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1 I n t r o d u c t i on

The motion of a vortex ring is a venerable problem, and, since t,he attempts
of Helmholtz and Kelvin in the last century, extensive study has been made
on various dynamical aspects, such as formation, traveling speed, waves, in­
stability, interactions and so on. Concerning the steady solution for inviscid
dynamics, analytical technique has been matured enough to mske a highly
nonlinear regime tractable. In contrast, the effect of viscosity on the nonlinear
dynamics is poorly understood even for an isolated vortex ring.

In this article, we present a large-Reynolds-number asymptotic theory
of the Navier-Stokes equations for the motion of an axisyrnmetric vortex
ring of small cross-section. Our intention is to make the nonlinear eff'ect
amenable to analysis by constructing a &arnework for calculating higher­
order asympCotics. The nonlinearity is featured by deformation of the core
cross-section. We build a general formula for the translation speed incor­
porating the slowing-down eKect caused by the elliptical deformation of the
core. hloreover we show that viscosity has the action of expanding the ring
radius,simultaneouslywith sv elling the core; starting from an infinitelythin
circular loop of radius Ro, the radii R, (t) of the loop of stagnation points
relative to a comoving frame, Rs (t) of the loop of peak vorticity, R,(t) of the
centroid of vorticity all grow linearly in time t as Q ~ Ro+ 2.5902739vt/Ro,
Rs = Ro+4.5902739vt/Re, and Q = Re+ 3vt/Re It is poin.ted out that the
asymptotic values of R and R, exhibit a discrepancy, at a finite Reynolds
number, from the numerical result of IVang, Chu hc Chang (1994).

To begin with, we briefly survey known results. Dyson (1893) (see also
Fraenkel 1912) extended Kelvin's formula for the speed U of a thin axisym­
rnetric iurtex r ing, steadily translating in an inviscid incompressible quid
of infinite extent, to th i rd (virtually fourth) order in a small parameter
r = o /Re, the ratio of core radius o ta the ring radius Ro, as

8 I 3e' 8 5
4 8 r 4

log ­ — — — — log ­ — — + O(r loge), ( 1.1)



FukulnoCo Ec AfoH'st t

3(.~ 8 17
8 c 12

where I is the circulation carried by the ring. The vorticity is assumed to be
in proportion to distance f'rom the axis of symmetry. We consider Kelvin's
formula (the First two terms) as the first-order and the O(ss)-terms as the
third. The local self-inducai flow consists not only of a uniform flow but also
of a straining Field. The latter manifests itself at O (s ) and deforms tbe core
into an ellipse, elongated in the propagating direction:
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where (r,8) are local moving cylindrical coordinates about the core center
which will be introduced in )2. The inclusion of the third-order term in the
propagating velocity gives a remarkable improvement in approximation; (1.1)
compares well even with the exact value for the 'fat' l imit of HiH's spherical
vortex (Aaenkel 1972). In this limit, the parameter s is as large as v 2 under
a suitable normalisation. This surprising agreement encourages us to explore
a higher-order approximation in more general circumstances.

Viscosity acts to diff'use vorticity, and the motion ceases to be steady. Its
influence on the traveling speed, at, large Reynolds number, was Erst addressed
by Tung 0, Ting (1967), using the matched asymptotic expansions,for the
case where the the vorticity is, at a virtual instant / 0, a ' b -function' con­
centrated on a circle of radius Re. By a different method, Salfman {1970) suc­
ceeded in deriving an explicit formula, valid up to first order in r ~ (v/F) '~~,

(I 3)

where v is the viscosity, t is the time, and p 0 .5 7 721566.- is Euler's con­
stant (see also Caflegari gc Ting 1978). Wang, Chu gc Chang (1994) employed
a similar method to Tung k T ing (1967), but with a different choice /t as
small parameter, and gained a correction to {1.3) originating from the viscous
difFusive efFect. This correction vanishes in the limit of v ~ 0 . Unfortunately,
the existing asymptotic theories all assume a circular symmetric core with a
Gaussian distribution of vorticity. ft implies that our kzmwledge of the non­
linear effect is restricted to O(r). For comprehensive lists of theories of vortex
rings, the article of Shariff ft Leonard {1992) should be referred to

Motivated by intriguing pattern variation of the dissipation field visualised
from numerical data of simulations of fully developed turbulence, Mofatt,
Kids & Ohkitani (1994) developed a large-Reynolds-number asymptotic the­
ory for a steady stretched vortex tube subjected to uniform non-axisymmetric
irrotational strain They demonstrated that the higher-order asymptotics sat­
isfactorily account for the fine structure of the dissipation field previously ob­
tained by numerical computation (Kids & Ohkitani 1992). The corresponding
planar problem, though unsteady, is dealt with in a similar manner, and an

log — -(1 — >+iog2)+ "
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extension of the result of Ting Jlr Iling (1965) to a higher order was achieved
by Jimenes, Moffat t gc Vasco (1996). The structure of the solutions have
much in common; at leading order, a columnar vortex with circular cores,
an exact solution of the Navier — Stokes equations, is obtained. A quadrupole
component enters at O (v/I'), which is realised as the deformation of the core
cross-section into an ellipse. The distinguishing feature is that the major
axis of the ellipse is aligned at 45' to the principal axis of the external stain.
This result leads us to expectat that the strained cr~ s e c t ion of a vortex
ring, observed in nature, is establish' as an equilibrium between self-induced
strain and viscous diffusion. Along the line of this scenario, we elucidate the
structure of this strained core and its influence on the traveling speed of an
axisyrnrnetric vortex ring.

