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MINIMUM ENERGY MAGNETIC FIELDS WITH TOROIDAL
TOPOLOGY
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ABSTRACT. Consider a flux tube initially constructed in an incompressible perfectly
conducting fluid around an arbitrary knot K in a standard way such that the total helicity
is prescribed; the minimum energy of the flux tube is then determined (in principle) solely
by the topology of K. In this paper we restrict attention to axisymmetric configurations, so
that K is a circle. The functional relationship between minimum energy (in axisymmetric
relaxed states) and helicity is determined via a variational principle approach. The result
is confirmed by considering the scaling properties of the Grad-Shafranov equation. We

discuss briefly how this result is modified when non-axisymmetric equilibrium states are
allowed.

1. Introduction

It has been shown (Moffatt 1990) that, if a tube of volume V and carrying
magnetic flux @ is constructed around an arbitrary knot K, in a standard
way such that the helicity of the field is given by H = ~A®2, then the minimum
magnetic energy of the field under the group of volume-preserving distortions
(realizable by incompressible flow) is given by

Mpin = m(h)$2y 173 (1.1)

where m(h) is a function determined (in principle) solely by the topology of
K. If K is the ‘unknot’, then h is the twist (or ‘rotational transform’) of the
magnetic field B in the toroidal tube surrounding K. If we restrict atten-
tion to axisymmetric configurations, so that K is a circle, then we may seek
to determine the function mg4(h) corresponding to the minimum magnetic
energy of axisymmetric field configurations with toroidal topology. These
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axisymmetric configurations may be unstable to non-axisymmetric pértur-
bations leading to lower energy equilibrium states. We may be confident
however that m,(h) provides an upper bound for m(h):

m(h) < ma(h) . (1.2)

Determination of m4(h), which is the objective of the present paper, is an
essential preliminary to the determination of m(h); this in turn is an essential
preliminary to determination of m(h) for any knot K of nontrival topology.
We see this therefore as a first step in a program of increasing complexity.

There are however independent reasons for the study of axisymmetric
configurations. Magnetic containment devices like the TOKAMAK are ax-
isymmetric, and, in ideal circumstances, the magnetic field and the con-
tained plasma adopt an axisymmetric magnetostatic configuration of min-
imum magnetic energy. Determination of such states is a classical problem
of plasma physics (see, for example, Thompson 1962). These states are of
course constrained by the particular geometry of the containment device and
of the surrounding coils. Here we allow the toroidal flux tube to expand or
contract in radius without any such constraint, the equilibrium state being
determined solely by ®,V and h; this procedure gives some useful insight
concerning configurations that may be regarded as ‘natural’ and therefore
most easily containable.

The minimum energy states are magnetostatic equilibria satisfying the
equations '

jJAB=Vp, uoj=VAB and V-B=0, (1.3)

where j is the current density and p is the pressure field. To each solution
of these equations, there corresponds via the analogy B < u, upj < w and
Po — P < poh, a solution of the steady Euler equations for incompressible
flow:

uAw=Vh, w=VAu and V-u=90. ' (1.4)

The states that we shall describe correspond to toroidal vortex configura-
tions which are stationary relative to the surrounding fluid, in fact u = 0
outside the torus to which the vorticity is confined. The total flux of vorticity
around the tube (including a surface contribution) is zero. They are thus a
degenerate form of ‘vortex tube with swirl’. There is no guarantee that these
flows are stable, even to axisymmetric disturbances. They are nevertheless
of peculiar interest as examples of steady axisymmetric Euler flow of finite
energy in unbounded fluid.

In section 2, we recapitulate the construction of a standard twisted flux
tube, as described by Moffatt (1990), and we give an explicit calculation
of the associated helicity. In section 3, we reformulate the minimum energy
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variational principle, incorporating the helicity and incompressibility con-
straints. In sections 4 and 5, we obtain asymptotic expressions for m4(h) for
h > 1 and h € 1 respectively, and in section 6, we present the results of
numerical calculation based on the variational principle, which confirm the
asymptotic results, and we determine m,(h) in the transitional regime when
h = O(1). In section 7, the asymptotic results are interpreted in terms of
appropriate scalings of the Grad-Shafranov equation; and in section 8, the
results are summarised, and we discuss qualitatively the nature of the non-
axisymmetric instabilities to which the equilibrium states may be subject.

