Topics in Convex Optimisation (Michaelmas 2018) Lecturer: Hamza Fawzi

Example class 3

1. The chromatic number of a graph G, denoted x(G), is the smallest number of colors that are
needed to color its vertices in such a way that no two adjacent vertices have the same color.

Show that for any graph G we have J(G) < x(G) where 9(G) is the Lovész theta number of
G, and G is the complement graph of G.

Solution: We use the following definition of J(G) from Lecture 9:

19(G) = min. ZOO (1)
s.t. Z“ =1 Vi € V_
Zl‘j =0 Vij e E

Zoo 17T
[1 Z}o

Assume there is a coloring of G in k colors. Define Zgy = k and the matrix Z € S™ by:

(2)

7. _ 1 if 4 have j have the same colors
710 otherwise.

We claim that the pair (Zoo, Z) is feasible for (1). This will show that J(G) < x(G) as desired. Note
that Z;; = 0if ij € E by definition of a coloring of G. It remains to show that the matrix [’19 1ZT] = 0.
Using Schur complements it is sufficient to check that Z — k=117 = 0

Note that any coloring of G' with k colors induces a partition on its vertices V = S; U--- U S} where
S. are the vertices of V with color ¢ € {1,...,k}. Let 15, be the indicator vector for S.. Then note
that the matrix Z defined in Equation (2) can be written as Z = fo:l 15,1% . Also note that since
the sets Si,...,Sk form a partition of V = {1,...,n} we have Zle 1s, = 1. Now showing that
Z — k71117 = 0 corresponds to showing that:

k k k T

where u. = 1g,. Inequality (3) can be verified easily by forming the quadratic form of the left-hand
side and using Cauchy-Schwarz (the inequality is true for any family of vectors {us,...,ur}). This
completes the proof.

2. Write a semidefinite program that computes the minimum, over R, of the polynomial p(x) =
z* 4+ 323 — 22 +  — 1. Implement and solve your semidefinite program using CVX.

Solution: The semidefinite program we write is

Qoo =—1—1v
2Qo1 =1
maxy : @ =0,{2Qp2+ Q1 =—1
2Q12 =3
Q22 = 1.
More explicitly this gives
“1-7 12 a
maxy | 1/2 b 3/2| =0, 2a+b=-1
a 32 1



We can implement this in CVX using the following code:

cvx_begin sdp
variables g a b
maximize g

subject to
[-1-g 1/2 a;
1/2 b 3/2;
a 3/2 1] >= 0;
2%a + = -1;
cvx_end

The value we get is ~ —17.56.

. Show that a polynomial p € R[z] satisfies p(x) > 0 for all = € [0, 00) if and only if there exist
s1, $2 € R[z] sums-of-squares such that

p(x) = s1(x) + xs2(x)

with the following degree bounds: degs; < 2d and deg sy < 2d — 2 if degp = 2d (even); and
deg(s1) < 2d and deg(s2) < 2d if deg(p) = 2d + 1 (odd).
Solution: We can proceed by induction on the degree d of the polynomial. If d = 0 the result

is trivial. Consider a polynomial p of degree d that satisfies p(x) > 0 for all = € [0, 00). Note that the
only real roots of p that are allowed to have odd multiplicity must be in (—oo, 0].

e If p has no real roots in (—oo, 0] then p is globally nonnegative and is a sum-of-squares.

e If p has a root at —a where a > 0 then note that p(z)/(z + a) is still nonnegative on [0, c0).
Since p(x)/(z + a) is a polynomial of degree d — 1 we can use the induction hypothesis to say
that

p(x)/(z +a) = s1(z) + s2(x)

where s1, $3 are sums of squares with degs; < 2[(d —1)/2] and degs; < 2[(d —1)/2] — 2. One
1(z) = asy(x) + 22s2(x)
=5

can verify then that
{ 2(33) 1(1‘) +(182($)

which are both sums of squares. Also note that deg $; < degss+2 < 2[(d—1)/2] =2|d/2] and
deg 5o < degs; <2|(d—1)/2] =2[d/2] — 2 as desired.

p(x) = §1(x) + z52(x)

where

D W

. Let a < b. Show that a polynomial p € R[z] with even degree degp = 2d satisfies p(z) > 0
on [a,b] if and only if there exist s1, s9 € R[z]| sums-of-squares with degs; < 2d and deg sy <
2d — 2 such that

p(z) = s1(z) + (b — z)(x — a)sa(z).

