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VISCOUS EDDIES NEAR A SHARP CORNER
H.K. MOFFATT (CAMBRIDGE)

1. Introduction

If viscous fluid flows near a corner between two fixéd rigid walls intersecting
at an acute angle, then sufficiently near the stagnation point at the intersection @,
the flow will be slow enough to be described by the Stokes (slow motion) equations.
In terms of the stream function ¥(r, 6) (in plane polar coordinate) this is simply
the biharmonic equation

@) V“F 0,

and the boundary conditions on the two planes, § = +a say, are that the two
components of velocity must vanish: Co

ig'.=o, Co=-2% _ 6 on 6= rta.

1
(12) U == —r- ar

It might be anticipated that, sufficiently near the corner, the flow pattern may
be independent of the stirring forces far from the corner that agitate the fluid.
Rayleigh (1920) attempted to describe this flow by assuming that the stream function
near the corner was of the form :

(1.3) oo Y~ r‘f ©®,

but he assumed that A must be an integer, and he was consequently unable to find
a function f(6) satisfying the four boundary conditions (1.2).. DEAN and MONTAGNON
(1948) reconsidered the problem, and showed that if the angle 2« is less than
a certain critical angle (approximately 146°) then 2 is necessarily complex, but
they did not explore the consequences of this rather surprising conclusion. The
problem as posed by DEAN and MONTAGNON was incomplete to the extent that
the geometry of the stirring forces far from the corner was not specified. Part of
my aim in this talk is to find a complete solution corresponding to rather special
outer boundary conditions and to verify that (1.3) is the correct asymptotic form
for ¥ near the corner: and part is to show that the complex exponent A implies
the existence of a geometrical progression of eddies as the corner is approached.

I shall suppose that the fluid motion is generated by the insertion of two moving
“sleeves” inserted in the walls § = ta in the region a < r < b (Fig. 1). The sleeves
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move with velocity +V as indicated, and it is assumed that the Reynolds number
Re is small:

(1.4) : Re=Vbjy <1,

where » is the kinematic viscosity of the fluid. One would expect such an
arrangement to generate an eddy as indicated in the space between the planes.
The question posed here is: what is the nature of the flow for » » 0 and for

8=

Ge-ox

Fic. 1. Flow in a corner induced by the
motion of two sleeves in the regionea < r < b
of the walls 0 = & a.

r— ©? The boundary conditions (1.2) now need to be modified in the fol-
lowing manner:

0 (<o),

L& v @<r<y,
(1.5 0 (r>b),

o

7’——0, on O0=+4a.

For both small and large r the velocity tends to zero and this imposes further
conditions on ¥. We shall assume such conditions as we require and verify that
they are satisfied by the (unique) solution when we have found it.

2. Mathematical Solution of the Problem

A method suitable for solving the problem defined above has been suggested
by TRANTER (1948) in the context of plane-strain wedge problems in elasticity.

The method is to use the Mellin transform ¥(p, 6) defined by
@.1) : P(p,0) = [ r1P(, )dr,
' 0

in which p may be complex, its real part being such that the integral exists. Assum-
ing ¥ is such that
rP’H'..a_uEE_
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and
B
oro6®

all tend to zero both as » — 0 and as r — oo, intégration by parts gives:

rF+1
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In plane polar coordinates, (1.1) becomes

@ 19 1 &)\
(3;2‘+75+F’5@?)"”=°'

ridr=p(p+1D)(p+2(p+3)P.

