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INTRODUCTION

This review addresses the origins, uses, and evaluation of constitutive
equations for the stress tensor of polymeric liquids. The continuum aspects
of the subject up to about 1986 were summarized by Bird et al (1987a),
and the molecular aspects by Bird et al (1987b); these two textbooks will
be referred to as DPL-1 and DPL-2. Bird & Ottinger (1992) review
advances in molecular theory from 1986 to 1991. Here we put into per-
spective those aspects of the subject that are of primary concern in fluid
dynamics, with extra emphasis on noteworthy advances of the past decade.
A comparison of this review with one prepared by Bird (1976) nearly two
decades ago will show that much progress has been made in this field and
that there has been a considerable shift in emphasis, largely because of
increased computational capability and the influence of developments in
kinetic theory.

To solve fluid dynamics problems we use the equations of continuity,
motion, and energy:
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in which p is the density, ¢ is time, v is the velocity, p is the pressure, t is
the stress tensor (assumed to be symmetric), g is the gravitational accel-
eration, U is the internal energy per unit mass, and q is the heat flux. For
isothermal problems we do not need the energy equation; for multi-
component systems we also need equations of continuity for each of the
chemical species. We use the same conventions for vector/tensor notation
as in DPL: Results from vector-tensor multiplication that are scalars are
enclosed in ( ), results that are vectors are enclosed in [ ], and results that
are second order tensors are enclosed in { }.

The fundamental problem facing the polymer fluid dynamicist is that in
the equation of motion and the energy equation an expression is needed
for the stress tensor in terms of various kinematic tensors. That is, a
“constitutive equation” for the stress is required.

The problem is similar to that arising in turbulence, where an expression
is needed for the Reynolds stress tensor. In both fields empirical
expressions have been suggested, and in both fields mathematical expan-
sions have been proposed; also in both areas, certain benchmark experi-
ments are used to test the stress tensor expressions. However, in the
polymer field we have an extra advantage in that we can gain considerable
important information by using molecular theories. From molecular models
and kinetic theory (i.e. nonequilibrium statistical mechanics and Brownian
dynamics) we can get not only suggestions about the form of the stress
tensor, but also additional informarion about the stretching and orien-
tation of the molecules making up the fluid.

The importance of the molecular viewpoint cannot be overlooked, and
the fluid dynamicist who fails to take cognizance of the advances in kinetic
theory limits his ability to solve problems. Why do we need the molecular
approach? First, the rheological properties of polymer solutions and un-
diluted polymers are dependent on the molecular architecture of the con-
stituent molecules: molecular weight, chain stiffness, chain branching,
electrical charge distribution. Second, solute-solvent interactions can play
a role in the motions of the polymers and affect the macroscopic behavior.
Third, most polymeric liquids are composed of polymer molecules of
different lengths; that is, they have a distribution of molecular weights,
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and this “polydispersity” strongly affects the rheological properties and
therefore the flow behavior. Fourth, in the neighborhood of fluid-solid
interfaces, the polymer molecules are restricted in their motions, with the
result that wall effects arise, including solute segregation effects and slip
effects. And finally, through the molecular theories, one can obtain useful
relationships between the rheological properties and other physico-
chemical properties, such as diffusional, optical, electrical, and thermo-
dynamic properties. The Bird & Ottinger (1992) review cites some of the
key references for these topics.

The assumption that the stress tensor in Equation (2) is symmetric
implies that there is no interchange between macroscopic and molecular
angular momenta. No experiments have been performed on polymeric
liquids to measure asymmetry of the stress tensor. Almost all kinetic
theories for polymeric liquids give a symmetrical stress tensor; in those
few instances where an asymmetric contribution appears, it is found to be
negligibly small. Anyone wishing to pursue this point further is advised to
examine the review by Dahler (1965), where key references are cited.

Several books have appeared in the past decade that deal with consti-
tutive equations, rheology, and solution of polymer fluid dynamics prob-
lems. Tanner’s (1985) textbook shows how to use constitutive equations
to solve problems of engineering interest. Larson (1988) published a mono-
graph dealing solely with constitutive equations. The small monograph of
Barnes et al (1989) provides a sensible and well-balanced overview of non-
Newtonian fluid mechanics, with minimal use of mathematics and careful
attention to experimental facts. A nice companion volume to this is the
collection of photographs of rheological phenomena by Boger & Walters
(1993). Joseph’s (1990) book addresses the mathematical techniques of
solving flow problems with various types of constitutive equations. The
proceedings of the XIth International Congress on Rheology (Moldenaers
& Keunings 1992) give a good presentation of the problems of current
interest. The book by Dealy & Wissbrun (1990) discusses the use of
rheology in industry. A new treatise by Beris & Edwards (1994) is con-
cerned with the relation between rheology and thermodynamics. The sub-
ject of Brownian dynamics simulations of polymers is described in the new
book by Ottinger (1995).

The publications of H. Giesekus dealing with constitutive equations
have often been overlooked because many were written in German. In a
Festschrift prepared in his honor, a bibliography of Giesekus’s publications
was given by Winter (1989). Similar bibliographies for J. G. Oldroyd and
J. G. Kirkwood have been given by Bird (1988). Continuum and molecular
constitutive equations have been reviewed by Jongschaap (1990) with
particular reference to the thermodynamics of irreversible processes. Tanner
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(1988) has given an overview of constitutive equations of the integral
type.

TESTING CONSTITUTIVE EQUATIONS BY
COMPARISON WITH EXPERIMENT

All constitutive equations ultimately have to be tested against experimental
data. There are two kinds of experiments that are currently being used:
rheometric experiments (carefully designed experiments from which
“material functions” can be extracted), and benchmark experiments (non-
trivial flows suitable for testing both numerical methods and constitutive
equations).

Rheometric Experiments

Many experiments of this type are used, as explained in DPL-1 (Chapters
3 and 10) and in other books dealing with rheology. Examples of books
dealing specifically with the science of rheometry are those by Walters
(1975) and Dealy (1982). Meissner (1985) provided a review of rheometric
experiments for polymer melts. Here we list just three rheometric experi-
ments as examples.

STEADY SHEAR FLOW In steady shear flow between two parallel planes,
v, = 7y, onecanmeasure a shear stress 7,, and two normal stress differences
T.x— Ty, and 1,,—1,,; three material functions are then defined by

1:yx = —'7')) (4)
Txx_Tyy = _\PI?Z (5)
Tyy_rzz = _\PZ?Z' (6)

The (non-Newtonian) viscosity # is positive for all fluids, and it is usually
found to be a monotonically decreasing function of the shear rate y. The
first normal-stress coefficient, ¥, has been found to be positive for nearly
all polymeric liquids, and it decreases very rapidly with increasing shear
rate; fragmentary data on liquid crystals suggest that they may have
negative ¥,;. The second normal-stress coefficient, ¥, has been found to
be negative and much smaller in magnitude than ¥,. Measurements of ¥,
are quite sparse; the current state of the measurement techniques for ¥,
has been described by Ohl & Gleissle (1992). Measurement of \P, for liquid
crystalline systems has been discussed by Magda et al (1991).

SMALL-AMPLITUDE OSCILLATORY SHEARING MOTION In this type of experi-
ment a fluid is placed between two closely spaced parallel plates, and one
of the plates is made to oscillate unidirectionally in its own plane with a



Annu. Rev. Fluid Mech. 1995.27:169-193. Downloaded from www.annualreviews.org
Access provided by Cambridge University on 10/02/16. For personal use only.

POLYMER CONSTITUTIVE EQUATIONS 173

very small amplitude at frequency w; the velocity gradient is then time-
dependent and given by 7(¢) = 7° cos wt, where 7° is the amplitude of the
velocity gradient. The shear stress t,, required to produce the motion is
measured. One can define two material functions #” and ", both functions
of the frequency, by

T,, = —1'7° cos wt—n"y" sin wt. (7

The functions " and " are called the components of the complex viscosity,
r’* — "/ —-iﬂ".

STEADY-STATE ELONGATIONAL FLOW In this rheometric experiment a fluid
sample is stretched with a constant elongational rate ¢ = dv,/dz, and the
force required to perform the stretching is measured. From this, one can

obtain a normal-stress difference. The elongational viscosity, 7, a function
of the elongational rate, is then defined by

Taz= Txx = — ’78 (8)

For some fluids it may not be possible to attain a steady-state flow of this
type. Meissner & Hostettler (1994) discuss a new measuring technique for
unsteady elongational flows.

