand, it is
known that the latent heats of the main transition sys-
tematically decrease with decreasing chain length, extra-
polating to zero at a critical length n, =9—10. In addi-
tion, recent studies' of PC's have shown that the main
contribution to the order parameter jump hp between L
and L& phases occurs at the L -P& transition, that these
jumps are typically in the range O. l (Ag&0. 4, and that
b, f(n) also extrapolates smoothly to zero at n =n, Mo. st
interestingly, the hypothetical melting temperature
T (n, ) lies close to our estimate of the reference temper-
ature To. These two pieces of evidence suggest that the
hypothetical system with n =n, would present a continu-
ous transition at T = To and that hydrocarbon chain
length plays the role of a thermodynamic field controlling
the proximity to this second-order phase transition. If
true, the above reasoning shows that one can approach
the "hidden" critical point by effectively using finite-size
effects analogous to those discussed in the context of
capillary critical points. We emphasize that more de-
tailed experiments are needed in order to provide a criti-
cal test of this observation.

IV. CONCLUSIONS

We have shown that a simple synthesis of a phenome-
nological theory of intramembrhne phase transitions with
a continuum model of molecular forces between mem-
branes leads to a realistic description of the phase behav-
ior of lyotropic liquid crystals of phospholipid bilayers.
Our emphasis is on the way in which membrane interac-
tions couple to some internal order parameter of the bi-
layers: in the present case, the bilayer thickness. Gen-
eralizations of the present approach to include other such
internal degrees of freedom are feasible, particularly with
regard to the presence of impurities which may segregate
within the layers. It is also of interest to study situations
in which the internal state of the layers varies from one
layer to the next, as one would expect for both semi-
infinite systems and thin suspended films. ' An extension
of the present approach to the description of the hexago-
nal phase of phospholipids, and its equilibrium with
lamellar phases, may prove illuminating.

In this paper, we have neglected thermal fluctuations
both in the in-plane order parameter(s) and in the inter-
membrane spacing. Inclusion of such fluctuations is par-
ticularly important in the swollen regime at equilibrium
with excess water, for new critical phenomena involving
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indefinite swelling of the lattice ("unbinding" ) may
occur. Indeed, the "hyperswollen" phases, probably
driven by such fIuctuations, have recently been observed.

Despite all of the difficulties at present in determining
the material parameters from experiment, rough fits to
the data in Figs. 3(b) and 4(b) already reveal that the
basic picture of the interaction influenced main transi-
tions can be quantitatively described in the framework of
the present model. Even more imortantly one can al-
ready notice some shortcomings of the accepted picture
of the molecular interactions. For instance, it is clear
from the data in Fig. 4(b) at low water contents that the
exponential decay of the chemical potential is apparently
characterized by different decay lengths in the solid and
Quid phases. This disagrees with the basic assumption
implicit in simple Landau theories of hydration forces,
namely that I,& is a property of bulk water, rather than
also a function of the state of the polar headgroups. As
suggested, a systematic and complete study of a single bi-

layer system may shed light on the origin of this and oth-
er possible discrepancies.
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