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Abstract 

Steady flow of a thtn tnckle of vtscous fluid down an inclined surface 1s considered, via a thin-film approxlmatlon Results obtained for 
uniform flow down the topside or underside of an mclmed plane are used m a simple way to approximate flow down a non-plane surface 

Keywords VISCOUS flow, Flow, Thm film approxlmatton 

1. Introduction 

Many viscous flow problems of practical importance 
involve free surfaces whose effects contribute slgmficantly 
to the dynamics One prototype problem that has received 
much attention 1s that of the ‘drammg’ of viscous films down 
mclmed surfaces In the simplest cases the film will run down 
the surface as a uniform ‘trickle’, if the film 1s too wide, 
however, then generally it will become unstable and break 
mto ‘fingers’, each of which will run down the surface as a 
trickle We consider the steady behavlour of such a ‘trickle’ 
of viscous liquid (which we take to be supplied at a prescribed 
volume flux) We adopt a very simple approach to the prob- 
lem, using a thin-film approxlmatlon This leads to some 
simple results for a umform trickle on an mclmed plane, and 
these results are later used m a rather crude description of 
flow down curved surfaces 

We consider only steady flows, with fixed contact lines, so 
that the dlfficultles associated with moving contact lines are 
avoided (cf Davis [ 11, and the many references therein) 

Z 

free surface 

Unsteady flows have been considered (within a thin-film 
theory) by, for example, Huppert [ 21, Schwartz [ 31, Llster 
[4] and Moriarty et al [5] 

2. A uniform rivulet 

Consider first the flow of a unlform rivulet down an 
inclined solid plate (see Fig 1) Aspects of this problem have 
been considered by Towel1 and Rothfeld [6] and by Allen 
and Blggm [7], so some of our results parallel some of theirs, 
though we obtain results m a form more useful later 

Suppose Newtonian fluid, of constant density p and VIS- 
coslty p, 1s undergomg steady rectl1mea.r flow m the form of 
a filament, down a plate inclined at an angle (Y to the hon- 
zontal Referred to Carteslan coordmates Uxyz as indicated 
in Fig 1, the velocity will be of the form u= u(y, z)i, and 
the Navler-Stokes equations reduce to 

0= -px+pg sin a+~(ury+uu), 

Rg 1 A tnckle of VISCOUS hqmd, of width 2u and maxtmum depth h,, flowing down a flat plate mclmed at an angle (Y to the honzontal 
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o= -p,, o= -pz--pg cos Ly (1) 

(subscripts X, y and z denoting partial dlfferentlatlon) In a 
‘thin-film theory, these equations approximate to 

0= -px+pg sin cu+yu,, 

o= -p,, o= -pz--pg cos ff 

to be integrated subject to the boundary condmons 

(2) 

u=Oonz=O 

p-pa= - yh” and u,=O on z=h (3) 

h=Oandh’=Ttanpaty=+a 

Here z = h(y) IS the free-surface profile, a prime denotes d/ 
dy, p 1s the pressure m the Ilquld, pa IS atmospheric pressure, 
a 1s the semi-width of the trickle, g IS the gravitatIona accel- 
eration, y 1s the coefficient of surface tension, and j? IS the 
contact angle at the three-phase contact lme We have 
neglected the vlscoslty of the air above the liquid, and we 
have taken the surface curvature to be h” Also we have taken 
y and p to be prescribed constants, nommally with p small 
A constant y means that any surface-tension-dnven effects 
associated with surfactants or differential heating are Ignored 

A constant p means that any contact-angle hysteresis IS 
ignored, this 1s probably reasonable for these rivulets 

For brevity m wrltmg the solution we mdlcate the three 
casesO<cw<~l2,~=rr/2and~/2<~<rrby(1),(u)and 
(m), respectively Then the solution 1s as follows The veloc- 
1ty 1s 

U(Y, z) = 7 (2hz-z’) 

the free-surface velocity u, ( = u(y, h) ) IS 

U,(Y) = - 
pg sin a h2 

3-l 

(4) 

(5) 

and the pressure 1s 

p(z) =p,-pgzcos a+~nkV(ypgIcos aI> 

i 

cothB (1) 

X B-’ (11) (6) 
cot B (Ill) 

where 

B=a(pglcos cfjly)“* (for a#&2) (7) 

B ( > 0) IS a Bond number for the flow For cz = rr/2 we have 
B = 0, nonetheless case (11) may be included formally m Eq 
(6), the mterpretatlon being that factors of cos cx are can- 
celled before the limit Q ---) 7r/2 1s taken 

The free-surface profile z= h(y) 1s gtven by 

cash B- cash Bi$ 

smh B 

f&1-5*) 
cos Bt- cos B 

sm B 

(1) 

(11) 

(111) 

