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Free-surface viscous flow exterior to a circular cylinder rotating about its horizontal
axis in a vertical gravitational field is considered. When the mean film thickness h̄ is
small compared with the cylinder radius a, numerical simulations of the full Stokes
equations reveal a surface-amplitude decay rate so slow that computational expense
precludes investigation of large-time dynamics. However, numerical integrations of
the simpler lubrication approximation are achievable to large times, and these reveal
not only a slow decay to steady state, but also a gravity-induced phase lag, relative
to the cylinder, in the wave modes in the free-surface elevation.

A naive-expansion analysis reveals a complicated evolution in time with four dif-
ferent time-scales. Firstly, there is the fast process of rotating with the cylinder
on a time-scale 1/ω, where ω is the angular velocity of the cylinder. Secondly,
surface tension squeezes the free surface to a cylindrical shape on the time-scale
µa4/σh̄3, where µ is the dynamic viscosity of the fluid and σ its surface tension.
After this time, disturbances to the steady state take the form of an eccentric-
ity of the cylindrical shape of the free surface that drifts in phase on the third
time-scale of ωµ2a2/ρ2g2h̄4, where ρ is the density of the fluid and g the gravita-
tional acceleration, and decays exponentially on the fourth and slowest time-scale of
ω2µ3a6/ρ2g2σh̄7.

The naive-expansion analysis thus suggests the drift rate and exponential decay
rate in the fundamental mode to be proportional to h̄4 and h̄7 respectively. A rescal-
ing is suggested wherein h̄ is the length-scale, whence a four-term, two-time-scale
expansion for the film thickness yields explicit formulae for both the decay and
drift rates, the former of which can be used in practical experiments to enforce
the fastest possible decay to the steady state. An unusual delay in the resolution
of secularity in the two-time-scale expansion is explained, as is the ability of the
two-time-scale expansion to capture the four-time-scale physics. Results are pre-
sented for a selection of (non-dimensionalized) surface tension and gravity param-
eters, and excellent agreement is demonstrated between our asymptotics and the
results of numerical simulations over varying time-scales. The convergence to the
independently derived steady state is demonstrated, and a detailed explanation
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is presented of the influential physical mechanisms inherent in the multiple-scale
expansion.

Keywords: viscous fluid mechanics; free-surface flow; lubrication approximation;
asymptotic expansions; computer algebra

1. Introduction

An overview of the substantial history of the ‘supported-load’ problem—the time-
dependent evolution of the free surface of a thin film of viscous fluid adhering to the
exterior of a rotating horizontal circular cylinder in a vertical gravitational field—is
contained within a recent related paper (Peterson et al . 2001) and is not repeated
here. The objective of the present paper is to consider a hitherto-unresolved funda-
mental aspect of this long-standing problem (Moffatt 1977; Pukhnachev 1977): to
analyse theoretically the surface-tension-induced decay and gravity-induced drift, rel-
ative to the rotating cylinder, of the wave modes in the free surface, and to interpret
this analysis in order to identify the controlling physical mechanisms.

Both the drift and decay to steady state are manifest in numerical simulations.
In solving the Stokes equations via a novel adaptive finite-element method, Peterson
et al . (2001) observed that, as the film thickness increases beyond that at which
the lubrication approximation is valid, so does the decay rate. However, as the film
thickness decreases sufficiently for lubrication theory to be valid, the decay rate
becomes so slow that numerical integrations of the Stokes equations are prohibitively
expensive, and the simpler lubrication approximation must be used to compute large-
time characteristics of the flow. In the present paper, the lubrication approximation
of Pukhnachev (1977) is used as the starting point for the analysis.

In § 2, a naive-expansion method is used to solve Pukhnachev’s nonlinear fourth-
order partial differential equation for the free-surface elevation. The form of the
secularity in the higher-order terms in the naive expansion suggests a rescaling of
both the gravity and surface-tension parameters, which, in turn, suggest that the
mean free-surface elevation, and not the cylinder radius, should be used as the fun-
damental length-scale. It is inferred that the fundamental mode in the free-surface
amplitude decays and drifts at rates proportional to the seventh and fourth powers,
respectively, of the film thickness non-dimensionalized with respect to the cylinder
radius. Knowing these rates, a rescaling of the lubrication approximation is proposed
that is amenable to a multiple-time-scale analysis.

In § 3, a four-term two-time-scale expansion is obtained for the free-surface eleva-
tion. To obtain the fourth term in this particular case necessitates determination of
a particular integral (of a fourth-order partial differential equation in three indepen-
dent variables) which is so cumbersome that progress is possible only with the aid
of an algebraic manipulator. Even then, the problem is rendered tractable only via
a simplification based upon the relative magnitude of terms decaying over disparate
time-scales. An explanation is given for the curious delay in the resolution of sec-
ularity, which occurs not at the expected second but rather the third order in the
small parameter. The expansion reveals that four distinct physical processes occur
over differing time-scales, and an explanation is given as to why the two-time-scale
expansion captures the four-time-scale physics.
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In § 4, the multiple-scale expansion is demonstrated to be in excellent agreement
with the results of full numerical simulations for ‘large’ times. But since only a two-
time-scale expansion is used, it is further demonstrated how the multiple-time-scale
results eventually drift from the numerical results at ‘very large’ times; by contrast,
the decay rate does not, and this is explained.

In § 5, the steady-state solution is obtained by integrating the governing lubrication
approximation to any required degree of accuracy, rather than by considering the
infinite-time limit of the solutions gleaned in the previous sections. This is done since
the complexity of the time-dependent solutions increases rapidly, and the steady-
state solution is more readily obtained via this alternative, more direct, approach.
The convergence of the multiple-scale solution to the independently obtained steady
state as t → ∞ is demonstrated.

The paper concludes in § 6 with a physical discussion and interpretation of the pre-
ceding mathematics, and the detailed mechanisms occurring on the four time-scales
discovered in § 3 are presented. In increasing order of magnitude, these correspond
to: rotation with the cylinder; action of surface tension on first and higher harmon-
ics in the free-surface elevation; gravity-induced drift of the fundamental mode; and
surface-tension-induced decay of the fundamental mode. Over these time-scales, a
complicated and subtle interplay between the compound effects of rotation, gravity
and surface tension is revealed. In particular, it is explained how surface tension
acts on the slowest time-scale to decay the fundamental wave mode which, being a
displaced cylinder, at first sight appears not to admit such action. In this context,
a new mechanism, involving the double action of gravity on surface-tension-induced
first harmonics, is discovered.

