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ABSTRACT. Consider a flux tube initially constructed in an incompressible perfectly 
conducting fluid around an arbitrary knot K in a standard way such that the total helicity 
is prescribed; the minimum energy of the flux tube is then determined (in principle) solely 
by the topology of K. In this paper we restrict attention to axisymmetric configurations, so 
that K is a circle. The  functional relationship between minimum energy (in axisymmetric 
relaxed states) and helicity is determined via a variational principle approach. The result 
is confirmed by considering the scaling properties of the Grad-Shafranov equation. We 
discuss briefly how this result is modified when non-axisymmetric equilibrium states are 
allowed. 

1. Introduction 

It has been shown (Moffatt 1990) that, if a tube of volume V and carrying 
magnetic flux is constructed around an axbitrary knot K, in a standard 
way such that the helicity of the field is given by 3t = ha2, then the minimum 
magnetic energy of the field under the group of volume-preserving distortions 
(realizable by incompressible flow) is given by 

where m(h) is a function determined (in principle) solely by the topology of 
K. If K is the ‘unknot’, then h is the twist (or ‘rotational transform’) of the 
magnetic field B in the toroidal tube surrounding K. If we restrict atten- 
tion to axisymmetric configurations, so that I< is a circle, then we may seek 
to determine the function m,(h) corresponding to the minimum magnetic 
energy of axisymmetric field configurations with toroidal topology. These 
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axisymmetric configurations may be unstable to non-axisymmetric pertur- 
bations leading to lower energy equilibrium states. We may be confident 
however that m,(h) provides an upper bound for m(h): 

Determination of m,(h), which is the objective of the present paper, is an 
essential preliminary to the determination of m(h); this in turn is an essential 
preliminary to determination of m(h) for any knot K of nontrival topology. 
We see this therefore as a first step in a program of increasing complexity. 

There are however independent reasons for the study of axisymmetric 
configurations. Magnetic containment devices like the TOKAMAK are ax- 
isymmetric, and, in ideal circumstances, the magnetic field and the con- 
tained plasma adopt an axisymmetric magnetostatic configuration of min- 
imum magnetic energy. Determination of such states is a classical problem 
of plasma physics (see, for example, Thompson 1962). These states are of 
course constrained by the particular geometry of the containment device and 
of the surrounding coils. Here we allow the toroidal flux tube to expand or 
contract in radius without any such constraint, the equilibrium state being 
determined solely by @,V and h; this procedure gives some useful insight 
concerning configurations that may be regarded as ‘natural’ and therefore 
most easily containable. 

The minimum energy states are magnetostatic equilibria satisfying the 
equations 

j A B = V p ,  p o j = V A B  and V - B = O ,  (1.3) 
where j is the current density and p is the pressure field. To each solution 
of these equations, there corresponds via the analogy B H U, po j t) w and 
PO - p t) poh, a solution of the steady Euler equations for incompressible 
flow: 

u A w = V h ,  w = V A U  and V . U = O .  (1.4) 

The states that we shall describe correspond to toroidal vortex configura- 
tions which are stationary relative to the surrounding fluid, in fact U E 0 
outside the torus to which the vorticity is confined. The total flux of vorticity 
around the tube (including a surface contribution) is zero. They are thus a 
degenerate form of ‘vortex tube with swirl’. There is no guarantee that these 
flows are stable, even to axisymmetric disturbances. They are nevertheless 
of peculiar interest as examples of steady axisymmetric Euler flow of finite 
energy in unbounded fluid. 

In section 2, we recapitulate the construction of a standard twisted flux 
tube, as described by Moffatt (1990), and we give an explicit calculation 
of the associated helicity. In section 3, we reformulate the minimum energy 
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variational principle, incorporating the helicity and incompressibility con- 
straints. In sections 4 and 5 ,  we obtain asymptotic expressions for m,(h) for 
h >> 1 and h << 1 respectively, and in section 6, we present the results of 
numerical calculation based on the variational principle, which confirm the 
asymptotic results, and we determine m,(h) in the transitional regime when 
h = O(1). In section 7, the asymptotic results are interpreted in terms of 
appropriate scalings of the Grad-Shafranov equation; and in section 8, the 
results are summarised, and we discuss qualitatively the nature of the non- 
axisymmetric instabilities to which the equilibrium states may be subject. 

