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ABSTRACT 
T h e  linear inviscid response of an initially weak random velocity pertur- 
bation t o  a uniform shearing motion U = (ay, 0, 0) is analysed, first in 
terms of the individual Fourier components of the perturbation field, then in 
terms of the development of i ts  spectrum tensor. This analysis reveals that  
t h e  dominant contribution, both t o  the disturbance energy and t o  the Rey- 
nolds stress generated, ccme ultimately from eddies having a cylindrical 
structure, the axes of the cylinders being parallel to  the- shear,force. The re- 
su l t s  are relevant t o  two aspects of turbulent shear flow: (a) the equilibrium 
structure of a small turbulent 'parcel' of fluid subjected t o  persistent almost 
uniform shear, and (b) the structure of the 'large eddies' Ivhich clerhe their 
#energy directly €rom the  shearing of the mean flow. 

Certain aspects of the  distortion of turbulence by shear that  is iveakly 
nonuniform are  also considered, and i t  is found that the gradient in the 
Reynolds stress generated tends t o  make the mean velocity profile propagate 
dast ical ly  as  a shear wave, suggesting that in  certain respects turbulent 
fluid'behaves like a visco-elastic fluid in its response to  shear. Fjnally, the 
relevance'of these results t o  the phenomenon of the propagation of sharp turbu- 
len t-non t ur bulen t interfaces is discussec!. 

1. INTRODUCTION 

When homogeneous turbulence is subjected to a uniform irrotational 
mean straining motion, it develops an equilibrium structure vi-hich reflects 
a balance between the effect of the uniform straining field and  the nonlinear 
adaptation of the turbulence. The experimental evidence for the structural 
equilibrium and the dependence of the parameters that  describe i t  on the 
parameters describing the strain, have been sumrnzrized by Ton.nsend ( (201, 
Chap. 4). The initial stages of the strain (and the'cornplete history ii strain 
is rapid enough) can be described by  a linear theory (Batchelor and Proudman 
[21; Townsend [191), the  results of which are in  reasonable agreement with 
experiment. 

The work on irrotational distortion was originally pursued with the aim 
of gaining some understanding of the mechanics of shear flow turbulence. I n  
a two-dimensional turbulent flow, such as a ,  turbulent wake, jet or boundary 
,layer, any volume element of turbulent fluid, whose scale is smalI compared 
with the lateral scale of the mean flow, is subjected to  the persistent, locally 
uniform, shear of the mean flow. This shear is composed of a rigid body rota- 
tion together with an irrotational plane strain with principle a x e  a t  45" to 
the direction of the mean flow (Fig. 1). Townsend ((201, $ 6.3) based an  impor- 
tant  part of his 'large eddy' theory of the mechanics of shear flon, turbulence on 
fhe  assumption that the structural equilibrium attained by  the turbulence 
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under pure shear is approximately the same as that produced by the irrotationaf 
component alone, and he  applied the results of the irrotational strain ana- 
lysis and experiments t o  shear flows, although he  recognized that this was  
a t  best an approximation. I t  is true that rigid body rotation would have no 
effect i f  the principle axes of s t ra in  shared this rotation; but they remain fixed 
in space, and therefore rotate relative t o  the f luid,  so that the process of stret- 
ching of vortex lines is very much less efficient it?hen the rigid body rotation 
is present than \{,hen is not. In  fact, there seems li t t le a priori  justification 
for Townsend’s assumption, and i t  seems worthwhile calculating directly 

Fig. 1. Decomposition of pure shear into i ts  rotational 
and irrotational components 

the structure imposed by  rapid uniform shear, a t  any r a t e  during the init ial  
stages, when a linear treatment is valid. This is the primary purpose of 
this paper. 

The difference between the effects of pure shear and irrotational strain have 
been emphasized by Pearson [151, who carried out  a linear calculation simi- 
lar t o  that of Batchelor and Proudman 121, but including the effect of vis- 
cous forces. One result which illustrates the difference in striking manner is 
that the energy density of the turbulence ultimately decreases to  zero under 
pureshear, whereas i t  ultimately increases exponentiallyunder irrotational plane 
strain (in spite of the accelerating influence of viscosity). I t  seems likely that  
this marked difference in the ’linear response’ of turbulencewill also carry over 
t o  the nonlinear response when the amplitude of the turbulent ,fluctuations 
becomes too large to  be described adequately b y  a linear theory, and when 
(presumably) the nonlinear self-modulation of the velocity field (rather than 
direct viscous dissipation) limits the orienting effect of the strain field. Pear- 
son gave no information about the orienting effect induced by pure shear, and  
this aspect of the problem will be  emphasized in this paper. 

In $$ 2 and 3, the effect of pure shear on a random velocity perturbation 
is analysed, first by examining the effect of shear on a single Fourier compo- 
nent of the field, then by examining the development of the spectrum tensor. 
An important result of the analysis is that  both the  energy of the disturbance 
and the Reynolds stress that  develops are  ultimately dominated by contribu- 
tions from a family of eddies of almost cylindrical structure, having very 
l i t t le variation in’ the direction of the mean flow. 