(8) 

where 

r=yla (-1<561) (9) 

and the maxlmum depth h, of the liquid (given by 

h, = h( 0) ) satisfies 

(10) 

with interpretations for case (11) as above Note that the scales 
of h, and a m Eqs ( 10) and (7) differ essentially by the 
small factor tan j3 (and indeed m case (11) h,,,la = $ tan p) , 
this reflects the fact that the depth of the film IS much less 
than its width 

The solution 1s physlcally sensible only where h(y) 30 
In case (m), h(y) m Eq (8) IS posmve for all y satisfying 
-a Q y Q a only if B IS restricted by 0 <B < TT, the physical 
meaning of this upper limit 1s discussed below 

The volume flux of liquid running down the plate IS 

(1 MY) 

Q=( j-udzdy (11) 
-a 0 

and with the nondlmenslonahzatlon 

‘= yZtan3j3smcr 
gPpg co” (y Q (for a# 7r/2) (12) 

we have 

Q= F(B) (13) 

where 

i 

15B coth3 B- 15 coth* B-9B coth B+4 (1) 
F(B) = 12&/35 (11) 

-15Bcot3B+15cot2B-9BcotB+4 (III) 

(14) 

with case (II) interpreted as above The mean flow speed zi 
( = Qll”_,h(y) dy) satisfies 

y tan21;f”tan (y, U= F(B) X 
(BcothB-l)-’ (I) 

3/B* (11) 
(1-BcotB)-’ (111) 

(15) 

The function & = F( B) IS plotted m Fig 2 for the three 
cases, for the physlcally relevant domam B > 0, Q > 0, and 
B < T m case (111) In each case, d & 1s prescribed then B 1s 
determined uniquely, and hence a, h(y), p and u(y, z) may 
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1 
0 1 2 3 4 

Fig 2 The nondlmenslonal flux e as a function of Bond number B in the 
threecases (I), (u),(m) 

be found Thus the non-dlmenaonal parameter & essentially 
determmes the cross-sectional shape of the tickle, the para- 
meters (ylpglcos (~1)~” and y/p (together with (Y and p) 

then determine the scales of the width, depth and speed [The 
relationship between Q and a, mvolvmg the parameters p, g, 
35 p, CY and /3, may be reduced by dimensional analysis to a 
relationship between five dlmenslonless parameters, say 
Qp’s yIp3, a’pgl y, pylgp4, (Y and p, m the present approx- 
imation this reduces dramatically to the relation (13) 
between Just two parameters, 0 and B ] 

In cases (1) and (m) we have e(B) - 12B4/35 and 

h, -&atanp as B-+0 Also m case (I) we have 

o(B)-6B-11 and h,-(ylpgcos@“‘tanP as B--)03 
(and m practice these asymptotic forms are accurate for 
B > 4) Result (27) of Towel1 and Rothfeld [ 6 J (for a ‘wide 
flat rivulet’) corresponds here to case (1) with B + CC 

For case (11) (1 e for a vertical wall) the above results are, 
in a more explicit form, 

p(z) =pa+ _r tan p, h= 
a 

$ (a’-y’), 

h,= ; tan p, a=(4~)5~~8)l’4, 

u= 2a2pg tan’ /3 

3% 
(16) 

In an exact analysis the free surface h(y) m this case would 
be an arc of a circle, the approxlmatlon to this m Eq ( 16) 1s 
correct to 0( p*) The expression for a m Eq ( 16) (which 
1s independent of r) agrees with results (24) and (25) of 
[6] (but note that Eq (25) m [6] should bef( 0) - 16@/ 

35) 
In case (m) we have a-r(ylpgjcoscx1)1’2, 

&(B)-15d(~-B)~ and h,latanp-2/[7r(r-B)] as 
B + r, this breakdown m the solution as B + r corresponds 
to the non-existence of a solution to the problem of a static 
two-dlmenaonal drop hanging from a horizontal support 
when the mass of the drop 1s so large that the surface tension 

cannot hold it up (Actually our ‘thin-film approxlmatlon 
would be invalid well before this breakdown could occur, 
smce h, -P m as B 4 r, nevertheless even m a fully nonhnear 
analysis one would expect a solution to exist only for 
restncted B Stability conslderatlons would further restrict 
the allowed values of B ) In addition, smce the minimum 
pressure m the liquid (occurrmg at the plate z = 0 m case 
(m) ) must exceed the vapour pressure pV ( <p,) of the 
liquid, B must also satisfy 0 <B <B. < r, where cot B, = 
-(p,-pV)/[(3/pg)cosa1)“‘tanP] (sothatB,>?r/2) 