2. Time-scales in the lubrication approximation

In keeping with previous studies, flow variations in the axial direction are neglected.
Plane polar coordinates r and θ, centred on the cylinder axis, are employed. Incom-
pressible viscous fluid of thickness h(θ, t), density ρ and dynamic viscosity µ flows on
the exterior of an infinite circular cylinder of radius a rotating anticlockwise about
its horizontal axis with angular velocity ω in a gravitational field g = −g̂, where
̂ is a unit vector aligned with the positive y-axis and g is the acceleration due to
gravity. Surface tension, pressure and flux are denoted by σ, p and q, respectively,
and x = aθ is the arc length around the cylinder surface.

We address the lubrication approximation (rather than the full Stokes equations),
for which the dimensional equations for mass conservation, flux and pressure are

∂th + ∂xq = 0, (2.1)

q = aωh − h3

3µ

{
ρg cos

(
x

a

)
− ∂xp

}
, (2.2)

p = σ

{
∂2

xh +
h

a2

}
. (2.3)

The initial dimensional profile of the free surface is h(θ, 0) = h0(θ).
If length, time, velocity and flux are respectively scaled with respect to a, 1/ω,

aω and a2ω as per Pukhnachev (1977), elimination of both q and p from (2.1)–(2.3)
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yields the dimensionless thin-film advection–diffusion equation for the 2π-periodic
function h(θ, t) as

∂th + ∂θh − 1
3∂θ{γ0h

3 cos θ − α0h
3∂θ(∂2

θh + h)} = 0, (2.4)

which must be solved subject to the initial condition h(θ, 0) = h0(θ)/a. Under this
scaling, 0 < h0(θ)/a � 1, and the dimensionless gravity and surface-tension param-
eters are respectively

γ0 =
ρga

ωµ
and α0 =

σ

aµω
. (2.5)

In the experimental set-up described by Moffatt (1977), α0 = O(1). Moreover, for
radii a of the cylinder greater than the capillary length

√
σ/ρg†, we would have

α0 < γ0. (2.6)

For a steady state to exist, the condition

γ0(hmax/a)2 < 1 (2.7)

must be satisfied, where one can fix the numerical factor relating hmax, the dimen-
sional maximum film thickness, to h̄, the dimensional mean film thickness, given
by

h̄ =
1
2π

∫ 2π

θ=0
h0(θ) dθ. (2.8)

Then the natural naive expansion h(n) for substitution into (2.4) is

h
(n)
N (θ, t) =

N∑
m=1

(
h̄

a

)m

φm(θ, t), (2.9)

in which the φm are to be determined.‡
For simplicity, h0(θ) is assumed to be constant, h0, so that h̄ = h0 in (2.9). In the

present work, all analytical results were obtained and/or verified using the Maple

(version 5, release 4) algebraic manipulator (Heck 1996). Indeed, using Maple, the
determination of φ1 to φN has been fully automated for arbitrarily large N : this
is one advantage of this particular scaling. It transpires that φm rapidly becomes
unwieldy with increasing m, e.g. φ7 contains nine linearly independent harmonics.
Despite the relative simplicity of (2.9), it allows some useful conclusions to be drawn
at an early stage.

Let cij = cos(iθ − jt), sij = sin(iθ − jt) and ε = h̄/a. Secularity caused by the
fundamental modes c11 and s11 resonating with the (∂t + ∂θ)h term in (2.4) first
appears as late as φ7; specifically, as γ3

0ts11. Surface tension first appears in φ8 as
α0γ

2
0tc22. Key extractions from higher-order terms of h

(n)
17 are summarized in table 1,

† Approximately 2.7 mm for water, with the largest surface tension.

‡ Although terms of order O(h2) have been neglected in deriving (2.4), the higher powers of h̄/a
in h

(n)
N do not perturb the decay rates, as evidenced by the agreement between the theory of § 4 and

the physics of § 6. While it is possible, however, that there may be a second-order perturbation to the
theoretically obtained drift, the numerical evidence of § 4 suggests that there is not.
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Table 1. Subsequences extracted from the naive expansion h
(n)
17 (θ, t)

these components. . . . . . contain. . . . . . and signify

φ3 → φ10 → φ17 γ0c11 → α0γ
3
0 tc11 → α2

0γ
5
0 t2c11 decay of c11

φ3 → φ7 → φ11 γ0c11 → γ3
0 ts11 → γ5

0 t2c11 drift of c11

φ5 → φ8 → φ11 γ2
0c22 → α0γ

2
0 tc22 → α2

0γ
2
0 t2c22 decay of c22

in which it is noted that t is non-dimensional. The three rows, from top to bottom,
reveal that

(i) the fundamental mode c11 decays on a (dimensional) time-scale of order
O(1/ε7α0γ

2
0ω);

(ii) the fundamental mode’s phase drifts through s11 on a time-scale of order
O(1/ε4γ2

0ω); and

(iii) the first harmonic c22 decays on a time-scale of order O(1/ε3α0ω).

Thus the slow time-scale for a multiple-scale analysis should be 1/ε4γ2
0ω, and a

rescaling is therefore implied in which ε2γ0 and ε3α0 are, respectively, the gravity
and surface-tension parameters. Accordingly, we define γ and α by

γ = 1
3ε2γ0 and α = 1

3ε3α0, (2.10)

wherein the threes in the denominator absorb the numerical factor in (2.4). Taken
together, equations (2.6) and (2.10) imply

γ2 � α � γ � 1 (2.11)

when realistic values are given to the physical parameters† on the right-hand sides
in (2.5). Note that, irrespective of the fluid properties, equation (2.11) can always
be established by making ε sufficiently small. Note also that, for the reasons given
in § 3, our subsequent analysis is applicable to unphysically large O(1) values of α.
Moreover, as we deduce in § 3, the hierarchy of scales within a formal two-time-scale
expansion automatically admits the four time-scales over which the distinct physical
mechanisms occur in this problem.

