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ABSTRACT. The low Reynolds number flow between two concentric steadily rotating 
spheres is considered. The pattern of streamlines is explained in terms of an adiabatic 
invariant. It is shown that, when the two rotation vectors are not parallel, the streamlines 
become chaotic when the Reynolds number Re is increased and the onset of global chaos 
occurs near Re = 20. 

1. Introduction 

The objective of this work is to determine whether, and to what extent, 
fluid inertia is responsible for the presence of chaos, and associated particle 
dispersion, in the streamlines of steady flow of an incompressible fluid. In 
a parallel study (Bajer & Moffatt 1990, Bajer, Moffatt & Nex, 1990) it has 
been shown that a wide family of inertialess (Stokes) flows in a spherical 

are characterised by chaotic streamlines; however these flows can be 
generated nly by appropriate, and rather artificial, conditions imposed on 
the domy tangent al velocity at the boundary, and would be difficult to reahse in 
practise. Stone, Nadim & Strogatz (1991) have studied similar Stokes flows 
inside a spherical droplet immersed in a general linear flow. Such flows have 
chaotic streamlines and are possible to realise in practice. The problem of 
the flow inside a droplet is similar to the problem of the electromagnetic 
stirring of molten metals (Moffatt, 1991). High frequency external magnetic 
fields together with the shape of the domain occupied by liquid metal deter- 
mine the velocity components tangent to the surface of the domain. There 
exists a unique Stokes flow compatible with this imposed surface velocity, 
but in metallurgical applications the Reynolds number is, usually, high and 
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Fig. 1. The domain of the flow - spherical annulus between two concentric solid 
spheres rotating steadily. 

fluid inertia is important. The flow that we consider in this paper is easily 
realisable. In the Stokes limit, in which inertia is neglected, it has closed 
streamlines. The question that we adress is: what happens to the streamline 
pattern when account is taken of fluid inertia, even when this is weak in 
relation to viscous effects. 

Specifically, we consider the flow in the spherical annulus between two 
concentric spheres of radii a, Xa (A > l), rotating with angular velocities 
521, 522 respectively (figure 1). In the Stokes regime, the solution to this 
problem is well-known (Landau & Lifshitz, 1987, p.65): the steady velocity 
field u@)(x) driven by viscous stresses alone is given by 

u(O)(x) = fl(r)OlA x + f 2 ( r ) 5 2 2 ~  x, (1 .1)  

where T is distance from the centre measured in units of a (i.e. 1 < T < X in 
the annulus), and 
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The flow (1.1) satisfies the condition x . U('), i.e. it is a purely toroidal flow, 
and may be expressed in the form 

U(') = V A  (XT(')(X)) (1.3) 

where 

T(')(x) = ( f l ( T ) f &  + f 2 ( f ) 0 2 )  - x  , (1.4) 

the streamlines of the flow being given by the intersections of the surfaices 
= cst. with spheres r = csi?. These streamlines are circles, the circles 

on a sphere of radius t all lying in planes with normal parde l  to the vector 
f l (r ) f21  + f 2 ( ~ ) 0 2 .  This vector varies continuously as a function of T from 
$21 on T = 1 to f22  on T = A. Obviously the Stokes flow (1.3) has no simple 
symmetry, and it may be expected that this simple streamline pattern may 
be severly disrupted when account is taken of inertia. 

In section 2 we calculate the secondary flow induced by the rotation of 
only one sphere, while a general formula for arbitrary a1 and 0 2  is given 
in section 3. In order to understand the pattern of streamlines in the limit 
Re = f21a2/v -+ 0 we derive an equation for the adiabatic drift (section 4) 
and consider the influence of the departures from axisymmetry on the drift 
surfaces (section 5) .  

2. Secondary flow associated wi th  rotation of one sphere 

It is a straightforward matter to calculate the secondary flow u(')(x) driven 
by (weak) inertia forces when only one of the spheres rotates. Specifically, 
suppose that 01 # 0, 0 2  = 0. Then the resulting flow will be axisymmetric 
about the direction of 0 1 .  Let ( r ,  0, q )  be spherical polar coordinates based 
on this axis of symmetry, and let +(l)(r?O) be the Stokes streamfunction 
of the secondary flow in the meridian plane; then the streamlines of the 
composite flow U(') + u ( l )  will be helices wound on the family of nested tori 
$(')(T, 0) = cst. (figure 2), the helicity being antisymmetric about the plane 

With u(')(x) = f i ( ~ ) 0 1 ~  x the convective (centrifugal) acceleration as- 
e = .lr/2. 

sociated with U(') is 

and the curl of this quantity, which is responsible for the generation of 
vorticity in the secondary flow, is given by 

where 
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Fig. 2. Surfaces of constant for f21 = 1, 0, = 0, X = 2. 