2. Construction of Flux Tube of Prescribed Helicity
Let 7 be the torus defined by

T ={(r,8,2): (r — R)?> + 22 < (¢R)?} (2.1)

where £ < 1. The cross-section A of this torus is circular with area A =
7e2R?, and its volume is

V= / 2rrdrdz = 2r AR = 2x%*R> . (2.2)
A

We now define a toroidal field By = (0, B, 0) given by

27r®/V  inside T;
B = ’ 2.3
{ 0 otherwise. (2:3)
The toroidal flux of this field using (2.2) is
/ 2rrd/Vdrdz=® . (2.4)
A

Note that B/r = 2xr®/V is constant; under any volume-preserving axisym-
metric frozen-field distortion, B/r is constant following a given field line;
hence the field (2.3) is invariant in form within the tube 7 if the tube is
radially expanded or contracted. It is moreover the unique field (of flux ®)
with this property.

We now wish to construct an associated poloidal field Bp by simple
surgery as follows: imagine that we cut the flux tube at the section 8 =
0, twist the tube as if to make a twisted rope, the twist being uniformly
distributed with respect to the angle #, and then reconnect the flux tube
(figure 1). Let us calculate the field Bp generated by this operation.

The velocity field that provides the required twisting effect is

L8[ 18%  19¢)ax 8. .
v(r,0,2) = 27r( - ,0,;5) =5V (0<8<2m); (2.5)
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Fig. 1. The simple surgery consists of three steps: cutting the tube, twisting it
uniformly and reconnecting it.

where 9 = (7, 2) is the Stokes stream function of V. Note that v satisfies
the incompressibility condition V-v = 0, and is discontinuous across the
cut at @ = 0. We choose

¥(r,2) = { é':,bo((r - R)* + 22) inside 7, (2.6)

otherwise;

so that the streamlines in any plane @ = cst. are circles centred on (r,z) =
(R,0). We will find it useful (see figure 1) to define the polar coordinates
(s, 9) such that

r— R = scos ¢, z=ssing ; (2.7)

then the velocity of the fluid particle on the circle of radius s at the plane
0 = 27 is vy = Pos/r, and the time to describe a complete circle is

T= ff-fli) = —f(scos¢+ R)dp = — 27rR _ (2.8)

independent of s.

Consider now the action of the velocity field (2.5) on the field (2.3). Let
B(x,t) = Br(x,t) + Bp(x,t) be the magnetic field at time ¢. From the
frozen-field equation,

%? =VA(VAB) =(®/V)V, (2.9)
and this field is axisymmetric and poloidal: only poloidal field is generated
by the surgery, and the toroidal field is left invariant. At time ¢t = AT =
2rhR/1o (when the tube is twisted through h turns),
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2rhR® . gdef
= v=VAAT, 2.10
P=0y (2.10)
where
Ap = { (0. ZBA2((r - R)? 4 57),0) inside T, (2.11)
0 otherwise;

and the total poloidal flux generated between the magnetic axis s = 0 and
the tube boundary s = R is then ®p = h®.

The helicity of the field can now be easily calculated. Note first that, with
Br=VAAPp,

/BT-APdV=/Bp-ATdV=O (2.12)
and

/BT-ATdV = /Bp-ApdV; (2.13)
hence

H = /A-BdV:?/TAT-BTdV

2
— 2”’1';15‘1) [1' ((r - R+ z2) rdrdz using (2.3) and (2.11)
arhR T
- W/ [ sHscosd+ Rysdsdg using (2.7) (214)
0.0
= h®? = 0dp .

When h = 1, then every pair of B-lines are linked with linking number
+1, and the result ¥ = ®2 may be obtained in this case from the formula
[Moffatt 1990]

L)
H= 2/ pdp = 0% . (2.15)
0

Hence (2.14) merely confirms what may be physically obvious. Note that if
h = p/q is rational ( where p and g are co-prime integers), then each B-line
(except the ‘magnetic axis’ s = 0) is a torus knot K, ;. If h is irrational, then
(with the same exception) each B-line covers a torus s = cst. In the context
of toroidal containment devices, h is known as the ‘rotational transform’ and
the nested tori defined by B-lines are called magnetic surfaces.
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= F(x.¢)

V=V
H=H)

Fig. 2. The magnetic energy is minimised subject to two families of constraints
which fix the volume V(x) and the helicity H(x) inside each magnetic surface
X = cst.