Many other rheometric measurements may be made, including
responses to step functions in strain, step functions of rate of strain, and
large amplitude, sinusoidal oscillations. Recoil and creep measurements
are also made. In addition, it is possible to superpose some of these
motions and measure still more material functions.

Nontrivial Flows

The community of researchers dealing with the development of numerical
methods for viscoelastic flows agreed on a few “benchmark experiments”
for concerted attack. These are (see Hassager 1988 for a summary):

1. Flows with a 4:1 sudden contraction.

One computes the pressure drop and the vortex size and shape in the
flow from a large tube into a small one, or from a large slit to a small
one, in each case with a sudden contraction of 4:1 in the cross-sectional
area. For an example of this kind of calculation see Debbaut et al
(1988).

2. Motion of a sphere in a cylinder.

One computes the drag on the sphere as a function of the Deborah
number as the sphere moves along the axis of the cylinder. The ratio of
the radius of the sphere to that of the cylinder is 0.5. A recent study of
this system (using single and multimode Oldroyd models) is by Becker
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et al (1994). See also Zheng et al (1991) for a study using the Phan-
Thien-Tanner model.
3. Flow in a tube of sinusoidally varying cross-section.

One computes the pressure drop required to cause the fluid to flow
through the “wiggly-wall tube” as a function of the Deborah number.
The ratio of the amplitude of the sinusoid to the average radius of the
tube is 0.1 or 0.4; the ratio of the wavelength to the average tube radius
is 2. For an example of this flow problem, see Pilitsis & Beris (1989).

4. Tangential flow between two eccentric rotating cylinders.

One computes the load and phase angle for specified dimensions and

ratios of angular velocities (see e.g. King et al 1988).

These and other flows have been the object of considerable study, and
the reader is referred to various workshop proceedings in the Journal of
Non-Newtonian Fluid Mechanics. Considerable progress has been made in
the past decade in the development of numerical techniques for solving
the flow problems for nonlinear viscoelastic constitutive equations (see
Keunings 1990). The bulk of experiments used to compare with numerical
flow studies have involved polymer solutions; more work needs to be done
with polymer melts.

METHODS FOR DEVELOPING CONSTITUTIVE
EQUATIONS

Clearly there is an infinite number of possible relations that one could
propose linking the stress tensor with kinematic tensors, and there is a
bewildering number of kinematic tensors (strain tensors, rate-of-strain
tensors, etc) that can be used. Initially, then, one has to narrow the
field of possible relations by arbitrarily imposing some ‘“‘admissibility
conditions”; one such set of conditions was proposed by Oldroyd (1950)
and refined in a later paper published posthumously (Oldroyd 1964) (see
also DPL-1, Section 9.1). Briefly, for incompressible fluids Oldroyd pro-
posed to restrict consideration to models that are () form invariant under
a change of coordinate systems, (») value invariant under a change of
translational or rotational rigid body motion of a fluid element as it moves
through space, and (c¢) valce invariant under a change of rheological
history of neighboring fluid elements. Oldroyd’s admissibility conditions
have provided the guidelines for constructing constitutive equations since
1950, and most of the molecular theories have given constitutive equations
that are in agreement with Oldroyd’s conditions; an example of one kinetic
theory that does not agree with Oldroyd’s criteria is provided by Schieber
& Ottinger (1988). For further perspectives on admissibility criteria see
Lodge (1974), in particular Chapter 11.
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Some constitutive equations are purely empirical. An equation satisfying
Oldroyd’s admissibility criteria is proposed and then tested against experi-
mental data. It is then improved by including additional terms until reason-
able agreement with experiment is obtained. There was much activity of
this sort between 1950 and 1980, and it still continues. Many of these
empirical equations are summarized in Chapters 4-8 of DPL-1 and in
Larson’s (1988) book. :

A second approach for developing constitutive equations is to use math-
ematical expansions. One can, for example, expand the stress tensor in
something like a Taylor series in order to display small departures from
Newtonian behavior. This leads to the “retarded motion expansion,”
which finds use in describing very slow flows such as those encountered in
flow around particles and droplets. However, it is of no value for com-
puting flows in pipes and industrial equipment, because the series con-
verges too slowly. Siddiqui & Schwartz (1993) recently used a third-order
fluid model for studying peristaltic motion in a planar channel. Another
possibility is to perform a Frechet expansion, which describes the devi-
ations from linear viscoelastic behavior. This “memory integral expan-
sion” gives for the first term a single time integral over the strain history,
for the second term a double integral, and for higher terms integrals of
increasing multiplicity. This expansion has not been popular, although
Siginer (1991) has recently used it for analyzing the pulsatile flow in a
tube. (See Chapters 6 and 9 of DPL-1 for additional information.)

A third approach is to develop equations of a rather general nature-that
apply only within certain well-defined classes of flows. For example, for
flows with small displacement gradients the general linear viscoelastic fluid
is quite important (Chapter 5, DPL-1); linear viscoelastic experiments are
widely used for polymer characterization. For steady-state unidirectional
shear flows, the Criminale-Ericksen-Filbey (CEF) equation is applicable
(Chapter 9, DPL-1). For further information, see Tanner (1985) and
Goddard (1979). The CEF equation includes as a special case the “gen-
eralized Newtonian fluid” model, which has been widely used—and is still
being used—for industrial calculations because of its simplicity (Chapter
4, DPL-1).

A fourth approach is to use molecular theory. Here one represents the
polymer molecules by some kind of mechanical model, usually “beads”
and “‘springs” (or “rods”) joined together in such a way as to reflect the
architecture of the molecules. In this way one can mimic the orientation
and stretching of the polymers and also provide for the large number of
configurations that the molecule can assume. See DPL-2 and Doi &
Edwards (1986) for in-depth discussions. Except for some very simple
models, mathematical approximations have to be made to obtain consti-
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tutive equations from molecular theories. Much progress has been made
in developing our ability to go from a molecular model to the constitutive
equation to the solution of flow problems, as described by Wedgewood &
Bird (1988).

A fifth approach is to make use of various extensions of the thermo-
dynamics of irreversible processes. Basically this involves establishing a new
framework, with new sets of postulates, such that the known experimental,
continuum mechanics, and statistical mechanical results are incorporated.
By doing this one hopes to establish some rather general constitutive
equations capable of describing a wide range of materials. For summaries
of current activities in this area, sce Beris & Edwards (1990a,b; 1994),
Jongschaap et al (1994), and Grmela (1991).

USES OF CONSTITUTIVE EQUATIONS

The choice of constitutive equatiort depends to a considerable extent on
the use to which it is to be put. For making order-of-magnitude estimates
in industrial problems in which the flow is a steady-state shear flow (or
approximately so), the “generalized Newtonian model”—just Newton’s
law of viscosity with a shear-rate-dependent viscosity—is simple, useful,
and effective in many instances (DPL-1, Chapter 4); if normal-stress effects
are important, then the Criminale-Filbey-Ericksen equation is a good
choice (DPL-1, pp. 503-4). For the characterization of polymeric liquids,
linear viscoelastic experiments, such as sinusoidal shear flow, are widely
used, and the “general linear viscoelastic model” is exactly what one needs
(DPL-1, Chapter 5). For describing the very slow flows around particles
in suspensions, the “‘retarded-motion expansion” may be helpful (DPL-1,
Chapter 6). For flows that are time dependent, for converging-diverging
flows, and for general three-dimensional flows, nonlinear viscoelastic models
are needed. In the next section we consider these kinds of models.

The main driving force for developing constitutive equations is the
need for solving polymer-processing problems in the plastics industry,
for describing the functioning of polymer-containing lubricants, and for
developing an understanding of the behavior of various body fluids in
human physiology. There are also other uses for constitutive equations,
such as the study of the interrelations of material functions measured in
rheometric experiments (e.g. Chan Man Fong & De Kee 1992), analysis
of rheometric devices (e.g. McClelland & Finlayson 1988a), study of insta-
bilities (Larson 1992; Leonov 1987, Saasen & Hassager 1991), and the
analysis of molecular motions in flow problems. For this last purpose one
clearly needs a constitutive equation that is based on a molecular theory.
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SOME NONLINEAR VISCOELASTIC CONSTITUTIVE
EQUATIONS

In the past five decades many constitutive equations have been proposed
for polymeric fluids, and many have been discarded. Here we summarize
a few that have survived and are currently receiving attention; we consider
only nonlinear viscoelastic models that have been proposed for arbitrary,
time-dependent flows. Slightly different lists of key constitutive equations
have been given by Zdilar & Tanner (1992) and by Larson (1992).