A pov~rful technique for our purpose is the method of matched asyrnp­
totic expansions. It has been previously developed to derive the velocity of
a slender curved vortex tube (see, for example, Ting gr Klein 1991). How­
ever this method is limited to O (es) (Moore gt Saffman 1972; Fukumoto gr
Miyazaki 1991) . In the viscous case also, the self-induced strain, with the
resulting elliptical deformation of the core, makes its appearance at O (r ),
and its influences on the translation speed come up at O(c ). We are thus
requested to extend asymptotic expansions to a higher order.

In )2, we state the general problem.The existing M)yrnptotic formula for
the potential flow associated with a circular vortex loop is not sufficient to
carry through our program. In o rder to work out the correct inner l imit
of the outer solution, we devise, in f3, a technique to produce a systematic
asymptotic expression of the Biot-Savart integral accommodating an arbi­
trary vorticity distribution. In P , t h e inner expansions are scrutinised to
O(r) and are extended to O(r ). Based on these, we demonstrate in )5.1
that the radii of the loops of the stagnation points, maximum vorticity and
ierticity centroid all grow linearly in t ime owing to the action of viscosity.
Thereafter, v e establish in )5.2 a general formula for the translating velocity
of a vortex ring. In $6, an equation governing the temporal evolution of the
axisymmetric vorticity at 0 (c~) is derived, and an integral representation of
the exact solution is given, by which the formula of the preceding section can
be closed.

A few ambiguous steps lying in previous theories stand as obstacles to
proceeding to higher orders. These highlight the significance of the dipoles
distributed along the core centerline and oriented in the propagating direction.
It turns out that their strength needs to be prescribed at an initial instant,
which solves the problem of undetermined constants at O (r). As a by-product,,
a clear interpretation is provided of the general mechanism of the self-induced
Inotion of a curved vortex tube. Because of the limitation of space, we must
omit the technical details. A comprehensive account of our theory will be
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available in the paper of Fukumoto Er MoEat t (2XO).

2 F o r m u l a t i on

Consider an axisyaUnetnc vortex ring of circulation I moving in an in6nite
expanse of viscous Quid with kinematic viscosity v. We suppose that the
circulation Reynolds number Rer is very large:

Rer = r/v ~ 1.

IS

(2 1)

Two length scales are available, namely, measures of the core radius cr and the
ring radius @. Suppose that their ratio e /+ is very small. We focus atten­
tion on the translatiorlal motion of a 'quasi-steady' core. This means that we
exclude stable or unstable wavy motion and fast core-area waves. Then, ac­
cording to (1.1), t,he time-scale under question is of order Re/(I'/Ro) Re/I .
The core spreads over this time to be of order o (vt)'/ (u/I )' / ' Rp Ow

assumption of slenderness requires that the relevant small parameter e(<c: 1)

(2.2)v t .

R(I)

Figure 1

Choose cylindrical coordinates(p, P, z) with the z-axis along the axis of
symmetry and P along the vortex lines ~ shown in Figure 1. We consider an
axisymmetric distribution of vorticity ~ = t (p, s)es localised about the circle
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(p, z) = (R(t), Z(t)), where ee is the unit vector in the azimuthal direction.
The Stokes strearnfunction g is given by

4'(p z) p ~ 2< ((p', z') p' cos g'd p'd4Vdz'

p — 2pp cos4 +P + (~ — ~)
(2.3)

The theorems of Kelvin and Helmholtz imply t,hat detertnination of the ring
motion necessitates a knowledge of the flow velocity in the vicinity of the

As is well known, the irrotational flow-velocity calculated from (2.3) for
an infinitely thin core increases without limit primarily in inverse proportion
to the distance from the core. In addition, it entails a l ogarithmic infinity
originating from the curvature effect. These singularities may be resolved by
matching the outer flow to an inner vortical firn< ~ hich decays rapidly as the
core center is approached. Thus v~ are led to inner and outer expansions
(Ting &. Tung 1965; Tung gr Ting 1967). The inner region consists of the
core itself and the surrounding toroidal region with thickness of the order of
the core radius e. There we develop an ironer asyrnptot.ic expansion which
matches at each level to the outer solution (2.3).

