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We demonstrate a new form of capillary force experienced by neutrally buoyant spherical particles
adsorbed simultaneously at both interfaces of a thin liquid film of spatially varying thickness. The force is
proportional to the slope of the interface and the difference between the local contact angle and the
equilibrium value, and exists even when the two bounding interfaces have zero curvature. We derive the
expression for the force, which when balanced against the hydrodynamic drag gives the trajectory of
the particle. The measured trajectories for spherical particles of varying diameters in thin films compare
well with predictions.
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It has been long known that colloidal particles adsorb at a
liquid-liquid or liquid-gas interface and play an important
role in stabilizing emulsions and foams [1–6]. More
recently, there has been interest in assembling particles
of varying shapes, sizes, and surface properties at interfaces
in order to synthesize new materials [7,8]. These studies
have mainly focused on the capillary phenomena arising at
single interfaces from the properties of trapped particles,
such as weight [9], charge [10], or shape [11], which in turn
deform the surrounding interface to give rise to capillary
interaction [12–14]. Interface deformation may also arise
if the contact line is not in equilibrium leading to pinned
contact lines and consequent particle interactions [8].
Alternatively, neutrally buoyant, uncharged, spherical par-
ticles present at curved interfaces may impose an additional
deformation at the interface to satisfy the equilibrium
contact angle along the three-phase contact line. This leads
to a capillary force, which is proportional to the gradient
of Gaussian curvature and to the mean curvature of the
interface [15–17].
In contrast to the above studies, few have investigated the

behavior of particles in thin films, where the particle size is
comparable to the film thickness and may adsorb simulta-
neously at both interfaces. Such cases are especially
important in understanding the role of particles in stabiliz-
ing foams [3,6,18] and emulsions [5,19,20]. The presence
of ionic surfactants creates electrostatic repulsion between
the interface and similarly charged particles causing the
particles to move away from the thin regions of a film
without adsorption at either interface [21,22]. In contrast,
an oppositely charged surfactant adsorbs on the particle
surface making it partially hydrophobic thereby enabling
it to pierce the interface. Alternatively, high electrolyte
concentration [23] or rugosities on the surface of rough

particles may also facilitate interface adsorption [6,24].
Once adsorbed on both interfaces of a constant thickness
aqueous film, spherical particles with contact angles greater
than 90° cause the two contact lines to merge and thereby
rupture the film while particles with lower contact angles
stabilize the film by drawing liquid in Refs. [3,18,21,
25–27]. Similarly, water-wet particles stabilize water exter-
nal emulsions, while oil-wet particles stabilize oil external
emulsions [19,20].
In this study, we demonstrate a new form of capillary

force experienced by spherical particles that are adsorbed
simultaneously at both interfaces of a liquid film with
spatially varying thickness. The force arises from the
difference between the local contact angle and the equi-
librium contact angle, and is present even for flat
interfaces, as long as the film thickness varies spatially.
The capillary force pushes the particle towards a thickness
where the equilibrium condition is satisfied simultane-
ously at both interfaces. These findings show that highly
hydrophilic particles vacate the thinnest regions of an
aqueous film to satisfy their equilibrium condition thereby
significantly reducing the ability of particles to stabilize
the film. On the contrary, particles with contact angles
closer to 90° will accumulate in the thinnest regions of
the film and stabilize it.
The experiments were performed using polystyrene

dispersion (Sigma Aldrich), which were diluted to a very
low particle volume fraction (∼3 × 10−4) using ultrapure
deionized water. Experiments were performed with three
different particle diameters (2R), namely, 3, 5, and 10 μm
(CV < 3%) that are typical of sizes used in emulsion
stabilization [20] and defoaming applications [6,28],
at a temperature of about 24 °C (�1 °C), and a relative
humidity of 35% (�2%). The surface tension of the dilute
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suspensions was measured using the pendant drop method
and was equal to 0.060 N=m. The experimental setup
consisted of a rectangular frame (4 mm × 8–10 mm) of
steel wires and plastic blades. A thin, free-standing film
was cast in the frame with 10 μL of dispersion and placed
on an inverted microscope (10×, 0.30 NA, Olympus IX71)
[29]. The experiments were observed under monochro-
matic light so as to reveal interference fringes and therefore
the time varying film thickness profile.
Circular fringes were observed at the geometric center of

the film and as the film thinned due to evaporation, the
fringes moved out radially from the center. When the film
thickness at the center reduced to a critical value, the few
particles present close to the center were pulled rapidly
½Oðmm=sÞ� towards the center (Fig. 1, see movies in the
Supplemental Material [30]). These particles then collected
on an expanding circular fringe and moved radially out
from the center of the film indicating that particles are
attracted to a constant thickness region. During this
process, particles present outside the ring remained