The Oldroyd 8-Constant Model

Despite the fact that it is over 35 years old, this model proposed by
Oldroyd (1958) is still being used. It is an empirical expression that is
linear in the stress tensor, but contains all allowable terms quadratic
in velocity gradients and all allowable products of stresses and velocity
gradients. Since it can give qualitatively correct results in a wide variety
of flow situations, it has been popular for developing the numerical
techniques for non-Newtonian fluid dynamics. (For further details, see
DPL-1, Chapter 7.) The constitutive equation is

T +2lr(1)+%23{)> T+ 9} +%Xs(tr 1:))'!+%26(1::)3)5
= —no[y+ AZ?(I)"" /14{'}.’ . )’} +%17(}":5’)5]> ©)

in which § = Vv+(Vv)' is the rate of deformation tensor, and & is the unit
tensor. The subscript (1) indicates the first contravariant convected time
derivative, defined for a second-order tensor « as follows:

a(,)=—blzta—{(Vv)T'a+<x'(Vv)}, (10)
where the dagger indicates the transpose, and D/Dt is the substantial
derivative. The eight constants are the zero-shear-rate viscosity (1,) and
the time constants (4,, ... , 4,). Equation (9) includes as special cases:
(a) the Newtonian model (4, to 4, al! zero),

(b) the upper convected Maxwell model (4, to 4, all zero),

(¢) the Oldroyd-B model (4, to 4, all zero),

(d) the second-order fluid model (4, = A; = A5 = A¢ = 4, = 0),

(e) the Gordon-Schowalter or Johnson-Segalman model [1;, = (3,/n,)4;,
Ay =8, Ay =8hy, As = A = A; = 0).

The Oldroyd-B model has been popular lately for numerical calculations
because of “Boger fluids.” Boger (1977) synthesized some fluids that were
presumed to have a constant viscosity and a constant first normal-stress
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coeflicient (which are also properties of the Oldroyd-B model). Very careful
rheological measurements by Quinzani et al (1990) have revealed that the
Boger fluids are in fact more complicated than the Oldroyd-B model. The
Oldroyd-B model should now be deemphasized, and attention should be
focused on constitutive equations that can describe the polymers that are
of interest to industry—namely, those that have viscosities that decrease
dramatically with increasing shear rate.

The Johnson-Segalman model has been used in studies of “spurt
phenomena” by Kolkka et al (1988), who believe that some of the insta-
bilities observed in tube flow are a result of the fact that the shear stress is
not monotonically increasing with the shear rate. Malkus et al (1990, 1991,
1993) and Kolkka et al (1991) have also used this model.

The Giesekus Model

Giesekus (1982), using molecular ideas, developed a three-constant
(10,41, @) model that is nonlinear in the stresses (see DPL-1, p. 353). This
model has gained prominence because it describes the power-law regions
for viscosity and normal-stress coefficients; it also gives a reasonable
description of the elongational viscosity and the complex viscosity. The
constitutive equation for this model is

T+ 247, — (@i o) (T 1) = —#y (11)

Bird & Wiest (1985) have given an alternative interpretation of theé Gie-
sekus model, and Wiest & Bird (1986) have studied the model further;
they obtained the constitutive equation as the result of a mean-field theory
that uses Hookean dumbbells as a model for the constituent polymers.

Wiest (1989a) has developed an extension of the model by using non-
Hookean springs; his model has been used by Iyengar & Co (1993) for
studying film casting. Another extension of the model is to use a super-
position of equations of the form ¢f Equation (5), the so-called “multi-
mode Giesekus model.” This allows for a large number of time constants
and viscosity constants, thus providing much more flexibility for fitting
data.

The Phan-Thien-Tanner Model

The four-constant model of Phan-Thien & Tanner (1977) and Phan-Thien
(1978) was derived from a network theory for polymer melts and is also
nonlinear in the stresses:

Yoty +sZa{it+og) = - ny (12)
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(see DPL-2, Chapter 20). Here, Y is a function of the trace of the stress
tensor:

Y =exp[—e(A/no)trt] = 1 —e(A/no) tre. (13)

The second relation in Equation (13) is valid for small trt and makes
the constitutive equation somewhat easier to use. Equation (11) gives a
monotonically increasing elongational viscosity, whereas Equation (12)
gives a maximum in the elongational viscosity vs elongation rate curve
when the exponential relation in Equation (13) is used. This model has
also been used in a multimode form by superposition of equations of the
form of Equation (12) in order to do a better job of fitting data.

The FENE ( Finitely- Extensible-Nonlinear-Elastic) Dumbbell
Model

This constitutive equation results from a kinetic theory derivation using a
nonlinear elastic dumbbell model to represent the polymer molecules in a
dilute solution, where the solvent is a Newtonian fluid with viscosity ,
and where the number of dumbbells per unit volume is #. This leads, after
making the Peterlin approximation (in the expression for the stress tensor,
the average of a ratio is replaced by the ratio of the averages), to

T= —ns?‘l_rpa (14)
in which the polymer contribution, ,, is given by the differential equation

b DInZ b
ZTP-FAHTPU)—).H(TP— b+2nkT5> Dnl = —<—>nleH79 (15)

b+2

where 1, is a time constant and Z is a function of the trace of the polymer
contribution to the stress tensor:

Z—1+3 b tre,
T U p\b+2  3mkT/

(16)
The parameter b is a measure of the potential energy in the spring relative
to the thermal energy. When b is infinite, the Hookean dumbbell result is
obtained; in this limit, the polymer contribution to the stress tensor is
described by the upper convected Maxwell model. The FENE dumbbell
model is useful because it allows for the possibility of describing the
polymer stretching and orientation in various flow systems (Wedgewood
& Bird 1988). (Further discussion of this model can be found in DPL-2,
Chapter 13.)
There are many extensions of the FENE dumbbell constitutive equation.
Armstrong & Ishikawa (1980) developed a simplified equation for the
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“nearly Hookean” dumbbell solution. Bird & DeAguiar (1983) and Wiest
(1989a) developed modifications appropriate for describing polymer melts.
Ng & Leal (1993) included dumbbell-dumbbell interactions (according to
Hess 1984) in order to describe concentration dependence in semi-dilute
polymer solutions. Chilcott & Rallison (1988) altered the FENE dumbbell
equation in an empirical way to eliminate the shear-rate dependence of
the viscosity, in order to describe Boger fluids; the resulting model is
devoid of any molecular significance.

A constitutive equation was also obtained for a multibead flexible chain
model, with nonlinear connecting springs, using the Peterlin approxi-
mation (Ottinger 1987, Wedgewood & Ottinger 1988, Wiest & Tanner
1989). Using this model, Wiest et al (1989) studied the mechanism of
uncoiling of macromolecules in extensional flows. A much simpler consti-
tutive equation was obtained by Wedgewood et al (1991) using a modi-
fication of the Peterlin approximation; this results in a “multimode” ver-
sion of Equation (15), but with some coupling between the modes included.
The modified Peterlin approximation has been evaluated and criticized by
van den Brule (1993a). Kobe & Wiest (1993) examined the validity of the
Peterlin approximation for chains ir: steady elongational flows.

Recently there has been a revived interest in including “internal vis-
cosity” in bead-spring models; this involves including, in addition to the
spring force, an additional resistive force proportional to the rate of the
spring extension (i.e. a dashpot). The publications of Manke & Williams
(1991, 1993), Wedgewood (1993), and Schieber (1993) provide an excellent
introduction to the literature on this subject. Another modification of
bead-spring models involves including the “excluded volume” effect, as
discussed in a recent paper by Ahn et al (1993).

The Kaye-BKZ Model

The Kaye-BKZ model is a nonlinear generalization of the general linear
viscoelastic model, and contains two unspecified functions:

! ow ow
1=+ J M(l—tl)[gl—l‘}’[ol‘f* '&—‘ym] ar. (17)

o 2

Here, M(¢—1t") is a “memory function” (a property of the material), and
W(l,,I,)is a “potential function” that depends on the two scalar invariants
of the Finger strain tensor B. The two relative finite strain tensors are
defined by: y, = 6—B and 9" = B~' —4. It is necessary to require that
the potential function obeys the relation (0W/dI,)+ (0W/0L,) = 1 atI, = 3,
I, = 3 to guarantee that the model simplifies correctly in the linear limit.
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An evaluation of this model has been given by Tanner (1988), and a
variational principle for it has been developed by Hassager (1981).