The prediction of a large-time-scale decay in the free-surface wave modes is con-
sistent with the observations of Kuiken (1990), who notes the ‘striking difference’
between the asymptotic properties of free surfaces which are initially either non-
oscillatory or oscillatory. He discovered that, under the action of surface tension and
curvature gradients alone, the former is flattened out at a much slower pace than the
latter.

It is noteworthy that the reflected fundamental mode cos(θ+t) first appears in φ7,
i.e. the amplitude of the reflected fundamental mode c1,−1 is O(h̄4) times smaller than
that of the fundamental mode c11, which appears in φ3. Reflected higher harmonics
appear in subsequent terms.

† In the experimental set-up of figure 5a in Moffatt (1977), we find γ ∼ 0.07 and α ∼ 10−4, so
that α � γ � 1. However, γ2 � α and the hierarchy (2.11) is violated, as evidenced by the unstable
steepening flow, i.e. the film is too thick for our theory to apply. However, the case α � γ2 is amenable
to (a different) analysis and is discussed briefly in § 4; in particular, see figure 6 and the footnote on
page 1207.
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Figure 1. Decay rates, κ, obtained from numerical integration of (2.12). Curves show κ/γ2

plotted against γ for different α. At the right-hand edge of the plot, curves from top to bottom
correspond to α = 0.025, 0.05, 0.1, 0.2 and 0.3. Theoretical values of κ/γ2 in the limit γ → 0
are given by ζ0(α) in (3.13) and are shown by discs on the γ = 0 axis.

The late appearance of both secularity and surface tension in the naive expansion
h

(n)
N (θ, t) strongly suggests a rescaling of (2.4), in which γ0 and α0 of (2.5) are replaced

by the rescaled parameters γ and α of (2.10). These substitutions made, the more
standard lubrication-approximation rescaling of the dimensional h with respect to
not a but h̄ means that the lubrication approximation (2.4) becomes

∂th + ∂θh − ∂θ{γh3 cos θ − αh3∂θ(∂2
θh + h)} = 0, (2.12)

which must now be solved subject to the initial condition h(θ, 0) = h0(θ)/h̄, which
is unity for the given choice of h0(θ). Under this scaling, only two non-dimensional
parameters, γ and α, are required, whereas three, γ0, α0 and h̄/a (i.e. h0/a), were
required in (2.4) and its associated initial condition. Moreover, the steady-state condi-
tion (2.7) becomes γ < 1

3 , and, in keeping with (2.11) and the observations of Hansen
& Kelmanson (1994), physically realistic values of α are of order O(h3

0/a3) � 1. From
the above discussion of the naive expansion, the (non-dimensional) decay and drift
time-scales in the fundamental mode are, respectively, predicted to be 1/αγ2 and
1/γ2, rates which are indeed confirmed by the numerical experiments summarized
in figure 1.

The decay rate κ was calculated from successive maximum amplitudes (at a fixed
station θ) obtained via large-time finite-difference integrations of (2.12). Values of κ
were obtained for varying α–γ combinations. In figure 1, the ratio κ/γ2 is plotted
against γ for five different values of α. For the higher values of α, it is evident that
κ/γ2 is only weakly dependent on γ. However, the dependence of κ/γ2 on γ becomes
more pronounced as α decreases. A partial explanation of this behaviour can be given
following an analysis of the decay rate. Accordingly, discussion is deferred until an
explicit form of the decay rate is obtained in § 3. It is noted that, in the limit γ → 0,
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the theoretical decay rates given by (3.13), shown in figure 1 by the black discs on
the γ = 0 axis, agree well with those obtained from the numerical experiments.†

3. Multiple-scale analysis

For the analysis in this section, the hierarchy (2.11) of small parameters is assumed,
whereupon the (N + 1)-term, two-time-scale expansion

h
(2t)
N+1(θ, t) = 1 +

N∑
m=1

γmψm(θ, t0, t1) (3.1)

is proposed, wherein t0 = t and t1 = γ2t, so that ∂t = ∂t0 +γ2∂t1 . It should be noted
that, despite (2.11), the analysis in this section is indeed applicable when α is as
large as O(1). This is because the free-surface elevation is only weakly dependent on
α, an observation quantified by Hansen & Kelmanson (1994), whose results indicate
this weak dependence over the parameter range 1 � α0 � 100.

It is convenient to define the differential operator

L ≡ α(∂4
θ + ∂2

θ ) + ∂θ + ∂t0 ,

so that the solution of the homogeneous equation LΨ(θ, t0, t1) = 0 for the 2π-periodic
function Ψ(θ, t0, t1) is

Ψ(θ, t0, t1) =
∞∑

n=1

[An(t1)cnn + Bn(t1)snn] exp{−αn2(n2 − 1)t0}, (3.2)

where now cij = cos(iθ − jt0) and sij = sin(iθ − jt0), and An and Bn are arbitrary
functions of t1. Equation (3.2) reveals that the nth harmonics cn+1,n+1 and sn+1,n+1
(n > 0) decay exponentially on the time-scale αt0. However, the fundamental modes
c11 and s11 can decay only via the functions A1(t1) and B1(t1) on the slower time-
scale γ2t0, an observation that greatly simplifies matters below.

Substituting expansion (3.1) into (2.12), the order-O(γ) problem is

Lψ1(θ, t0, t1) = −s10,

with solution
ψ1(θ, t0, t1) = c10 + A1(t1)c11 + B1(t1)s11, (3.3)

in which the initial condition h
(2t)
N (θ, 0) = 1 requires A1(0) = −1 and B1(0) = 0.

At this order, the physical solution r = a + h̄h ∼ a + h0(1 + γψ1) gives the free
surface as a cylinder whose dimensional radius is a + h0 and whose centre is offset
from the axis of the rotating cylinder by the dimensional Cartesian displacement

γh0(1 + A1 cos t − B1 sin t, −A1 sin t + B1 cos t). (3.4)

This disturbance to the steady state remains cylindrical and rotates with the cylinder
on the dimensional time-scale 1/ω (i.e. a non-dimensional time-scale of 1); only on

† Better than this, the subsequent asymptotic analysis applies beyond the small-γ, near-uniform
region, as can be seen from the weakly varying curves in figure 1.
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a much larger time-scale does the disturbance deviate from a cylindrical profile, via
the mechanisms described in § 6.