2. Construction of Flux Tube of Prescribed Helicity 

Let 7 be the torus defined by 

7 = { ( T , ~ , z ) :  ( T  - R ) 2  -t z2 5  ER)^} (2.1) 

where E 5 1. The cross-section A of this torus is circular with area A = 
m 2 R 2 ,  and its volume is 

2 a r d r d z  = 2 s A R  = 2?r2~2R3  . 

We now define a toroidal field BT = (0, B,O) given by 

B = {  2arO f V inside 7; 
0 otherwise. 

The toroidal flux of this field using (2 .2)  is 

Note that B f r  = 2?r@/V is constant; under any volume-preserving axisym- 
metric frozen-field distortion, B/T is constant following a given field line; 
hence the field (2 .3)  is invariant in form within the tube 7 if the tube is 
radially expanded or contracted. It is moreover the unique field (of flux a) 
with this property. 

We now wish to construct an associated poloidal field Bp by simple 
surgery as follows: imagine that we cut the flux tube at the section 8 = 
0, twist the tube as if to make a twisted rope, the twist being uniformly 
distributed with respect to the angle 8, and then reconnect the flux tube 
(figure 1). Let us calculate the field Bp generated by this operation. 

The velocity field that provides the required twisting effect is 
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0 

a 
s = CSt. 

Fig. 1. The simple surgery consists of three steps: cutting the tube, twisting it 
uniformly and reconnecting it. 

where $ = $ ( T , z )  is the Stokes stream function of .G. Note that v satisfies 
the incompressibility condition V - v  = 0, and is discontinuous across the 
cut at fl = 0. We choose 

- { $+o((T - R)2 t z2)  inside 7, 
$ ( T 7 4 -  

otherwise; 

so that the streamlines in any plane fl = cst. are circles centred on ( T ,  z )  = 
(R,O) .  We will find it useful (see figure 1) to define the polar coordinates 
(s, 4) such that 

T - R = S C O S ~ ~ ,  z = s s i n 4  ; (2.7) 
then the velocity of the fluid particle on the circle of radius s at the plane 
8 = 27r is "4 = $ ~ s / r ,  and the time to describe a complete circle is 

independent of s. 
Consider now the action of the velocity field (2.5) on the field (2 .3 ) .  Let 

B ( x , t )  = B ~ ( x , t )  + B p ( x , t )  be the magnetic field at time t .  From the 
frozen-field equation, 

8 B  
- = V A ( V A B ) = ( @ / V ) + ,  at (2-9) 

and this field is axisymmetric and poloidal: only poloidal field is generated 
by the surgery, and the toroidal field is left invariant. At time t = hT = 
27rhR/$~, (when the tube is twisted through h turns), 



Bp = 

where 

AT = *Rh@((r - R)’ + 2’) 0) inside 7, 
other wise; 
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(2.10) 

(2.11) 

and the total poloidal flux generated between the magnetic axis s = 0 and 
the tube boundary s = ER is then Qp = ha.  

The helicity of the field can now be easily calculated. Note first that, with 
BT = V h Ap, 

and 

J 

hence 

‘H= 

- - 

- - 

- - 

When h 
t1, and 
[Moffat t 

/ ( ( r  - R)2 + z2)  T d r d z  using (2.3) and (2.11) 
27rhRQ2 

v2 T 

2*hR@2 T r s 2 ( s  cos 4 + R) s ds d4  using (2.7) 
( m2 R3)2 

0 . 0  

(2.12) 

(2.13) 

(2.14) 

hQ2 = QQp . 
= 1, then every pair of B-lines are linked with linking number 
the result ‘H = Q2 may be obtained in this case from the formula 
19901 

(2.15) 

Hence (2.14) merely confirms what may be physically obvious. Note that if 
h = p / q  is rational ( where p and q are co-prime integers), then each B-line 
(except the ‘magnetic axis’ s = 0) is a torus knot Kp,p. If h is irrational, then 
(with the same exception) each B-line covers a torus s = cst. In the context 
of toroidal containment devices, h is known as the ‘rotational transform’ and 
the nested tori defined by B-lines are called magnetic surfaces. 
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Fig. 2. The magnetic energy is minimised subject to two families of constraints 
which fix the volume V ( x )  and the helicity N ( x )  inside each magnetic surface 

= C s t .  