The Kaye-BKZ model includes the Rouse-Zimm model for dilute solu-
tions, the Lodge elastic liquid derived from a network theory, the Tanner-
Simmons network rupture model, and the Doi-Edwards model for poly-
mer melts derived from a “tube theory” for a melt made up of freely
jointed bead-rod chains. A slightly more general model is the factorized
Rivlin-Sawyers model, in which the coefficients of the relative finite strain
tensors are arbitrary functions of the two invariants, but not necessarily
derivatives of a potential function W. A model proposed by Wagner of this
type has attracted much attention [see DPL-2, Section 8.3 for additional
references and an example using special choices for M and W; see also
Wagner (1990) and Wagner & Demarmels (1990)].

Kaye (1992) recently proposed a modification of the Kaye-BKZ model
in which the potential function is given in terms of the principal stretches.
Specifically, he considers that W is the sum of the nth powers of the
principal stresses. All the nonlinear rheological properties can then be
computed from the relaxation spectrum of linear viscoelasticity and the
power n.

The Curtiss-Bird Model

The Curtiss-Bird constitutive equation was derived for a melt made up of
a monodisperse set of freely jointed, interacting bead-rod chains, using a
phase-space kinetic theory. The resulting equation is:

1 il 1 ™
T = Nnk T{? a— u(t— Ay — 3 £y J vt — 1AM d!’}_ {(18)

[ s} s

Here, N is the number of beads in the bead-rod chain, » is the number
density of chains, ¢ and v are memory functions containing a time constant
4, A¥ is a second-order tensor function of the nonlinear strain tensor ',
and A" is a fourth-order tensor function of y'”. The parameter ¢ is called
the link-tension coefficient; when ¢ is set equal to zero, the Doi-Edwards
constitutive equation is obtained. The Curtiss-Bird theory has been
extended to polydisperse melts by Schieber et al (1986) and Schieber
(1987a,b). The Doi-Edwards theory has been extended to a bead-spring
model by Mead et al (1992).

The Curtiss-Bird equation gives realistic shapes for the viscometric
functions and the elongational viscosity. It has been used in its polydisperse
generalization to describe the Weissenberg rod-climbing experiment by
Lodge et al (1988) and recoil of polymer melts after cessation of shear and
elongational flows by Borgbjerg & de Pablo (1994). In both of these
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problems the term containing the link-tension coefficient is needed to
describe the experimental data. Geurts (1988, 1989) extended the Curtiss-
Bird theory to a “‘reptating rope model”; his results lead to a constitutive
equation containing an extra term related to correlations between
segments.

SOME OTHER CONSTITUTIVE EQUATIONS

In recent years a few new constitutive relations have been proposed. We
content ourselves here with a brief mention of equations that have come
to our attention, recognizing that some have not yet been sufficiently
tested.

Schunk & Scriven (1990) developed a simple empirical model that
describes shear thinning and extension thickening in order to model coat-
ing and related flows in the polymer industry. This model is not, however,
capable of describing the viscoelastic phenomena that arise in time-depen-
dent flows. A minor generalization of the Schunk-Scriven model was put
forth by Astarita (1991).

For the general linear viscoelastic fluid model, Scanlan & Janzen (1992)
have proposed a stretched-exponential-power-law empiricism for the
relaxation modulus; this function contains four parameters.

Several papers have incorporated the idea of polymer diffusion across
streamlines into dilute-solution molecular theories. El-Kareh & Leal (1989)
first developed this idea, and later Bhave et al (1991) produced a more
extensive phase-space kinetic theory that showed, in addition, how to
account for the development of spatial inhomogeneities in the concen-
tration. Ottinger (1991, 1992) has discussed this problem from a continuum
mechanical and stochastic point of view, using Lodge’s body-tensor for-
malism. For a comparison of several theories of spatial inhomogeneities,
see Mavrantzas & Beris (1994) and Agarwal et al (1994). For more on wall
effects, see de Pablo et al (1992).

A new network model for polymer melts was proposed by Hermann &
Petruccione (1992), based on Lodge’s notion of a network containing
different types of strands and Yamamoto’s idea of configuration-depen-
dent creation and loss rates. A Gaussian temporary slip-link network
theory has been formulated by Wagner & Schaeffer (1992) that in special
limits reduces to earlier constitutive equations of Lodge, Wagner, Doi-
Edwards, and Marrucci. Doremus & Piau (1991) have developed a two-
network theory capable of describing a yield-stress in a viscoelastic fluid.
A completely different approach to viscoelastic-plastic fluid modeling was
offered by Isayev & Fan (1990) based on a modification of the Leonov
model (1987). :
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The classic Rouse-Zimm model has been modified by Wu & Schiimmer
(1990), who incorporated the Johnson-Segalman idea that ‘“macroscopic
and microscopic strain fields do not conform to each other” and that
“non-affineness is described by a slippage factor.”

Using a phase-space kinetic theory, Bhave et al (1993) obtained a consti-
tutive equation for liquid-crystalline polymer solutions; see also Ram-
alingam & Armstrong (1993) for an application of the constitutive equa-
tion.

CONSTITUTIVE EQUATIONS FOR
NONISOTHERMAL SYSTEMS

Although most of the work that has been done on the solution of polymer
flow problems has been for isothermal systems, it must be recognized that
flows of interest in polymer processing operations are decidedly non-
isothermal, ie. the temperature of the fluid is a function of position
and time. Most polymer processing operations are designed to cause
temperature changes in the material to produce phase changes. [n addition,
the very high viscosities of polymeric liquids result in the conversion of
large amounts of mechanical energy into heat through the third term on
the right-hand side of Equation (3), and this heat causes the temperature
of the material to change. Because the stress in the material can depend
upon both the temperature and the temperature history, it is necessary to
develop constitutive equations that include the temperature as an inde-
pendent variable.

The traditional engineering approach to solving nonisothermal polymer
flow problems mirrors the approach used in the solution of nonisothermal
Newtonian flow problems. That is, one simply allows the density and non-
Newtonian viscosity of the fluid to be functions of temperature. Further-
more, because the density of a fluid is a relatively weak function of tem-
perature when compared with the viscosity, the temperature dependence
of the density is frequently neglected, except in problems where natural
convection is judged to be important. This strategy has been used exten-
sively in the study of problems where the fluid is modeled as a generalized
Newtonian fluid (Metzner 1965, Pearson 1984, McClelland & Finlayson
1988b, Ding et al 1993). The major problem with this traditional approach
is that it does not include the effect of temperature variations on the
viscoelasticity of the fluid.

The temperature dependence of the linear viscoelastic properties of
polymeric liquids has been described by the principle of time-temperature
superposition (Ferry 1980). In essence, this principle states that all of the
time scales characterizing the memory of the fluid have the same depen-
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dence on temperature. Therefore, they can all be characterized by a single
function of temperature known as the shift function, ar. Many empirical
and semi-empirical expressions have been proposed for this function; the
one most widely used is the Williams-Landel-Ferry function (Williams et
al 1955).

Although time-temperature superposition works well for a wide variety
of polymers, it is not designed to describe nonisothermal flow. The prin-
ciple describes the relation between rheological properties at different
constant temperatures; it does not describe rheological consequences of
temperature changes that occur with time or in space. A continuum mech-
anical postulate proposed by Morland & Lee (1960) and expanded upon by
Crochet & Naghdi (1969) attempts to address this problem. The postulate
proposes the existence of a pseudo-time that accounts for the rheological
consequences of temperature variations. This pseudo-time, &, is defined
by

dt
® = alT0] 1
or, as a difference, by
¢ g
= —. 20
5 5 ‘[, aT[T(t”)] ( )

The rationale behind the pseudo-time idea is that the molecular motions
responsible for mechanical relaxations of the material occur more rapidly
at higher temperatures and more slowly at lower temperatures; this tem-
perature dependence is described by the shift function, ay. From the point
of view of the material, time appears to move faster (or slower) relative to
laboratory time as the temperature increases (or decreases). Therefore, the
prescription of the pseudo-time approach is to replace the time variable in
an isothermal constitutive equation by the pseudo-time, which includes
this “stretching” and “shrinking” of time caused by temperature vari-
ations. The relation given in Equation (19) is used for transforming differ-
ential constitutive equations, and the relation given in Equation (20) is
used for transforming integral constitutive equations. The validity of the
pseudo-time postulate is still open to experimental confirmation, but it
has been used recently to describe nonisothermal flows (Luo & Tanner
1987).