The order-O(γ2) problem is

Lψ2(θ, t0, t1) = −3s20 − 3A1(t1)s21 + 3B1(t1)c21,

with solution

ψ2(θ, t0, t1) =
3c20

2(36α2 + 1)
− 9αs20

36α2 + 1
+

3[A1(t1) + 12αB1(t1)]c21

144α2 + 1

− 3[12αA1(t1) − B1(t1)]s21

144α2 + 1
+ [A2(t1)c22 + B2(t1)s22] exp{−12αt0}.

(3.5)

Thus the first harmonics c22 and s22 decay naturally on the non-dimensional time-
scale 1/α, so that any term containing them is exponentially small before any varia-
tion occurs on either of the much slower non-dimensional time-scales related to drift,
1/γ2, and decay, 1/αγ2, predicted immediately after equation (2.10). That these are
indeed slower is evident from (2.11), which implies

1 � α−1 � γ−2 � α−1γ−2.

Thus, in the event that α is as (unphysically) large as O(1), this merely states that
surface tension acts so rapidly that

1 ∼ α−1 � γ−2 ∼ α−1γ−2,

i.e. harmonic decay occurs on the rotation time-scale and fundamental-mode decay
occurs on the fundamental-mode drift time-scale. In our non-dimensionalization,
the dimensional time-scale for first-harmonic decay is therefore µa4/σh3

0. In fact,
equation (3.2) reveals that the nth harmonics, for any n � 1, decays on this time-
scale. Thus, in (3.5), A2 and B2 can be considered to be constants that are chosen
to satisfy the initial condition ψ2(θ, 0, 0) = 0. Accordingly, from (3.5), A2 and B2
are given by

A2 = − 3
2(36α2 + 1)

+
3

144α2 + 1
,

B2 =
9α

36α2 + 1
− 36α

144α2 + 1
,




(3.6)

wherein A1(0) = −1 and B1(0) = 0 have been used. Note that A1(t1) and B1(t1)
introduced at order O(γ) are not determined at order O(γ2).

The order-O(γ3) equation,

Lψ3(θ, t0, t1) = r3(θ, t0, t1), say, (3.7)

is cumbersome. In its natural (expanded) form in Maple, r3(θ, t0, t1) contains 145
terms; this figure can be reduced somewhat by judicious manipulation. For example,
ten such terms admit the simplification

{3
2(72α2 − 1)(36α2 + 1)[A1(t1)2 + B1(t1)2] − 9

2 − 648α2}s10

4(144α2 + 1)(36α2 + 1)
.
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A particular solution for (3.7) cannot be obtained until the slow-time functions A1(t1)
and B1(t1) arising at order O(γ) are determined. These are found by annihilating
the coefficients in r3(θ, t0, t1) of the resonant fundamental modes c11 and s11, where,
in keeping with the determination of A2 and B2, terms in exp{−12αt0} have been
dropped. One obtains the coupled secularity equations

∂t1A1(t1) = a1A1(t1) + b1B1(t1), (3.8)
∂t1B1(t1) = a2A1(t1) + b2B1(t1), (3.9)

wherein

a1 = b2 = − 81α

144α2 + 1
, (3.10)

b1 = −a2 =
3(72α2 + 5)
2(144α2 + 1)

. (3.11)

Equations (3.8) and (3.9) are solved (with t0 fixed) subject to the initial conditions
A1(0) = −1 and B1(0) = 0, to yield

A1(t1) = − exp(a1t1) cos(b1t1) and B1(t1) = exp(a1t1) sin(b1t1). (3.12)

As γ → 0, the decay rate κ of h will be dominated by that of the order-O(γ) term,
i.e. |a1|γ2 on the fast time-scale. Therefore,

lim
γ→0

κ

γ2 =
81α

144α2 + 1
= ζ0(α), say. (3.13)

The values ζ0(0.025), ζ0(0.05), ζ0(0.1), ζ0(0.2) and ζ0(0.3) are superimposed on the
corresponding α curves in figure 1; the numerics and the theory visibly agree. By
inspection of figure 1, κ/γ2 has a complicated dependence on γ and α. However, the
weak dependence of κ/γ2 on γ for the higher values of α corroborates the physical
expectation that increasing the surface tension decays the higher Fourier modes more
rapidly, so that the overall decay rate is dictated by that of only the fundamental
mode c11.

It is noteworthy that ζ0(α), positive for all α > 0, has a unique maximum when
α = 1

12 ; thus the decay rate is maximized when, via (2.5) and (2.10),

h̄ =
(

ωa4µ

4σ

)1/3

, (3.14)

giving the dimensional initial film thickness yielding the fastest decay rate of oscil-
lations in the free surface when the physical parameters of the cylinder and fluid are
specified a priori. This observation may be useful from a practical point of view.

The resolution of secularity at order O(γ3) may now be explained. Surface tension
squeezes the free surface to a cylindrical shape, represented by the fundamental-mode
component ψ1 in (3.3); this squeezing occurs on the non-dimensional time-scale 1/α.
This cylindrical shape, however, rotates with the cylinder and is not steady, chang-
ing via the actions of A1 and B1 on the much larger time-scale 1/αγ2 (see (3.10)
to (3.12)). Over this time-scale, equation (3.4) implies that the centre of the cylindri-
cal component of the free surface spirals into the point with dimensional Cartesian
coordinates (γh0, 0) relative to the centre of the rotating cylinder. In order to cause
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a secular drift in the fundamental modes c11 and s11 in ψ1, it is necessary for the
γ cos θ of gravity to act twice: once to create the first harmonics c21 and s21 in ψ2
and then again to force secular terms in the fundamental modes in the problem (3.7)
for ψ3.

It is this double action of gravity that makes the slow time t1 = γ2t0. Gravity
acting alone,† however, gives just a drift in phase with no change in amplitude. For
a decay in the amplitude of the fundamental mode, surface tension O(α) must act at
the intermediate level with the harmonics. This is why the slow decay rate is O(αγ2).
It is fortuitous that the ratio 1/α, of the fundamental-mode decay time-scale to the
fundamental-mode drift time-scale, is identical to that of the nth-harmonic decay
time-scale to the non-dimensional rotation time-scale of unity. This is why the two-
time-scale expansion (3.1) automatically admits all four time-scales governing the
distinct physical mechanisms herein. Even if α is as unphysically large as O(1), the
four time-scales simply collapse into the two appearing explicitly in (3.1). A detailed
description of this four-time-scale interplay between the actions of rotation, gravity
and surface tension is deferred until § 6.