(2.3)

Multiplication by r#+® and integration from r = 0 to r = oo, give

24 22 o+ 2+

By o+ T =0,

The boundary conditions on ¥ are obtained by multxplymg Egs. (1.5) by rP
and integrating from r = 0 to r = oo, giving
d¥

+

(2.5 tI’=0, _70—= p+1

P+ —a™) = L U(p),

say, on 0 = 4-a.
Now the flow is clearly antisymmetric about the lin; 6 =0, so that ¥, and ¥,
are symmetric functions of 0. The general symmetric solution of (2.4) is
¥ ="Acospf+Bcos(p+2)8,

where 4 and B are constants, and if these are chosen so that (2.5) is satisfied, then,
after some reduction,

2.6) Y= g,%;)) [cos pb cos (p+2) a— cos po. cos (r+2)40],

where

@7 W(p) = (p+1) sin 2u+ sin 2(p+ Dc.
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The stream function ¥ is now obtained by inverting equation (2.1) (TITCHMARSH,
1937):

¢+ oo

e
ey - FeO=5= | TG0,

c—ico
o EE v w o
wherein ¢ is any real constant such that f re~ ¥ (r, 6)dr exists. It is evident that

if ¥ tends to zero rapidly enough for both small and large r, f rYWdr exists,

and we may take ¢ = 0. It will become apparent that this is* certamly Justzﬁed
when the angle 2a is less than z/2. Otherwise more care is needed in the choice
of ¢. From (2.8) and (2.6) we now have ;

29! ¥Y(@,0) = —17 f r- W((p)) [cos pB cos (p+2)a=~ cos px cos (p+2) 6]dp .
The integrand has a removable singularity at p = —1 (provnded a #0), and simple

poles at the other zeros of W(p). By wrmng p+1 = E+in and separatlng the real
and imaginary parts of (2.7), it is not difficult to show that there is one and only
one such zero, p, say, in each strip

2.10) Cn—Dr<é< (2n'-— %) 7, n=1,2, 3‘, s

and that if p, is a zero having Re(p,) > 0, then p_, = — p,, ~2 is a zero having’
Re(p_,) < 0. The integral may now be evaluated by the theorem of residues by
completing the confour at a large distance in an appropriate way. Choice of the
contour is governed by the factor b(b/r)?—a(a/r)? in the integrand (substituting
for U(p)). If r < a(< b), the contour may be closed by the remaining three sides
of a large square in the half plane Re(p) < 0. If r > b(> a), the square in the
half plane Re(p) > 0 must be chosen. If a < r < b, the part of the integral involv-
ing (b/r)’ must be evaluated round the first square and the part involving (a/r)?
round the second. Applying the theorem of residues, and noting that for n <0,
‘Re(p,) < 0, while for n > 0, Re(p,) > 0, the solution ¥(r, §) follows in the form

( 1 b\rr fa\Pn{ |
Vgpm[”(?) i Jro e

1
@.11) W(r,&):{VZ 1 ( ) A aHVV P ( ) f.,(«9 x),

a<sr <b,

1 b\ a\’n '
[”g\;p,;err[”(ﬂ ~al3) Jro.arse,
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where
: __ cos p,Bcos(p,+2)a — cos p,acos(p, +2)6 )
2.12) 50> %)= sin2% + 22005 2(p, + D)

It is now possible to check that the various assumptions made at the outset about
¥, for large and small r, were justified. For, from (2.11), with Re(p,) = &,—1 say,

P, 0 =0¢ ¢+ =0@4*) as r—0
and
T(r, 0) = O(r‘fﬁ-l) as r— 0o,

From Table 1, it is evident that, when 2« is acute, & > 2, and it is now easy to
check that the integrations by parts (2.2) are valid when Re(p) is in a small neigh-

o
bourhood of zero, and that [ r~*Wdr exists, as was required in putting ¢ =0 in
6

(2.8). The solution (2.11) has therefore been obtained by a valid process, and, by
the well-known uniqueness theorem for viscous flows inside solid boundaries, it
is the solution that we require.