Molecular theories have also been used to obtain constitutive equations
for nonisothermal flows. Marrucci (1972) (see also Bird 1979) modified
the kinetic theory for dilute solutions of Hookean dumbbells to include
the temperature history, and Wiest (1989b) extended this to bead-spring
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(Rouse) chains. Wiest & Phan-Thien (1989) have extended the Curtiss-Bird
theory to describe nonisothermal flows, and Wiest (1994) has examined the
nonisothermal form of the Giesekus equation and its variants. Each of
these molecular theories gives a constitutive equation that differs from
that predicted by application of the pseudo-time approach, but the sig-
nificance of the differences has not been fully explored.

Other difficulties that arise in the solution of nonisothermal flow prob-
lems are not directly associated with the constitutive equation for the
material but are associated with the energy equation (3). It has been
traditional to assume that the internal energy of the fluid is independent
of its kinematic state, so that U can be expressed in terms of a heat capacity
and the temperature. However, this may not be an appropriate assumption
for polymeric materials (Astarita et al 1974), and the question requires
further investigation. Because of the large viscosities of polymeric liquids,
the third term on the right-hand side of Equation (3), which describes the
conversion of mechanical energy into thermal energy, is often important.
This issue has been addressed in a viscometric flow by Ko & Lodge (1989,
1991). It has been traditional to assume that heat transfer in polymeric
materials is adequately described by Fourier’s law, but there is also evi-
dence that this may not be appropriate. van den Brule (1989, 1990, 1993b)
has studied this question and has proposed alternatives to Fourier’s law for
polymers wherein the thermal conductivity tensor is related to kinematic
quantities. It is apparent that a great deal of work remains to be done in
the field of nonisothermal rheology.

AVOIDANCE OF USE OF CONSTITUTIVE
EQUATIONS

Description of Rheometric Experiments

Brownian dynamics has been used for getting the material functions for
various kinds of molecular models; in such calculations the flow pattern
is specified and the molecular motions are computed. For example, Liu
(1989) obtained the viscometric functions for Kramers chains in shear
flows and studied the coil-stretch transition. This work was extended by
Slot (1992), who included hydrodynamic interaction and excluded volume.
The bead-spring chain model with nonlinear springs has been studied with
Brownian dynamics simulations by van den Brule (1993).

Molecular dynamics, a still more detailed description for rheometric
flows, is just beginning to appear in the literature. Kroger et al (1993)
have used nonequilibrium molecular dynamics to compute the steady-
state shear flows of polymer melts modeled as long bead-spring chains (up
to 100 beads) connected by finitely-extensible-nonlinear-elastic (FENE)
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springs; the forces between beads on different chains are described by a
modified Lennard-Jones potential.

Description of Nontrivial Flows

Because of the increased power of computers, emphasis is now shifting to
the use of molecular models to solve nontrivial flow problems without
developing explicit constitutive equations. Instead, one solves the kinetic
theory equations at each point in the system, either by nonequilibrium
statistical mechanics or by nonequilibrium Brownian dynamics, and in
this way computes the local stresses. These are then combined with the
equations of motion and continuity to calculate the velocity field, stream-
lines, and pressure distribution.

The first example of this was the calculation by Fan (1989a,b), who used
multibead dumbbell models; he solved the kinetic theory equations at each
point in the flow field and then obtained the streamlines and dumbbell
orientations everywhere in the flow ficld. Ramalingam & Armstrong (1993)
used a similar method to study the spinning of liquid crystals. A somewhat
related method was described by Szeri & Leal (1992). Laso & Ottinger
(1993a,b) (see also Ottinger & Laso 1994) used nonequilibrium Brownian
dynamics to obtain the local stresses for elastic dumbbells, and then solved
the unsteady Couette-flow problem; this model predicted the “velocity-
overshoot phenomenon™ that had been observed experimentally by Bur-
dette (1989).

FUTURE DIRECTIONS

Constitutive Equations

We expect that there will be increased reliance on molecular theory to
suggest the form for constitutive equations. By using a greater diversity of
molecular models, it should be possible to start developing intuition about
how molecular architecture influences the constitutive equation and the
rheological responses. It should not be expected that one constitutive
equation can be found that will describe all polymeric liquids, but rather
that there will be a variety of constitutive equations reflecting the internal
structure of the fluids.

In the future it is expected that more complex constitutive equations
will be used for fluid dynamics calculations, because of improved numerical
methods and more powerful computers. Therefore, it will be possible to
use constitutive equations that contain a full spectrum of time constants.
To date most of the emphasis in riumerical solution of flow problems
has been on differential constitutive equations, but more activity can be
expected soon in the area of integral constitutive equations.
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Nonisothermal Problems

Much more needs to be done on the development of constitutive equations
for nonisothermal flows. There is an urgent need for experimental data on
nonisothermal flows, including the mapping of temperature profiles in
space and time for well-defined flows and the measurement of the depen-
dence of the stress in the material on these temperature profiles. Data are
also needed on the thermal conductivity of polymeric liquids—particularly
on the anisotropy of thermal conductivity in flowing liquids. In addition,
further studies on the coupling between heat flux and velocity gradient
are necessary. More nonisothermal flow problems in which solidification
(crystallization or glass formation) takes place need to be solved, because
these kinds of problems are of considerable industrial importance. This will
require the formulation of constitutive equations that are valid through
the solidification process and, therefore, greater understanding of the
solidification process itself.

Kinetic Theory

The assumptions made in kinetic theory require further investigation. For
example, the “equilibration in momentum space” assumption has almost
universally been made, but little is known about the appropriateness of
the assumption. More knowledge of the pair distribution function could
possibly be very revealing about the mechanisms behind rheological
behavior; in particular, this could be helpful in advancing kinetic theories
for polymer melts. Much more can be done about getting optical, electrical,
diffusional, and thermal properties for the same molecular models used in
rheological work. Finally, there is the hope that totally new techniques
may be found for kinetic theory studies; for example, virial and hypervirial
theorems could prove a useful starting point.

Molecular Simulations

Only a small beginning has been made in using molecular and Brownian
dynamics simulations for nonequilibrium systems involving polymeric
liquids. These simulation techniques can allow us to improve kinetic theories,
or possibly supplant them. These techniques also permit the study of much
more complex systems and much more realistic molecular models. Most
of all, they are enormously helpful in visualizing the molecular motions
occurring in flows, including wall effects and interfacial phenomena. Cur-
rent research on solution of flow problems by use of simulation techniques
suggests that this part of polymer fluid dynamics will expand rapidly in
the coming decade (Ottinger 1995).
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Experimental Data

Despite the perception in funding agencies that making basic rheological
measurements is ‘“‘routine”” and therzfore unworthy of financial support,
these measurements are essential for the testing of constitutive equations
and kinetic theories. What is needzd is a fluid dynamical “rheonome
project” in which extensive data-taking can be done on very carefully
characterized fluids in a very wide range of rheometric experiments. These
measurements should be made on a wide variety of polymeric liquids,
including solutions and melts and monodisperse and polydisperse systems.
Some outstanding experimentalists have been and are still active in this
area (J. D. Ferry, J. Meissner, A. S. Lodge, K. Osaki, J. L. Schrag, H.
Janeschitz-Kriegl, W. W. Graessley, and others), but they have each tended
to specialize in one or two types of experiments and have generally not all
worked on the same polymeric liquids. Those who want to test constitutive
equations and kinetic theories have therefore not had complete sets of
data for many rheometric experiments for one single fluid.

In connection with the testing of numerical methods (as well as consti-
tutive equations), data are needed on velocity and stress fields in nontrivial
flows of increasing complexity. For maximum effectiveness the experi-
ments should be performed on fluids for which the rheometric data are
available.

One can adopt two views of the field: One can be very pessimistic and
concentrate on the inadequacy of present knowledge to solve industrial
problems and on the inherent difficulties in this highly nonlinear subject;
or one can be optimistic and acknowledge the considerable advances that
have been made in the past few decades and extrapolate these advances
to continuing successes in the future. The field remains a challenging,
fascinating, and important subject with a wide range of potential appli-
cations; it requires considerable background in continuum physics, sta-
tistical mechanics, polymer chemistry, fluid dynamics, and experimental
techniques.