The vorticity field dl) = VAU(') driven by (2.2) is toroidal in character; this 
means that, as expected, u(l) is poloidal (i.e. meridional in this axisymmetric 
situation). Writing in the form 

(2-4) 

(2.5) 

U(1) = VA VA (XP'"(X)) 

we have 

= VA U(') = - v A  (Xv2p(')). 

Note that P ( l )  and ?,d1) are related by 
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Now, to first order in the Reynolds number Re, satisfies the equation 

v2W(') = J / - ' V A ( U ( O ) .  VU(O)) , (2.8) 

where U is the kinematic viscosity of the fluid. Comparison of (2.3) and (2 .7 )  
then provides the equation for P('): 
V 4 P (1) = -1~-'(.f21 * ~ ) ~ G l l ( r )  -I- F ( T )  . (2 -9 )  

where F( . )  is an arbitrary function. The no-slip boundary conditions are 
satisfied provided 

p(1) = 0 , B P ( ' ) / ~ T  = o on T = 1, x . (2.10) 

P(')(X) = Ct(T)(f2l *X)' + P ( T ) @  (2.11) 

+ ( I ) (T ,  6 )  = ~ ~ ? T ( Y ( T )  cos 6 sin' e . (2.12) 

The required solution has the form 

and then from (2.6), 

Substitution of (2.11) in (2.9) leads to a fourth-order equation for a ( r ) ,  
namely 

1 d 6 d  1 { --r -} a(.) = --Gll(r) . 
~ 6 d r  dr  2u 

(2.13) 

It is straightforward, but tedious, to find the solution of this equation ( G I ~ ( T )  
being given by 2.3), with boundary conditions (from 2.10) 

a = O  , ~ c Y / ~ T = O  on T =  l , X  . (2.14) 

Figure 2 shows the surfaces of constant i4"1(l) for f 2 1  = i,, R2 = 0, X = 2. 

3. Spheres spinning around different axes 

Let us now consider .f21 # 5 2 2 .  The Stokes flow (1.1) is no longer axisym- 
metric and the curl of the convective acceleration (which is not centrifugal) 
takes form: 

V A  (U(') VU(O) > (  = Vh U(O)AW(O) 1 ( 3 4  

The equation for P ( l ) ,  analogous to (2.9,2.10) becomes: 
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In spherical geometry this double-harmonic equation can be solved by a 
general procedure of expanding P(') and the right-hand side in a series of 
spherical harmonics. With an appropriate choice of F( . )  the solution is: 

where a; satisfy the following ODES: 

(3.3a) 

(3.3b) 

(3.3c) 

A general solution of (3.3) takes form: 

and the coefficients C! are determined by the boundary conditions. Finally 
we obtain the following expression for P('): 

2 3  

P(') = L(A)R(r, A) w$A)T~(o; - x ) ( a j  x) (3.6) 
;,j=l k=O 

where: 
-1X3(X3 - 1)-2 

8 
L(X)  = 4A6 + 16X5 + 40A4 + 55A3 + 40A2 + 16X + 4 

(r - - A)2 
r 5  

R(r,  A )  = 

W,",(A) = 2A' + 8X6 + 20A5 + 16A4 + A3 - 2A2 

W,',(A) = 4X6 + 16X5 + 17A4 - 6A3 - 18A2 - 8X 

(3-7) 

(3.9) 
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W,2,(X) = 2(1+ X)(3X4 + 2X3 - 5X2 - 8X - 2) 

= 3x4 + 2X3 - 5X2 - 8A - 2 

W,”,( A) = -2X7 + X6 + 16A5 + 20X4 + 8X3 + 2X2 

Wj2(x) = -8x7 - 18X6 - 6x5 + 17X4 + 16X3 + 4X2 

w,~ , (x )  = 2(1+ x)x2(-2x4 - 8~~ - 5x2 + 2x + 3) 

w,~,(x)  = ~ ~ ( - 2 x ~  - a3 - 5~~ + 2~ + 3) 