To this end, it is advantageous to introduce, in the axial plane, local polar
coordinates (r, 8) moving with the core center' (R(t), Z(t)) with 8 = 0 in the
pdirection (Figure 1):

core.

(2.4)

Let us make the inner variables dimensionless. The radial coordinate is nor­
malised by the core radius r Ro(= o ) and the local velocity v = (u, v), relative
to the moving frame, by the nuurimum velocity I /(rRe) In view of(1.1.), the
normatuuLtion parameter for the ring speed (R(t), Z(t)), the slow dynamics,
should bc I /Q. The suitable dirnensionless ironer variables are thus define

Ror (2.5)

p = R(t ) + r cos 8,

r = r /rRo, I ' = t/Q, f ' = , ( ' = ( / ~

z = Z (t) + r sin 8.

(R, i ' ) = (R, z)/t~~.

The difference in normalisation between the last two of (2.5) should be kept
in mind.

The equations handled io the inner region are the coupled system of the
vorticity equation and the subsidiary relation between ( and g. Dropping
the asterisks, they take the following form:

'The delnitlon of the 'core center' will be discussed I,t mroe length lo )4.2
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where v = 1, p = R + a cos 8, and h is the two-dimensional Laplacian,

82 1 8 1 8
r 8r r 88 (2.8)

and u and v are the r- and 8­components ofthe relative velocity v.

u = — — — e(Z sin 8 + R cos 8),1 ~
rp 88

18$— — — — f.'(Z cos 8 — R sin e) .
p Or

(2.9a)

(2.9b)

We now postulate the following series expansions of the solution:

(2. loa)
(2.10b)
(2.10c)

(2.10d)

where ti'1 and gf'1 (i = 0,1,2,3, ) are functions of r, e and sometimes
t. Th e re arises log c as ~vtl, but we may conveniently take it to be of order
unity, since multiples of loge happen to be ruled out at least to the above
order. inserting these espansions into (2.6) and (2.7), supplemented by (2.8)­
(2.9b), and collecting terms with like powers of r, we obtain the equations to
be solved in the inner region.

The permissible solution must satisfy the condition:

u and v are finite at r ~ 0 .

R
Z

((o) + ~((1) + ~2((2) + ~3((3) +

y(0)+~ 1 +C f p +6 $3 + ' ' '

R )+eR ')+e R ) + . . ­

,

Z( ) + Z ( ) ~ 2 g (2) +

(2.11)

IUe emphasise that this condition is better than the restrictive one that u =

v = 0 at r 0. The re qu irement that it smoothly match theasymptotic
form, valid in the vicinity of the core, of the outer solution will determine
the values of Rf'1 and Zi'> (i = 0,1,2, ). This procedure wss already
performed by Tung fk Ting (1967) and Callegari gr Ting (1978) snd others,
up to erst order. Our aim is to explore the second and third orders. Before
that, we reconsider the earlier results.
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3 O u t e r so lu t i on

For a circular vortex loop of unit strength placed at (p, z) = (R, Z), t ~
6(p — R)6(z — Z) and the Stokes streamfunction (2.3) simplifies to

p z" R cos 4i'd4y
4x s p z — 2pRcosg+ R + (z — Z)z

(3.1)

Use of the complete elliptic integrajs K and E of the first and second kinds
converts (3.1} into Maxwell's well-known formula. We call Q the 'monopole
field'. With the aid of the asymptotic behaviour of K and E for modulus
close to unity, the asymptotic forzn of g~ for r W R i s obtainable at once
(Dy~n 1893; Tung gr Ting 1967):

+

I R SR r SR
2x r 2R r
r2 SR

24 R2

+ ­ -3 log — + 1 cos8+
2 R3

r

8R

l og — + — lo g

2log — + 1 + — log
r

1 co88

SR
+ 2 cos28

S R 7
r 3

log ­ — — oos 38
r

(3 2)

It turns out however that, when going to higher orders, (3.1) is not enough to
qualify as the outer solution. Investigation of the detailed structure of (2.3 )

For this pur pose, it is expedient to adapt Dyson's 'shik operator'techniqUe
to an arbitrary distribution of vorticity, snd to cast (2.3) in the following form:

is unavoidable.

R cos g'dye
p cos + + z

(3.3}
where (z,i) = (p — R, z — Z) are local Cartesian coordinates attached to
the moving frame, and ( is rewritten in terms of them. Hereafter, vw use
z for z. Supposing rapid decrease of mrticity with distance from the local
origin r = 0, the exponential fUnction of the operators is formally expanded
in Taylor series as

2%

f d,d;((, ; ) h 'hf ­

, 8 , 8
g(p, z) = ff dz'dz'((z', z')

1 ,8 ,8 1
3! OR Oz 4!