When degp = 2d + 1 (odd) show that p(x) > 0 on [a, b] if and only if there exist polynomials
s1, s2 € R[z] sums-of-squares with degs; < 2d and deg s2 < 2d such that

p(z) = (x = a)si(x) + (b — x)sa(z).
Solution: We assume [a,b] = [—1,1] for simplicity. We prove the result by induction on the

degree d. Assume p is a polynomial of degree d nonnegative on [—1, 1]. Note that any root in (—1,1)
must have even multiplicity.



e If p has no real root outside (—1,1) then degp must be even and p is actually a sum-of-squares.

e Assume p has a real root at —r < —1. Then p(z)/(x + r) is still nonnegative on [—1,1]. Since
deg(p(z)/(z + 1)) = d — 1 we can use induction.

— If d is odd then d — 1 is even and so by the induction hypothesis we know that
ple)/(z +1) = si(z) + (1 - 2?)sa(x)

where s1, s9 are sums of squares with degs; < d — 1 and degsy < d — 3. One can verify
then that
p(z) = (1 —z)s1(x) + (1 + 2)52(x)

where

{81(3?) = (L+2)%sa(2) + "5 (s1(2) + (1 + 2)?s2(2))
$2(x) = s1(2) + 5 (s1(2) + (1 — 2)?s(2))

are sums of squares. Note that degs; < d — 1 and deg sy < d — 1 as desired.
— If d is even then d — 1 is odd and the induction hypothesis tells us that

p(a)/(x+r) = (1—z)s1(x) + (1 + z)s2(x)
where s1, so are sums of squares with deg s1,deg sy < d — 2. One can verify then that
p(a) = &1 (2) + (1 - 2°)32(x)

where

$1(x) = (1 + 2)%s9(x) + (2 — 1)%s1(2) + (z 4 1)2s2())
$2(z) = s1(x) + 5 (s1(x) + s2(x))
are sums of squares. Note that degs; < d and deg sy < d — 2.

e If p has a real root at r > 1 then by doing the change of variables x <+ —x we can reduce it to
the previous case.

It remains to do the base case d = 0 which is trivial.

. For p € R[z] we let |p|lc = maxe(_1 1) |p(z)]. Given an integer n > 1 we are interested
in finding the minimum of ||p||s over all monic polynomials p of degree n (recall that a
polynomial is called monic if its leading coefficient is equal to 1, where the leading coefficient
is the coefficient of the monomial z™ if n = deg(p)). Show how to formulate this problem
using the cone of nonnegative polynomials, and solve it using CVX. What optimal values do
you get for different choices of n? Can you recognise the polynomial that achieves the optimal
value?

Solution: We can formulate our problem as follows:

minimise t
te€R,po,...,pn €R
subject to t + p nonnegative on [—1, 1] (4)
t — p nonnegative on [—1, 1]
Pn = 1

where we abbreviated p for the polynomial p(z) = po + p1z + - - - + ppa™. Using the characterisation
of nonnegative polynomials on [—1,1] we can write this problem as, assuming n is even:
minimise ¢
subject to t+p=s1 + (1 —2%)sy
t—p=s5+(1—-2%s (5)
Pn = 1
$1, S2, S1, So sums of squares

This problem can be implemented in CVX as follows:



n =4,
cvx_begin
variable t
variable p(n+1)
variable si1(n+1)
variable s2(n-1)
variable slt(n+1)
variable s2t(n-1)
minimize t
subject to
[zeros(n,1); t] - p == sl + conv( [-1 ; O ; 1] , s2 );
[zeros(n,1); t] + p == slt + conv( [-1 ; O ; 1] , s2t );
p(1) == 1; % Monic polynomial constraint -- the convention in Matlab
% is that the leading coefficient appears first
s1 == nonneg_poly_coeffs(n);
s2 == nonneg_poly_coeffs(n-2);
slt == nonneg_poly_coeffs(n);
s2t == nonneg_poly_coeffs(n-2);
cvx_end

The solution of the problem is 1/2"~! and the optimal polynomial p is the n’th Chebyshev polynomial.
See https://en.wikipedia.org/wiki/Chebyshev_polynomials#Minimal_.E2.88.9E-norm

. Show how to formulate the cone of conver polynomials using the cone of nonnegative poly-
nomials.

Solution: A polynomial is convex if its second derivative is nonnegative everywhere. Using the
fact that

d
-2
dx2p Z k(k—1) pkw
k=2
we have that p” is convex if and only if (2ps, 6p3, 12py,...,d(d — 1)pg) € Ps—o where d = deg(p).

. Let y = (Yo, .., y2q) € R¥*1. Show that the solution to the following problem is either —oo
or 0, and that the solution is 0 precisely when y € P

minimise  (p,y)  s.t. E M;; = pi, M = 0. (6)
2d+1 d+1
peR ,MeS 0<ij<d
=k

Using strong duality show that y € Py, if and only if H(y) = 0.

Solution: The solution is zero when y € PJ,. If y ¢ P, then by definition there is py € Paq
such that (pg,y) < 0. But then p = tpy is feasible for (6) for any ¢ > 0 and (p,y) — —oo as t — +o0.

