Topics in Convex Optimisation (Michaelmas 2018) Lecturer: Hamza Fawzi

Example class 1

1. Prove the separating hyperplane theorem (Theorem 1.1) when C' is not necessarily closed.

Solution: Let C be a convex set (not necessarily closed) and let y ¢ C. If y ¢ cl(C) (where
cl(C) is the closure of C) then we can use the proof done in class to separate y from the closure of
C (which is convex). Assume then that y € cl(C) \ C. We can find a sequence (yi) ¢ cl(C) such
that y,, — y. By applying the separating hyperplane theorem to yi ¢ cl(C) we know that there exist
ar € R™\ {0} and by € R such that (ag,yr) = by and {(ag,x) < by for all x € cl(C). We can also
(by adjusting by) assume that ||ag|| = 1 for all k. Thus we can extract from (ay) a subsequence that
converges to a € R™\ {0}. Let b = limb,, = (a,y). Then we get that (a,y) = b and (a,z) < b for all
x € C which is what we wanted.

2. Let C, D be two disjoint convex sets in R"™. Show that there is a € R™ \ {0} and b € R such
that (a,z) < b for all x € C and (a,y) > b for all y € D. If we assume C and D closed, can
we always find a strict separating hyperplane?

Solution: If C and D are convex then the set C — D = {z —y : « € C,y € D} is also
convex. Also if CND = () then 0 ¢ C — D. Applying the separating hyperplane theorem gives the
desired result. One can get a strict separating hyperplane if we assume for example that C and D
are closed and at least one is bounded. Merely assuming that C' and D are closed is not enough
to guarantee a strict separating hyperplane (e.g., take C' = {(z,y) € R? : 2 > 0 and y > 1/2} and
D= {(z,y) €R?: y < 0}).

3. (Carathéodory theorem) Let S C R™. Show that any point in conv(S) can be written as a
convex combination of at most n+ 1 points of S (hint: any k points sq,..., s, with k > n+2
are affinely dependent i.e., there exist yuq, ..., ur such that Zle wis;i = 0 and Zle i =0).

Solution: Assume x € conv(S) is a convex combination of k elements in S, i.e., x = Zle AiSi
where s; € S, \; > 0 and Zle Ai = 1. If K > n+ 2 we will show that one can express x using k — 1
elements of S. As indicated in the hint, if k¥ > n+ 2 there exist 1, ..., gg such that Z§:1 w;s; = 0 and
Zle pi = 0. Observe that for any ¢t € R we have x = Zle()\i +tu;)s; and that Zle()\i +tu;) = 1.
One can choose a value of ¢ such that one of the coefficients \; +tu; is 0, while the rest remains > 0 (take
for example ¢t = max{—X\;/p; : i s.t. p; > 0}). For this value of ¢ the expression z = Ele()\i + tu;)S;
gives x as a convex combination of £ — 1 elements of S, which is what we wanted.

4. Let C be a closed and bounded convex set in R™ and consider the minimization problem
min{(c, x) : x € C} where ¢ € R". Show that there is at least one optimal solution that is an
extreme point of C'.

Solution: This is a direct consequence of Minkowski’s theorem. Since C' is compact the mini-
mization problem min{(c,z) : x € C'} is attained. Let z* be an optimal point. By Minkowski theorem
we can write £* as a convex combination of extreme points z* = ZZ N;x; where each x; is an extreme
point of C. But then (c, z;) = (¢, z*) for all i since (c,z*) = >, Ai{c,x;) > >, Aifc,x*) = (¢, 2*). This
implies that all the x; are also optimal solutions of the problem min{{c,z) : € C'} and since they are
extreme points of C' this completes the proof.

5. Let P = {z € R": Az < b} be a polyhedron where A € R™*™ and b € R™ and the inequality
Az < b is interpreted componentwise. Show that if z is an extreme point of P then there



exists I C {1,...,m} such that ker(A;) = {0} (where A; is the matrix obtained from A by
keeping only the rows in I), b € im(A;) and z = AI_Ib]. Deduce that P has a finite number
of extreme points and give an upper bound for the number of extreme points in terms of m
and n. [Note: an extreme point of a polyhedron is sometimes called a basic feasible point, especially
in the context of the simplex algorithm for linear programming. The set I that identifies the extreme
point is known as the basis of the basic feasible point].

Solution: We start by proving the claim.

Claim 1. If x is an extreme point of P then there must exist I C {1,...,m} such that ker(A;) = {0}
(where Ay is the matriz obtained from A by keeping only the rows in A), b € im(A;) and x = A7 'b;.