+ ­ x ­ — z ­ +­

1+ x' — — z' ­ +­
o)z 2I

,8 1

BR Bz 5!
x ­ — z ­ +­ 8 , 8x' — — z'­

OR Oz

(3.4)(p,z; R).
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We shall find in f4 that, up to O (r ), the vorticity distribution has the
followiag dependence on the local po/ar coordinate 8:

((x, z) = (0 + r tl l cos 8+ E ('(e + (z l cos28)
+r (t„cos8+ tIzl sin 8+ Qi,icos 38) +. . .

,

(k)

Iog
4 )I' 8R( )

2% E7
+6

SR(o)

4m'

2log + 1

8R(o) cos 28

(3.5)

where (,> are functions of r and t, and k stands for the order of perturbation,
i labels the Fourier mode with j = 1 and 2 corresponding to cos i(9 and sin i8
respectively.

With this form, (3.2) and (3.5), along with (2.10c), are substituted into
(3.4) and the resulting expression is made dimensionless by use of the nor­
malization (2.5). Using, in advance, R<'> ~ 0 and(6.5), we eventually arrive
at the asymptotic development of the Biot-Savart law, valid to O (r ), in a
region r <K R surrounding the core:

r
log — 1

sR(p)2r

s@')

log +

sa(p)

2~m&o)

p i)
+­

2&o)

2's(Rie>)'

8(Rie>)'
1 1 g (2) (p) 2 (3) 3 (2) cos

2x 4 0 o 4 0

<T

log — 2

f R(2) 8R(o)

2x o'T
log

log

T~3e I R(»
4~R(0)

2K f ' (s p dT ' +A X T' C l l d + K T (2 1 dT

q(>)

E'?

f

log

er
3 log — 1

so(o) 7

3r cos8­

T COS8+

+q

SA«) 7

67 3

r co88+d ')

r2 cos 29

(2) cos 28
T

co$8
r

­rcos 8

T COS39

er 4

+ 7T T (g l T
3

'Jl'
0 2x 0 T

where

0

(3.6)

1'= 2x r ( idr , (3.7a)

(I' = 1 when dirnensionless), and di'1 and qisl are the strength of thedipole
at O(r) and quadrupole at O(e-"):

d ' = — ­ — [2x r ( dr] + R [m r ( , ' , dr], (3. 7b)2x 4 o 0
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2n r ( ldr + [s. r ( „ d r
8 o

@0))2
(3.7c)

The terms multiplied by I' stem from I y, and only these have been pre­
viously employedas the outer solution, We now recognize that, at higher
orders, the monopole field needs to be corrected by the induction velocity as­
sociated with the di-, quadru-, hexa-poles.. . distributed along the centerline
r = 0 of the core. In the l ight of (3.7b) and (3.7c), the detailed profile of
vorticity in the core is necessary to evaluate these multi-pole induction terms.
Parts of (3.6) supply the matching conditions on the inner solution. The dis­
tributions of(» , ( p ( 2, f,',i (]~ and Q, are as )vt unknown, but will be
determined successively by the inner expansions and the matching procedure.

4 I n n e r ex pansions up to second order

(>) (~) ( z ) ( v ) (a) (a)

In this section, we recall the inner expansions at leading and first, orders, de­
veloped by Tung R Ting (1967), Widnall, Bliss k Zalay (1971) and Callegari
Ec Ting (1978), and extend them to second order.

4.1 Ze roth order

At O(ee), the Navier — Stokes equations reduce to the Jacobian form of the
steady Euler equations:

[q(e) y(e)j ­ ( ~ '+ ) 0

1
R(o)

(o) I (o)

r 8(r , 8 )

resulting in (( ) = X (@( )), for some function P.
Suppose that the flow 4( ) has a single stagrmtion point at r = 0, t h e

streamlines being all closed Mound that point. Then it is probable that t,he
solution of (4.1), coupled with the t­rerelation

( (0) g I (0)

(4 I)

(4 2)

must be 'radial'; the streamlines are necessarily all circles (hjoffatt et sf ,
1994). This statement may stand as a corollary of the theorem proved by
Caffarefii k Friedman (1980) and Fraenkel (1999). In any event, we may
certainly assume that Ql i = /<ed(r)
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The functional form of Q( ) and (( ) remains undetermined at this level of
approximation, but is determined through the axisymrnetric (or 8-averaged)
part of the vorticity equation at O (ts):

f'(o) +
Q(o) r ® (o) R(o) ®((o) l g(o)

Bt 2 Br R (o) cb-~ r
(4 3)

(Tung Ec Ting 1967). It follows that viscosity plays the role of selecting
the distribution. For instance, we restrict our attention to a specific initial
distribution of a 'b-function' vorticity concentrated on the circle of radius
R(o).