We have taken p to be constant (1 e we have ignored any 
contact-angle hysteresis) In reality j3 may vary somewhat 
along a contact line, however at an anchored (1 e fixed) 
three-phase line it 1s expected that &G /3 < J3,, where pr and 
/3. are constants (the receding and advancing contact angles) 
If /3 does vary along the contact lme of the rivulet then the 
flow will not be truly unldlrectlonal, however the above the- 
ory may still be approximately correct If p varies only slowly 
Then the cross section of the filament will vary slowly with 
distance down the plane an increase m p (with Q fixed) will 
be associated with a decrease m 0 (smce 0 - (tan p) -3), 
with an increase m h, (since h, - (tan p) 1’4), with a 
decrease m B (since B - (tan p) -3’4), and therefore with a 
decrease m a 

3. Flow of a trickle down a surface of slowly varying 
slope 

Nusselt, m his classic papers [LX], gave, amongst many 
other things, the ‘thin-film description of the steady flow of 
viscous liquid round a circular cylinder of large diameter, 
with its axis horizontal He made a ‘quasi-static’ assumption 
that, at each station round the cylinder, the liquid depth and 
velocity have forms appropriate to flow down a flat plate 
mclmed at the local value of the cylmder’s slope He treated 
films of effectively infinite lateral extent (m the direction of 
the cylinder’s generators), so that there are no contact lines, 
also he neglected surface tension Nusselt was primarily con- 
cerned with the thickening of a film (of water) due to con- 
densation (of steam), if such condensation 1s ignored, his 
solution for the liquid depth h, the velocity component u down 
the lme of greatest slope and the surface velocity u,( = u ) z = ,,) 
may be wntten 

h= , u= y (2hz-z’), 

(17) 

Here Q, 1s the prescrrbed volume flux (per unit width) round 
the cylinder, z 1s a local normal coordinate, and cx IS the local 
angle of slope of the cylinder’s surface (with 0 < (Y < rr) , the 
quantities U, h and u, thus depend on distance s measured 
down the surface, this dependence arising via the slow van- 
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atlon of LY with s (In fact, Nusselt’s results also provide the 
solution for flow down surfaces of more general shape, pro- 
vided that the surface slope varies sufficiently slowly, and 
thatO<a<r) 

In a somewhat slmllar way we consider the flow of a trickle 
of viscous liquid down a sohd cylmdrlcal surface with hon- 
zontal generators and with slowly varying slope, more pre- 
cisely, we take the width of the trickle to be much less than 
the radius of curvature of the solid surface Followmg Nusselt 
we make a ‘quasi-static’ assumption that at each station the 
trickle attains an eqmllbnum shape and velocity appropriate 
to flow down a plate inclined at the local slope (Y (with 
0 < (Y < V) Thus at each station the solution 1s simply the 
uniform rivulet presented m Section 2 Since (Y 1s now a 
variable (depending on distance s measured down the solid 
surface), it IS more suitable to nondlmenslonahze as 

l/2 

0 

I/2 

cot p h, y= !?k! 
Y 

y, 

(18) 

the new dlmenslonless variables b and CJ bemg related to the 
earlier ones B and 0 by B = b ) cos CY 1 and & = q cos’ cd 
sm (Y Then the relationship 0 = F(B) m Section 2 becomes 

q cos2 (Y 

sin ff 
= F(b\llcoscu() (19) 

Since F( ) IS strictly monotonic m its argument we may 
write formally 

b(a)= $---&- (20) 

with 

b=(35q/12)“4( =b,, say), for cw=7~/2 (21) 

(and again Eq (21) 1s an instance of Eq (20), with 
F(B) = 12Pl35 and with CY set to 1~12 after cos a terms have 

8 

b 

c 

Fig 3 The nondtmenslonal serm-wtdth b( a) of tnckles runnmg around the 

outslde of a arcular cyhnder, for various values of the nondlmenstonal flux 
q Here a = 0 corresponds to the top of the cyhnder and C_I = w corresponds 
to the bottom 

been cancelled) Thus with the nondlmenslonal flux q pre- 
scribed, the semi-width, 6, of the trickle 1s determined by Eq 
(20) as a function of the slope (Y, and hence the complete 
solution (valid for 0 < (Y < V) 1s determined precisely as m 
Section 2, with z and y interpreted as local normal and trans- 
verse coordinates, respectively, and with cx now variable 

Eq (19) may be wntten 

AZ+ F(B) -A-1=0, A=sma: 
4 

(22) 

This leads to an equivalent parametric representation of the 
function b(a), which 1s somewhat easier to use m practice, 
namely 

i 

sin-‘A (1) 
(Y= IT/2 (11) (23) 

7r-sin-’ A (iii) 

b=B/( 1 -A2)“4 

where 

A={[(F(B))2+4q2]“2-F(B)j/2q 

with the parameter B satlsfymg 

{ 

O<B<m (I) 
B-0 (11) 
O<B<T (111) 

(24) 

(25) 

(26) 

Then from Eq (8) the cross-sectional profile of the trickle at 
each station CY 1s given by 