Let’s compute the dual of (6). If we let A\ be the dual variables for the equality constraints and Z
be the dual variable for the positive semidefinite constraint, the inequalities we can infer from the
constraints are

d
d Mo — Y, My)+(Z,M)>0. (7)
k=0 i,jriti=k

with Z > 0. Observe that Y ¢_, Ax 3
we can rewrite (7) as:

i,jritj=k Mij = <H(A),M> where H()\) = P\i+j]0§i,j§d- Thus

MNpy+{Z—-H(\),M)>0.



9.

Since we are interested in the cost function (y,p) we want A = y and Z — H(A) = 0. Thus the dual
problem is
maximise 0 st. A=y, Z—H\)=0, Z=0.

This problem can obviously be simplified to the following trivial problem with no variables:

maximise 0 st. H(y) =0 (8)

The problem (6) can easily be shown to be strictly feasible for example by taking M = I,, and the
corresponding p which will be here p(z) = 1 + 22 + 2* 4 - - + 22?. Thus, by strong duality we know
that the optimal value of (6) and (8) are equal. We know that the value of (6) is equal to 0 if and
only if y € Py;. The value of (8) is 0 if and only if H(y) > 0 (otherwise it is infeasible and its value is
—00). Thus this shows that y € Py, if and only if H(y) > 0.

Find the extreme rays of the cone P,; of nonnegative univariate polynomials of degree 2d.

Solution: The extreme rays of P,y correspond to nonnegative polynomials with real roots; i.e.,
of the form p(z) = Hle(x —1;)%™i where r; <1y < --- <71} and 2my + 2meo + - - + 2my, = 2d.
To see that any such polynomial is extreme, assume p = p; + py where p1,ps > 0. Then p;, p; must
vanish at rq,...,7g; furthermore since pi,ps > 0, each r; must be a root with even multiplicity of
both p; and ps. So we can write py(z) = Hle(x —7:)2q1(z) and po(x) = Hle(a: —1;)?q2(z) for some
polynomials q,¢2 > 0. Thus if we define g(z) = [[i_, (z — 7)™~ we get q(z) = q1(2) + ga(x).
Using again the same idea we can keep “peeling off” terms from ¢ until we get a constant polynomial
r =11+ 1y with 71,72 > 0. By moving up again we see that p; and ps must be nonnegative multiples
of p. (Another way of writing the same argument is via induction on degree).

We now show that any other polynomial p € P54 is not extreme. Let p be a nonnegative polynomial
that has at least one complex nonreal root z. We know that p(z) = ¢(z)(x — 2)(xz — z) for some
nonnegative polynomial ¢. But then if we let a = R[2] and b = S[z] then p(z) = q(z)|z — 2> =
4(@)((z—0)* + (2 = b)?) = 01(x) + 2() where () = g(x)(z — a)? and g (x) = q(x)(x — b)? are both
nonnegative and not multiples of q.

(a) Show that if p € R[z1,...,x,] is nonnegative on R™ then it has even degree.
(b) Show that if p =", ¢7 on R™ then necessarily deg g, < (degp)/2.
Solution:

(a) Let d = degp and write p(x) = }_, 4= CaX” + X oijaj<d CaX” = Po(X) + p1(x) where po(x)
consists of the monomials of degree exactly d and p;(x) the other monomials. Since py # 0
there exists a € R™ such that pp(a) # 0. Observe that the univariate polynomial (in t) p(ta) is
nonnegative and has degree d = degp. This implies that d must be even.

(b) Let degp = 2d and assume p = Y, ¢7. Let D = maxy, deggy. By expanding >, g7 we see that
it will have terms of degree 2D with positive coefficients. Thus 2D < degp = 2d.

(a) Show that the cone P, 24 of nonnegative polynomials in n variables of degree 2d is a
proper cone.

(b) Show that the cone X, 94 of sum-of-squares polynomials in n variables of degree 2d
is a proper cone. [Hint: you can use Carathéodory theorem without proof: if p €
cone(ay,...,ar) C RP then there is a subset S of {1,...,M} of size at most D such
that p € cone(a; : i € 5)].

Solution:



(a) By definition
Ppod = {p € Rlx]<2q : p(x) > 0Vz € R"}.