When R( ) is constant, to be shown in the next subsection, ~~ obtain the
Oseen diffusingvortex:

=6 ( p — R ))6(z — Z') a t t = 0 . (4.4)

1

4ni t
((0) — r /4ug (4 3)

In view of (2.9a), (2.9h) and (4.2), the leading-order mriahles are related
to each other through

1 ae'" , 1 ~ ( ') , 18(~(o) ~ o(e) ((e) (~(e)) ( 4 g)R (o)r 88 ' R(0) B r ' re ~
These are integrated to provide u( ) = 0 and, in the case of the Oseen vortex,

vie) = ­ (I — e ~ '), )t' ~ — (I — e ' ') dr'. (4.7)
o) r

27T r 27T 0 r

This solution automatically fulfills the matching condition, the leading-order
part of (3.6).

4.2 F i rst order

Combining the vorticity equation with (-tt relation at 0 (<), we see that the
firstwrder perturbation @f ') satisfies

(a — s) q(') ­ — cosev("+R( )ra(Z( ) co88-R ) sin 8)+2r(( ) cos8, (4.8)

where

a(rt) =
— , ­

g(o)
„(o) y„ (4 9)

Here we have anticipated that (o ­— 0, which folio~ from an analysis of the
vorticity equation at O (e ).

The solution satisfying the condition (2.11) at O(r ) is explicitly written
in the following way. The HMependence is

(i) (I) •= g„co88+ g,q sin8. (4.10)
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The Fourier coefEcients are conveniently decomposed into two parts:

( (l) g( l ) g Q)z(Q) ( (1) g( i) + R(0) p(Q) {4.»)

The equation for y» t hen becomes

8 1 8 1— + ­ ­ — + Q (4.12)

and Q,s is governed simply by the homogeneous part of (4.12}. Hy inspection,
we find that viol is a solution of (4.12) (Widnall,r et aL 1971; Callegari gr Ting
1978). The general solution is then immediately obtainable as

( >) y ( >) + ( ( o) q , ) (o)

(>)

1 9 T T
<( i) ~(0) + 2y((0)

{4.>3)

where 4,', is a particular integral of (4.12):

r I r '
T

(4.14)2 e r ' [v< >(r'}]s e
(1) (i )and c„ a n d c,z are constants (which may depend on t)

To have an idea of the irie~ning of these constants, observe that, with
spatial translation of the origin of the moving frame by ea in the p-direction
and eP in the --direction, the strearnfunction, when redefin e as a function
of the relative coordinates, is altered to

tt(p — (Rc+ ea), z — (Zo+ <II))

y<isi+e (gi'1+ oRcv 'cos8+ IIRovt isin8) + O(r ). (4.15}

8~
4n ET

Comparison of (4.15) with (4.11) and (4.13) suggests that c„ is tied in with
shift of the moving frame radially outward by ec„ /Ro and c,r with shift in
the axial direction by <ci2 /Rp. Alternatively, cii and c» may be reckoned
upon as the parameters placing the circulLr core in a given moving frame,
to Ln accuracy of 0 (c), in terms of the inner spatial scale. Without loss of
generality, we may put

It follows from (4.13), along with (4.7), that a proper formulation of the
initial-value problem is completed with the specification of dI' l (0), and the
matching condition includes the specification of the strength of dipole as ~vll.

q( ) log

This condition then gives rise to

(1) (i ) (>)

8')(t)
— 1 r+ cos8 as r ~ o o ,

c",,' =- 0. (4.16)

(4.17)
r

i ( ' ) = o, (4.18)
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Z log

A = lim 4s r ' (vl 1(r')I dr' — log r (4.19b

In (4.19a) and henceforth, we use, with some abuse of notation, Re in plac
of Ri '. In the case of the Oseen vortex (4.5), the translation velocity (4.19a
and (4.19b), is identical with Saffman's formula (1.3). The parameter cI,i i
related to d '). Once the streamfunction is known, the distribution of vorticit
is calculable through

1
­ — +A

2
where

t

4xRp c
(4.1 9t

r ~ oo 0

("' = ' (agI,"+ r(t'I ) co e+ ' g ' „ " sine. (4.20

As yet, we have no way of finding the temporal evolution of 8') (t) for t ) 0
The explMiation is that it may be arbitrary. We can verify that whatever th~
evolution of dt'>(t) or c,', (t) for t ) 0 may be, this arbitrariness is consistently
absorbed at O(e ), producing the same radial velocity R< I+ 6„ /Re of thr
ring. This implies a redundant representation of the asymptotic solution oj
the Nsvier-Stokes equations which itself is unique. The speed of the ring
is expressed, in an infinite variety of ways, as the sum of the speed of the
moving coordinates and that of the ring in this frame.