stationary confirming the absence of bulk flow in the film.
As the particle ring approached the outer particles, they
were sucked radially inward into the periphery of the
particle ring, while the ring itself continued to expand
slowly collecting more particles (Fig. 1). No interference
fringes were observed around the particles at the resolution
of the microscope suggesting weak interface deformation
around them. Consequently, there is negligible interaction
between particles. The rapid motion of the outer particles
towards a fringe followed by the slow outward motion of
the particles with the radially expanding fringe indicate that
the particles experience a force that pulls them to a region
of fixed film thickness, which is related to their size. The
hypothesis was confirmed by performing experiments with
a mixture of all three particle sizes, where the aforemen-
tioned phenomenon occurred first for the largest particle
size followed by 5 and by 3 μm particles eventually
resulting in three expanding concentric particle rings, each
coincident with a circular fringe and specific to a particle
size [Fig. 2(a)].
The shape of the film thickness profile at any instant

may be determined theoretically by solving the Young-
Laplace equation for an axisymmetric film, κ ¼
ð1=rÞð∂=∂rÞ½rð∂=∂rÞðh=2Þ� ¼ ðjΔPj=γÞ, where the small
slope approximation is assumed, κ is the curvature of the
interface, r is the radial coordinate, hðrÞ is the film
thickness, ΔP is the pressure difference across the
liquid-gas interface and γ is the surface tension. The above
equation suggests that in the absence of flow, ΔP should
be independent of r implying that the curvature of the top
and bottom interfaces is spatially uniform throughout the
evaporation process, although the value may change with
time. Integrating the above equation yields a quadratic
thickness profile for the film, h ¼ h0 þ ðκ=2Þr2, where, h0
is the film thickness at the center of the film at that instant
of time. While the absolute thickness of the film is not
measured in the experiments, the relative thicknesses at
different radial locations are easily determined from the
interference fringes [26]. The thickness difference between
two consecutive bright or dark fringes is given by λ=2n
where λ is wavelength of light source and n is refractive
index of fluid. For λ ¼ 561 nm and n ¼ 1.33, the measured
thickness profile is plotted as a function of the square
of radial distance (r2) for an arbitrary value of h0. As
predicted, the points lie on a straight line, whose slope
(¼ κ=2) yields the curvature of the interface [Fig. 2(b)]. The
evaporation rate could be determined by noting the time
required for a particular expanding fringe to reach its
neighbor’s position, during which time the surface drops
by about half a wavelength. The rate was spatially uniform
in the region of interest and was approximately 0.5 μm=s.
During the initial stages of evaporation, when the film

thickness is everywhere greater than the particle size, the
particles are present either in the bulk or are adsorbed at
one of the two interfaces. Since the change in slope of the

(a) (b)

(c) (d)

FIG. 1. Sequence of images showing the dynamics of 5 μm
particles in a freely suspended, drying liquid film that eventually
lead to the formation of expanding particle ring. (a) Particles
close to the center of the concentric fringes are pulled towards the
center, where the thickness is the lowest. The white arrows
indicate the direction of particle motion. (b) A large number of
particles collect at the center. The circled particle is captured at
the instant when it is moving towards the center. The small time
difference between the two frames suggests that the particle
motion is very rapid. The particle velocities are Oðmm=sÞ.
(c) With continuing evaporation, the particles at the center collect
on an expanding fringe that is highlighted by a white, curved line
with arrows pointing radially outwards. Any particle present
outside but close to the expanding fringe is pulled rapidly into the
fringe (particle is circled). (d) The region inside the particle ring
is nearly devoid of particles. See movies depicting the particle
motion in the Supplemental Material [30].
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interface over a particle diameter is very small (κR ≪ 1),
the interface may be assumed to be flat at the length scale
of the particle. Consequently, the adsorbed particle would
adjust its vertical position so that the condition of equi-
librium contact angle is satisfied everywhere along its three
phase contact line while the interface continues to be flat at
the particle length scale. With continued evaporation, the
film thickness decreases everywhere causing more particles
in the bulk to adsorb at one of the two interfaces. At a
certain critical thickness of the film, which is related to the
particle size and the equilibrium contact angle, the particles
will come in simultaneous contact with both interfaces
[Fig. 2(c), particle B]. At this stage, the asymmetry in the
particle’s vertical position with respect to the two interfaces
will cause the particle to adjust its height so that the contact
angle is the same at both interfaces (particle outline B’)
but different from the equilibrium value. As a result, the
particle will experience a transverse force in the direction

where the contact angle at both interfaces will eventually be
equal to the equilibrium value.
The mathematical expression for the transverse force

experienced by the particles may be derived from energy
considerations [10]. For a particle adsorbed at a single
interface, the total surface energy for a flat interface is
given by

