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Abstract  This is a follow-up paper to that of Ockendon et al. (J. Eng. Math., this issue). A more detailed derivation
is provided, along with a numerical method which determines directly the full equation of state relating pressure to
density. The issue of whether or not the problem is an inverse problem is discussed.
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1 Introduction

As described by Ockendon et al. [1] the problem is to determine the equation of state relating the pressure p to the
density p from observations of the velocity as a function of time of one side of two samples of different thickness
which are subjected to same disturbance on the other side. The form of the disturbance is unknown. Experimental
observations of the velocities, made at Sandia National Laboratories in collaboration with AWE [2,3] are plotted
in Fig. 1. Some early small motion has been omitted and the data has been smoothed by cubic splines, following
[1]. Note that in all cases the velocity increases monotonically in time, a feature required by the solution method.

The basic idea behind the determination of the equation of state is that the applied disturbance at one instant
gives rise to the other sides of the two samples moving at the same velocity at different times. If reflected waves
are ignored, the time difference in the arrival of the information gives the velocity of sound for that degree of
compression. The problem is to compensate for the reflected waves. Rothman et al. [2] and Rothman and Maw
[3] tackled this problem by first assuming a polytropic form for p(p) and then, by integrating numerically back
and forth along the characteristics, found a first approximation to the effect of the reflected waves. This gave an
improved estimate for the equation of state, which could be iterated further.

Ockendon et al. [1] formulated the problem in the hodograph plane thereby linearising the equations and con-
verting the problem into an inverse problem, namely a wave equation with an unknown coefficient which depends
on one of the independent variables. Treating the problem as an inverse problem, they chose to use a low-order
Murnaghan parameterisation. They found the values of the parameters which gave the best fit to satisfying a certain
boundary condition.
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Fig. 1 The velocities of the 3.5
end in kms™—! as a function

of time in ps. The two 3f
continuous curves are for
experiment Pb753, and the
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upper of the two pairs is for 15}
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the sample of length 0.3 mm
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In this paper, the derivation of the hodograph transformation will be presented in fuller detail, describing several
technical complications not mentioned in [1]. The problem will then be tackled by a bootstrap numerical method,
which can determine the full equation of state. Finally the question of whether or not the problem is really an inverse
problem will be discussed.

2 Gas dynamics in Lagrangian coordinates

It is assumed that at the very high pressures of Giga Pascals, which are orders of magnitude above the yield stress,
the metal behaves as a compressible gas, increasing its density by over 50% during the experiment. For the wide
samples used, a one-dimensional analysis is appropriate. It is convenient to use a Lagrangian coordinate X in which
the two moving ends become fixed material points, X = 0 where the disturbance is applied and X = L where the
velocity is observed.
We start from the normal Eulerian equations of motion for gas dynamics
a0 ap au

b oF o,
or Yax T Pox

ou n ou n 10p 0
—4+u—+—-——=0.
at ax  pdx
Consider a particle starting at x = X at r = 0 which moves with the flow
— =u(x,1).
o u(x, 1)

The solution x (X, t) gives the transformation between the Eulerian picture (x, ) and the Lagrangian (X, ¢). By the
chain rule

(2), = (), (),
(&), 5 (5,

using the conservation of mass ppd X = pdx. Hence the Lagrangian equations of motion are

3 2 du
O ) (1)
at  podX
ou 1 ap
—+——==0. 2
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Fig. 2 The Lagrangian t
domain, with regions: 1 at 4
rest, 2 simple waves, 3 one
reflection from right end,
and 4 an additional
reflection from left end 3

The experiments are designed to have no shocks and only adiabatic changes. The flow will therefore be homen-
tropic. The pressure will then be only a function of the density, i.e., the equation of state will be p(p). The speed
of sound c(p) is given by

2 =dp/dp.

With the standard thermodynamic function v(p) used in the Riemann invariants,

v_/ “dp, 3)

00
the governing equations. (1) and (2) become

d pc 0
—+ — utv) =
at  po X

i.e., the Riemann invariants u 4 v are constant along characteristics dx/df = +pc/pg. Note that the Lagrangian
speed of sound is

o
cL = —c,
£0
which measures the wave speed experienced by a material particle.
In the Lagrangian picture, see Fig. 2, the left end of the sample is fixed at X = 0 and the right end at X = L.

Initial conditions of rest and zero pressure are applied throughout the sample so that
u=0 and p=0, atr=0 forO0<X <L.