The function ψ3(θ, t0, t1) can now be found. With the fast-time-scale exponential
terms neglected in (3.7), 66 terms disappear from the 145-term expanded form of
r3(θ, t0, t1), and, when the order-O(γ) slow-time-scale solutions in (3.12) are imposed,
r3(θ, t0, t1) reduces further to a linear combination of the ten harmonics c10, s10,
c12, s12, c30, s30, c31, s31, c32 and s32. The A3 and B3 terms appearing in the
solution at order O(γ3) are, via (3.2), multiplied by exp{−72αt0}. In parallel with
the argument used to determine A2 and B2, A3 and B3 are chosen simply to satisfy
the initial condition ψ3(θ, 0, 0) = 0. However, at this order, the modes c10, s10, c12
and s12 violate the initial condition unless the particular integral is supplemented by
a suitable linear combination of c11 and s11 (both of which are annihilated by the
operator L in (3.7)). Hence ψ3(θ, t0, t1) is determined as a linear combination of 12
harmonics, the coefficients of which are so cumbersome that the explicit expression
for ψ3(θ, t0, t1) is not presented.

Figure 2 illustrates the convergence (towards the results of numerical simula-
tions) of h

(2t)
N+1(θ, t) when N + 1 = 2, 3 and 4 in (3.1). Results are presented at

the station θ = 0 in the time-interval 0 � t � 10. From the close agreement between
h

(2t)
4 (0, t) and the numerical results, it is inferred that the neglect of higher-order

terms is justified. Moreover, as discussed below, the effect of neglecting such terms
is, in any case, dominated by the present restriction to only two time-scales.

4. Amplitude decay and phase drift

From (3.12), the fundamental mode c11 decays at the rate |a1|γ2. The corresponding
expression for its drift rate through s11 is now determined.

In figure 3 are compared results of both the four-term naive and multiple-scale
expansions; since φ2 = φ4 = φ6 = 0 in (2.9), these are, respectively, h

(n)
7 (θ, t)

and h
(2t)
4 (θ, t). Both expansions are further compared with the benchmark results of

an explicit 50-node, fourth-order central-finite-difference method applied to (2.12).
Results are presented at the station θ = 0. The comparison is meaningful only for

† Note that α ≡ 0 results in wave breaking due to propagation of undamped harmonics of h0(θ) at
different speeds; for periodic motion, non-zero surface tension, however small, is required.
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t
1086420

1.12

1.08

1.04

1.00

Figure 2. Convergence of two-time-scale expansion to numerical results: two-term, two-time-scale
expansion h

(2t)
2 (0, t) (dotted line), three-term, two-time-scale expansion h

(2t)
3 (0, t) (dashed

line), four-term, two-time-scale expansion h
(2t)
4 (0, t) (solid line) and 50-node, fourth-order

finite-difference results (circles). Here, γ = 0.0532 and α = 0.0048, corresponding to γ0 = 12.5,
α0 = 10 and h0/a = 0.112 98.

t
1086420

1.12

1.08

1.04

1.00

Figure 3. Small-time comparison of four-term naive expansion h
(n)
7 (0, t) (dashed line), four-term,

two-time-scale expansion h
(2t)
4 (0, t) (solid line) and 50-node, fourth-order finite-difference results

(circles). Here, γ = 0.0532 and α = 0.0048, corresponding to γ0 = 12.5, α0 = 10 and
h0/a = 0.112 98. The secularity in h

(n)
7 (0, t) is already evident.
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t
10098969492

1.15

1.10

1.05

1.00

0.95

Figure 4. Large-time comparison of four-term naive expansion h
(n)
7 (0, t) (dashed line), four-term,

two-time-scale expansion h
(2t)
4 (0, t) (solid line) and 50-node, fourth-order finite-difference results

(circles). Here, γ = 0.0532 and α = 0.0048, corresponding to γ0 = 12.5, α0 = 10 and
h0/a = 0.112 98. The secularity in h

(n)
7 (0, t) is now pronounced. Also shown is the two-term

naive expansion h
(n)
3 (0, t) (dotted line), which is stationary relative to the cylinder surface; the

separation between the dotted line and the solid line illustrates the phase drift in the free surface.

small times (here, 0 � t � 10), before the secular terms in the naive expansion
overwhelm the solution. Numerical results for 100 nodes differ imperceptibly, on the
presented scale, from those of the 50-node simulation, and the time-step that sat-
isfies the stability criterion ensures that the truncation error of the scheme is of
order O((∆θ)4).

Figure 3 demonstrates the close agreement in 0 � t � 10 between h
(2t)
4 (0, t) and

the numerical results; by contrast, the phase of h
(n)
7 (0, t) drifts ahead of both and its

increasing amplitude is already evident.
In figure 4, h

(n)
7 (0, t) and h

(2t)
4 (0, t) are again compared with the numerical

results, but in the time-interval 90 � t � 100. Now, the secularity of the naive
expansion is most pronounced, yet the two-time-scale and numerical results remain
in close agreement. The non-physical two-term naive expansion h

(n)
3 (0, t) is non-

secular and does not drift relative to the cylinder. Hence the separation between
h

(n)
3 (0, t) and h

(2t)
4 (θ, t), measured in figure 4 to be approximately 2, represents the

accumulated drift of the free surface relative to the cylinder. Figure 4 also reveals
the first signs of an accumulated drift between h

(2t)
4 (0, t) and the numerical results,

a drift which results from the present restriction to only two time-scales, t0 and t1.
Equations (3.1), (3.3) and (3.12) yield

h
(2t)
2 (θ, t) = 1 + γ{cos θ − exp{a1γ

2t} cos(θ − [1 − b1γ
2]t)},

whence the accumulated lag in the fundamental mode in the free-surface elevation
at time t is

Λ(t) =
b1γ

2t

1 − b1γ2 . (4.1)
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t 84 t 9894

t 998994

1.12
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1.04

1.00

0 90

990

(a) (b)

(c)

1.12

1.08

1.04

1.00

Figure 5. Eventual drift of four-term, two-time-scale expansion h
(2t)
4 (0, t) (solid line) rel-

ative to 50-node, fourth-order finite-difference results (circles) and 100-node, fourth-order
finite-difference results (diamonds). (a) 0 � t � 10. (b) 90 � t � 100. (c) 990 � t � 1000.
Here, γ = 0.0532 and α = 0.0048, corresponding to γ0 = 12.5, α0 = 10 and h0/a = 0.112 98.