3. The Variational Principle

In this section, we shall develop the necessary tool for the problem. There
are two approaches for obtaining relaxed states: we can follow the dynamical
process directly using the MHD equations and including viscous (or equiva-
lent) dissipation of energy; or we can make use of the fact that the relaxed
state has minimum energy, which leads to a variational principle. In this pa-
per we will adopt the second approach. It is known (Moffatt 1969) that the
helicity is conserved inside each magnetic surface, and the incompressibility
condition implies that the volume is also conserved m51de each magnetic
surface. Expressing B in the standard way

_ _ 1 9x(r, z) 1 9x(r, z))
B‘_BT+Bp_(0,B(r,z),O)+( 22X g, 2 X (3.1)

where x = cst. on the magnetic surfaces, we may formulate the variational
principle as follows. Let (R, 0) be the position of the elliptic point (at which
x = 0) in the (r — 2) plane at equilibrium. Define the polar coordinates (s, $)
with the origin at (R, 0) as in (2.7). Let

s = F(x,9) | (3:2)

be the contours of constant x (figure 2). It is required to
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Minimise
S CNC)
M~2/B dV_2/[B+r2( or + 0z v (33)
| subject to
dV = V(x) (3.4)
s<F(x,¥)
and

/ B-AdV = / 2Br-ArdV = / X av —mx)  (35)
r
s<F(x.¢9) s<F(x,9) s<F(x.¢)

where V(x) and H(x) are prescribed. Here B = B(s, ¢), F = F(x, ¢) and
R = cst. are to be determined. Note that (3.4) and (3.5) are two functional
constraints which represent the infinite number of constraints on magnetic
surfaces x = ¢st., 0 < x < Xmaz- This formulation of the problem is equiv-
alent to that of Kruskal & Kulsrud (1958) who however expressed the con-
straints entirely in terms of flux and mass conservation.

Let us examine (3.3) in more detail. First note that

Ox _ 9x0s  0x96 _cosd, Fysind
Or  0sdr 840r F, F, s ’
Bx_axg 0x8¢_sin¢~_F_'?_cos¢_

92 " 9502 T 960z~ F, F, 5 (36)
hence, with (2.7) and (3.2), we simplify (3.3) to
M=x [ G R+ Feos$)FF. Py dx d
= 0/0 (R+ Feos§)FF, + oo | dxdd
(3.7)
where
G(x,¢) = B(F(x,¢),9) - (3.8)

Now we manipulate (3.4) in the same way to obtain

27 rx
2n [ [(R+ PO, 8) cos ) F X, DRaX, ) db= V() (39)
0 o

and differentiate to obtain



202

2n ’
%V'(X)= / (R+ Fcos $)FFy dé . (3.10)
0
Similarly, (3.5) leads to’
Y GFF dp= ' 3.11
A x ¢ = Inx (x) - (3.11)

The constraints (3.9) and (3.11) mean simply that the volume and helicity
between any two neighbouring magnetic surfaces are prescribed and fixed.

The function G can be determined by the usual Lagrange multiplier tech-
nique: if A(x) is the Lagrange multiplier for the constraint (3.11), we imme-
diately find that

- A)
G= 2(R + Fcos 9) (3.12)
where, from (3.11), A(x) satisfies
*  FF,d¢ 'H’(x) (3.13)

o 2(R+ Fcosp)  4rx
Note that the first term in (3.3) becomes

My = 7rfoxmaz;\ ﬁ%{@dt/’d}( _ rAXma:r % %(rX?)d
maz 2n -1
- [ ([ arrats) o (314

The analysis so far is applicable to all axisymmetric fields with magnetic
surfaces in the form of nested tori. For the particular case of the flux tube
defined in section 2 we may calculate V(x), H(x) and Xmar explicitly. From
(2.11), we see that then (using At = (0,x/7,0)),

1
s= (%5)’ f 5(x) - | (3.15)
Note that s attains its maximum R when X = Xmaz, 5O that
h®

Er- .

Using (3.15), we now obtain

V(x) = 2r //rdrdz-?w/ (R+ scos¢) sdsde

s<S(x) s<S(x)

S0 2rxV
— 4r2p|5 _ 27X
- ar R[2]0 2o (3.17)

, )
Xmaz = hwR(eR)z-‘; = (3.16)

and similarly



203

| 4r?
H(x) = sz - (3.18)

Note that V(Xmaez) = V and the total helicity H(Xmaz) = h®? as expected.
The variational problem now becomes:

Find the function F(x, ¢) and the constant R that minimise

Mer [ [411'2 ( 2 FF,d$ )-1 /% (F? + F})d¢ ] P
I h2 \Jo R+ Fcos¢ o (R4 Fcos¢)FF,
(3.19)
subject to the constraint
2
(R+ Fcos¢) FF, d¢ = Y . (3.20)
0 h®

This variational problem cannot be solved analytically. However, by re-
stricting F(x,¢) to be within a certain class of functions, it is possible to
obtain an upper bound for the true minimum. In the following sections, we
will study, in turn, the cases of (i) large A, (ii) small A and (iii) h = O(1).