Proof. Let x be an extreme point of P and let I = {i € {1,...,m} : {(a;,x) = b;} (where a; is the i’th
row of A; the set I is called the active set at x; it is the set of linear inequalities that are active at x).
We will show that ker(A;) = {0}. Let v € ker(Aj). Since {(a;,z) < b; for all i € I¢ (the complement
of I), we can find € > 0 small enough such that A(z+ev) < band A(z —ev) <b. But then z+ev € P
and, unless v = 0, this contradicts that z is an extreme point (since then z = 1(z + ev) + 1 (2 — ev)).
So we have shown that ker(A;) = {0}. That b; € im(A;) is clear since Ajx = by by definition of I. It
thus follows that x = AI_lbl. O

The number of extreme points of P is thus at most the number of subsets I C {1,...,m} that satisfy
ker(A;) = {0} and b; € im(A;). There are at most (") such subsets and so this gives us an upper
bound on the number of extreme points of P.

. Let P = conv(vy,...,vy) where vy,...,uvx € R™ Show that P is the intersection of a finite
number of halfspaces. Give an upper bound on the number of halfspaces needed. (Hint:
Assume (without loss of generality) that P has nonempty interior and 0 € int(P), and apply
the result of the previous question to the polyhedron P° = {y € R" : (y,v;) < 1, Vi =
1,...,N}; P°is known as the polar of P).

Solution: We can assume without loss of generality that P has nonempty interior and that
0 € int(P). Define P° = {y € R" : {y,v;) < 1Vi =1,...,N}. Note that P° is a polyhedron.
Thus by the previous question it has a finite number of extreme points y1,...,y,,. We claim that
P={zxeR": (y;,x) <1, Vi =1,...,m}, i.e, an intersection of m halfspaces. The inclusion C is
trivial by the definition of P°. To prove D assume that = ¢ P. We will show that there is at least one
i € {1,...,m} such that (y;,x) > 1. Since x ¢ P, there exists y € R™ \ {0} such that (y,v;) < 1 for
alli=1,..., N and (y,z) > 1 (separating hyperplane). By the first condition we get that y € P° and
so y is a convex combination of the y; (by Minkowski theorem, since P° is closed and bounded). But
then we get that 1 < (y,z) = >.7", \i(y;,x) and so at least one of the (y;, ) is greater than 1. This
completes the proof.

. (Linear image of a polyhedron) Let P = {z € R" : Ax < b} be a polyhedron and assume that
P is bounded. Let 7 : R” — R¥ be a linear map. Show that m(P) is also a polyhedron, i.e., it
is the intersection of a finite number of halfspaces. (Hint: Use questions 2 and 3 above. Note:
the assumption P is bounded is for simplicity; the result is still true if P is not bounded).

Solution: We know from question 5 that P has a finite number of extreme points vy, ...,vy. Also
since P is bounded (and closed) we have P = conv(vy,...,vy). Thus 7(P) = conv(w(vy),...,m(vN))
is a (bounded) polyhedron by question 6.

. (Farkas’ lemma) Let K = {x € R™ : Az > 0} be a polyhedral cone. Show that K* =
cone(ay,...,am) where ay,...,an, are the rows of A. Deduce Farkas’ lemma (conic version):
if (y,z) > 0 for all z € K then there exists A > 0 such that yT' = AT A.



Solution: Define K’ = cone(ay,...,ay). Clearly K’ C K*. For the reverse inclusion we will
use a separating hyperplane argument and we first want to show that K’ is closed. To show that
K’ is closed, using a similar argument as in the proof of Carathéodory theorem one can show that
any y € K’ can be written as a conic combination of linearly independent vectors {a; : i € I} where
I C{1,...,m}. Thus this means that

K = U cone({a; : i € I}). (1)
IC{1,...,m} s.t.
{a;}icr linearly independent

Each cone({a; : i € I}) is closed, because it is the image of R via an injective linear map (the map
that sends A € R’ to ).,
number of closed sets. We are now ready to show that K* C K’'. Assume y ¢ K’. By the separating

Aia;). Thus (1) shows that K’ is closed since it is a union of a finite

hyperplane theorem there exist « # 0 such that (a;,z) > 0 and (y,z) < 0. The first condition means

that © € K. The latter condition thus implies that y ¢ K*. We have thus shown that K’ = K*.