3. The Variational Principle 

In this section, we shall develop the necessary tool for the problem. There 
are two approaches for obtaining relaxed states: we can follow the dynamical 
process directly using the MHD equations and including viscous (or equiva- 
lent) dissipation of energy; or we can make use of the fact that the relaxed 
state has minimum energy, which leads to a variational principle. In this pa- 
per we will adopt the second approach. It is known (Moffatt 19G9) that the 
helicity is conserved inside each magnetic surface, and the incompressibility 
condition implies that the volume is also conserved inside each magnetic 
surface. Expressing B in the standard way 

where x = cst. on the magnetic surfaces, we may formulate the variational 
principle as follows. Let (R, 0) be the position of the elliptic point (at which 
x = 0) in the ( T  - z )  plane at equilibrium. Define the polar coordinates (s, 4) 
with the origin at (R,O) as in (2.7). Let 

be the contours of constant x (figure 2). It is required to 
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Minimise 

M=~/B2dV=~/[82t-$(($)2+($)2)]dV 2 2 (3.3) 

and 

J B . A d V =  J 2 & - A ~ d v =  J F d V  = N ( X )  (3.5) 
s lF(x94)  S W X d )  s l F ( x , d )  

where V ( x )  and N ( x )  we prescribed. Here B = B(s, +), F = F ( x ,  4) and 
R = cst.  are to be determined. Note that (3.4) and (3.5) are two functional 
constraints which represent the infinite number of constraints on magnetic 
surfaces x = a t . ,  0 5 x 5 xmaZ. This formulation of the problem is equiv- 
alent to that of Kruskal & Kulsrud (1958) who however expressed the con- 
straints entirely in terms of flux and mass conservation. 

Let us examine (3.3) in more detail. First note that 

dx d x d s  dxdq5 cos4 Fdsin4  +--, Or b s d r  d 4 d t  Fx Fx s 
dx d x d s  dxdq5 s in4  F ~ c o s ~ ~  - = -- +-- = - - -- - 

hence, with (2.7) and (3.2), we simplify (3.3) to 

+ -- - -- -- -- - 

(3-6) az a s a Z  addz F, F, s 

where 

G ( x ,  4) = B M X ,  4), 4) - (3.8) 

Now we manipulate (3.4) in the same way to obtain 

and differentiate to obtain 
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2a 1 
-V'(x) = 1 (R+Fcos4)FFxd4. 
27r 0 

Similarly, (3.5) leads to 

L2'GFFx dq5 = --Z'(x) 1 . 
4rx 

(3.10) 

(3.11) 

The constraints (3.9) and (3.11) mean simply that the volume and helicity 
between any two neighbouring magnetic surfaces are prescribed and fixed. 

The function G can be determined by the usual Lagrange multiplier tech- 
nique: if X(x) is the Lagrange multiplier for the constraint (3.11), we imme- 
diately find that 

X(X> 
2(R+Fcosd)  G =  

where, from (3.11), X(x) satisfies 

' A  ~ ( R + F c o s ~ )  4rx 
- W X )  --. 2* FF, d4 

Note that the first term in (3.3) becomes 

(3.12) 

(3.13) 

The analysis so far is applicable to all axisymmetric fields with magnetic 
surfaces in the form of nested tori. For the particular case of the flux-tube 
defined in section 2 we may calculate V ( x ) ,  'H(x) and xmor explicitly. From 
(2.11), we see that then (using AT = (0, X/T, 0)), 

Note that s attains its maximum ER when x = xmat, so that 

Using (3.15), we now obtain 

V(x) = 27r 11 rdrdt = 2r //(R+ s c o s 4 ) s d s d b  

S W X )  S M X )  

(3.15) 

(3.16) 