4. The Case of Large h

In this section the minimum energy of the flux tube in the large A limit will
be examined. In the order of complexity, we use three different methods to
provide successively better estimates of the true minimum from above. A
lower bound for the true minimum energy will also be estimated using the
Poincaré inequality.

4.1. THE SCALING ARGUMENT

Consider the flux tube confined in the torus 7 as described in (2.1), carrying
a magnetic field B = B + Bp. Recall that R is the mean radius of the flux
tube and A is the area of the cross-section A. Let ® = [, |Br(r,z)|drdz
be the toroidal flux of B around Oz. Under any volume-preserving axisym-
metric frozen-field distortion, both V (the volume of the tube) and @ are
invariant. If, for example, the tube is stretched so that R increases, then A
decreases so that V = 2rRA = cst.

Under such a distortion, |Br| increases in proportion to R; if the dis-
tortion is such that A contracts in self-similar manner, then |Bp| decreases

in proportion to A%; also if the poloidal field is generated by the cut-and-
twist surgery as described in section 2, then |Bp| is proportional to k. On
dimensional ground we therefore have

IBr|~8V-'R,  |Bp|~ h&(VR) % (4.1)
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and the magnetic energy may be written in the form

32, o h?
M= kTT/—R + kpd 7 (4.2)
where k7 and kp are dimensionless constants. Hence M is minimal when
= (kp/2kz)} VA3 (4.3)
and then
Mumin ~ h582[V¥ (4.4)

for some constant k. Since h,® and V are invariant under all frozen field
distortions of the flux-tube, this provides an important estimate (to within
a constant of order unity) of the minimum magnetic energy that may be
attained.

4.2. EVALUATING THE ENERGY INTEGRALS

With the magnetic field explicitly defined in section 2, we now calculate the
energy

M:MT+MP=%/B%dV+%/B%dV (4.5)
of the twisted flux tube constructed as above. Firstly,

M7 = -1-/ 27rr)222-2 rdrd
T=3 yz STrares

= 3(1)2 /2”/ (R+ scos¢)sdsdp using (2.7)

27r2R2<I>2 3 '
=—" (142 2) . .
v ( ) (46)
The first term dominates when € < 1 (so that the tube is thin and long),
and corresponds to the energy of a uniform flux tube of length 27 R; the
second term is the correction associated with the fact that the axis of the

tube is curved, with radius of curvature R.
Secondly, since from (2.10) and (2.11),

B2 = (2th§3) , (4.7)

the poloidal energy is given by
rd? /21 R Ar2R2g2p2

Mp = 0 R+sco¢

sdsdo

237r3 B2p2 -1 (
= —— " —(1-¢?)i 2+52) 4.8
— (1-he+ed) (49)
Note here the limiting form for small ¢
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Fig. 3. (a) magnetic energy m; (e, h) and my(e, h) are plotted against ¢ for various
values of h; (b) the minimum energy min, m;(¢, h) and min, my(e, h) are plotted
against h.

4 2
257592h? 10 3 h?$?
‘MPz—-,'_}T/—%—a 3 X§E4= 2R as €—0 (4.9)
(cf. 4.2). We now have
P2
M = — my(e,h) (4.10)
Vs
where
237} 3, 2h? sl
mi(e,h) = (14 762+ 15 (2- (1-DF2+eY) ) . (4.11)
£3 4 3e

This function is sketched in figure 3 for 0 < £ < 1 and various values of A.
Note the presence of a minimum value for all A # 0 (since Om; /0 < 0 as
€—0,but >0ase —1).

For h » 1, m; attains its minimum when ¢ <« 1, so M,,;, may be
expanded in an asymptotic series (for small ¢)

1 2
23732 _, 3 1,5\,
Mm = a(1+(z+§h )e +) (4.12)
which has a minimum when
8
2 - 2 .
£ = 3T R 4/h* , (4.13)

or equivalently when

2\ L
R= Ry~ %(&) ’ (4.14)

T
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(cf. 4.3), and then

2 4
373 h3 2 « ?
M = Mupin % ==~ % 3.22 h3 0T (4.15)

3

in confirmation of the previous estimates (4.3) and (4.4).