Farkas’ lemma is then an immediate consequence: assume (y,z) > 0for allz € K. Theny € K* = K.
m

This means that y is a conic combination of the a;s, i.e., there exists A > 0 such that y = "7, A\ja;,
in other words y” = AT A.

9. Let K be a closed convex cone in R".

(a) Show that the following conditions are equivalent:

(i) K has nonempty interior
(ii) span(K) =R"
(iii) For any w € R™\ {0} there exists € K such that (w,z) # 0.
(b) Show that K is pointed if and only K* has nonempty interior.
(c) Show that y € int(K™*) if and only if (y,z) > 0 for all z € K \ {0}.

Solution:
(a) The implication (i) = (4¢) is clear. We prove (i7) = (i). Let aq,...,a, be elements of K that
span R™ and let o = a; + -+ + a,. We claim that z¢ € int(K). For this let A be the n x n
matrix whose columns are ay,...,a, and define a norm N on R™ as follows: N(z) = [|A™ 2| .

That N is a norm is easy to establish. Consider the ball B = {z € R" : N(z —x¢) < 1/2} around
xo. We will show that B C K which will establish that zg € int(K). Note that N(z —z¢) < 1/2
if and only if 2 — 29 = Aja1 + - - - + Apa, where |A;| < 1/2. By definition of zy we thus have that
x € Bif and only © = pyay + -+ + pnay, where 1/2 < p; < 3/2. Thus each = € B is a conic
combination of ay,...,a, and thus lies in K. This shows that B C K which is what we wanted.
The equivalence (#i) <= (#i¢) is simple linear algebra (observe that the negation of (ii¢) means
that K lies in a hyperplane).

(b) If K is not pointed, there exists 2 # 0 such that + € K and € —K. This implies that for
any y € K* we have (z,y) > 0 and (—z,y) > 0 ie., (z,y) = 0. This means that K* lies in a
hyperplane and so has empty interior (cf. previous question).

For the converse, assume K* has empty interior. Then (by the previous question applied to K*)
there exists w € R™\ {0} such that (w,y) = 0 for all y € K*. This means that w and —w lie in
(K*)* = K (since K is closed and convex) which in turns means that K is not pointed.

(c) Let y € int(K*) and € K \ {0}. We want to show that (y,x) > 0. Since y € int(K™*) we
know that for small enough € > 0 we have y — ex € K*. This means that (y — ex,z) > 0 i.e.,
{y,2) = e|z]3 > 0.

We now show the converse. Assume y € R™ is such that (y,z) > 0 for all z € K\ {0}. We will
show that y € int(K*). Let € = min,c g |»|=1(y, z) and note that € > 0 by our assumption and



the fact that {« € K, ||z| = 1} is compact. We will now prove that y € int(K*) by proving that
y+r € K* for any r with ||r||2 < e. Let € K and note that for any such r we have

wtrxflall) = .o /lzl) + (ra/lzl) > e—e >0

where we used the Cauchy-Schwarz inequality in (x). Thus this shows that (y +r,x) > 0 for any
x € K and thus that y +r € K*. This is valid for any r with ||r||2 < € and thus shows that
y € int(K™).

10. In this exercise we will prove Minkowski’s theorem for closed convex pointed cones (Theorem
2.2 in lecture 2). Let K be a closed convex cone.

(a)

(b)

(b)

Assume that there exists y € R™ such that (y,z) > 0 for all z € K\ {0}. Show how to
prove the theorem in this case. (hint: define C = {x € K s.t. (y,x) = 1}; show that C
is a compact convex set and apply Minkowski’s theorem for compact convez sets to C').

Use Question 9 to show that when K is a closed pointed convex cone, there exists y € R"
verifying (y,z) > 0 for all z € K \ {0}. Use part (a) to conclude proof of Theorem 2.2.

Solution:

Define C' = {z € K s.t. (y,z) = 1}. Note that C is closed since it is the intersection of two
closed sets. We are going to show that C' is bounded. Assume z,, is a sequence in C such that
|zn|| = oo. Note that (y,z,/||zn|) = 1/||xn] = 0 as n — oo. We can assume (after extracting
a convergent subsequence) that x,/||z,|| = z € K and so we get (y,z) = 0. This contradicts
our assumption on y (since z € K \ {0}). We have thus shown that C is closed and bounded.

The following lemma is straightforward and shows that extreme points of C' span extreme rays
of K:

Lemma 1. Assume v is an extreme point of C. Then the ray S = {Mv : A > 0} is an extreme
ray for K.