It is informative to revisit the discrete model in an inviscid How initially
studied by Kelvin (1867) and Dyson (1893). The leading-order flow is 'the
Rankine vortex', that is, a straight circular vortex tube of unit radius sur­
rounded. by an irrotational Bow:

((0)
1

0,

(r < 1)

( >1)1

(i)The dioice of ci> = 5 /8 ensures continuity of the relative velocity across
the core boundary (r = 1) to O(r) (Widnali et aL 1971), and we have the
streamfunctions to first order:

P [r — 1 — 2 log ~r , (r < I)
y(0) (4.22)

(4.23)
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where we have used
(4.24)

The first log-term of (4.23) for r > I is a particular solution to absorb
the inhomogeneous term of (4.12), the curvature effect. Put t ing aside this

term, Q„ s i gn i f ie , outside the core (r ) 1 ), the Row field around a circular
cylinder of unit radius, moving in the z-direction with velocity 3 /16ii, a dipole
field, in an imposed uniform flow with positive velocity [log(8Re/r) — 1]/4x.
The summation of these values is equal to Kelvin's velocity. This observation
implies that a vortex ring is more than a passive entity convected by the
self-induced flow.

a = — 2S(r — 1) .

Figure 2(a) displays the streamlines ifii+ = const., Figure 2 (b) QI',1 cos 8=

const., and Figure 2(c) y~iel + rg,'i cose = const., stream pat terns viewed

from the moving frame. For clarity, the rather large balue e= 0.5 is chosen.

We confirm that the origin r = 0 coincides with the center of the circular
core. As expected, Figure 2 (b) exhibits a dipole flow associated with a pair
of antiparallel vortices. Its source is tenfold. One is the 'apparent' dipole due
to displacernent of the center as discussed above. The other has a kinematic
origin. When a columnar vortex is bent, to form a torus, vortex lines are
stretched on the outer side and contracted on the inner side. As a conse­
quence, the vorticity is enhanced on the outer side but is diminished on the
inner side, implyingthe creation of a vortex pair at O (r)

We speculate that the dipole is a key ingredient of a cu~x i irortex tube.

A vortex ring may be locally considered as a line of dipoles based at the
core centerline embedded in the Bow field induced by the circular line vortex.
The driving mechanism of the seU-propulsion is not, only convection due to
the self-induced How but also the thrust provided by the dipoles. The dipole
strength depends upon the distribution of vorticity in the core, and this is
one of the reasons why we are concerned arith the inner field.

4.3 Second order

The second-order equations reveal that the second-order perturbation Q~ ~

comprisesmonopole and quadrupole terai'.

(4. 25)

The latter reflects an elliptical core deformation. The governing equation for
the monopole is

+ g, cos28.

(~) (~) « -(i)— + - — 00 = % 4 + — 0 ir gr , 2Ro

1 (0) + g((0) + ii + ll
(i ) (i )

+ p(>)((o) (4.26)+­
2Rp
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Figure 2. S t reamline patterns of t,he inviscid vortex ring with
uniform t jp, relative to the frame moving at the speed U given
by (1.1), up to O(e) as obtained by (4.22) and (4.23). The small
parameter e ~ 0.5. (a) g<ei = const. , (b) @,I cos8 const.,

(c) Qi i + Et/i) ) cos 8 = const.

The functional form of gi i , the axisymmetric vorticity component at O (rs),
will be found by solving the coovection~ usi on equation( obtained from the
solvability condition for the fourth-order equation ()6). The matching condi­
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i.ion, a part of (3.6) at O(e'), is

log + r + log
8 ® i , 8'> R(') SR,

ssr ~ Q Q .

(4.27)
Under the conditions of (4.27) and finiteness of velocity at r ~ 0, (4.26) is
readily integrated once to give

u $4/'vo %) ~(2) dy + 1 1 + g 2) (0) Z(o) (4 28)

(2)

Br r 0 2RO Br 2R0 2

Next we turn to the quadrupole gz, cos28. For convenience, we define
through(2)

(2) = ~(2) — ~ 2Z (0) (4.29)
4

Then the equation for g l t a kes the following form:

CP 1 8 4 (2) b (1) 2 ra ( 1 )— + — — — — — 0 $ 2 1 = Ql l + Ql 1Ro
~ ( ( l ) ( 1)

r' ' 4Ro

(0) 2q(0) ~ 11 ~ l 1 (4.3O)

where
1 19u

b(r,t) = — — ­

.

„(0) y, (4.31)

The boundary conditions demand that
(2) a r as r ~ 0 , (4.32a)

2 8®Z i+ [log — 2]r + as r ~ oo . (4.32b)
4 Srr Rp er 4RO

The vorticity distribution is calculable from

-(2) > -(1) ' -(l)+(2) +

In the general case, it is unlikely that (4.30) can be further integrated
analytically. The numerical computation is postponed to a subsequent paper,
but vv content ourselves with an explicit solution for Dyson's discrete model:

(r ( 1)

3 log — log r — y r (4.34)1

+ log
~

­ . r ) 1

The axisyrnmetric part of vorticity is shown to be suppress:ed: Q = 0.
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5 Third-order velocity of a vortex ring

At O(rs), s dipole field again shows up ss the result of nonlinear interactions
among the mono-, di- and quadru-poles of lower orders, and the streamfunc­
tion y i'(~) is written as

(~) (>) (3)Q>, coso+Q>> sin8+ g3, cos38. (5.i)

The coe 8 and sin 8 components, tbe dipole fieId, are responsible for the axial
and radial velocities respectively.