With γ = 0.0532 and t = 95 (the mid-point of the time-interval in figure 4), Λ(t) �
2.0528, which compares well with the numerically obtained figure cited above.

At later times, the accuracy of the two-time-scale expansion is expected to dete-
riorate. This deterioration is demonstrated in figure 5, which shows a comparison
of h

(2t)
4 (0, t) with the results of both 50- and 100-node finite-difference integrations

during the three time-intervals 0 � t � 10, 90 � t � 100 and 990 � t � 1000
when γ = 0.0532 and α = 0.0048. In figure 5c, it is evident that the two-time-scale
expansion has drifted appreciably from the (mutually confirming) finite-difference
results, indicating that the order-O(γ2) perturbation in period requires further cor-
rection, almost certainly on the time-scale t2 = γ4t. However, despite this large-time
drift in the phase of the fundamental mode c11, its amplitude remains well repre-
sented. This is because the decay and drift time-scales, from (3.10) and (3.11), are
here approximately 81αγ2t ∼ 0.001t and 15

2 γ2t ∼ 0.02t, respectively. Hence the phase
and amplitude will remain well represented by the two-time-scale expansion up to
times of 50 and 1000, respectively. Prolongation of these times would require the

Proc. R. Soc. Lond. A (2003)

 on 10 July 2009rspa.royalsocietypublishing.orgDownloaded from 

http://rspa.royalsocietypublishing.org/


1206 E. J. Hinch and M. A. Kelmanson

t 84 t 248244

1.12

1.08

1.04

1.00

0 240

(a) (b)

t 998994990

(c)

1.12

1.08

1.04

1.00

Figure 6. Effect of violation of (2.11) as α → 0. Four-term, two-time-scale expansion h
(2t)
4 (0, t)

(solid line) compared with finite-difference results with: ∆θ = 2π/50, ∆t = (∆θ)4 (circles);
∆θ = 2π/50, ∆t = α0(∆θ)4 (diamonds); ∆θ = 2π/100, ∆t = (∆θ)4 (plus signs). (a) 0 � t � 10.
(b) 240 � t � 250. (c) 990 � t � 1000. Here, γ = 0.0532 and α = 0.000 048, corresponding to
γ0 = 12.5, α0 = 0.1 and h0/a = 0.112 98.

inclusion of the slower time-scale t2 = γ4t, which would require the solution of the
order-O(γ4) equation for ψ4.

The approximate expression (4.1) for drift was obtained on the basis of the phys-
ically realistic assertion that 0 < α � 1. Care should be taken when considering the
limit α → 0, since then (2.11) is violated. This is demonstrated in figure 6, which
shows results analogous to those in figure 5, but now with α reduced from 4.8×10−3

to 4.8 × 10−5.
Figure 6 confirms the expectation that violation of (2.11) leads to a breakdown in

the two-time-scale theory, whose results clearly depart from the mutually confirming
numerical results. In particular, figure 6b reveals a sharp steepening of the rotating
wavefront counter to the direction of rotation (slow increase followed by sharp drop),
similar to that observed by both Wilson & Williams (1997)—in the related rimming-
flow problem—and Peterson et al . (2001), wherein parts (d) and (e) of figure 9
portray the onset of dripping. Most interestingly, the numerical results in figure 6c
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1.12

1.11

1.10

403020100

1.02

1.01

1.00

(a)

(b)

Figure 7. Detail of (a) maxima and (b) minima of h
(2t)
4 (0, t) during 0 � t � 40. Here,

γ = 0.0532 and α = 0.0048, corresponding to γ0 = 12.5, α0 = 10 and h0/a = 0.112 98.

indicate an algebraic (rather than exponential) decay, in keeping with shock-like
solutions.†

The two-time-scale expansion h
(2t)
4 (θ, t) reveals an unexpected feature of the free-

surface elevation at a given station θ. In the presence of non-zero surface tension, it is
reasonable to expect that the maximum and minimum elevation, respectively, will be
monotone-decreasing and increasing functions of t. This is not the case. For certain
α–γ combinations, rather complicated behaviour occurs in which both/either the
maximum and/or minimum themselves oscillate with t before eventually becoming
monotone towards the steady state.

Figure 7 shows an example of this, in which the maximum does indeed decrease
for all t > 0, even though the minimum first decreases before eventually increasing.
However, the amplitude is a decreasing function of t and, during the period in which
the minimum drops, the maximum does so even more rapidly. If α is decreased below
the value shown, the time until the reversal of the minimum is increased beyond that
shown. This varied and complicated behavioural dependence on the parameters α and
γ, combined with the slow natural decay rate, makes the observation of amplitude
decay extremely expensive and/or difficult when the full Stokes approximation is
studied numerically (Peterson et al . 2001).

5. Approach to steady state

Since higher-order terms in the steady-state solution can be found from none of the
expansions so far determined, the steady-state expansion, h

(s)
N (θ), is now derived.

Setting ∂th = 0 in (2.12) and integrating once with respect to θ yields

h − γh3 cos θ + αh3∂θ(∂2
θh + h) = h∞,

† The case α � γ2 (and other regimes) has been solved while this paper was under submission, and
the shock-like solutions have been extensively analysed; these results are the subject of a companion
paper.