C(y,a) = 1 
for 

2 

H 

1 

- 

cash B - cosh(y&) 
(1) 

& (b,* - y”> (11) 

co&1,,,,1) -cos B 

dm sin B 
(111) 

/ 
001 

(27) 

n/4 n/2 
a 

3x14 ?I 

Fig 4 The nondtmenslonal maximum depth H(a) of tnckles, as m Ftg 3 
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Fig 5 The curves m Rg 4 drawn on a circular cyhnder, mdlcatmg the shape 

of film predicted 

-b(a) <y<b(a) (28) 

Also the nondlmenslonal maximum depth H(a), defined by 
H = &( 0,a) , IS given by 

H= $b, 

1 

tanh($B)l(1-h2)“4 (1) 

(11) 
tan(@)l(1-AZ)1’4 (111) 

with bl = (35q/ 12) 1’4 

Appropnate asymptotic expansions show that 

(29) 

b 
cY2 

-&++, H-l+7 asa- (30) 

b-b,+ $(; -a), H- 2 - f$; -a) 

and 

asa-,? 
2 (31) 

ascu+n (32) 

Thus this solution predicts that b + ~4 and H + 1 as a! + 0, 
andthatb+n.andH+masa-,m,foranyvalueofq Also 
one can show that dblda< 0 for O< a< ?r/2 and that dbl 
dff>tbtanaforn-/2<(Y<m 

The lateral extent of the trrckle IS specified by the contact 
lines y = f b( a), which vary slowly with s Figs 3 and 4 
show respectively, for vmous values of q, the predicted 
shapes of the bounding curve b(a) and of the maxlmum 
depth H(a) for the case of flow round the outer surface of a 
circular cylinder with horizontal axis (so that s = CUR, where 
R IS the radius of the cylinder) For q less than about 0 1 the 
cross-sectional profile IS rather uniform around the cylinder, 
except near (Y = 0 and (Y = 7~ For larger q there 1s more van- 
atlon Fig 5 shows a cross-sectlonal view of the cylinder and 
films (the film thickness being exaggerated for clarity ) , and 
Fig 6 shows (for the case q = 1) examples of the film profiles 
at various stations (Y around the cylinder Note that, unlike 
Nusselt’s solution ( 17), this solution does not have top-to- 
bottom symmetry, 1 e a profile at a station (Y on the ‘topside’ 
IS different from the profile at the correspondmg station 
( 7r- a) on the ‘underside’ (This may be seen from the fact 
that the forms of F for (Y < 7r/2 and cy > 7r/2 m Eq ( 14) are 
different ) 

This approximate solution breaks down near the top 
((Y= 0) and the bottom (cr = 7r) of the cylinder, as does 
Nusselt’s solution for the ‘multi-tube’ case Nusselt mter- 
preted the infinite values of h m his solution as representing 
fluid falling onto or falling off the cylinder, at (Y = 0 and (Y = r, 
respectively, in our solution, an infinite h occurs at (Y= 7r 

-15 -1 0 05 1 15 

Rg 6 Examples of film profiles on a circular cyhnder, for the case q = 1 m 

Rg 3 plot of (pgl y) “‘h cot fi as a function of (pgl y) “‘y from JXq (27). 
at various stauons a round the cylinder For this value of q. the maxImum 

film depth H(a) essentmlly decreases with a until a=80”. and then 

increases, also the maximum width 26(a) decreases with a until a= 110”. 
and then increases 
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only, but an infinite b occurs at cx = 0 [Incidentally, for flow 

down the mslde surface of the same cylinder, Figs 3 and 4 
merely need to be viewed nght-to-left, that E., (Y = r 1s at the 
top of the cylinder and LY = 0 IS at the bottom The smgulmtles 
m h and m b then occur at the topmost and bottom-most 
points, respectively ] 

The asymptotic forms (30)-(32) show that dbl 
da= -b13/18 at a=rr/2 and that dblda-, +m as (Y+T, 
so there must be a point where dblda = 0, that is, the trickle 
always attams its mmlmum width m a> 7r/2 On the other 
hand H increases from its value 1 near (Y = 0, and satisfies 
H=b,/2 and dHlda=b13/72 at cw=m/2 (and approaches 
CC as cx + r) Thus, depending on the value of b, (I e of q) , 
the liquid depth m 0 < (Y < 9r/2 may either mcrease monoton- 
ically with cy, or may mmally increase, then decrease, then 
increase again 

Some aspects of these flows accord with common expen- 
ence Simple ‘kitchen’ experiments were performed, with 
trickles of syrup (of width N 5-15 mm and depth - 2-8 mm) 
running round the curved side of a large cooking pot (of 
diameter u 30 cm), lying on its side, the experiments showed 
rough agreement with the curves m Figs 3-5 Better exper- 
lments would be needed to test whether the agreement 1s more 
than superficial 
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