Note that we have set the pressure to zero because the applied pressures at the left end are typically 107 times the
atmospheric pressure and 103 times the yield stress, which may be more relevant. The boundary condition at the
right end is thus

p=0 atX =L fort>0.

The boundary condition at the left end X = 0 is unknown, although disturbances start at = 0.

With information propagating along characteristics, we deduce that region 1 in Fig. 2 will be at rest, u = 0 = v.
In region 2, there will be simple waves with u = v taking information of the disturbances at the left end along
straight characteristics. Region 3 will have waves reflected from the right end, and in region 4 these waves will be
reflected one more time from the left end.

The experimental observations are of the velocity ug at the right end, X = L. The velocity will be zero up to
t = tp when the first disturbance arrives from the left end. Our aim will be to calculate the information u gy arriving
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on the simple waves to the boundary between regions 2 and 3, which will be the same information for the two samples
of different thicknesses, because they have the same source at the left end. To find this information in these simple
waves, we will effectively integrate back down the characteristics from the right end X = L where the experimental
observations are made. Integrating down these characteristics requires knowledge of the thermodynamic behaviour
of the sample, in particular the speed of sound c(p). The thermodynamic functions are not known a priori, and we
seek them such that the information in the simple waves is the same for the two samples. The Riemann invariant
propagated along the positive characteristic is u 4+ v. At the right end it is equal to u g because v = 0 there, while
in the simple wave region 2 it is 2ugy because u = v there. Hence for each positive characteristic

usw = bur. )

a result which we will use repeatedly.

3 Hodograph transformation

The Lagrangian governing equations (1) and (2) with dependent variables u (X, #) and p (X, ) are nonlinear in those
dependent variables. We now make a transformation in which u and p (which is a direct function of p) become the
independent variables, and the resulting equation is linear in a new dependent variable A (u, p).

First we define the velocity potential ¢ (X, t) by

X

0
X,t = X/,t d /, tht = —_—
(X, 1) /u( )dx’, sothatu X

3

L

where the limit of integration has been chosen so that ¢ (L, r) = 0. Thus, ¢ (X, t) = 0 throughout the region 1 of
the rest state. The Lagrangian conservation of momentum (2) is then

ip du 8¢

ox — M9 T Maxar

so we can take

_ 09
P =—po YR
Hence a useful alternative formula for the velocity potential is
1 1
(X, 1) = ——/p(X, t')dr’ Q)
£0
0
For the hodograph transformation, we define the action A(u, p) by
Aw, p) = —Lt 1 ux —px,1). ©6)
£0
Then
1 ] a
dA=——pt+ pdt) +du X +udx — 99 4y — —¢dt,
£0 X at
1
=——tdp+Xdu. @)
£0

Hence using subscripts to denote differentiation
Ap,=—t/pp and A, =X. ®)
Differentiating these two with respect to ¢ at constant X gives

Apppt + Apuut = —1/po, Auppt + Ayyuy = 0.
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So

pr=—Aw/poD and u; = Ay,/poD where D = (A,,,,AW - Af,u)

Similarly differentiating the two with respect to X at constant ¢ gives

px = —Apy/D and ux = App/D.

The relation between the two cross-derivatives is an expression of the conservation of momentum (2).
We can now turn to the Lagrangian mass conservation equation (1). The first term is

dp _Lap  Aw

9t 2ot cZpoD’

While the second terms is

P _ oAy

po X poD

The mass conservation (1) thus gives

A = P App. 9)

Note that the hodograph transformation has lead to a wave equation linear in A with coefficients varying in the
dependent variable p through p and ¢ depending on p.

The variation of the coefficients in the wave equation above makes the characteristics curved. We now make a
further transformation from p to v, with

a 1 0

ap pcdv
from the definition (3) of v. Equation (9) then becomes
Ay = Ay +G)A, (10)

where

G2 (LYo 2h () 2 - oge (11
=r dp \pc) ¢ \dv _dng’

on using (3). The wave equation (10) is linear and has straight characteristics. The characteristics are # = v = const,
which are the Riemann invariants of the original wave equation for # and p. The information that is propagated by
(10) is in the gradient of A(u, v), which gives the position X and time ¢ through (8). Thus the formation of a shock
would be determined by two positions in the #v-plane having the same value of A, and A, = A, /pc.