(3.17) 

and similarly 
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(3.18) 

Note that V(xm,=) = V and the total helicity 'H(xmoz) = hiP2 as expected. 
The variational problem now becomes: 

Find the function F(x,q5) and the constant R that minimise 

2T FF, dq5 2~ ( F 2  + F$)d+ 
)-' ' 1  (R -t Fcos+)FFx 

(3.19) 

subject to the constraint 

V 
L2n(R + Fcos4)  FF, d 4  = - 

ha . (3.20) 

This variational problem cannot be solved analytically. However, by re- 
stricting F ( x , ~ )  to be within a certain class of functions, it is possible to  
obtain an upper bound for the true minimum. In the following sections, we 
will study, in turn, the cases of (i) large h,  (ii) small h and (iii) h = O(1). 

4. The Case of Large h 

In this section the minimum energy of the flux tube in the large h limit will 
be examined. In the order of complexity, we use three different methods to 
provide successively better estimates of the true minimum from above. A 
lower bound for the true minimum energy will also be estimated using the 
Poincard inequality. 

4.1. THE SCALING'ARGUMENT 

Consider the flux tube confined in the torus 7 as described in (2.1), carrying 
a magnetic field B = BT + Bp. Recall that R is the mean radius of the flux 
tube and A is the area of the cross-section A. Let CP = JA (BT(T, z)I drdz 
be the toroidal flux of B around Oz. Under any volume-preserving axisym- 
metric frozen-field distortion, both V (the volume of the tube) and are 
invariant. If, for example, the tube is stretched so that R increases, then A 
decreases so that V = 27rRA = cst. 

Under such a distortion, l B ~ l  increases in proportion to  R; if the dis- 
tortion is such that A contracts in self-similar manner, then lBpl decreases 
in proportion to A;;  also if the poloidal field is generated by the cut-and- 
twist surgery as described in section 2, then lBpl is proportional to  h. On 
dimensional ground we therefore have 

l B ~ l  N CPV-'R , lBpl N h@(VR)-'12; (4.1) 
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and the ma.gnetic energy may be written in the form 
a2 h2 M = kT-R2 + kpQ2-  
V R 

where kT and k p  are dimensionless constants. Hence J% 

R = ( k p / 2 k ~ ) i  V i h :  

and then 
Mm;n N h i @ 2 / V i  

( 4 4  

(4 .3)  

is minimal when 

(4 .4 )  
for some constant k. Since h , @  and V are invariant under all frozen field 
distortions of the flux-tube, this provides an important estimate (to within 
a constant of order unity) of the minimum magnetic energy that may be 
attained. 

4.2. EVALUATING THE ENERGY INTEGRALS 

With the magnetic field explicitly defined in section 2 ,  we now calculate the 
energy 

1 
M = MT + M p  = - / B $ d V  2 t 1 / B $ d V  2 

M T  = - ~ ( 2 ~ r ) ~ ~ 2 7 r r d r d a  1 a2 

(4.5) 

of the twisted flux tube constructed as above. Firstly, 

2 

= 4 7 r 3 g 1 2 = 1 r R  ( R  + s cos q5)3s d s  dq5 using (2 .7)  

(4 .6)  - - 
V 

The first term dominates when E < 1 (so that the tube is thin and long), 
and corresponds to the energy of a uniform flux tube of length 27rR; the 
second term is the correction associated with the fact that the axis of the 
tube is curved, with radius of curvature R. 

Secondly, since from (2 .10)  and (2 .11) ,  

Bg = (27rRh;;)l , 
the poloidal energy is given by 

M p  = $1’“ Jb” 47r2R2s2h2 
R -+ scosq5 

s ds  dq5 

2$7r3a2h2 IO( - - &-T 2 - (1 - E 2 ) 6 ( 2  + &2))  , 
3 v s  

(4 .7)  

Note here the limiting form for small E 
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Fig. 3. (a) magnetic energy m l ( ~ ,  h )  and m 2 ( ~ ,  h )  are plotted against E for various 
values of h; (b) the minimum energy min, m1(&, h )  and min, m2(~,  h )  are plotted 
against h. 

as E ~ O  
23r3a2h2 10 3 h2Q2 

&-T )( -&4 = - 
8 2R 

M p  M 
3vi 

(cf. 4.2). We now have 

(4.9) 

(4.10) 

where 

2$A3 
ml(E,h)= +1+ E 3  ; & 2 + g ( 2 - ( l - E 2 ) f ( 2 + E 2 ) ) )  . (4.11) 

This function is sketched in figure 3 for 0 < E 5 1 and various values of h. 
Note the presence of a minimum value for all h # 0 (since drn l /d~  < 0 as 
E --+ 0, but > 0 as E + 1). 