1 
@:(A) = W,O,(X) = -5X3(9X3 + 36X2 + 36X + 9) 

W,’,(X) = Wil(X) = -A(-4X6 - 7X5 + 5X4 -t 17X3 + 5X2 - 7X - 4) 

w,~,(x) = W;~(X) = 2(1+ X)(P + 4x5 + x 4  - 2x3 + x 2  + 4x + 1 )  

w,~,(x) = W ; ~ ( X )  = x6 + 4x5 + x 4  - 2x3 + x 2  + 4x + 1 

When $21 = f22  the flow in a spherical annulus is a solid body rotation. 
It is then an exact solution of the Navier-Stokes equation, and hence the 
secondary flow (and the higher order corrections) vanish identically. This 
implies the following identity: 

(3.10) 

which can be verified directly from (3.9). 

ondary flow: 
Substituting (3.6) into (2.4) we finally obtain an expression for the sec- 

~1 = Af2l + Bf22 - CX , (3.11) 

A = (3c i i  + r2Dii) (521 - X) + (3ci2 + r2D12) (f22 .x) , 
B = (3ci2 + r2D12) (a1 - X) + (3c22  + r2D22) (n2 * X) , 
c = Dll( n, - x)2 + 2D12( n1 * x)( f22 - x) + D22( 0 2  * x)2 

+c11f2: + 2Cl2f21 * f22 + c22nq ; 

where C;,, D;j are functions of T and A: 

3 
C;j = 2 L R x  W i r k  , 

k 0  
(3.12a) 
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R 3  
W:rk + - kW$rk 

k=O 
r-2 

which satisfy an identity analogous to (3.10): 

When f21, f22  are parallel, for example when 

0 1  = wliz , S22 = w21, , I 2 

(3.12b) 

(3.13) 

(3.14) 

we obtain: 

2 3  

The streamlines of do) + Red') lie on the surfaces of constant @('I, which 
can be easily derived from (2.6). The double sum in (3.15) is a cubic poly- 
nomial in r .  For w2/wl E I = [-0.641,-0.2511 one of its roots satisfies 
1 5 r, 5 2. Then the secondary flow given by @(l) is a 'two-cell' flow (fig- 
ure 3), while for wz/wl $! I it is a 'single-cell' flow similar to that in figure 2. 
In particular w1 = -w2 is the latter case. 

The situation when (w2 - w l ) / w l  < 1 and Re > 1 was considered by 
Proudman (1956); in this limit the flow is dominated by Coriolis forces and 
the structured is determined by boundary layers and internal shear layers. 
This limit is quite different from the flow considered here. 

4. Adiabatic invariants associated with a weak secondary flow 

When the streamlines of the basic flow are closed loops, then a small per- 
turbation &) typically causes a drift across closed orbits (Bajer & Moffatt, 
1990). The drift is slow compared with the periods of the unperturbed orbits. 
Every fluid particle, drifting slowly, 'selects' a 1-parameter family of unper- 
turbed orbits, i.e. it outlines a two-dimensional surface '. In our case a basic 
(Stokes) flow is given by (1.1) and its (closed) streamlines are determined 
by two invariants: 

11 = n(r). x = const. , 12 = t2 = x2 = const. ; (4.1) 

' In the vicinity of stagnation points the time-scale of an unperturbed flow is infinite. 
Hence, for any perturbation U(') of finite magnitude there exists a small neighbourhood 
of the stagnation points where the surfaces do not exist 
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Fig. 3. The axisymmetric 'two-cell' flow. 

f2 = f1(r)f21+ fz(r)f22 * 

For s m d  Reynolds number the secondary flow (3.11) acts as a small per- 
turbation and the invariants 12 change slowly as a result of an adiabatic 
drift: 

(g) = Re { r -  1 x ( R 1  dfl - R,) - (x(x - u(l))) t (R - U('))} , (4.2a) 

(2) =2Re{(AR1-x)+(BR2.x)-(C)r2}. (4.2b) 

The angular brackets denote the average over an unperturbed streamline: 

xu(t) = 11~- 'k  + a c o s ( ~ t ) i  + as in(Qt) (L  i), (4.3) 

where is any unit vector perpendicular to R. 
Evaluating these averages we obtain the equations of the slow drift: 
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(4.4a) 

(4.4b) 

with the following functions 3’1, F2, GI, G2: 

p;=i;.ni . 
The two-dimensional, autonomous system (4.4) is integrable and its first 

integral is an adiabatic invariant of the flow do) + Red’). 