A general difficulty with the hodograph transformation is that the location of the initial and boundary conditions
must be found.

The initial condition of rest, u = 0 and v = 0, is mapped to the single point of origin, marked 1 in Fig. 3. Note
that the function A(u, p) is singular at the origin, because the partial derivative dA/du = X takes all values in
[0, L] for the initial conditions.

The right end X = L has p = 0, so v = 0, for the experimentally observed values of velocity u, and hence
is part of the horizontal u-axis. The time of an observed velocity 7 («) gives the boundary condition on the normal
derivative 0 A/dv = —cot (1), where ¢ is the speed of sound in the rest state v = 0. The value of A follows from
the definition (6) with p = 0, X = L and ¢ = 0, so A = uL. Collecting these conditions, we have boundary
conditions in the hodograph plane for the wave equation (10)

0A
A=uL, ™ = —cot(u) onv=0. (12)
v

Note that there would be a problem for this boundary condition if the observed velocity of the end did not increase
monotonically in time.
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Fig. 3 The hodograph v =0
plane with regions 1 at rest, \
2 simple waves, 3 one
reflection from right end,
and 4 additional reflection
from left end

\ u

Unm

Each simple wave in Fig. 2 has u = v. Hence in the hodograph uv-plane, each wave becomes a single point
along the straight line v = u, marked as 2 in Fig. 3. Note that, as with the origin, the function A(u, v) is therefore
singular all along the line v = u, because the partial derivative dA/du = X takes a range of values. To avoid
the singularities at the origin and along v = u, we need to restrict attention to strictly within region 3 of the first
reflected waves.

The waves in Fig. 2 which have been reflected from the right end have # > v and hence lie between the horizontal
u-axis and the simple waves on v = u, and are marked as region 3 in Fig. 3. Figure 2 shows the relationship (4)
between the value of u in the initial conditions on v = 0 and that in the simple waves follows simply from the
straight line characteristic u 4+ v = const.

The left end is at 0A/du = X = 0. The location in the hodograph plane of this boundary must be determined
from the solution of the wave equation (10). Part of the boundary will lie in the simple waves. When the boundary
leaves the simple waves, there are waves which have reflected off both the right and then the left end, marked as
region 4 in Fig. 3. The last reflected wave to become a simple wave rather than first arrive at the left end, i.e., the
boundary between regions 3 and 4 in Fig. 3, is labelled by the maximum value of u on the axis v = 0 as up,.

4 The difference problem

If we knew the equation of state p(p), then we would know the thermodynamic function G (v) in the wave equa-
tion (10) for A. It would then be possible to integrate directly this wave equation forward from the boundary
conditions (12) to find A(u, v) for the simple waves on v = u, region 2 in Fig. 3. However, we do not know a priori
the equation of state; it is our task to find it. Instead we know for two samples of different lengths L and L, the
arrival times, #1 (ug) and #2(ug), of the velocity ug of the right end. These two arrival times come from the same
simple wave, the one with v = u = %u g from (4).

Let A; and A, be the solutions of the wave equation (10) with boundary conditions (12) corresponding to the
two samples with Ly, #(«) and L, > (u). Consider the difference

A(u,v) = A1(u,v) — Ay(u, v).

Because the wave equation and boundary conditions are linear, the difference A will satisfy the same equation (10)
and will satisfy boundary conditions

0A
A=ulAL, a—:—coAt(u) onv =0, (13)
v
where
AL=L;— Ly and Ar(u) =1t1(u) —tr(u).

For the two samples, the two simple waves with the same values of v = u have the same source at the left end.
Thus using the formula for the velocity potential (5), we deduce at the left end X = 0 the two simple waves have
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the same values of ¢ and p, and hence the same value of A by (6). Along a simple wave both p and u are constant,
so that by (7) the common value of A does not change along the two simple waves. Hence we deduce that at the
boundary between the simple waves in region 2 and the reflected waves in region 3

A=A —A,=0 onv=u. (14)

The aim is now to find the thermodynamic function G (v) so that the difference solution A(u, v) of the wave
equation (10) satisfying difference boundary conditions (13) vanishes at the simple waves (14).

Now on the simple waves v = u, the difference solution vanishes, A = 0. Differentiating this along the line
v = u (strictly just within region 3 of the first reflected waves), we have on v = u

dA 09A

a + % =0.

Now all the way alongv = 0, dA/du = AL,whileatv = u = 0, the boundary condition gives d A /dv = —coAz(0).