5.1 R a d ial expansion

It is not di5cult to get C~) from the equation for Q,~ in much the same way
as getting Z( ). Instead, byappealto a fundamental conservation law, we can
skip this procedure. Recall that the hydrodynamic irapulse P is conserved,
regardless of the inviscid or viscous character of the Bow:

1
2

J ­ x x ~ d V = const. (5.2)

In the present axisyIDrnetric problem, only the axial component P, is nonhero,
and upon substit,ution from w ~ (e>, (2.10a) and (2.10c), it becomes, after
normalisation by I'Rs,

P, = rrRe + r Pi 1 +

Pt" =— r (2Re R<" (t) — 4sd"'(t)), (5.4)

which should be constant throughout the t.ime evolution. Since R ) = 0 a t
t = 0, the radial motion is completely ruled by the evolution of the dipole
strength dt'1(t):

(5.3)

where

Rt'>(t) = — ' di'>(t) — dt'i(0)] .Rp
(5 5)

We concentrate on the vorticity distribution (4.5) starting from a 5-function
core. In this case, P, ~ sRos identically and hence the O(rs) correction term
is absent,: Pt i (t) = 0 for t ) 0 . T h e numerical evaluation of the behaviour

of 4» , for large r, is carried out with ease to yield(1)

(>)

4x r ~ce 2 7
hgr+ lim (4s r ' [ui i(r')) dr' — log r) + — + — +

where
(5.6)

(5.7)D(') = 0.41225489 t .
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The first-order streamfunction with c>y ­— 0 corresponds to a dipole field
whose stagnation point is permanently located at r ~ 0 (Klein gt Knio 1995).
By identifying Dt'>(t) with dt' (t) in (5.5) and restoring dimensional vari­
ables, we conclude that, given initially a circular line vortex of radius Ro,
the location p ~ R, (t) of the stagnation point in the core, viewed from the
comoving coordinates, drifts outwards linearly in ti me owing to the action of
viscosity as

17

vtR, = Rp+ 2.5902739 —.
Ro

variables as

near r = 0 as
(l)

Rg S~t ' 4nt

(5.8)

The temporal emlution of the radius R (t) of the loop of peak vorticity
is deducible by choosing cI, (t) in (4.13) so that the local origin r ~ 0 is
maintained at the amxirnum of(~ +c( ' ~ . Inserting the Gaussian distribution
(4.5) and (4.6) into (4.9) and (4.14), we manipulate the behaviour of (4.20)

(5.9)

where r rc os 8 . The condition of rnaxirnum vorticity ( + ~g ' at r = 0
brings in

In the light of (4.13) and (5.6) along with (5.7), the dipole strength becomes

di'l(t) = 4.5902739 x­ (5.11)
whea the origin of tbemoving frame is keptsitting at the location of the max­
imum vorticity. Relying upon the f ormula (5.5), we gain the expansion law
of the circle of peak vorticity, which is expr~med, in terms of the dimensional

(S.i2j

We point out that the asymptotic value 4.5902739 - at large Reynolds num­
ber exhibits a marked diference from 1.65 at Req ­— 10~ calculated nu­
merically by XUang et nL (1994). In spite of this, at the same value of Rer,
their numeriad value 0.5779­- - in the formula of the translation velocity is
in conformity with SaBrnan's asymptotic b alue 0,57796576

For completeness, we derive the expansion law of thc circle of radial cen­
troid p = R,(t) of vorticity defined by

( ­" ' + ') x — +O("i ) ,

vf

Rp

21T

egg ­­ — 2t . (5.10)

R, = Re + 4.5902739 — .

R, =
­ ­ pdV = — p ( rd r d8. (5 13)

This is conveniently decomposed as

R = — f (R+ rrcos8)p (r drd8 '

x
Re+ e R + ­ (2Ror ( + R (II )r dr

P, o
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With the help of (3.7b) and (5.5), (5.14) is reduced to

R,(t) ~ Re ­ — d(' ((>)+ ­ [2s r ( dr].2lTC 3t2

Rp 4Rp o
(S,15)

For the initial 'b-function' core, the radial centroid evolve as

R,(t) = R() + (5.16)

again being in contradiction with Wang et aL's claim that R, is a constant.

It is to be noted that the expansion laws of R„Rs and R, do not include
the parameter I' . T h ese laws are all at t r ibutable to the eft'ect of viscous
diffusion of curved vortex lines, which is linear in v.