For h > 1, ml attains its minimum when E < 1, so M m i n  may be 
expanded in an asymptotic series (for small E )  

which has a minimum when 

w 4 / h 2 ,  
8 

&2 = - 
3 t 2h2 

or equivalently when 

(4.12) 

(4.13) 

(4.14) 
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(cf. 4.3), and then 

(4.15) 

in confirmation of the previous estimates (4.3) and (4.4), 

4.3. THE ENERGY PRINCIPLE 

In the above calculation, we have assumed that the tube cross-section is 
circular, and the field structure is invariant. We ignored the fact that the 
toroidal field may be re-distributed during the relaxation, even if each mag- 
netic surface is constrained to have circular cross-section. We now calculate 
the effect of this redistribution. 

Consider the variational principle (3.19)-(3.20) in the case of circular 
cross-sections. For large h we assume that F is independent of 4, so each 
contour with constant x is circular; then (3.19) yields 

V 
FFx = rn 

and hence 

Now we have to minimise 

(4.16) 

(4.17) 

(4.18) 

where xmoc = h9/2r  and F is given by (4.17). The integral can be evaluated 
to give 

(4.19) 

where 

- ( l - & ' ) ~ ) + h 2 ( 1 - ( l  

is to  be minimised. This function (figure 3) provides an estimate of minimum 
energy less than that given in (4.11): in that calculation, the structure of 
the toroidal field was prescribed and fixed, so that the class of equilibrium 
states to  which the tube could relax was narrowed. We also note that now 
the relaxed toroidal field is (0, BE(T, z) ,  0), where 

9 d2TR - r2 - z2 BE(T,  z )  = 2nR- V r 
(4.21) 
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using (3.8),(3.12) and (3.13). However, the asymptotic form of m 2 ( ~ ,  h) for 
small E is 

(4.22) 

which has a minimum when 

E' z 4/h2 , (4.23) 

and then Mmin = khz (with same constant k as before). These results are 
the same as given in (4.13)-(4.15): when h >> 1, the area of cross-section is 
O(R-'), so the details of the toroidal field distribution become unimportant. 

4 

4.4. THE LOWER BOUND 
There is also a lower bound on the magnetic energy when h # 0 [Arnol'd 
1974, Moffatt 1985, Freedman 19881. This results from the Schwarz inequal- 
ity 

and the PoincarC inequality 

1 Qo 
JB2dV 
J A2dV 

(4.24) 

(4.25) 

where qo is a constant (with dimensions (length)-l) depending on the ge- 
ometry of the fluid domain. Hence 

Writing 

M = i / B 2 d V  = m,(h)- o2 
2 Vk 

and 

7f = A - B d V  = h @ 2 ,  J 
we then have 

1 
ma(h) 2 p o v t l h l  * 

(4.26) 

(4.27) 

(4.28) 

(4.29) 
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For example , the fluid domain may be chosen to be a sphere of radius 

R' = R ( l  t E )  = (")"(1 2ir2E2 t E ) ,  (4 .30)  

which just contains the flux tube. Then qo = 7r/R', so that (4 .29)  becomes 

(4 .31)  

In the limit h + 00, E -+ 2/h  so that 

m , ( h )  2 i r t lh i l  (4.32) 

approximately. Combining this with the previous result, we have 

(4 .33)  

in the limit h ---t 00. 