5. Departures from axisymmetry 

When R 1  11 f22  the flow is axisymmetric and has one or two ‘cells’ in each 
quadrant, depending on 4 w l .  Now suppose the angle between the direc- 
tions of Jzl and f22  is small but finite. We sha.ll demonstrate that the topol- 
ogy of the stream-surfaces undergoes a discontinuous change in the limit of 
6 + 0. Let us first consider two different small perturbations of a simple 
case 0 1  = 0 2  
a) an axisymmetric perturbation, 

= 0). We take: 

b) a non-axisymmetric perturbation, 

(5.la) 

(5.lb) 



and examine the radial component of the slow drift (see 4.4b): 

3Re = -L(A)R(r,A)S(x) , 
TQ4 
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(5.2) 

(5.3a) 

(5.3b) 

Taking, for example, X = 2 one can easily verify that in case a) the leading 
order term in S(x) has no zeros in the interval 1 5 r 5 A. In the case b) 
there is one root T O ( A )  for every A, and ~ o ( 2 )  = 1.25259689 .... 

This means that a small axisymmetric departure from RI = 522 results 
in a 'one-cell flow', while a non-axisymmetric deflection of type b) yields 
two cells with the helicities of opposite sign. In the latter case the boundary 
between the two cells is at T = TO when c + 0. 

The surfaces of constant adiabatic invariant (or drift surfaces) can be 
obtained by numerical integration of (4.4), see figure 4. The periods of the 
orbits of do) are bounded. Hence, for small Re the streamlines of U(') + 
Red') lie on the drift surfaces. 

The above analysis shows a discontinuous change of the drift pattern, but 
dl) E 0 when 0 1  = 522 ,  so the drifi changes continuously in the limit c -+ 0. 
Considering a small non-axisymmetric departure from 521 = (1 - 6)J22, 
6 << 1, we find a continuous change of the drift pattern. As the angle between 
0 1  and 0 2  tends to zero, one of the two cells in each quadrant disappear 
into the inner (outer) boundary when 6 > 0 (6 < 0). 

being (nearly) parallel. 
When IR1I = and the angle cy between 0 1  and R2 is increased the 
inner and the outer cells change their relative position. Figure 5 shows the 
drift surfaces for a = 45'. If RI and R2 are anti-parallel, then a small 
departure from axial symmetry leads to an 'almost discontinuous' change 
of the drift flow. When 0 1  = - 0 2  the flow u(O) i- Reu(') has one cell in 
each quadrant (see sec. 3). Yet, as can be easily verified, < u(l) * x >= 0 on 
a spherical surface T = ~1 where r1 is such that Q(r1) = fin, t f2522 = 
(1  - 2fl)SzZ = 0. This is a special surface where u(O) = 0, i.e. where the 

So far we discussed only the case of 521 and 
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Fig. 4. The surfaces of constant adiabatic invariant for A = 2, If21 I = In,( and the 
angle between 0 1  and 0 2  equal 5'. 

adiabatic approximation is not valid because the periods of the unperturbed 
orbits axe unbounded. 

In figure 6a) we show the drift surfaces computed from (4.4) with sZ1 = 
- 0 2 .  The two cells in each quadrant have helicities of the same sign, and, 
away from r = r1, the surfaces match the stream-surfaces of U(') + Reu(1) 
as given by (2.5), (3.15). In figure 6b) we show, qualitatively, the structure 
of the drift. The X-type stagnation points and the separatrices joining them 
make it possible to have a two-cell drift with the same sense of rotation in 
both cells. 

However, the special surface a(?) = 0 exists onZy when a is exactly 
zero. For any finite a we have $2 # 0 everywhere and the periods of the 
unperturbed orbits are bounded. Hence, for any small a and sufficiently 
small Re the streamlines of U(') + Reu(') are on the drift surfaces similar to 
those shown in figure 6. Then the fluid in the two cells is separated and 
does not mix. 

2 6  Sufficiently small' means such that the time-scale of R e d ' )  is everywhere small 
compared with 'i?r/~SI(r)~. 
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Fig. 5. The drift surfaces for f21 = ( l / d , O ,  l/fi), n2 = (O,O, 1). 