Proof. For simplicity of notation we will denote ¢ the linear form ¢(x) := (y,x). Assume z,y €
K \ {0} such that z +y € S. We need to show that =,y € S. Note that we have:

() x (y) Yy o__rty
(ax) T ax)) OGN (ax) +e<y>> W) " i@+ i)~ ®

The last equality is because we have (by assumption) z +y = Av for some A > 0 and £(v) = 1
which imply A = ¢(x) + ¢(y). Since x/¢(z) and y/¢(y) are in C, the assumption that v is an
extreme point, together with the fact that ¢(z), ¢(y) > 0 shows that z/¢(x) = y/¢(y) = v. Thus
this shows that =,y € Ryv as desired. O

We now complete the proof of Minkowski’s theorem for K. Let z € K; we need to show that
x is a conic combination of extreme rays of K. Since x/¢(x) (where ¢(z) = (y,z)) lies in the
compact convex set C', Minkowski’s theorem for compact convex sets says that z/¢(x) is a convex
combination of extreme points of C, i.e., z/l(x) = >, \jv; where each v; is an extreme point
of C' and the \; satisfy A\; > 0 and Zi A; = 1. From the lemma we just proved we know that
the ray spanned by each v; is an extreme ray of K. We finally get that = ), (¢(x)\;)v; which
expresses x is a conic combination of extreme rays of K. This completes the proof.

We know from Question 9 that since K is pointed closed convex cone then K* has nonempty
interior. From that same exercise we also know that any element y € int(K™*) satisfies the desired
requirement (y,z) > 0 for all z € K \ {0}.

11. For each of the following sets: show that it is a closed convex pointed cone with nonempty
interior, identify the extreme rays and give a simple expression for the dual cone:



(a) RY ={z eR":2; >0Vi=1,...,n}

(b) Q= {(,t) e R* x Ry ||wfl2 < t}

(c) K ={(z,y,2) e R xR: /zy > |2|}
Show that there is a linear invertible map A : R3 — R3 such that A(Q?) = K.

Solution:

(b) Convexity of Q? follows directly from convexity of the function x — ||z||2 = /23 + 23. Closed-
ness of Q3 follows from continuity of the £, norm. It is easy to verify that the point (0,0, 1) lies in
the interior of Q3. Pointedness of Q3 can also be easily verified. For the standard inner product
on R? the cone Q? is self-dual, i.e., (Q*)* = Q3. This can be proved using Cauchy-Schwarz
inequality:

o Let (a1,a2,b) € Q3. We want to show that it lies in the dual of Q3, namely that for any
(w1, 22,t) € Q3 it holds a121 + azze + bt > 0. By Cauchy-Schwarz inequality we know that
a121 + a2x2 > —||al|2]|z||2- Since |jallz < b and ||z|j2 <t we get that a;x1 + agza + bt > 0.
This is valid for any (21, 72,t) € Q® and thus shows that (ay, a2, b) € (Q3)*.

e We now show the reverse inclusion. Assume (a1, a2,b) € (Q*)*. We want to show that
(a1,a2,b) € Q3. Let = —a € R? and t = ||al|2. Since (z,t) € Q3 we know by definition
of duality that (a,z) + bt > 0, i.e., —|la||? + bljal|2 > 0 and so ||al|s < b. This shows that
(a1,az,b) € Q3 which is what we wanted.

The extreme rays of Q3 are those spanned by (a, 1) where ||a|lz = 1. Proof:

e We first prove that any such ray is extreme. Assume (z,t) € Q3 and (z/,¢') € Q? are such
that (z 4+ 2',t +t') = (a,1). We want to show that (x,t) and (2/,t') are a nonnegative
multiple of (a,1). Note that we have 1 = |ja]| = ||z + /|| < ||z + ||2/|| £ t+¢ =1 and
thus all the intermediate inequalities must be equalities. One can easily finish the proof by
noting that the equality case for the triangle inequality says that z and z’ must be collinear.

e We now show that any other ray spanned by (a,t) where ||a|| < t cannot be extreme. Indeed
note that we can write (a,t) = (a, ||la||2)+(0,t—]|a|l2) and that the two summands do not lie
on the ray spanned by (a,t). Thus this shows that the ray spanned by (a,t) is not extreme.

(c) Let A(wy,ma,t) = (t — x1,t + x1,72). It is easy to see that A(Q3) = K. Properties of K then
follow easily from the properties proved for Q3. Note also that (z,y,2) € K < (3 ;) = 0.