5. THE CASE OF SMALL h 

In the case of small h the poloidd field is weak; the toroidal field then tends 
to contract and give up energy, and hence to squeeze the flux tube onto the 
axis of symmetry. The cross-section is then long and thin, and the flux tube 
may be approximated by a hollow cylinder 

c = { ( T , e , z )  : R - E R  < T < R t E R ,  1 ~ 1  < L )  
, (5 .1)  

(see figure 4a), of volume V = 87r&R2L, E i 1, with R < L .  We shall 
assume that E = O(1) as h 3 0. 

5.1. THE SCALING ARGUMENT 

Let 
B = (BF,27rrv,  @ B.) 

so that the total toroidal flux is invariant. The toroidal energy has the same 
scaling property 

This provides a rather poor lower bound when h > 1; a better lower bound could be 
obtained by, for example, taking the fluid domain to be the spherical annulus R(l  - E )  < 
r < R( l  + E ) .  The important point, however, is that there is always a positive lower bound 
for the energy when h # 0 
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Fig. 4. (a) when h is small, the flux tube is approximated by a hollow cylinder, hence 
it has retangular cross-section; (b) logm,(h) is plotted against logh, showing that 
rn,(h) = O(h2I3) in the limit h -+ 0. 

as before; the poloidal energy, however, scales differently. First note that the 
poloidal flux a p  about the magnetic axis can be estimated in two ways: it 
is the total flux across the ring { ( T ,  8 ,  z )  : R < T < (1 t E ) R ,  z = 0) so that 

l@pl x 2nR21B,I (5.4) 

x 2nRLIBrI . ( 5 . 5 )  

or it is the total flux across the surface { ( T , B ,  z )  : T = R,O < t < L}so that 

where lB,l and lBrl are the average values. It follows that 

l$l+ 
i.e. lBll < Illz!. Using @p = h a ,  the poloidal magnetic energy is then 

Combining (5.3) and (5.7), the total magnetic energy is then 

h2a2V 
t k P T  

R2a2 
V M = kT- 

where kT and kp are constants. This has a minimum when 

(5.7) 
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and then 
1 

Mmin N h t @ 2 / V s .  

Note the different scalings of the minimum energy 

, when h is small; 

, when h is large. 
M n i n  = 

(5.10) 

(5.11) 

5.2. THE VARIATIONAL PRINCIPLE 

We assume that the magnetic surfaces are similar in shape, and that each 
takes the form of a hollow cylinder as described above. Hence we define 

(5.12) 

where t a n a  = L(ER)-' (figure 4a), and f(x) is an arbitrary function of x. 
The integral in the constraint (3.20) can now be evaluated, and is simplified 
to 

so that 

(5.13) 

(5.14) 

Hence the arbitrary function f(x) is completely determined by the (volume) 
constraint. Using this result, and the normalizations 

we simplify (3.19) and obtain 

(5.15) 

(5.16) 
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where 
1 1 + tanh-'(&XF) , 1 

J1 = - 
1 - E 2 X  E X h  

J2 = X + 1 6 ~ x i  R2 tanh-'(&xi) ; (5.17) 
~ T ' E ~ (  1 - E ~ x ) R ~  

and (5.22) is minimised subject to 

R > O ,  O < E < ~ .  (5.18) 

This has been done numerically, and logm,(h) is plotted against logh in 
figure 4b. The slope is 2/3, confirming the estimate (5.11); we also found that 
E $, 1 as h + 0 (see below). However, if it were assumed that the contours 
are elliptic at  the equilibrium state, then the closest distance between the 
outermost contour and the central axis should tend to zero. 

In fact we can now prove the assertion that Mmin = O(h2j3)  for small 
h. Defining 

-1 
A(&) = 1' 4a2( 1 + 7 1 tanh-'(nXi)) dx , 

1 - E 2 X  &XP 
x dX 1 

B(E) = 1 4a2z2(1 - E ~ X )  ' 
C(E) = J,' 1 6 ~ x i  tanh-'(&Xi)dX , (5.19) 

then (5.22) becomes 

(5.20) 

where M = @2V-1/3m, as before. For any fixed E ,  assuming that A(&),  B ( E )  
and C ( E )  are O(l) ,  then ~ , ( R , E ,  h) is minimal when R = R*, where 

hZ 
ma(R,E,h) = R2(A(&) + hZC(&)) t - i~; iB(&) 

and then 

Assuming C(E) = O(1) as h --+ 0, we then have 

(5.21) 

(5.22) 

(5.23) 
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and we find by computation of (5.19) that this is minimised when 

t = E* M 0.9059 . (5.24) 

Hence A(&*)  = 13.35, B ( E * )  = 4.115 x 10-' and C(E*)  = 8.700 are O(1). 
We also note that 

(5.25) 

ash-tO.  