If the (small) Reynolds number is fixed and we decrease a, then, in the 
limit a + 0 the drift surfaces tend to the limit shown in figure 6, but when 
a is too small the streamlines of do) + R e d ’ )  begin to ‘jump’ across the 
surface Jl(r) = 0 and they switch to a ‘single-cell’pattern. This transition 
occurs at a critical value of a = ac(Re) which tends to  zero when Re -+ 0. 
Therefore, for small Re the change from a single-cell drift to a double-cell 
drift is ‘almost discontinuous’: the boundary between the two cells does not 
emerge from either wall but stays on the surface f 2 ( ~ )  = 0. 

When wz/wl is such that the axisymmetric flow has two cells then a small 
deflection creates a three-cell drift. In figure 7 we show the drift surfaces for 
0 2  = i,, 1521) = 3.3 and the angle between f21 and $22 equal 175’. 

6. Transition to chaos 

If the averaging procedure is valid in the entire domain, then, in the limit 
of Re --+ 0, the surfaces of constant adiabatic invariant are identical with 
the stream-surfaces of do) + Reu(’). For finite Re we obtain the Poincare 
sections of the streamlines by numerically solving the equations: 
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Fig. 6. (a) The drift surfaces (solutions of 4.4) for h = 2, 0, = - 0 2 .  
(b) The qualitative structure of a two-cell drift with the same sign of helicity 

in hnth r d l n  



53 1 

Fig. 7. The three-cell drift for A = 2, f?2 = I,, IJ2,I = 3.3 and the angle between 
f21 and f 2 2  equals 175' 

We find that the streamlines stay near the surfaces of constant adiabatic 
invariant for the Reynolds number as high as 10. In figure 8 we show the 
drift surfaces for 01 = (g,O, i ) ,  5 2 2  = (O,O, l), and in figure 9 two stream- 
lines of do) + Red') for Re = 1,lO. For Re = 1 the streamlines are 
practically indistinguishable from the adiabatic surfaces. When Re = 10 the 
inner streamline is still very close to a drift surface. The outer one, which 
is close to a separatrix, is 'out of focus', i.e. it generally follows an adia- 
batic surface but also has a sigdficant chaotic transverse scatter. When the 
Reynolds number is further increased we observe, as might be expected, a 
transition to global chaos. In figure 10 we show the Poincard section of a 
single streamline for Re = 20. The chaotic streamline penetrates most of 
the spherical annulus. Four islands can be seen near the elliptic stagnation 
points of the drift. The transverse chaotic scatter is smallest there and this 
region is the last to participate in global chaos. 
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Fig. 8. The drift surfaces for A = 2, $21 = ( f , O ,  $), 0 2  = (O,O, 1). 

7 .  Conclusions 

We have shown that the streamline pattern in the low Reynolds number 
flow between two rotating solid spheres can be explained in terms of an 
adiabatic invariant. The level surfaces of this invariant have to be computed 
numerically, but some important information about the topology of the flow, 
e.g. the number of drift cells and the positions of their boundaries, can be 
derived analytically. The Reynolds number is a parameter which can be 
controlled in a laboratory experiment and hence, the above analysis could, 
in principle, be verified experimentally. 

We have also shown that the low R.eynolds number flow obtained by 
adding the first order correction to  the Stokes flow (i.e. U(') + R e d ' ) )  has 
strongly chaotic streamlines for Re - 20. For such Re the first order ap- 
proximation may still be valid, as it is, for example, in a two-dimensional 
flow around a solid cylinder. It is possible that in a spherical annulus, at 
Re = 20, higher order corrections must be added, but this is unlikely to 
change the chaotic nature of the flow. 

The analysis of the drift surfaces in a weakly non-axisymmetric case en- 
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Fig. 9. The Poincar6 sections of the two streamlines of do) + R e d ' )  with a, $21, 
0 2  as in fig. 8 and (a) Re = 1, (b) Re = 10. 
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Fig. 10. T h e  PoincarC section of a single streamline of do) + R e d ' )  .with a, nl, 
0 2  as in fig.8 and Re = 20. 

abled us to predict a qualitative change in the streamline topology in the 
case when 0 1  - 0 2  < 0 and 0 1 ~ 0 2  is small. The drift flow changes from the 
two-cell to one-cell pattern. This change is realised by the process of 'diffu- 
sion' of streamlines across the surface fi( r ) 0 1 +  (1 - f1 ( r ) ) 0 2  = 0. A study 
of this (anomalous) 'diffusion' presents a challenging theoretical problem. 
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