Hence the above equation gives the speed of sound in the rest state is given in terms of the experimental data
AL

BUNTON

Thus the first simple wave travels at speed co because it travels through material at rest encountering no reflected

wave. Further derivatives along the line v = u can be made to obtain local information about G (v). For example,

the second derivative gives

co 5)

In practice, however, the experimental data is too noisy to be differentiated to obtain such local information reliably.

5 Numerical bootstrap method

In this section, we will solve the wave equation for A(u, v) numerically, working away from the boundary v = 0
to a particular value of v. This solution, together with condition (14) at the next value of v, will give G at v. This
value of G can then be used in the wave equation (10) to find the solution A(u, v) at the next value of v. Thus
we can ‘bootstrap’ our way to find the full solution of the wave equation in the region 3 of Fig. 3, along with the
thermodynamic function G (v).

The wave equation is tackled by second-order finite differences using the same equal spacing of the grid in the
two directions, i.e., we set v = Su. Because the wave equation (10) has straight characteristics v = 4u + const.,
the characteristics go exactly through the grid points, and so the numerical solution would be exact if G were zero
and the boundary conditions were treated exactly.

To implement the derivative boundary condition with second-order accuracy, we set

A(u, 8v) = A(u, 0) + 8vA,(u, 0) + 1807 Ay (u, 0).

Because A(u, 0) = uAL, the wave equation (10) gives at v = 0

Ay = —G(0)A,,

while the derivative boundary condition is

Ay = —coAt(u).

Hence, to second order

A(u, 5v) = uAL — SvcoAt(u) (1 — %5UG(O)) . (16)
Applying this to the simple wave at u = §v where A(u, v) = 0 yields the first value of the function G (v)

2 At@dv) — Ar(0)

GO =5 A1 (5v)

A7)
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Fig. 4 The thermodynamic function G in m~!'s as a func- Fig. 5 The Lagrangian location X in mm as a function of
tion of v in ms~! for the experiment Pb753 using 40 slices of u = v in kms~! of the boundary between the reflected and
velocity simple waves. The continuous curve is for experiment Pb753,

the dashed curve for experiment Pb770

In the finite-difference solution, we write
Aj=Aw=idv,v=jév) and G; = G(v = jov).

The wave equation at the ij grid point, with i > j in order to be in region 3 of the reflected waves, then becomes
with second-order central differencing

Aip1j+Ai—1j— Ajj—1 (1 — %SUGJ')

Ajjyr] = . (18)
ij+ 14 %SUGj
Applying this to the first point i = j + 1 inside region 3, we have

Tsv Ajgjed
using the simple wave property A;jy; =0=A; ;; wheni = j + 1.

The ‘bootstrap’ approach is then the following. From previous stages, one has the solution of the wave equation
Ajjfori > jupto j = J, and thermodynamic function G; up to j = J — 1. Equation (19) then gives G for
J = J. With this value of G, Eq. 18 gives A;; for j = J + 1. This procedure is started at / = 1 using A; from
(13a) and A;; from (16).

Figure 4 gives the numerical result for G (v) using 40 equally spaced values of the observed velocity u of the right
end in one experiment Pb753. The quality of the result is poor because the process of extracting G (v) is equivalent
to a numerical differentiation of the noisy experimental data.

Using this result for G (v), we can then calculate the function Aj(u, v) for the sample of length L. The value of
its derivative dA|/du along u = v, evaluated numerically from u > v to second-order accuracy by extrapolation,
gives the location X in the Lagrangian picture of the boundary between the reflected and simple waves. This location
is plotted in Fig. 5 as a function of the value of u = v of the simple wave. The low velocities correspond the early
arriving waves which cease being simple waves just before X = L1 = 0.2mm. At large velocities X is predicted
to become negative. This erroneous prediction is a consequence ignoring the second reflection from the left end.
As we do not know how to take into account the second reflection, we must limit our use of the experimental data
to v < 1.06 for experiment Pb753, and v < 0.97 for experiment Pb770. These values of v are for the simple wave
where u = v. Using (4), the maximum values of the observed velocities of right end are then u;, = 2.12 and 1.94.
Looking back to Fig. 1 for the experimentally observed velocities at the right ends as a function of time, one can
observe kinks on the curves at these uy,, now understood as the arrival of second reflections. In the results presented
below, we only use experimental data less than 2.1 and 1.9, respectively.
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Fig. 6 Velocity of sound in kms ™! for experiment Pb753 as a Fig. 7 Equation of state, pressure in GPa as a function of
function of density in 103 kgm™3. The continuous curve uses density in 10> kgm=3. The continuous curve is the experiment
80 equally spaced velocities, while the points use only 40 Pb753 and the dashed curve for experiment Pb770

