Dr H. Fawzi
Mathematical Tripos Part II: Michaelmas Term 2023

Numerical Analysis — Lecture 4

Fast Fourier Transform (FFT) We assume that n is a power of 2,i.e.n = 2m = 27, and fory € C2?m, denote
by
y® = {y25}jm0...m €C™  and Y9 = {ysj11}j0,..m €C™

the even and odd portions of y, respectively.
Suppose that we already know the DFT of both ‘short” sequences,
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It is then possible to assemble © = F3,,y in a small number of operations. Indeed, for ¢ € {0,...,m — 1},
we have
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Therefore, it costs just m products to evaluate the first half of , provided that ™ and x(©) are known. Tt
actually costs nothing to evaluate the second half, since
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To execute FFT, we start from vectors of unit length and in each s-th stage, s = 1...p, assemble 2P~* vectors

of length 2¢ from vectors of length 25~ !: this costs 272571 = 2P~! products. Altogether, the cost of FFT is
p2P~! = inlog, n products.
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For n = 1024 = 219, say, the cost is &~ 5 x 10% products, compared to ~ 10° for naive matrix multiplication!
For n = 2% the respective numbers are ~ 1.05 x 107 and ~ 1.1 x 10'?, which represents a saving by a factor
of more than 10°.

Matlab demo: Check out the online animation for computing the FFT at http://www.damtp.cam.ac.
uk/user/hf323/M21-I1I-NA/demos/fft_gui/fft_gui.html and download the Matlab GUI from
there to follow the computation of each single FFT term.

Example 1.15 Computation of FFT for n = 4 in general, and for the vector y = (1,1, —1, —1) in particular.
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2 Partial differential equations of evolution

We consider the diffusion equation
ou_ o
ot ox?’

with initial conditions u(x,0) = uo(x) for t = 0 and zero Dirichlet boundary conditions u(0,t) = u(1,¢) = 0.
By Taylor’s expansion

0<z<1, t>0,

U = Llu(e,t+ k) — ule, )] + O(k), k= At,
Pulet) L fu(w — hyt) — 2u(@,t) +ulw + b )] + O(?), h= Az,

so that, for the exact solution u = u of the diffusion equation, we obtain
Ut + k) = A, t) + 25 [@(x — hyt) — 2z, t) + @ + h,t)] + (. t) 2.1)

where n(x,t) = O(k*+kh?). (More precisely, one proves using Taylor’s theorem that |n(z, )| < c1k? + cokh?
2/\

o
where ¢; = 2 S5 (&, 7)) and ¢y = % maxe - |%(£ ,7)|.) That motivates the numerical scheme for

2
approximation ], & u(Zm,, ty) on the rectangular mesh (x,,, t,) = (mh, nk):
ut :uﬁLJr,u(uﬁL_l —2up, ), m=1.M. (2.2)

k

Here h = M ) and p= 73 = 0 A )2 is the so-called Courant number. With i being fixed, we have k = uh?,

so that the local truncation error of the scheme is O(k?). Substituting whenever necessary initial conditions
uy, and boundary conditions u{ and u},, |, we possess enough information to advance in (2.2) from u" :=
[l .. ufy] tow™ = [t .
Similarly to ODEs or Poisson equation, we say that the method is convergent if, for a fixed p, and for
every T' > 0, we have
lim max |uy, — u(mh,nk)| = 0.
h—0,k—0 1<m<M
k/R?=p 1<n<T/k

Theorem 2.1 If i1 < &, then method converges.

Proof. Let e}, := u(mh,nk) — ul, be the error of approximation, and let e” = [e}, ..., e},;] with ||e"]|« =

max,, |e}y|. Convergence is equivalent to

li n =0
fim, | nax lle”lleo

for every constant 7' > 0. Subtracting (2.1)) from (2.2), we obtain

enm—"_1 = e:Ln + /’L(en - 26 + em+1> + nm
= pen,_q + (1 =2u)en, + pey, 1y + 05,

where |n?| < ck? for some constant ¢ > 0 (namely ¢ = ¢1 + c2/p, where ¢y, c2 > 0 are defined after equation

(2.1)). Then

" oo = max el 1] < (20 1= 20l) "o + ek = [l + I
by virtue of 11 < 1. Since ||€°[| = 0, induction yields
le" oo < enk® < SEk*=cTk—0 (k- 0). 0

Matlab demo: Download the Matlab GUI for Stability of 1D PDEs from http://www.damtp.cam.ac.
uk/user/hf323/M21-1I-NA/demos/pde_ Stablllty/pde stability.html|and solve the diffusion
equation in the interval [0, 1] with method (2.2) and p = 0.51 > 3. Using (as preset) 100 grid points to dis-
cretise [0, 1] will then require the time steps to be 5.1 - 107°. The solutlon will evolve very slowly, but wait
long enough to see what happens!
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