ACKNOWLEDGMENTS

The authors gratefully acknowledge useful communications with Drs. R.
C. Armstrong, J. M. Dealy, O. Hassager, and J. D. Schieber, and would
like to dedicate this article to Professor Hermann Janeschitz-Kriegl of the
Johannes Kepler University in Linz, Austria, on the occasion of his 70th
birthday.

Any Annual Review chapter, as well as any article cited in an Annual Review chapter,
may be purchased from the Annual Feviews Preprints and Reprints service.
1-800-347-8007; 415-259-5017; email: arpr@class.org




Annu. Rev. Fluid Mech. 1995.27:169-193. Downloaded from www.annualreviews.org

Access provided by Cambridge University on 10/02/16. For personal use only.

POLYMER CONSTITUTIVE EQUATIONS 189

Literature Cited

Agarwal US, Dutta A, Mashelkar RA. 1994.
Migration of macromolecules under flow:
the physical origin and engineering impli-
cations. Chem. Engr. Sci. 49: 1693-717

Ahn KH, Schrag JL, Lee SJ. 1993. Bead-
spring chain model for the dynamics of
dilute polymer solutions. Part 2. Com-
parisons with experimental data. J. Non-
Newtonian Fluid Mech. 50: 349-73

Armstrong RC, Ishikawa S. 1980. A rheo-
logical equation of state for dilute solu-
tions of nearly Hookean dumbbells. J.
Rheol. 24: 143-65

Astarita G. 1991. Quasi-Newtonian consti-
tutive equations exhibiting flow-type sen-
sitivity. J. Rheol. 35: 687-89

Astarita G, Sarti GC. 1974. In Theoretical
Rheology, ed. JRA Pearson, K Walters,
pp. 123-37. New York: Wiley

Barnes HA, Hutton JF, Walters K. 1989.
An Introduction to Rheology. Amsterdam:
Elsevier. 199 pp.

Becker RE, McKinley GH, Rasmussen HK,
Hassager O. 1994. The unsteady motion
of a spherein a viscoelastic fluid. J. Rheol.
38: 377-403

Beris AN, Edwards BJ. 1990a. Poisson
bracket formulation of incompressible
flow equations in continuum mechanics.
J. Rheol. 34: 55-78

Beris AN, Edwards BJ. 1990b. Poisson
bracket formulation of viscoelastic flow
equations of differential type: a unified
approach. J. Rheol. 34: 503-38

Beris AN, Edwards BJ. 1994. Thermo-
dynamics of Flowing Systems. New York:
Oxford Univ. Press

Bhave AV, Armstrong RC, Brown RA.
1991. Kinetic theory and rheology of
dilute, nonhomogeneous polymer solu-
tions. J. Chem. Phys. 95: 2988-3000

Bhave AV, Menon RK, Armstrong RC,
Brown RA. 1993. A constitutive equation
for liquid-crystalline polymer solutions. J.
Rheol. 37: 413-41

Bird RB. 1976. Useful non-Newtonian
models. Annu. Rev. Fluid Mech. 8. 13-34

Bird RB. 1979. Use of simple molecular
models in the study of the mechanical
behavior of solutions of flexible macro-
rglollecl:gles. J. Non-Newtonian Fluid Mech.

Bird RB. 1988. The two JGs: their con-
tinuing influence on rheology. Proc. Xth
Int. Congr. on Rheology, Vol. 1, pp. 3—15

Bird RB, Armstrong RC, Hassager O.
1987a. Dynamics of Polymeric Liquids,
Vol. 1, Fluid Mechanics. New York: Wiley
Intersci. 649 pp. 2nd ed.

Bird RB, Curtiss CF, Armstrong RC, Has-
sager O. 1987b. Dynamics of Polymeric

Liquids, Vol. 2, Kinetic Theory. New York:
Wiley Intersci. 439 pp. 2nd ed.

Bird RB, DeAguiar JR. 1983. An encap-
sulated dumbbell model for concentrated
polymer solutions and melts. J. Non-New-
tonian Fluid Mech. 13: 149-60

Bird RB, Ottinger HC. 1992. Transport
properties of polymeric liquids. Annu. Rev.
Phys. Chem. 43: 371-406

Bird RB, Wiest JM. 1985. Anisotropiceffects
in dumbbell kinetic theory. J. Rheol. 29:
519-32

Boger DG. 1977. A highly elastic constant-
viscosity fluid. J. Non-Newtonian Fluid
Mech. 3: 87-91 '

Boger DG, Walters K. 1993. Rheological
Phenomena in Focus. Amsterdam: Else-
vier. 156 pp.

Borgbjerg U, dePabloJJ. 1994. Therecovery
of polymer melts after shear and elon-
gational flows. J. Chem. Phys.

Burdette SR. 1989. Development of the ve-
locity field in transient shear flows of
viscoelastic fluids. J. Non-Newtonian Fluid
Mech. 32: 269-94

Chan Man Fong DF, De Kee D. 1992.
Relations between stress growth and stress
relaxation functions. Rheol. Acta 31: 490-
95

Chilcott MD, Rallison JM. 1988. Creeping
flow of dilute polymer solutions past cy-
linders and spheres. J. Non-Newtonian
Fluid Mech. 29: 381-432

Crochet MJ, Naghdi PM. 1969. A class of
simple solids with fading memory. Int. J.
Eng. Sci. 7: 1173-98

Dahler JS. 1965. High density phenomena.
In Research Frontiers in Fluid Dynamics,
ed. RJ Seeger, G Temple, Chap. 15. New
York: Wiley Intersci.

Dealy JM. 1982. Rheometers for Molten
Plastics: A Practical Guide to Testing and
Property Measurement. New York: Van
Nostrand Reinhold. 302 pp.

Dealy JM, Wissbrun KF. 1990. Melt Rhe-
ology and its Role in Plastics Processing.
New York: Van Nostrand Reinhold. 665

PP-

Debbaut B, Marchal JM, Crochet MJ. 1988.
Numerical simulation of highly visco-
elastic flows through an abrupt contrac-
tion. J. Non-Newtonian Fluid Mech. 29:
119-46 B

de Pablo JJ, Ottinger HC, Rabin Y. 1992.
Hydrodynamic changes of the depletion
layer of dilute polymer solutions near a
wall. AIChE J. 38: 273-83

Ding D, Townsend P, Webster MF. 1993.
Computer modelling of transient thermal
flows of non-Newtonian fluids. J. Non-
Newtonian Fluid Mech. 47: 239-65



Annu. Rev. Fluid Mech. 1995.27:169-193. Downloaded from www.annualreviews.org

Access provided by Cambridge University on 10/02/16. For personal use only.

190 BIRD & WIEST

Doi M, Edwards SF. 1986. The Theory of
Polymer Dynamics. London: Oxford
Univ. Press. 391 pp.

Doremus P, Piau JM. 1991. Yield stress fluid.
Structural model and transient shear flow
behavior. J. Non-Newtonian Fluid Mech.
39: 335-52

El-Kareh AW, Leal LG. 1989. Existence of
solutions for all Deborah numbers for a
non-Newtonian model modified to include
diffusion. J. Non-Newtonian Fluid Mech.
33:257-87

Fan X. 1989a. Molecular models and flow
calculation: I. The numerical solutions to
multibead-rod models in homogeneous
flows. Acta Mech. Sinica 5: 49-59

Fan X. 1989b. Molecular models and flow
calculation: II. Simulation of steady
planar flow. Acta Mech. Sinica 5. 216-
26

Ferry JD. 1980. Viscoelastic Properties of
Polymers. New York: Wiley

Geurts BJ. 1988. An extension of the Curtiss-
Bird theory for the rheological properties
of concentrated polymer solutions and
melts. J. Non-Newtonian Fluid Mech. 28:
319-32

Geurts BJ. 1989. The reptating rope model:
viscometric functions for concentrated
polymer solutions and melts in shear flow.
J. Non-Newtonian Fluid Mech. 31: 27-

42

Giesekus H. 1982. A simple constitutive
equation for polymer fluids based on the
concept of deformation-dependent ten-
sorial mobility. J. Non-Newtonian Fluid
Mech. 11: 69-109

GoddardJD. 1979. Polymer fluid mechanics.
Adv. Appl. Mech. 19: 143-219

Grmela M. 1991. Mesoscopic dynamics and
thermodynamics: applications to poly-
meric fluids. In Rheological Modelling:
Thermodynamics and Statistical
Approaches, ed. J Casas-Vasquez, D Jou,
Springer Lect. Notes Phys. 381: 99-125