5.2 T h e t hi r d -order correction t o t he t ra n s lat ion

Rp '

velocity

r Br r B ( ") Br

The equations to be manipulated to obtain Z(2) reduce, after numerous can­
ceBations, to

(0) © 1 © (3) K (3)

gr (o) gr(p)

Br Br Br
+R(')Z(') ' + R, Z ( ' )" ' + Z( ' ) " "

1 1
f r~((s)d ~ (~ (I)) @ o g ()) 2 (0)

r 2 p
r'Q dr'r r

m,(e)

Br Br
< (o) + 2R( )u(o) t(o)

1 1+
r 2

+
2 8r r

I ~ (s ) g (s )

~(2) 1 (2)X2] ®(]) 1 ©(>) A4> (2) A<>
-(>)

S2l

( ) @ (p)

y (1) q(p )©@( )
+­

r Q2 Br

1
4Re

gp(p)

4Rp2
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The matching condition (3.6) reads

(g) 3 8RO
~2"mRo rr

g(3)

1 8 ' ) 8Ro— ­ r — — g log
3 8 ~ IEr

7
4

19

1+ ss r ~ 00 .

desired formula:

A3)

(5.18)

The coe5cient, a> is i r relevant to the determination pf Z( ) , I t i s vmrth
emphasising that the terms multiplied by d ' represent the How induced by
a line of dipoles arranged on the core centerline, which has been overlooked
in previous studies.

The remaining task is to multiply (5.17) by r', integrate with respect to
r, and seek the limiting form as r ~ o o . Us ing(6.5) and the non-singular
condition at r ~ 0, and taking the limit r ~ o o , ~v eventuaUy arrive at the

( ) &' ) 8Rp 4 7 P (~) 8Rp 3log +A ­ ­

2

27T'
4fg 8 o

f (>) I I 0

B r ((o)~(o)dr

r Q (r )dr u (r) d r ­ ­

Rp o o 2lQ o
X

(2ro+ beer,', )rv +, dr

+ f"­
(S.19a)

oo r

where A and 621 are given by (4.19b) snd (5.4) and

B = lim r 'vf (r')$1,1(r')dr'+ (log r + A) r2+ log r

If, in particular, (Ie> evolves as (4.5), then Pi ty ~ 0 snd (5.19a) reduces to

• (~) 3d(') 8RO 2 1 7 ~ B 39

r'(s (r')dr' v ( r )dr ­— (2r a+ +,I) ref Qz, dr

ro(j",,' — 8r " ) j",,'+5(y",,' — r " ) (j",,')

lf

2 0

g(>)

2x
(5.19b)

I(> (>)

dr . (5.20)

Our formula is completed with construction of a formal solution for (0
which is the to~ic of the following section. In a general case, numerical com­

putation of y2, and $0 and numerical integration in the above formula are
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required to enduste Z( . The remaining computation is left for a subsequent.

F'ortunately the explicit solution is at hand for the Ran%inc vortex (4 21)
at O(rs). In this case, A = 1 /4, dt'1 = -3/(16s} as read off from (4.23),
R( ) = 0 and (p ­— 0. <B.om (5.19b), B ~ 11/(3 2 ~ ). The definition (5.4)
gives Pi~> ~ 3x/4. Introduction of these values, (4.21), (4.23) and (4.34) into
the formula (5.19a) gives rise to the third-order correction in Dyson's formula
(1.1).

6 T h e ax i s y m m e t r i c p a r t of sec o n d -order
vort ic i ty

paper.

The vorticity equation at O (t ) is solved for (,~, giving

(3) ~ ,(S) r g J>

Rp v(0) Bt

(>) 8 1 0
t9T2 7 0 f '

( rt + ­
I apt'>

r2 + BrViz + +>

(6.1)
where we have de6ned

, (3) ®(3) + R „~(~)

— V ­ ­

.1a
7 Bt " Br

(6.2)

Substituting Q(') Q,> cos8, (4.25), (5.1) and the assfxiated vorticity dis­
tribution (4.20) and (4.33) into the vorticity equation at 0 (r~), we get, after
some manipulation, a somewhat simple convection-diffusion equation for Q
By virtue of (6.1), a further simplfication is achieved, leaving

yg(>)

2 Roe(') Bt

Br' Br ~ " " 2Rp

18
re

1 8 1 ( i) - ( i ) R r (p) (6. 3)

The appropriate initial condition is

(nt i(r0) = 0 ,for 0 < r ( o o . (6.4)

A glance at (6.3) shmvs that, whether viscosity is present or not,

(>)r(oi i(rt)dr = ,0 for all t > 0 , (6.5)
0

under the initial condition (6.4).
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By using a Green's function, the unique solution of (6.3) for i = l may
be written out. I f , in particular, a 6-function core is assumed at the initial
instant, then it admits the following solution:

(r, t) = t'1P~(t')dt' — — (r'q"')
1 ' ,exp( r — /4i (t — t')) , r

4R~v 0 t — t' 0 4v(t — t')

2Rot 0 r Or

dt' dr' exp

8 r' 4 „ ( r ' , t ' ) 8 8 1 8
x ­ — — 6 — + ­ ­ ­ — ( ) ) (r ', t)Br' e~o~(r', t ') Bt' Br r ' Br ' (6.6)

where Io is the modified Bessel function of zeroth order of the first kind.
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