Table 1. Geometrical and Dynamical Scale Factors for Corner Eddies

20° 1=Reyy 7 =1Imp, Ingy=an/Mm hoe;, =k
0 0 ) 00 0 5.87

10 24.75 13.25 0.24 5.87

30 8.12 423 0.75 6.02

50 4388 2.42 1.30 6.32

70 3.49 1.62 1.94 6.79

90 2,74 1.13 2.79 7.63

3. Interpretation of the Solution

Sufficiently near the origin r = 0, from (2.11) we have

V
~ P-1+1 __ 4P-14+1) p—p-1
b4 p_1+1(b a6, o),
or
vV
3.1 Y — ,u—(b-m —a (0, o),
* 1

where, from (2.7), y, is the root of
psin2e -+ sin2ue = 0

having smallest positive real part. Clearly g, is a function of «; its value has been
calculated numerically for a range of values of o, and is displayed in Table 1.

Alch. Mech. Stos, — 15
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The most interesting feature of the asymptotic behaviour (3.1) is that it describes
a geometric progression of eddies near the corner. The simplest way to see this
is to calculate the transverse velocity component on the line 6 = 0:

62 =) ~Lwrn(2) R0,

(supposing for simplicity that b > a).
NOW, if iﬂl = £1+i771 N then

ry" r\* ry . .. r ‘
(Z) = (-‘;) [cos (771 log ;) —+isin (nllog —a—)] »
so that (3.2) reduces to the form

&
3.3) vo=o~AV(L) sin(mlogL + e) )
a a
where
A=1+pNf0,0), e=argi(1+u)fi0,q).
Clearly the expression (3.3) changes sign infinitely often as the point r =0is
approached. In fact vy_, == 0 for values of r satisfying
’71108%-{-6 = —sm, §=0,1,2,...,
ie.
(3.4) ] r = (ae"/")l) e—m}ﬂl = say.

It is clear that r, is the distance of the centre of the sth eddy (counted from any
chosen eddy) from the corner. Note that the dimensions of successive eddies fall
off in geometric progression with common ratio

» T, r.—r.
3.5) , 0= —— == S = enlm
Fs41 Fsr1—Tsia

a quantity which depends only on the angle 2.
The velocity v,y has a local maximum at the points

r=r st+12 = (ae—s/'h) e-(s+1/2)"/m s

and the velocity at these points is

Ts+y2 g
L)
U= AV —a‘- == vs+”2, Say.
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This may be taken as a measure of the “intensity” of consecutive eddies. The in-
tensities therefore fall off in geometric progression with common ratio

Ust1/ Porin |
(3.6) Wy =LA — | ZSHR ) e, ,
Usra/2 Fsta

a quantity Wthh ako depends only on the angle 2.

The parameters ¢; and o, seem to provide the best description of thls sequence
of eddies; their logarithms are given in Table 1. It will be observed that gy is of
order unity so that adjacent eddies are of comparable size for values of 2« up to
about 40°, but for larger corner angles, g, increases to about 10 at 2x = 90°. The
relative intensity of adjacent eddies is always large, its minimum value, Wpgn = 365,
being attained in the limiting case 2o = 0. For a right angle, w, = 2000 and the
eddy intensity falls off very rapidly as the corner is approached. The relative eddy
sizes and intensities are indicated in Fig. 2 for a corner angle 24 = 30°. The relative

B=-cx

Fra. 2. The sequence of corner eddies when 2a = 30°; Geometric scale
factor g, = 2.1. Dynamical scale factor w, = 403,

dimensions of the eddies are approximately correct, but their shapes have not been
calculated exactly and are only indicated schematically. All the eddies (for a given
corner angle) are geometrically and dynamically similar, but with successive changes
of length and velocity scales represented by the factors g, and .

The asymptotic behaviour for large r, from (2.11), is clearly very similar; a se-
quence of eddies develop, whose intensities fall off in geometric progression with
increasing distance from the corner. In the region a < r < b, the series in (2.11),
converge rather slowly, but it seems unlikely that the solution in this region can
represent anything other than a single eddy following the movement of the boundar-
ies as suggested in Fig. 1.

It seems indisputable that the eddying behaviour demonstrated here is in fact
quite general and independent of the precise method of agitation of the fluid.
Further aspects of the problem have been explored in another paper to be published
shortly (MOFFATT, 1964).

15+
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