The numerical method above delivers the thermodynamic function G(v) defined in (11). From this we now
evaluate the equation of state p(p). We integrate the following ordinary differential equations
dc dp dp p

— =—-1—-¢G, — =pc, d = -
dv ¢ dv pe, an dv c

with initial conditions
c(0)=cp, p0)=0 andp(0) = po.

Figure 6 gives the (Eulerian) velocity of sound c as a function of the density p for the experiment Pb753. Note
that the curve is an integral of G (v) and thus much smoother. Note the change of numerical resolution from 40 to
80 equally spaced velocities does not visibly change the predicted velocity of sound.

The corresponding equation of state p(p) is plotted in Fig. 7, and this is an even smoother curve since it involves
another integration. Results are given for the two experiments, Pb753 and Pb770. The are moderately close. Both
curves appear to be two nearly straight lines with a change of slope around p = 14 x 103 kgm™3, which is roughly
where the speed of sound in Fig. 6 changes from 2.6 to 3.4kms~!. Rothman et al. [2, Fig. 5 ] suggest that there is
a phase transition from fcc to hcp around 13 G Pa.

Ockendon et al. [1] chose to represent the equation of state by the low-order parameterisation of the Murnaghan
model

Y
P = Do ((ﬁ) — 1) , (20)
00

where pg, pp and y are all constants. It is possible to fit the numerical results for the equation of state to this model.
Table 1 gives the best-fit values of the parameters po and y for different ranges of variation of density. The base
density pg is held fixed at 11.34. Fitting over the whole range, we obtain the best values: pg = 14.5 and y = 3.81.
The rms residual error of the fit to the equation of state is a relatively large 0.44. The rms error is significantly
smaller if the fit is made to the two sub-ranges before and after p = 13.7, reflecting the feature that Fig. 7 is more
like two straight lines joined together rather than a single power-law. In other words, the Murnaghan model may
not be appropriate model for the physics. Note that Ockendon et al. [1] minimised the error in satisfying a certain
boundary condition, and could not estimate of the rms residual error in the fit to the equation of state.
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Table 1 Murnaghan fit (20)

for Pb753 with pg = 11.34 Range of p Po v Rms residual
11.34-16.0 14.5 3.81 0.44
11.34-13.5 77.1 0.93 0.0022
13.00-14.5 19.6 3.05 0.020
14.00-16.0 12.2 4.24 0.032

6 Conclusions

The use of the hodograph transformation turns the difficult original nonlinear governing equations (1) and (2) into
a linear wave equation (9), and after the further transform into a linear wave equation (10) with straight character-
istics. This is a significant improvement. Because the equation is linear, the solution can be constructed by linear
supposition through the use of Riemann functions, as used in [1]. The original nonlinear problem cannot be tackled
in this way. A technical difficulty that must be mastered is tracking down the initial and boundary conditions in the
transform plane. Moreover, the method needs the entropy to be constant in time and space, and so shocks must not
occur. Another small problem is that the further transformation which straightens the characteristics introduces in
G (v) an additional differentiation of the experimental data.

On first inspection, the problem to solve the wave equation (10) subject to boundary conditions (13) and (14)
appears to be a classical inverse problem. The governing partial differential equation contains an unknown function
of position, and there are too many boundary equations. The inverse problem is to find the unknown function so that
the excessive number of boundary conditions can be satisfied. This is the reason that Ockendon et al. [1] tackled
the problem with a standard inverse approach.

A difficulty with inverse problems is that they are notoriously ill-conditioned; large variations in the unknown
function can make undetectable changes when fitting the experiment data. For this reason only a low-order
Murnaghan parameterisation was used by Ockendon et al. [1], avoiding the use of more sophisticated ‘regularisa-
tions’. The origin of this ill-conditionedness is the averaging behaviour of elliptic and parabolic partial differential
equations. For example, significant variations in the thermal conductivity in the interior will have a small effect on
the observables at the boundary if the variations have a sufficiently small spatial scale. An extreme example would
be for the thermal conductivity to vanish on the boundary of an interior region, so that the exterior would be totally
blind to all variation within that region.