EsingleðζÞ ¼ γSAð2πR2 − 2πRζÞ þ γSLð2πR2 þ 2πRζÞ
− γLAπðR2 − ζ2Þ; ð1Þ

where γSA, γSL, and γLA are the solid-air, solid-liquid, and
liquid-air interfacial tensions, respectively. Here, ζ is the
distance of the particle center from the interface [Fig. 2(c)].
The first two terms on the right side correspond to the
interfacial energy of the solid-air and solid-liquid interfaces
while the last term accounts for the missing liquid-air
interface. Minimizing the total energy with respect to ζ
gives the equilibrium position of the particle at a single
interface, ζe ¼ R½ðγSA − γSLÞ=γLA�≡ R cos θe, where θe is
the equilibrium contact angle. In this case, the particle will
experience a force perpendicular to the interface if it is
displaced away from ζe, with the force being proportional
to the distance from the equilibrium position but it will not
experience any transverse force. However, when the par-
ticle is adsorbed simultaneously at both interfaces of a
freely suspended film whose thickness varies spatially, the
particle will experience a transverse force in the direction of
decreasing energy,

F ¼ 2 × −
dEsingle

dr
¼ −4πγLAðζ − ζeÞ

dζ
dr

: ð2Þ

This is because the contact angle is different from the
equilibrium value and so the particle will continue to move
in the transverse direction until the condition of equilibrium
contact angle is satisfied simultaneously at both interfaces
or towards the lowest energy position, whichever is
accessible. As a simplification, the model assumes the
interface around the particle to be flat and the particle to
be located symmetrically with respect to the midplane of
the film during its motion. The latter contributes a factor
of 2 in the above expression. An alternate expression
for force may be derived by assuming the contact angle to
be always equal to the equilibrium value but it results in
a curved interface around the particle, which was not
observed at the resolution of the microscope (see
Supplemental Material [30]).
The distance ζ is related to the local thickness and the

local slope of the interface (α), ζ ¼ ðh=2Þ cos α, so that the
net force is now proportional to the slope of the interface,
F ¼ −πγLAðh − heÞðdh=drÞcos2α. Since the slopes are
very small in the experiments (κr ≪ 1), cos2 α ≈ 1. The
moving particle is retarded by viscous drag, whose expres-
sion may be approximated by Fdrag ¼ πμhVfd, where μ is

(a)

(c)

(b)

FIG. 2. (a) The images show the formation of three particle
rings in a mixture of 3, 5, and 10 μm particles. The arrows
indicate the direction of movement of the rings. (b) The
measured thickness is fit to the predicted thickness profile,
which confirms the quadratic variation with radial distance.
Note that the interference image reveals the thickness profile up
to an arbitrary constant with the latter corresponding to the
thickness at the center of the fringe. The curvature of the
interface from the fit is κ ¼ 1.68 × 10−5 μm−1. (c) The sche-
matic shows three particles in a free-standing liquid film with
spatially varying thickness. Both interfaces make an angle α
with the horizontal. ζ is the distance of the adsorbed particle’s
center from the interface. Particle A is adsorbed at the top
interface with the contact angle being equal to the equilibrium
value (θe) while particle C is adsorbed at both interfaces with
the condition of equilibrium contact angle satisfied simulta-
neously at both interfaces. In both cases, the particles do not
experience any force. However, particle B touches the bottom
interface while satisfying the equilibrium condition at the top.
Since the contact angle at the bottom is different from θe, it will
be pulled down (particle outline B’) and to the right until the
particle moves to the position of particle C.
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the liquid viscosity and V is the speed of the particle. The
approximation is based on the drag experienced by a
cylindrical particle moving in a thin sheet of viscous liquid
that is embedded in fluid of a much lower viscosity [33].
The numerical constant fd is a fitting parameter and reflects
the uncertainties in approximating a partially immersed
sphere to a cylinder.
The particle dynamics will be governed by force balance,

which in dimensionless form is given by

4

3

κ̄2

f2dOh
2

d2r̄
dt̄2

¼ −
1

2
r̄ðr̄2 − r̄2eÞ −

�
κ̄

2
r̄2 þ h̄0

�
dr̄
dt̄

;

where the characteristic length scale is chosen to be the
particle radius, the characteristic timescale as μRfd=
γLAðκRÞ2, and the Ohnesorge number is given by, Oh≡
μ=