5.3. THE LOWER BOUND 

As in the previous section, we imagine the flux tube is bounded by a fluid 
domain in the form of a sphere. The optimal choice of the radius R' of the 
sphere is 

R' = \/L2 t R2(1 t E ) ~  M L (5.26) 

and therefore, from (4.29), 

In the limit h + 0, E - E* and R + R*h2I3 where E* and R* are constants; 
hence we have, approximately, that 

nh8 
ma(h) ' 40.0574 + 0.6660h2 

(5.28) 

for small h. Combining with (5.25), we obtain 

13.11 h f  5 rn,(h) 5 3.6718 hg (5.29) 

a s h - 0 .  

6. THE CASE OF h=0(1) 

In this case numerical methods must be used. The numerical solution of 
the variational problem (3.19)- (3.20) can be obtained by discretizing the 
variable F ( x , ~ )  both in x and in 4. For simplicity, however, we restrict 
F(x , ~ )  to take the form 

F(x94) = f ( x ) d d )  (6.1) 

where 
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Fig. 5 .  The cross-section of minimum energy states for various values of h when the 
boundary is approximated by (16+1) points. Note that the numerical solutions are 
poor when h is small. 

The contours of constant x are then similar in shape; and f(x) is chosen t o  
be compatible with the large h results given in section 4. We expect that  
g(4)  -+ 1 as h --t 0 since in the limit the shape of the cross-section a t  
equilibrium is a circle. 

The constraint (3:20) becomes 

which is decomposed into 

The objective function M can then be expressed in terms of g($) and R, 
and is minimized subject to  the ‘realistic conditions’ 

R + f’g(4) cos4 > 0 ’ R > 0 7 g(4) > 0 (6 .5 )  
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Fig. 6. The minimum energy rn,(h) against h, calculated numerically (thick curve). 
This plot also shows the estimated (i) upper bound for large h, obtained by numer- 
ical minimisation of (4.20); (ii) lower bound for large h, (4.32); (iii) upper bound 
for small h, obtained by numerical minimisation of(5.22), and (iv) lower bound for 
small h ,  (5.28). 

where 

(since otherwise the surface is not defined in a meaningful way). The op- 
timization problem is solved by standard numerical routines. Without go- 
ing into details, we simply state the result in figure 5 ,  which shows the 
cross-sections for different values of h at relaxed states. Note that the cross- 
sections deform as h decreases in such a way that magnetic field lines are 
contracting to the central a x i s  as expected. Also the minimum energy cal- 
culated numerically confirms the estimates from previous sections, as sum- 
marised in figure 6. Note that m,(h) has an inflexion point near h = 1. 

7. THE GRAD-SHAFRANOV EQUATION 

Magnetostatic equilibrium with flux function x(r ,  z ) ,  pressure field p = P(x) 
and toroidal field B B ( T , Z )  = F I F ( x )  is governed by the Grad-Shafranov 
equation 
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where 

When the equilibrium is a circular flux tube of mean radius R and cross- 
section A < R2, the operator D 2  may be approximated by 

and the Grad-Shafranov equation may be approximated by 

(E a r 2  + E)  az2 x = -R2P’(x) - F ( x ) F ’ ( x )  . (7.4) 

Here, ( T ,  z )  may be regarded as cartesian coordinates in the meridian plane, 
centred on the axis of the flux tube. 