Proc. R. Soc. Lond. A (2003)

 on 10 July 2009rspa.royalsocietypublishing.orgDownloaded from 

http://rspa.royalsocietypublishing.org/


1208 E. J. Hinch and M. A. Kelmanson

6543210

1.06

1.04

1.02

1.00

0.98

0.96

0.94
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(a) (b)

θ θ

Figure 8. Variation of steady-state free-surface profiles, represented by four-term, steady-state
expansion h

(s)
4 (θ), with both gravity and surface tension. (a) With α = 0.0048: γ = 0.0532 (solid

line); γ = 0.005 32 (dashed line). (b) With γ = 0.0532: α = 0.0048 (solid line); α = 0.48 (dashed
line), which is unphysically large by a factor of approximately 100.

where h∞ is an unknown constant. The natural expansions are therefore

h
(s)
N+1(θ) = 1 +

N∑
m=1

γmξm(θ) and h∞ = 1 +
N∑

m=1

γmρm,

wherein the requirement that each ξm(θ) is 2π-periodic dictates the values of ρm. The
solution procedure is readily automated using Maple. The expansion when N = 4 is

h
(s)
4 (θ) = 1 + γc10 +

3γ2(c20 − 6αs20)
2(36α2 + 1)

+
3γ3

2(36α2 + 1)

×
{

3(c10 − 6αs10) − 2(234α2 − 1)c30 − 6α(144α2 − 11)s30

576α2 + 1

}
, (5.1)

with which the compatible constant of integration is h∞ = 1 − 3γ2/2 + O(γ4).
Note that ξm(θ) is readily obtained via this approach, but not from the alternative
expressions limt→∞ ψm(θ, t, γ2t), which remain undetermined for m � 4.

As can be seen from figure 8, the free-surface steady state is far more sensitive
to changes in gravity than in surface tension, in accordance with the conclusions of
Hansen & Kelmanson (1994). Note that, in figure 8b, an unphysically large value of
α has been used to corroborate the assertion at the start of § 3 that the expansion
results were valid for α = O(1). For a comprehensive treatise on the effects of surface
tension on the geometry of steady-state profiles in the context of the intimately
related (interior) rimming-flow problem, the reader is referred to the recent papers
by Tirumkudulu & Acrivos (2001) and Ashmore et al . (2003).

Figure 9 demonstrates the manner in which the steady solution h
(s)
4 (θ) is

approached by h
(2t)
4 (θ, t) as t → ∞. The period of the fundamental mode c11 is,

via (4.1), 2π/(1 − b1γ
2), which, for the parameters used in figure 9, is approxi-

mately 2.0433π. Although there is much oscillatory activity between the snapshots
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Figure 9. Temporal snapshots of decay to steady state, showing convergence of four-term,
two-time-scale expansion h

(2t)
4 (θ, t) (solid line) to four-term, steady-state expansion h

(s)
4 (θ)

(dashed line). (a) t = 10. (b) t = 102. (c) t = 103. (d) t = 104. (e) t = 105. (f) t = 106.
Here, γ = 0.0532 and α = 0.000 048, corresponding to γ0 = 12.5, α0 = 0.1 and h0/a = 0.112 98.

of parts (a) to (d) of figure 9, Maple animations reveal a persistent and barely per-
ceptible undulation, with the period just calculated, between and beyond parts (e)
and (f); this is despite the fact that static images at very large times are indistin-
guishable on the scale presented.

Thus, in practical engineering terms, truly enormous time-scales may be required
in order to achieve a steady state. In this light, our theory constitutes a tool for
determining the time-scales required to achieve specified tolerances of departure from
a uniform state.

Note that, if the fundamental-mode component of the general dimensionless initial
profile h0(θ)/h̄ is identical to the γc10 of the steady state in (5.1), convergence to the
steady state will be on the fast time-scale 1/α. However, without loss of generality,
this component will differ—as it does for the choice h0(θ) = h0 in §§ 2 and 3—and
the approach to steady state will be on the largest time-scale 1/αγ2.

6. Physical mechanisms in the approach to steady state

Finally, an explanation is presented of the mechanisms governing the slow approach
to the steady state, i.e. the physics underlying the preceding mathematics is consid-
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ered. The explanation is unexpectedly complicated and subtle, revealing a delicate
interplay between rotation, gravity and surface tension.

In §§ 2 and 3, the non-dimensional lubrication equation (2.12) is studied for a thin
film of viscous fluid rotating on the outside of a horizontal cylinder in a regime where
gravity and surface tension satisfy α � γ � 1. The leading-order solution is

h(θ, t) ∼ h(θ − t, 0),

representing the initial shape h(θ, 0) simply rotating with the cylinder. Here, the flow
is on the fastest time-scale, 1/ω in dimensional terms. Thus, at leading order, the
only steady state is a film of uniform thickness, h ∼ 1, as in (3.1) or (5.1). Further
approximations to the steady state are subsequently considered, with corrections
coming from small gravity and small surface tension.

In the steady state, the volume flux around the cylinder must be constant, inde-
pendent of position, so that, on the ‘rising’ side, where gravity slows down the film,
the free-surface elevation must be a little thicker than the mean, while on the faster
‘falling’ side, it will be a little thinner. The maximum effect is where gravity is par-
allel to the film, i.e. on the horizontal level of the axis of the cylinder, with the
maximum thickness at θ = 0 and the minimum thickness at θ = π. Thus the second
approximation to the steady state is

h ∼ 1 + γ cos θ, (6.1)

again as in (3.1) or (5.1).
The gravity force on the film increases proportionally to the local thickness. This

force is equal to the viscous stress at the wall, and so the shear rate in the film
increases with its thickness. Hence the change in velocity of the film increases
quadratically with thickness, and so the contribution from gravity to the volume
flux increases cubically. The contribution from the rotation, however, increases only
linearly. Thus, because gravity has such a strong nonlinear effect, the region of the
maximum thickness at θ = 0 will be augmented, while the region of the minimum
thickness at θ = π will be reduced. Thus the third approximation to the steady
state is

h ∼ 1 + γ cos θ + 3
2γ2 cos 2θ,

as in (3.5) or (5.1). The coefficient 3
2 has ‘3’ from the cubic nonlinearity and ‘12 ’ from

the cos 2θ part of cos2 θ. The addition of the second harmonic makes the peak near
θ = 0 narrower and a little higher, and the trough near θ = π flatter and a little
less low.