ffiffiffiffiffiffiffiffiffiffiffiffiffi
ρRγLA

p
, with ρ being the density of the particle. Here,

r̄e is the position where the equilibrium condition is
satisfied simultaneously at both interfaces. In experiments,
the rapid motion of the particles occurs towards the center
of the film (r̄ > r̄e), which is in line with the negative sign
of the second term. Since κ̄ ∼Oð10−5Þ and Oh ∼Oð10Þ in
all experiments, the inertial term may be neglected thereby
enabling an analytical expression for the trajectory of the
particle,

t̄ ¼ 2h̄0
r̄2e

ln
�
r̄
r̄i

�
−
1

2

�
κ̄ þ 2h̄0

r̄2e

�
ln
�
r̄2 − r̄2e
r̄2i − r̄2e

�
: ð3Þ

The time evolution of the particle position requires the
knowledge of the film thickness h̄i at the initial position r̄i.
This is obtained by noting that the particle first comes in
simultaneous contact with both interfaces at r̄i [particle B in
Fig. 2(c)] before moving towards the equilibrium location
r̄eð< r̄iÞ. At r̄e, however, the equilibrium contact angle is
satisfied at both interfaces. These geometric constraints
together with the equation for film thickness give two
equations,

1þ cos θe
cos αi

¼
�
κ̄

2
r̄2i þ h̄0

�
;

2 cos θe
cos αe

¼
�
κ̄

2
r̄2e þ h̄0

�
;

ð4Þ

where, cos αi;e ≈ 1. The two Eqs. (4) are solved simulta-
neously to obtain cos θe and h0 and, subsequently, hi and he.
Before comparing the predictions with measurements,

it is instructive to obtain an approximate form of
Eq. (3). Since κ̄ ≪ 1 in all experiments, the slope may
be assumed to be constant over the trajectory of the
particle. Further, if h is replaced with 2R in the expression
for drag, then the trajectory of the particle follows a
decreasing exponential function in time, ðr̄− r̄eÞ=ðr̄i−r̄eÞ≈
exp½−ð2γLAsin2α=μRfdÞt�. Consequently, the velocity of
the particle is proportional to the square of the slope of

the interface. Further, the timescale of motion is small,
μRfd=2γLAsin2α ∼Oð0.1sÞ, which confirms the rapid
motion observed in experiments. The observed motion
is distinct from those due to capillary interactions
between particles where the force varies with some
inverse power of the distance between particles [8].
In such cases, the particles start off slowly and accelerate
towards a neighbor [11].
Equation (3) is solved to compare the predicted trajec-

tory with measurements for particles during their rapid
motion in the radially inward direction towards an expand-
ing fringe (Fig. 3). The error bars along the dimensionless
time axis correspond to half the time difference between
frames while that along the dimensionless distance axis
corresponds to the length of the image pixel. Overall,
there is good match for all three particle sizes as the model
is able to capture the salient features of the trajectory. As the
particle slows down while approaching its equilibrium
thickness, the corresponding expanding fringe captures
the particle. This leads to some discrepancy towards the
end of the particle’s trajectory. The larger than expected
value of fd suggests that the capillary force is somewhat

(a)

(b)

FIG. 3. The three plots compare the prediction (3) with mea-
surements for three trajectories, each for (a) 3, and (b) 10 μm
particles. The corresponding (average� SD) values of equilibrium
contact angle for the three particles obtained from Eq. (4) were
33.2°� 4.6° and 24.0°� 0.7°, while fd was equal to 15 and 5,
respectively. See Supplemental Material [30] for data on 5 μm
particles and contact angles [30].
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lower than that predicted by the model. One possible reason
could be the assumption of a constant angle along the
contact line during the particle’s motion although the
contact angle may vary between a receding and an
ascending contact angle that will reduce the capillary force
on the particle.
Notwithstanding the aforementioned complexities, the

new motion we demonstrate is all about the size of particles
and the thickness of the film. What is interesting is that the
small variations between the different particles seem not to
matter, in that all the 3, the 5 and the 10 μm particles collect
in the same or adjacent fringe. Hence, what we observe is
quite a robust phenomenon. Finally, the addition of anionic
surfactant eliminates the rapid, radially inward motion and
reproduces the previous observation of interface wrapping
and slow, radially outward motion towards thicker regions
[22] (See Supplemental Material [30]).
One of the most intriguing aspects of the phenomenon is

that the transverse capillary force acts even for flat
interfaces in varying thickness films. Our results highlight
the importance of accounting for variable thickness in films
stabilized by particles as they support the longstanding
observation that spherical particles with 75° < θe < 90°
yield the most stable aqueous foams [6,34], and that
particles with θe slightly greater than 90° stabilize oil-in-
water emulsions while those with slightly lower than 90°
stabilize water-in-oil emulsions [19,20]. In all these cases,
the bridging particles experience a capillary force towards
the thinnest regions thereby preventing early film rupture,
even at low particle volume fractions [35–37].
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