For each z € R", the set H, = {p € R[x]<2q4 : p(x) > 0} is a closed halfspace. Thus P, oq is
closed and convex as an intersection of closed convex sets. It is pointed because if p € P, 24 and
p € —P, 24 then p(x) = 0 for all z € R™ which implies that p is the zero polynomial. Finally
one can check that it has nonempty interior by verifying that p(x) = 224+ --- 4+ 22% + 1 is in the
interior. To be precise consider the following norm defined on the space of polynomials of degree

at most 2d:
lal = Y laal
la]<2d

In other words, this is the ¢; norm of the coefficients of g. We will now show that if ||g|| < 1 then
P+ q € P24 where p(x) = 2% + - + 22% + 1. Let thus ¢ such that ||g|] < 1. Let x € R and
assume that |z;| <1 foralli=1,...,n. Then

PO +(x) =23 - F 2t H 14 D gaa®

lal<2d
>t 1 - Z ga ]z
|af<2d
a2 1 > gl
laf<2d

>l a2l 20

where in second inequality we used the fact that max; |;| < 1 and in the third inequality we used
that ||lg]] < 1. Assume now that there is at least one i such that |z;] > 1. Let j = argmax; |z;]
and note that for any o with |a] < 2d we have \xax;2d| < 1. This allows us to write:

PO g = a3 a2 1 Y gaa®
la|<2d

:x?d 1+Zx?dxj_2d+xj_2d+ Z qaxamj—Qd
i#j la|<2d

> J??d 1+Zx?dxj—2d+xj—2d _ Z ‘qa||$a”l‘;2d|
i#j la|<2d

> it (14D ey o =y ol
i#j la|<2d

>0

This proves that p + ¢ is nonnegative everywhere which is what we wanted.!

(b) Showing that ¥, 24 is convex and pointed is easy. We need to show that it is closed and has
nonempty interior.

— Closedness: For convenience we define the following norm on the space of polynomials:

= maXx X
lall = max [

!The reason this proof is a bit lengthy is that we are working with nonhomogeneous polynomials. When working
with homogeneous polynomials, showing that the cone has nonempty interior is much easier, by simply considering
the polynomial (7 + -+ -+ 22)% and the norm ||g|| = max|,=1 |g(z)].



It is easy to check that it defines a norm on polynomials. Let (py) be a sequence of poly-
nomials in 3, o4 that converges to p. We need to show that p € ¥,, 24q. For each k£ we can
write:

N
Pe= Yk 9)
=1

where qi; € R[x]<q and N = dimR[x]<24 (by Carathéodory theorem). Let i € {1,..., N}
and consider the sequence of polynomials (gx;)xen. Note that from (9) we get that ¢7,(x) <
pr(x) for all x € R™. Since (pg)ren is & bounded sequence (since it is convergent) we can
find some M > 0 such that ||pg|| < M for all k and so we get that for all k, ||qu|| < VM, i.e.,
(qri)ken is bounded. We can thus extract from it a convergent subsequence that converges
to some ¢; € R[x]<q. Taking limits in (9) we get p = Zil q? as desired.

— Nonempty interior: We know that 3, o4 has the following semidefinite characterization:

Y24 = W(Si(n’d))

where

m(Q)y = Z Qo V7v:lyl <2d.

a,B:a+B=y

The map 7 : S5 — R([x]<2q4 can easily be seen to be surjective. Thus this implies that
if B is any ball S*(™%) with nonempty interior then its image under = will have nonempty
interior. From this observation we can see that w(I) (where I is the identity matrix in

SS("’d)) lives in the interior of ¥,, 24, because I is in the interior of Si("’d).

11. (Based on [Blel5]) Let s(x) =1 + -+ + @,

(a)
(b)
()
(a)
(b)

Show that the function f(z) = (n — s(z))(n — 2 — s(z)) is nonnegative on {—1,1}".
Show that f is not 1-sos on {—1,1}".
Show that f is 2-sos on {—1,1}" [Hint: what is (1 — z; — xj + x;24)* 7]

Solution:

The function s(x) can only take values n,n —2,n—4,...,—n on {—1,1}". Thus it follows that
f(x)>0forall z e {-1,1}".

Assume f(z) = >, qr(2)? where qi(z) are of degree 1, i.e., qi(z) = a1y + - + Apntpn + by
Since f(z) =0 for z = (1,...,1) we must have agy + - -+ + agn + b = 0 for all k. Similarly note
that f(x) = 0 whenever z has exactly one component equal to —1 and so this tells us that for
any k, €1ag1 + -+ - + €,akn + b = 0 where € € {—1,1}" has exactly one component equal to —1.
For any fixed k this gives us n + 1 linear equations in the ag1,...,ary,, b and it is easy to see
that they imply ax1 = --- = ag, = b = 0 for all k. But f is not the all-zero function and so we
get a contradiction.

If we expand f(x) in the square-free monomial basis we get

fl@)y=n(n—-1)—2(n—1)s(z) +2 Z Tk,

1<i<j<n

For any i < j we have (1 — x; — z; + x;27)? = 4(1 — 2; — x; + x;2;). Thus it is easy to verify
that we have

f(m) = % Z (1_xi_xj+$i.’lfj)2~

1<i<j<n
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