4.3. THE ENERGY PRINCIPLE

In the above calculation, we have assumed that the tube cross-section is
circular, and the field structure is invariant. We ignored the fact that the
toroidal field may be re-distributed during the relaxation, even if each mag-
netic surface is constrained to have circular cross-section. We now calculate
the effect of this redistribution.

Consider the variational principle (3.19)-(3.20) in the case of circular
cross-sections. For large h we assume that F is independent of ¢, so each
contour with constant x is circular; then (3.19) yields

v .
P = onar (4.16)
and hence
Vx
2
= e (4.17)
Now we have to minimise
M = 4n /0 W P +x) (4.18)

where Xmar = h® /27 and F is given by (4.17). The integral can be evaluated
to give

d?
M= - 7n2(5,h) (4.19)
Vs ‘

where
1~ h?
3

is to be minimised. This function (figure 3) provides an estimate of minimum
energy less than that given in (4.11): in that calculation, the structure of
the toroidal field was prescribed and fixed, so that the class of equilibrium
states to which the tube could relax was narrowed. We also note that now
the relaxed toroidal field is (0, Bg(r, 2),0), where

ma(e, h) = 28r8e~ % ( (1-(1-e)5)+hr2(1-(1- 52)%)) (4.20)

—rZ_ 32
BE(r,z)=21rR-§ 2rk rr z (4.21)
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using (3.8),(3.12) and (3.13). However, the asymptotic form of my(¢, k) for
small € is

1 2h? —
mz(E,h)= 2%7T?55-1_13g("2'€2+ —8—154-{-"') (4.22)

which has a minimum when
g2 ~ 4/h?, (4.23)

and then M, = kh$ (with same constant k as before). These results are
the same as given in (4.13)—(4.15): when h > 1, the area of cross-section is
O(R™1), so the details of the toroidal field distribution become unimportant.

4.4. THE LOWER BOUND

There is also a lower bound on the magnetic energy when h # 0 [Arnol’d
1974, Moffatt 1985, Freedman 1988]. This results from the Schwarz inequal-
ity

2
/ B24V - / A%V > ( / A-B dV) (4.24)
and the Poincaré inequality
[ B%dV 2
> .
ngdV 2 9 (4 25)

where go is a constant (with dimensions (length)~!) depending on the ge-
ometry of the fluid domain. Hence

/Bde > g /A-B dV' . (4.26)
Writing
1 fen 2
M= /B AV = ma(h) (4.27)
and
H:/A-BdV=h<I>2, (4.28)

we then have

ma(h) > 300V H1A (4.29)
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For example ! , the fluid domain may be chosen to be a sphere of radius

: 1
%4 3
!/ —_ .
R =R(l+e)= (——%252) (1+¢), (4.30)
which just contains the flux tube. Then go = 7/ R/, so that (4.29) becomes
z
—2_58,,, €3(h)
>2 h . 4.31
ma(h')— 37l'3| I1+€(h) ( )
In the limit A — oo, £ — 2/h so that
ma(h) 2 w3{h5] (432)
approximately. Combining this with the previous result, we have
2
rhE < ma(h) < 3’2” ht (4.33)

in the limit A — o0.

5. THE CASE OF SMALL h

In the case of small & the poloidal field is weak; the toroidal field then tends
to contract and give up energy, and hence to squeeze the flux tube onto the
axis of symmetry. The cross-section is then long and thin, and the flux tube
may be approximated by a hollow cylinder

C={(r0,2): R~cR<r<R+¢R, |z| < L} (5
(see figure 4a), of volume V = 8meR?L, ¢ < 1, with R « L. We shall
assume that e = O(1) as h — 0.

5.1. THE SCALING ARGUMENT
Let

®
B= (B,,2rrV,Bz) (5.2)

so that the total toroidal flux is invariant. The toroidal energy has the same
scaling property

1 2 R?®?
Mz =3 / [Britav ~ = (53)

! This provides a rather poor lower bound when h 3 1; a better lower bound could be
cbtained by, for example, taking the fluid domain to be the spherical annulus R(1 —¢) <
r < R(1+¢). The important point, however, is that there is always a positive lower bound
for the energy when A # 0
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x log(m{h))

+-10

(a) ' (b)

Fig. 4. (a) when h is small, the flux tube is approximated by a hollow cylinder, hence
it has retangular cross-section; (b) log m,(h) is plotted against logh, showing that
mq(h) = O(h?/?) in the limit h — 0.