Hassager O. 1981. Variational principle for
the KBKZ rheological equation of state
with potential function. J. Non-Newtonian
Fluid Mech. 9: 321-28

Hassager O. 1988. Working group on
numerical techniques. J. Non-Newtonian
Fluid Mech. 29: 2-5

Hermann W, Petruccione F. 1992. Quan-
titative rheological predictions of a tran-
sient network model of Lodge-Yamamoto
type: simple and multi-axial elongational
flow. J. Rheol. 36: 1461-76

Hess W. 1984. Molecular theory for mod-
erately concentrated polymer solutions in
shear flow. Rheol Acta 23: 477-88

Isayev Al, Fan X. 1990. Viscoelastic plastic
constitutive equation for flow of particle
filled polymers. J. Rheol. 34: 35-54

Iyengar VR, Co A. 1993. Film casting of
a modified Giesekus fluid: a steady-state
analysis. J. Non-Newtonian Fluid Mech.
48 1-20

Jongschaap RJJ. 1990. Microscopic model-
ling of the flow properties of polymers.
Rep. Prog. Phys. 53: 1-55

Jongschaap RJJ, de Haas KH, Damen CAJ.
1994. A generic matrix representation of
configuration-tensor rheological models.
J. Rheol. 38: 769--96

Joseph DD. 1990. Fluid Dynamics of
Viscoelastic Fluids. New York: Wiley.
755 pp.

Kaye A. 1992. A constitutive equation for a
non-Newtonian liquid. Rheol. Acta 31: 3—
13

Keunings R. 1990. Progress and challenges
in computational rheology. Rheol. Acta
29: 556-70

King RC, Apelian MR, Armstrong RC,
Brown RA. 1988. Numerically stable finite
element techniques for viscoelastic cal-
culations in smooth and singular geo-
metries. J. Non-Newtonian Fluid Mech. 29:
147-216

KoYS, Lodge AS. 1989. Slit die viscometry
at shear rates up to 5 x 10°s~!: an analytic
correction for small viscous heating errors.
Rheol. Acta 28: 464-72

Ko YS, Lodge AS. 1991. Viscous heating
correction for thermally developing flow
in slit-die geometry. Rheol. Acta 30: 357-
68

Kobe JM, Wiest JM. 1993. Finitely exten-
sible bead-spring chain macromolecules in
steady elongational flows. J. Rheol. 37:
947-60

Kolkka RW, Malkus DS, Hansen MG, Ier-
ley GR, Worthing RA. 1988. Spurt
phenomena of the Johnson-Segalman
fluid and related models. J. Non-New-
tonian Fluid Mech. 25: 93-127

Kolkka RW, Malkus DS, Rose TR. 1991.
Finite rise time step strain modeling of
nearly monodisperse polymer melts and
solutions. Rheol. Acta. 30: 430-46

Kroger M, Loose W, Hess S. 1993. Rheology
and structural changes of polymer melts
via nonequilibrium molecular dynamics.
J. Rheol. 37: 1057-79

Larson RG. 1988. Constitutive Equations for
Polymer Melts and Solutions. Boston:
Butterworths. 364 pp.

Larson RG. 1992. Instabilities in viscoelastic
flows. Rheol. Acta 31: 213-63

Laso M, Ottinger HC. 1993a. Calculation of
viscoelastic flow using molecular models:
the CONNFESSIT approach. J. Non-
Newtonian Fluid Mech. 47: 1-20

Laso M, Ottinger HC. 1993b. Von mole-
kularen Modellen zu komplexen Stré-
mungen. Phys. Bl. 49: 121-23



Annu. Rev. Fluid Mech. 1995.27:169-193. Downloaded from www.annualreviews.org

Access provided by Cambridge University on 10/02/16. For personal use only.

POLYMER CONSTITUTIVE EQUATIONS 191

Leonov Al 1987. On a class of constitutive
equations for viscoelastic liquids. J. Non-
Newtonian Fluid Mech. 25: 1-59

Liu TW. 1989. Flexible polymer chain
dynamics and rheological properties in
steady flows. J. Chem. Phys. 90: 5826-42

Lodge AS. 1974. Body Tensor Fields in Con-
tmuum Mechanics. New York: Academic.
319 p,

Lodge AS Schieber JD, Bird, RB. 1988. The
Welssenberg effect at finite rotation
speeds. J. Chem. Phys. 88: 4001-7

Luo X, Tanner RI. 1987. A pseudo-timeinte-
gral method for nonisothermal visco-
elastic flows and its application to
extrusion simulation. Rheol. Acta 26: 499-
507

Magda JJ, Baek SG, DeVries KL, Larso
RG. 1991. Shear flows of llquld crystg
polymers: measurements of the second
normal stress difference and the Doi
molecular theory. Macromolecules 24:
4460-68

Malkus DS, Nohel JA, Plohr BJ. 1990.
Dynamics of shear flow of a non-
Newtonian fluid. J. Comp. Phys. 87
464-87

Malkus DS, Nohel JA, Plohr BJ. 1991.
Analysis of new phenomena in shear flow
of non-Newtonian fluids. STAM J. Appl.
Math. 51: 899-929

Malkus DS, Nohel JA, Plohr BJ. 1993.
Approximation of piston driven flows of
a non-Newtonian fluid. In Differential
Equations, Dynamical Systems, and Con-
trol Science, ed. KD Elworthy, WN Everitt,
EB Lee, pp. 173-92. New York. Marcel
Dekker

Manke CW, Williams MC. 1991. Transient
stress responses predicted by the internal
viscosity model in elongational flow.
Rheol. Acta 30: 316-28

Manke CW, Williams MC. 1993. Com-
parison of a new internal viscosity model
with other constrained-connector theories
of dilute polymer solution rheology.
Rheol. Acta 32 418-21

Marrucci G. 1972. The free energy consti-
tutive equation for polymer solutions
from the dumbbell model. Trans. Soc.
Rheol. 16: 321-30

Mavrantzas VG, Beris AN. 1994. On the
compatibility between various macro-
scopic formalisms for the concentration
and flow of dilute polymer solutions. J.
Rheol. 38

McClelland MA, Finlayson BA. 1988a.
Squeezing flow of highly viscous polymers.
J. Rheol. 32: 101-33

McClelland MA, Finlayson BA. 1988b.
Heat transfer effects in extrudate swell of
elastic liquids. J. Non-Newtonian Fluid
Mech. 27: 363-74

Mead D, Herbolzhiemer EA, Leal LG. 1992.
The effect of segmental stretch on theo-
retical predictions of the Doi-Edwards
model. See Moldenaers & Keunings 1992,
pp. 101-2

Meissner J. 1985. Rheometry of polymer
melts. Annu. Rev. Fluid Mech. 17: 45-64

Meissner J, Hostettler J. 1994. A new elon-
gational rheometer for polymer melts and
other highly viscoelastic liquids. Rheol.
Acta 33: 1-21

Metzner AB. 1965. Heat transfer in non-
Newtonian fluids. Adv. Heat Trans. 2:
357-97

Moldenaers P, Keunings R, eds. 1992.
Theoretical and Applied Rheology. Proc.
XIth Int. Congr on Rheology, Brussels.
Amsterdam: Elsevier. 1020 pp.

Morland LW, Lee EH. 1960. Stress analysis
for linear viscoelastic materials with tem-
perature variation. Trans. Soc. Rheol. 4:
233-63

Ng RC-Y, Leal LG. 1993. A study of the
interacting FENE dumbbell model for
semi-dilute polymer solutions in exten-
sional flows. Rheol. Acta 32: 25-35

Ohl N, Gleissle W. 1992. The second normal
stress difference for pure and highly filled
viscoelastic fluids. Rheol. Acta 31: 294-305

Oldroyd JG. 1950. On the formulation of
rheological equations of state. Proc. Roy.
Soc. London Ser. A 200: 52341

Oldroyd JG 1958. Non-Newtonian effects in
steady motion of some idealized elastico-
viscous fluids. Proc. Roy. Soc. London Ser.
A 245: 278-97

Oldroyd JG. 1964. An approach to non-
Newtonian fluid mechanics. J. Non-
Newtonian Fluid Mech. 14: 9-16 (posthu-

mous)

Ottinger HC. 1987. A model of dilute poly-
mer solutions with hydrodynamic inter-
actions and finite extensibility. 1. Basic
equations and series expansions. J. Non-

.. Newtonian Fluid Mech. 26: 207-46

Ottinger HC. 1991. A class of multiparticle
constitutive equations. J. Rheol. 35: 1275-
301

Ottinger HC. 1992. Incorporation of poly-
mer diffusivity and migration into consti-
tutive equations. Rheol. Acta 31: 14-21

Ottinger HC. 1995. Stochastic Processes in
Polymeric Fluids. Tools and Examples for
Developing Simulation Algorithms. Berlin:

.. Springer-Verlag. In press

Ottinger HC, Laso M. 1994, Bridging the
gap between molecular models and visco-
elastic flow calculations. In Lectures on
Thermod ynamics and Statistical Mech-
anics. ed. M Lopez de Haro, C Varea, pp.
1-15. Singapore: World Scientific

Pearson JRA. 1984. Mechanics of Polymer
Processing. London: Elsevier. 712 pp.