Consider now the scale transformation 
1 

R + AR , ( r , z )  + X - ~ ( T , Z )  (7.5) 

which corresponds to stretching the flux tube by a factor X and shrinking 
its cross-section by the same factor to conserve the volume. It may easily be 
verified that (7.4) is then invariant under the transformation 

3 
F + X ~ F  , x --+ A Q  and P -+ X 2 P .  (7.6) 

The toroidal flux @T is invariant under this transformation, but the total 
poloidal flux, equal to 2 n A x  where Ax is the jump in x from the centre of 
the flux tube to its boundary, scales as @ p  N A;, Hence the helicity scales 
as 

3 

‘H N @T@p N (7.7) 
2 

or equivalently X N ‘HH. This is the counterpart of the result (4.14), and pro- 
vides confirmation that the results (4.13)- 4.15) are characteristic of toroidal 

the flux-tube is not circular. 
magnetostatic equilibrium (when R >> A’ I 2), even when the cross-section of 

Similarly, in the case of small h, the operator D is approximated by 

and (7.1) is invariant under the scale transformation 

r + Xr , t + ; F + A2F , x --* X3x and P + XP . (7.9) 
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This corresponds to stretching the flux tube by a factor X in the r-direction 
and compressing it by a factor X2 in the z-direction to conserve the volume. 
The toroidal flux is again invariant under this transformation, but poloidal 
flux scales as X3. Hence the helicity scales as 

(7.10) &! N @Tap N x3 
or X N ‘Hi. This is the counterpart of the result (5 .25) .  

8. THE EFFECT OF NON-AXISYMMETRIC INSTABILITY 

In this paper we have studied the minimum energy m,(h) of the twisted flux 
tube as a function of h. The main result, 

m,(h) { 3.67 h i  when h << 1, 
3.22 h$ when h > 1, 

provides a close estimate from above for the minimum energy of the flux 
tube. We also estimate a lower bound and the results are summarised in 
figure 6. All calculations assume that the minimum energy state is axisym- 
metric. However, preliminary calculation suggests that this configuration is, 
in fact, unstable to kink mode perturbations when h is larger than a crit- 
ical value of order unity. The flux tube may then relax further to a state 
with lower energy, and the result (8.1) should therefore be understood as an 
upper bound of the true minimum energy m(h) .  

Although we are unable to calculate the exact form of m(h),  there is a 
simple argument suggesting that m(h) N Ch4I3 when h >> 1, like rn,(h), but 
with smaller proportionality constant C. Figure 7a shows a generic situation 
when a twisted flux tube is deformed by kink mode displacement. The total 
helicity is unchanged, but the twist ingredient is transformed into a torsion 
ingredient (associated with the torsion of the axis, see Ricca & Moffatt 1992). 
Figure 7b shows how a flux tube with a large value of h may relax. A possible 
model for this relaxed state is a twisted cylindrical flux tube, shown in 
figure 7c, carrying equal and opposite magnetic flux (of magnitude a); the 
corrections at  the two ends are negligible when h is large. In cylindrical polar 
coordinates, let B = (0, Be, B,) be the uniform twisted field confined in the 
cylinder C = { ( T ,  0, z )  : 0 5 T 5 a,  0 5 z 5 L }  of volume V and area of 
cross-section A = na2, then 

IBzI = 2@/A , Be = 2 n b ~ @ / V  (8.2) 

where b is to be determined. The ‘net’ axial flux is 9, = 2 @ ,  and the flux 
associated with the azimuthal component of the field is 
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Fig. 7. (a) a torus with twist (of angle 2n) can be deformed into a figure 8 without 
twist; (b) the non-axisymmetric equilibrium state; ( c )  the flux tube is approximated 
by a cylinder with twisted magnetic field. 

hence the helicity of the field (8.2) is 

'H = = 2 M 2 .  (8.4) 
Since the helicity is an invariant and has the value ha2 ,  therefore b = h/2. 
The magnetic energy is then 

M = ~ ~ ( B ~ t B ~ ) d V = ~ 2 ( ~ t ~ A )  1 2V h2?r , 

which has a minimum when A3 = 16V2(h2?r)-', and then, using (4.15), 

where 

m(h) = ~ ~ / ~ r n , ( h )  x 0.63ma(h) , (8.7) 
consistent with the conjecture that the relaxed state with lowest energy is 
non-axisymmetric. 
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