as before; the poloidal energy, however, scales differently. First note that the
poloidal flux ®p about the magnetic axis can be estimated in two ways: it
is the total flux across the ring {(r,6,2): R < r < (1 +¢)R,z = 0} so that

|®@p| ~ 27 R?|B,| (5.4)
or it is the total flux across the surface {(r,68,2):r = R,0 < z < L}so that
{®p| = 27 RL|B,| . _ (5.5)

where |B,| and |B,| are the average values. It follows that
B,| R

B~ (5.6)
i.e. |B;| < |B,|. Using ®p = h®, the poloidal magnetic energy is then
I N 282V
Mp = /(B, + B dV ~kpor . (5.7)
Combining (5.3) and (5.7), the total magnetic energy is then
R%®? h2®%v

. where k7 and kp are constants. This has a minimum when
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1
R= (2'“_?)°_h%v% (5.9)
kr .
and then
Mupin ~ h%QZ/V% (510)

Note the different scalings of the minimum energy

0 (h§) , when h is small;

0] (h§) , Wwhen h is large.

5.2. THE VARIATIONAL PRINCIPLE

We assume that the magnetic surfaces are similar in shape, and that each
takes the form of a hollow cylinder as described above. Hence we define

fx ,
+o5s p<La;
F(x,¢) = sfmx tana, a<p<T-0o; (5.12)

__ésl(%, T—a<¢$<T;

where tana = L(¢R)™! (figure 4a), and f(x) is an arbitrary function of x.
The integral in the constraint (3.20) can now be evaluated, and is simplified
to ’

h®

1% el R?
fix= 8Rh® tana  hd (5.13)
so that
2 2
fro e Ry (5.14)

Hence the arbitrary function f(x) is completely determined by the (volume)
constraint. Using this result, and the normalizations

X = %}x , R-ViR; (5.15)

we simplify (3.19) and obtain

2 n
M= % A (41r2R2 JI + R? Jg) dx (5.16)



211

where
1 1 1
J = ——tanh™(ex2
1 1— EZX + 5X;. an (EXQ) ’
Jy = X + IGEX%RZ tanh'l(ex%) ; (5.17)

472e2(1 — e2x) R4
and (5.22) is minimised subject to
R>0, 0<ex<l. (5.18)

This has been done numerically, and logm,(h) is plotted against logh in
figure 4b. The slope is 2/3, confirming the estimate (5.11); we also found that
€ #» 1 as h — 0 (see below). However, if it were assumed that the contours
are elliptic at the equilibrium state, then the closest distance between the
outermost contour and the central axis should tend to zero.

In fact we can now prove the assertion that M,;, = O(h?/3) for small
h. Defining

Ae) = /14#( 1 +—1—tanh-1(e %))_ldf

_ [ xdx
B(e) = / 4r262(1 — e2y)
C(e) = /0 lﬁexf tanh“(exf)dx, (5.19)
then (5.22) becomes

mq(R,€,h) = RZ(A(E) + h2C(e)) + %—;B(e) (5.20)

where M = 2V ~1/3m,, as before. For any fixed ¢, assuming that A(e), B(¢)
and C(¢) are O(1), then m4(R,¢,h) is minimal when R = R*, where

a_,2f_ 2B \}
R = h (-———-——A(E) - th(E)) (5.21)
and then
ma(e, h) = -23—§ %(A(e)+h20(s))§B§(s). (5.22)

Assuming C(e) = O(1) as h — 0, we then have

me & %h%A%B% (5.23)
3
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and we find by‘computation of (5.19) that this is minimised when
€ =¢" ~ 0.9059 . (5.24)

Hence A(e*) = 13.35, B(¢*) = 4.115 x 10~2 and C(e*) = 8.700 are O(1).
We also note that

W=

~ 0.4282h% , mg(h) ~ 3.6718 A3 (5.25)
as h — 0.

5.3. THE LOWER BOUND

As in the previous section, we imagine the flux tube is bounded by a fluid
domain in the form of a sphere. The optimal choice of the radius R’ of the
sphere is

R=\L+R(1+e)?~ 1 (5.26)
and therefore, from (4.29),

V3 A ) L . .
VTt Bi(1+e)? @reRDZ1 RELfe?

In the limit A — 0, ¢ — ¢* and R — R*h?/3 where ¢* and R* are constants;
hence we have, approximately, that

mq(h) > (5.27)

wh3 :
Mg 5.28
(h) 2 +/0.0574 + 0.6660h2 (5.28)

for small h. Combining with (5.25), we obtain
13.11 b3 < mg(h) < 3.6718 3 . (5.29)

as h — 0.