Annu. Rev. Fluid Mech. 1995.27:169-193. Downloaded from www.annualreviews.org

Access provided by Cambridge University on 10/02/16. For personal use only.

192 BIRD & WIEST

Phan Thien N. 1978. A nonlinear network
viscoelastic model. J. Rheol. 22: 259-83
Phan-Thien N, Tanner RI. 1977. A new
constitutive equation derived from net-
work theory. J. Non-Newtonian Fluid
Mech. 2: 35365

Pilitsis S, Beris AN. 1989. Calculations of
steady-state viscoelastic flow in an undu-
lating tube. J. Non-Newtonian Fluid Mech.
31:231-87

Quinzani LM, McKinley GH, Brown RA,
Armstrong RC. 1990. Modeling the rhe-
ology of polyisobutylene solutions. J.
Rheol. 34: 705-48

Ramalingam S, Armstrong RC. 1993.
Analysis of isothermal spinning of liquid-
crystalline polymers. J. Rheol. 37: 1141-
69

Saasen A, Hassager O. 1991. Gravity waves
and Rayleigh-Taylor instabilities for a
Jeffreys fluid. Rheol. Acta 30: 301-6

Scanlan JC, Janzen J. 1992. Comparison of
linear viscoelastic constitutive equations
for non-uniform polymer melts. Rheol.
Acta 31: 183-93

Schieber JD. 1987a. Kinetic theory of poly-
mer melts. VIII. Rheological properties of
polydisperse mixtures. J. Chem. Phys. 87:
4917-27

Schieber JD. 1987b. Kinetic theory of poly-
mer melts. IX. Comparisons with experi-
mental data. J. Chem. Phys. 87: 4928—
36

Schieber JD. 1993. Internal viscosity dumb-
bell model with a Gaussian approxi-
mation. J. Rheol. 37: 1003-27

Schieber JD, Curtiss CF, Bird RB. 1986.
Kinetic theory of polymer melts. 7. Poly-
dispersity effects. Ind. Eng. Chem.
Fundam. 24: 471-75

Schieber JD, Ottinger HC. 1988. The effects
of bead inertia on the Rouse model. J.
Chem. Phys. 89: 6972-81

Schunk PR, Scriven, LE. 1990. Constitutive
equation for modeling mixed extension
and shear in polymer solution processing.
J. Rheol. 34: 1085-119

Siddiqui AM, Schwartz WH. 1993. Peri-
staltic motion of a third-order fluid in a
planar channel. Rheol. Acta 32: 47-56

Siginer A. 1991. On the pulsating pressure
gradient driven flow of viscoelastic liquids.
J. Rheol. 35: 271-311

Slot HIM. 1992. Brownian dynamics study
of conformational and rheological aspects
of a “real” Kramers chain under various
flow conditions. See Moldenaers & Keu-
nings 1992, pp. 85-87

Szeri AJ, Leal LG. 1992. A new com-
putational method for the solution of flow
problems of microstructured fluids. Part
1. Theory. J. Fluid Mech. 242: 549-76

Tanner RI. 1985. Engineering Rheology.
Oxford: Clarendon. 451 pp.

Tanner RI. 1988. From A to (BK)Zin consti-
tutive relations. J. Rheol. 32: 673-702

vanden Brule BHAA. 1989. A network theory
for the thermal conductivity of an amor-
phous polymeric material. Rheol. Acta 28:
257-66

van den Brule BHAA. 1990. The non-
isothermal elastic dumbbell: a model for
the thermal conductivity of a polymer
solution. Rheol. Acta 29: 416-22

van den Brule BHAA. 1993a. Brownian
dynamics simulation of finitely extensible
bead-spring chains. J. Non-Newtonian
Fluid Mech. 47: 357-18

van den Brule BHAA. 1993b. Microrheo-
logical modeling of heat conduction in
polymers. In Topics in Applied Mechanics,
ed. JF Dijksman, FTM Nieuwstadt, pp.
213-21. Dordrecht: Kluwer

Wagner MH. 1990. The nonlinear strain
measure of PIB melts in general biaxial
flow and its comparison to the Doi-
Edwards model. Rheol. Acta 29: 594-
603

Wagner MH, Demarmels A. 1990. A consti-
tutive analysis of extensional flows of
polyisobutylene. J. Rheol. 34: 943-58

Wagner MH, Schaeffer J. 1992. Constitutive
equations from Gaussian slip-link net-
work theories in polymer melt rheology.
Rheol. Acta 31: 22-31

Walters K. 1975. Rheometry. London: Chap-
man and Hall. 278 pp.

Wedgewood LE. 1993. Internal viscosity in
polymer kinetic theory: shear flows. Rheol.
Acta 32: 405-17

Wedgewood LE, Bird, RB 1988. From
molecular models to the solution of flow
problems. Ind. Eng. Chem. Res. 27: 1313-

20

Wedgewood LE, Ostrov DN, Bird RB. 1991.
A finitely extensible bead-spring chain
model for dilute polymer solutions. J.
Non-Newtonian Fluid Mech. 40. 119-39;
Errata: 1993. 48: 211

Wedgewood LE, Ottinger HC. 1988. A
model of dilute polymer solutions with
hydrodynamic interaction and finite
extensibility. II. Shear flows. J. Non-New-
tonian Fluid Mech. 27: 245-64

Wiest JM. 1989a. A differential constitutive
equation for polymer melts. Rheol. Acta
28:4-12

Wiest JM. 1989b. Time-temperature super-
position in nonisothermal flow. J. Non-
Newtonian Fluid Mech. 27: 127-31

Wiest IM. 1994. Nonisothermal flow of poly-
mer melts: a differential constitutive equa-
tion. Rheol. Acta 0: 000-

Wiest JM, Bird RB. 1986. Molecular exten-



Annu. Rev. Fluid Mech. 1995.27:169-193. Downloaded from www.annualreviews.org

Access provided by Cambridge University on 10/02/16. For personal use only.

POLYMER CONSTITUTIVE EQUATIONS 193

sion from the Giesekus model. J. Non-
Newtonian Fluid Mech. 22: 115-19

Wiest JM, Phan-Thien, N. 1989. Non-
isothermal flow of polymer melts. J. Non-
Newtonian Fluid Mech. 27: 333-47

Wiest JM, Tanner RI. 1989. Rheology of
bead-nonlinear spring chain macro-
molecules. J. Rheol. 33: 281-316

Wiest JM, Wedgewood LE, Bird, RB. 1989.
On coil-stretch transitions in dilute poly-
mer solutions. J. Chem. Phys. 90: 587—
94

Williams ML, Landel RF, Ferry JD. 1955.
J. Am. Chem. Soc. 77: 3701-7

Winter HH. 1989. Note from the editor.
Rheol. Acta 28: 43748

Wu Q, Schiimmer P. 1990. Prediction of the
nonlinear rheological properties of poly-
mer solutions by means of the Rouse-
Zimm model with slippage. Rheol. Acta
29: 23-30

Zdilar AM, Tanner RI. 1992. The recoil of
rigid PVC. Rheol. Acta 31: 44-54

Zheng R, Phan-Thien N, Tanner RI. 1991.
The flow past a sphere in a cylindrical
tube: effects of inertia. Rheol. Acta 30:
499-510



	Annual Reviews Online
	Search Annual Reviews
	Annual Review of Fluid Mechanics Online
	Most Downloaded Fluid Mechanics Reviews
	Most Cited Fluid Mechanics Reviews
	Annual Review of Fluid Mechanics Errata
	View Current Editorial Committee


	ar: 
	logo: 