The problem tackled in this paper is different. It is governed by a hyperbolic equation, in which each simple
wave propagates information without change along one characteristic without communicating with an adjacent
characteristic. Also in the original form of (1) and (2), the unknown is not a function of position but a function
of the dependent variables, i.e., there is an unknown nonlinearity which has no fine scale variations in space. One
can obtain a good estimate of the velocity of sound, with only a 25% error to v = 0.5ms~!, by ignoring the
reflected waves and just looking at the difference in positions for the two samples divided by the differences in
arrival times of an end-velocity. In this simplified estimate, relative changes in the observable boundary data are
precisely equal to the relative changes in the speed of sound, and so there is none of the classical averaging which
leads to ill-conditionedness. When the reflected waves are taken into account, there is still the direct association
of the speed and the corresponding arrival times, with a subtraction of a small integral over previously determined
speeds of sound. Because the integral is typically only a 25% subtraction, the good conditionedness is not lost.

The numerical bootstrap approach used in Sect. 5 is a direct forward method, demonstrating that the problem is
unexpectedly not a classical inverse problem despite initial appearances. There is an interesting question of how to
decide whether a problem is an unavoidable inverse problem or not.

The bootstrap approach can be used to tackle the original problem in the Lagrangian plane. Details are given in
the appendix.

The results for the equation of state are found not to follow the Murnaghan model well, because the best-fit values
of its parameters change significantly when the fitting range is changed. This difficulty may be due to a change of
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phase. A small problem with the global approach of Ockendon et al. [1] is that one cannot tell how large the residual
errors are in the fit to the equation of state from the size of the global error in satisfying a boundary condition.
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Appendix

In Sect. 5, a numerical method was presented for solving the wave equation in the #v-hodograph plane. The same
bootstrap idea can be applied to integrating along the characteristics in the Lagrangian Xt-plane.

Rothman and Maw [3] have developed a method of integrating along the characteristics in the Lagrangian plane.
They first assume an approximate equation of state. This is used to integrate down the positive characteristics from
the right end to the simple waves. Comparing the positions and times of the two samples for a simple wave with the
same u g, they can evaluate the Lagrangian sound speed cy, (v). Integrating this yields an improved approximation
to the equation of state. The whole process can then be repeated until a converged equation of state is obtained.

In the bootstrap approach, one integrates down the positive characteristics one at a time, starting at ug = 0 and
moving to increasing end-velocities. In the integration, each new characteristic only needs values of the speed of
sound which have already been determined, those for v = 0 to just below v = %u r- On arriving at the region of
simple waves, the difference between the two samples of the positions and times produces the speed of sound for
the next higher value of v = %u R-

In a little more detail, let the (X, #;;) be the intersection in the Lagrangian X¢-plane of the positive characteristic
through the right end when it is moving at 2i§v and the negative characteristic through the right end when it is
moving at 2jdv (j < i). Note that here we need the velocity of the end to increase monotonically in time. The
Riemann invariants for these two characteristics, which can be evaluated at the right end where v = 0, give for
this intersection u = (i + j)dv and v = (i — j)dv. Write the speed of sound c(v = iév) = ¢;. The ith positive
characteristic is started at the right end, j = i, where X;; = L and ¢; is equal to the experimental time when the
end has velocity 2i§v. The integration down the positive characteristic will be stopped at the boundary with the
simple waves where j = 0. To move along the positive characteristic from X;;,; to X;; with j > 1, one solves for
the intersection of two short segments of straight lines, one for the positive characteristic from X ;4 ; with the slope
%(ci,j + ¢i—j—1), and one for the negative characteristic through X;_;; with the opposite sign of the same slope.
The values of the speed of sound cq to ¢;—; are known from integrating down previous positive characteristics.
Note that the use of equal increments in end velocity mean that no interpolation is needed in the above evaluation
of the speed of sound at the intersections. Use of the average of the slopes between the beginning and end of the
short segments gives a numerical method with second-order accuracy. For the last step down the characteristic to
the simple wave, j = 0, one must use the cruder first-order slope of c;_;, because ¢; is not yet known. However
the net error of a single first-order step is the same as many steps of second-order. Finally the speed of sound ¢; is
evaluated from the difference between the two samples in positions X;p divided by the difference in times #;9. This
completes the bootstrap.
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