6. THE CASE OF h=0(1)

In this case numerical methods must be used. The numerical solution of
the variational problem (3.19)- (3 20) can be obtained by discretizing the
variable F(x,¢) both in x and in ¢. For simplicity, however, we restrict
F(x, ¢) to take the form

F(x,9) = f(x) 9(#) (6.1)

where
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Fig. 5. The cross-section of minimum energy states for various values of A when the

boundary is approximated by (16+1) points. Note that the numerical solutions are
poor when h is small.

W=

fx) = (J—g]{) : (6.2)

The contours of constant x are then similar in shape; and f(x) is chosen to
be compatible with the large A results given in section 4. We expect that
g(¢) — 1 as h — 0 since in the limit the shape of the cross-section at
equilibrium is a circle.

The constraint (3.20) becomes

27
/ (R+ fgcos¢)gidp = 2rR (6.3)
0
which is decomposed into
2n 2
/ gld¢ = 2 , gicospdp=0. (6.4)
0 0

The objective function M can then be expressed in terms of g(¢) and R,
and is minimized subject to the ‘realistic conditions’

R+ f'9(¢)cosp >0, R>0, g(¢)>0 (6.5)
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Fig. 6. The minimum energy m, (h) against h, calculated numerically (thick curve).
This plot also shows the estimated (i) upper bound for large A, obtained by numer-
ical minimisation of (4.20); (ii) lower bound for large h, (4.32); (iii) upper bound
for small A, obtained by numerical minimisation of(5.22), and (iv) lower bound for
small A, (5.28).

where
f* = (2nR)"% (6.6)

(since otherwise the surface is not defined in a meaningful way). The op-
timization problem is solved by standard numerical routines. Without go-
ing into details, we simply state the result in figure 5, which shows the
cross-sections for different values of h at relaxed states. Note that the cross-
sections deform as h decreases in such a way that magnetic field lines are
contracting to the central axis as expected. Also the minimum energy cal-
culated numerically confirms the estimates from previous sections, as sum-
marised in figure 6. Note that m,(h) has an inflexion point near h = 1.

7. THE GRAD-SHAFRANOV EQUATION

Magnetostatic equilibrium with flux function x(r, z), pressure field p = P(x)
and toroidal field By(r,z) = r~1F(x) is governed by the Grad-Shafranov
equation :

D*x = -r*P'(x) - F(x)F'(x) (7.1)
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where

2 190 i
or2 ror 022
When the equilibrium is a circular flux tube of mean radius R and cross-
section A € R?, the operator D? may be approximated by

D? = (7.2)

0? 0?
2 24 2
D* ~ 577 + 552 (7.3)
and the Grad-Shafranov equation may be approximated by
e + 2 )y = -R*P'(x) - F(x)F'(x) (7.4)
ar2 T 5.2 )X T X XJEAXT '

Here, (r, z) may be regarded as cartesian coordinates in the meridian plane,
centred on the axis of the flux tube.
Consider now the scale transformation

R AR, (rz)— A"3(r,z2) (7.5)

which corresponds to stretching the flux tube by a factor A and shrinking
its cross-section by the same factor to conserve the volume. It may easily be
verified that (7.4) is then invariant under the transformation

F—MF, x—Aly and PP, (7.6)

The toroidal flux ®7 is invariant under this transformation, but the total
poloidal flux, equal to 2rAx where Ay is the jump in x from the centre of

the flux tube to its boundary, scales as ®p ~ A2. Hence the helicity scales
as

H~878p ~ A3 (7.7)

or equivalently A ~ H%. This is the counterpart of the result (4.14), and pro-
vides confirmation that the results (4.13)—54.15) are characteristic of toroidal
magnetostatic equilibrium (when R >> A!/?), even when the cross-section of
the flux-tube is not circular.

Similarly, in the case of small h, the operator D is approximated by

2,0 190
~ 8r2  ror

and (7.1) is invariant under the scale transformation

(7.8)

r—=Ar, 2z—> A%z FoMF, x—=Ax and P— AP .(7.9)
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This corresponds to stretching the flux tube by a factor A in the r—direction
and compressing it by a factor A2 in the z~direction to conserve the volume.
The toroidal flux is again invariant under this transformation, but poloidal
flux scales as A3. Hence the helicity scales as

H~&18p ~ A3 (7.10)

or A ~ 3. This is the counterpart of the result (5.25).