The effect of a little surface tension is now considered. This acts on only the
first- and higher-order harmonics because, at leading order, the fundamental mode
is simply a circular cylinder translated along the θ = 0 direction by an amount γ
(in h–θ space) (see § 3). There will thus be a capillary pressure, which is positive at
θ = 0 and π (the ‘sides’) and negative at θ = 1

2π and 3
2π (the ‘top’ and ‘bottom’,

respectively). The capillary pressure gradient therefore speeds up the flow in the
first and third quadrants, which thins the film there a little, and slows down the flow
in the second and fourth quadrants, wherein the film is correspondingly thickened.
Thus the fourth approximation to the steady shape is

h ∼ 1 + γ cos θ + 3
2γ2 cos 2θ − 9αγ2 sin 2θ,
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Figure 10. The decay mechanism of the fundamental mode. The two rows are for the disturbance
at time t = 0 and π, respectively. (a) Gravity acts on the fundamental mode to create the first
harmonic in (b). (b) Capillary pressure gradients act to create the phase-shifted first harmonic
in (c). (c) Gravity acts on the phase-shifted first harmonic to create a rate of change of amplitude
of the fundamental mode.

as in (3.5) and (5.1). This modification due to surface tension makes the shape a
little asymmetric with a slow increase in the thickness with θ and a sharp decrease
(see figure 6). It also moves both the maximum and minimum film thickness down
below the level of the axis, to θ = 2π− and θ = π+, respectively.

Next, the disturbance to the steady state and the mechanisms by which it decays
are considered. The difference between the initial uniform thickness and the eventual
steady state represents the initial disturbance

∆h(θ, 0) = −γ cos θ − 3
2γ2 cos 2θ + 9αγ2 sin 2θ + O(γ3).

To a first approximation, this disturbance simply rotates without change of form,

∆h(θ, t) = ∆h(θ − t, 0),

on the dimensional time-scale 1/ω (see (3.3) with the initial values A1 = −1 and
B1 = 0).

On a longer time-scale, surface tension squeezes the shape circular, i.e. it removes
the first harmonic on a non-dimensional time-scale 1/12α (see (3.5)), which is a
dimensional time of µa4/σh3

0. Surface tension cannot have a direct effect on the
fundamental mode, which, as noted above, represents a cylindrical shape of the free
surface shifted off centre from the axis of the cylinder through a distance γ. Surface
tension does, however, have a complicated indirect action on the fundamental mode,
resulting in the generation of a new first harmonic through the intermediate action
of gravity, and then a second action of gravity on the surface-tension-affected first
harmonic to change the original fundamental mode.

At time t = 0, the fundamental-mode disturbance, −γ cos(θ − t), represents a film
that is thinner than the steady state near θ = 0 and thicker on the opposite side
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near θ = π (see figure 10). Hence the slowing down by gravity at θ = 0 is a little less
than in the steady state, while speeding up at θ = π is a little more, as in figure 10a.
Hence, due to gravity acting on the fundamental-mode disturbance, the film at t = 0
is less thickened at θ = 0 and more thinned at θ = π; both effects are described by
an induced first harmonic −3γ2 cos 2θ at t = 0. A similar argument at time t = π
finds a gravitationally induced first harmonic of the opposite sign. This explains the
first-harmonic disturbance

−3γ2 cos(2θ − t) (6.2)

in (3.5) with A1 = −1 and B1 = 0.
This gravitationally induced first harmonic, being non-cylindrical, is now acted

upon by surface tension. At time t = 0, there will be a positive capillary pressure
at the top and bottom of the cylinder, and a negative pressure on the sides (see
figure 10b). Capillary pressure gradients will act to slow, and therefore thicken, the
film in the first and third quadrants; similar thinning occurs in the second and fourth
quadrants. The signs are reversed at time t = π, following the reversal of the sign in
the gravitationally induced first harmonic (6.2). Hence the surface tension leads to
an additional, surface-tension-corrected, first-harmonic disturbance

36αγ2 sin(2θ − t), (6.3)

as in (3.5) with A1 = −1 and B1 = 0.
The gravitationally induced first harmonics (6.2) and (6.3) are very similar to the

corresponding terms in the steady state (5.1). The different numerical coefficients are
due to the propagation of these first harmonics at a phase speed of 1

2 , corresponding
to the fundamental mode propagating at a speed of unity, being viewed through the
static fundamental-mode filter of gravity.

Finally, to find how the fundamental-mode disturbance decays slowly in time, the
action of gravity on the surface-tension corrections is considered. At time t = 0, the
fundamental-mode disturbance is −γ cos θ (see (6.1)), and the surface-tension cor-
rection to the gravitationally induced first harmonic is 36αγ2 sin 2θ (see (6.3)). This
first harmonic represents a thickening in the first and third quadrants and a thinning
in the second and fourth. Gravity slows down the film in the first and fourth quad-
rants and speeds it up in the second and third (see figure 10c). Combining these two
spatial variations yields a slowing down, enhanced in the first quadrant and reduced
in the fourth, which produces a net convergence onto θ = 0. Similarly the speeding
up is reduced in the second quadrant and enhanced in the third, which produces
a net divergence from θ = π. Thus the thickness of the film should increase in the
region near θ = 0 and decrease on the opposite side near θ = π. Thus the amplitude
of the fundamental-mode disturbance −γ cos θ decreases, at a rate calculated to be
54αγ3 cos θ, giving a decay rate of 54αγ2. The above argument was for the phases of
the propagating disturbance at time t = 0; the argument for time t = π is the same.

There is a second mechanism that contributes further to the decay of the
fundamental-mode disturbance (6.1) (see figure 11). The gravitationally induced first
harmonic (6.2) calculated above, −3γ2 cos(2θ−t), has, at time t = 0, a capillary pres-
sure gradient O(αγ2) away from the top and bottom towards the sides at θ = 0 and
π. This pressure gradient acting on the fundamental-mode variation of thickness in
the steady shape, γ cos θ, produces an increased flux towards θ = 0 and a reduced
flux towards θ = π. Thus the film is thickened near θ = 0 and thinned near θ = π,
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Figure 11. A second decay mechanism of the fundamental mode. The capillary pressure gradients
from figure 10b act on the steady shape γ cos θ to create rates of change of the fundamental mode
of the disturbance.

by an amount calculated to be 27αγ3 cos θ. This contributes the remaining 27αγ2

towards the total decay rate of 81αγ2 (see (3.13) with α � 1). In dimensional terms,
the fundamental mode in the disturbance decays over a time ω2µ3a6/ρ2g2σh7

0.
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