8. THE EFFECT OF NON-AXISYMMETRIC INSTABILITY

In this paper we have studied the minimum energy m,(h) of the twisted flux
tube as a function of h. The main result,

2
ma(h) ~ 3.67 hi when h € 1, (8.1)
3.22h3 when h > 1,

provides a close estimate from above for the minimum energy of the flux
tube. We also estimate a lower bound and the results are summarised in
figure 6. All calculations assume that the minimum energy state is axisym-
metric. However, preliminary calculation suggests that this configuration is,
in fact, unstable to kink mode perturbations when h is larger than a crit-
ical value of order unity. The flux tube may then relax further to a state
with lower energy, and the result (8.1) should therefore be understood as an
upper bound of the true minimum energy m(h).

Although we are unable to calculate the exact form of m(k), there is a
simple argument suggesting that m(h) ~ Ch*/3 when h > 1, like m,(h), but
with smaller proportionality constant C. Figure 7a shows a generic situation
when a twisted flux tube is deformed by kink mode displacement. The total
helicity is unchanged, but the twist ingredient is transformed into a torsion
ingredient (associated with the torsion of the axis, see Ricca & Moffatt 1992).
Figure 7b shows how a flux tube with a large value of h may relax. A possible
model for this relaxed state is a twisted cylindrical flux tube, shown in
figure 7c, carrying equal and opposite magnetic flux (of magnitude ®); the
corrections at the two ends are negligible when A is large. In cylindrical polar
coordinates, let B = (0, By, B,) be the uniform twisted field confined in the
cylinder C = {(r,0,2): 0 < r < a, 0 < 2 < L} of volume V and area of
cross-section A = wa?, then

|B.| =28/A, By = 2nbr® |V (8.2)

where b is to be determined. The ‘net’ axial flux is $, = 29, and the flux
associated with the azimuthal component of the field is

|®g] = % /27rbrdrdz =b% ; (8.3)
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IZI%

(c)

Fig. 7. (a) a torus with twist (of angle 27) can be deformed into a figure 8 without
twist; (b) the non-axisymmetric equilibrium state; (¢) the flux tube is approximated
by a cylinder with twisted magnetic field.

hence the helicity of the field (8.2) is
H=&,0, = 2602 (8.4)

Since the helicity is an invariant and has the value h®2, therefore b = h/2.
The magnetic energy is then

M—§/(Bz+B9)dV_<I> (F+WA , (8.5)
which has a minimum when A3 = 16V%(h%r)~1, and then, using (4.15),
2
RY IR 1 o2 o2
M=Mpim = ——h3— = —my(h)— = m(h)—-, 8.6
TS S = ma(h) oy = m(h) (8:6)
where
m(h) = 27Pm,(h) = 0.63mq(h) , (8.7)

consistent with the conjecture that the relaxed state with lowest energy is
non-axisymmetric.

Acknowledgements

A.Y.K.C. would like to thank M.J.D. Powell for his advice on numerical
computations; he is also grateful to J. Greene and A. Bhattacharjee for
discussions. A.Y.K.C. was supported by the Croucher Foundation.



218

References

ArNOL'D,V.]. 1974 The asymptotic Hopf invariant and its applications (in Russian). In
Proc. Summer School in Differential Equations, Erevan. Armenian SSR Acad. Sci,,
Transl. 1986 in Sel. Math. Sov., 5, pp. 327-345.

FREEDMAN,M.H. 1988 A note on topology and magnetic energy in incompressible perfectly
conducting fluids. J. Fluid Mech., 194, pp. 549-551.

Kruskat, M.D.& KuLsrup,R.M. 1958 Equilibrium of a magnetically confined plasma in
a toroid. Phys. Fluids, 1, pp. 265-274.

MOFFATT, H.K. 1969 The degree of knottedness of tangled vortex lines. J. Fluid Mech.,
35, pp. 117-129.

MorrFaTT, H.K. 1985 Magnetostatic equilibria and analogous Euler flows of arbitrary
complex topology. Part 1. Fundamentals. J. Fluid Mech., 159, pp. 359-378.

MoFFATT, H.K. 1990 The energy spectrum of knots and links. Nature, 347, pp. 367-369.

Ricca, R.L. & MorraTT, H.K. 1992 The helicity of a knotted vortex filament. This
volume.

THOMPSON, W.B. 1962 Introduction to plasma physics. Pergamon.



	http://moffatt: 
	tc: 