These results seem t o  have some bearing on the  problem of the generation 
3f large eddies as described byTownsend ([201, $ 6.1). These large eddies are a n  
x d e r  of magnitude larger than the energy-containing eddies’ of the turbulence, 
contain a fraction (about 1/5) of the total turbulent energy, and a r e  believed 
t o  control both the rate of transfer of energy from mean flonr to  turbulence, 
and the rate of spread of aturbulenf region into surrounding laminar fluid. 
The large eddies derive their energy directly from the mean flow, and pass 
i t  on t o  the energy-containing eddies, and the assumption that these tv.0 pro- 
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cesses a re  in equilibrium leads t o  an  important relation betiveen the Reynolds 
stresses and the mean r a t e  of s t ra in .  I n  order to get quant i ta t ive results, a 
s t ructure  has t o  be assumed for the large eddies, the only constraint being 
that a random superposition of these eddies should lead to  correlation func- 
tions compatible (at  large separations) with the experimentally measured 
curves. On the limited experimental evidence available to  him,  Townsend 
chose a cylindrical s t ructure  for the large eddies, the axes of the cylinders being 
parallel t o  the mean flow, and the analysis of this paper confirms that this is 
the  type  of eddy that is ccselected)) by uniform shear. iVore extensive measure- 
ments, however, by Grant  [91 in wakes and boundary layers show that Town- 
send's cylindrical eddies cannot account for all the experimental correlations, 

+-? :, I. * and make  i t  clear that  in these flows more complicated mechanisms than a 
'fnere distortion by approximately uniform shear a re  responsible for theproduc- 
t ion of large eddies. Nevertheless, this simple process (described by Townsend) 
is an  important one, and  i t  is possible that in other shear flows, such as 
mixing layers and  jets,  i t  is the dominant means of production of large ed- 
dies. 

The relevance of the analysis given in $9 2 and 3 t o  the large eddy prob- 
lem is discussed further in 9 4. 

The most important single quant i ty  involving the turbulent fluctuations 
is the Reynolds stress, since, i f  the distribution of this is known, the mean 
flow can be determined. The Reynolds stress that  develops during the linear 
s tage  of the shearing is calculated in 9 3 and is found t o  be proportional t o  
the total  strain experienced (for small times) suggesting that the turbulent 
fluid responds in an  elastic rather than in a viscous manner. The consequences 
of this conclusion, when the ra te  of shear is nonuniform, are investigated in 
9 5 and a tendency for the mean velocity profile t o  propagate as  a shear wave 
is revealed. The result has some bearing on the dynamics of the interface 
separating rotational from irrotational, flow near the edge of a turbulent wake 
or jet. The existence and  persisteace o f sha rp  wavy interfaces of this kind, cau- 
sing intermittency in signals received a t  a fixed point,  has been recognized 
for many years, and a first a t tempt  t o  understand the  local dynamics was 
published by Corrsin and  Yistler [41. However, there a r e  still  aspects of the 
problem that have defied explanation (see, for example, Liepmann [ 13]), and 
it is hoped that  the approach adopted in  9 6 m a y  represent a s tep in the right 
direct ion. 

Some of the results obtained in 9 3 of this paper have been obtained previo- 
usly by  Deissler [51, a n d  further developments have been reported bj. Fox I71 
a n d  Deissler [Sl. 

The  problem has also been treated by Khazen [ l O ,  1 1 ,  121. I t  is felt, ho- 
wever, that  the approach adopted in 9 2, in which the history of a single 
Fourier component is followed, is physically illuminating and  n a y  help 
towards a better. understanding of the computed solutions of the spectral 
equations described b y  Deissler. . 

In  atmospheric turbulence, eddy structure is controlled both by  n.ind shear 
and  by  thermal stratif ication. However, even under conditions of neutral 
stratification, a distinct eddy structure can b e  inferred (see, for example, 
Lumley and Panofsky [141, Chap. 5), the eddies being primarily of 'corks- 
screw' type, with axes parallel t o  the wind. Evidence of sharp turbulent 
interfaces in the atmosphere is less well established, although i t  seems at  
least a strong possibility that  some of the 'layer' radar echoes described a t  this 
meeting arise from refractivity discontinuities a t  turbulent-laminar interfa- 
c'es similar t o  those a t  a turbulent wake boundary. The  analysis of this paper 
has therefore a particular relevance for the  topics discussed a t  this meeting. 
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2. T H E  DISTORTION OF A P L A N E  W A V E  B Y  UNIFORIM SHEAR 

Consider the action of a uniform shear flow 
U = (ay, 0, O ) ,  

U ( x ,  0) = doeikon. 

(2.1) 

(2 .2 )  

on a weak sinusoidal disturbance U ( x ,  t )  given at someini t ia l  instant t = 0 b y  

The linearized equations for the development of the disturbance (assuming 
incompressibility) a re  

ivhere p ( x ,  t )  i s  the associated pressure perturbation, a n d  p, and  v are t h e  
density and kinematic viscosity of the fluid. The omitted nonlinear term 
rt.'i'u is, in fact, identically zero for a plane wave, bu t  this is no longer 
t rue  when superpositions of waves of different wave vectors are considered (as. 
in  9 3). We shall b e  particularly interested in large-scale disturbances for which. 
t he  viscous term in (2.3) may  be ignored, and in $9 2 and 3 we shall ,  for sim- 
plicity, follow a n  inviscid analysis with v = O:#.  Both viscous and  nonlinear 
effects become important after a sufficient t ime has elapsed, a n d  in most 
cases of interest i t  is the nonlinear forces Lvhich become important first (see 
§ 4). 

The equations (2.3) (with v = 0) admi t  the solution 
(2.4) 

k + i (Rax) A + a A , ( l , O ,  0) + i a y k l  A = i k ~ ,  (295) 

k . A  = 0 .  (2.6) 
and 

The coefficients of .t, y and z in  equation (2.5) must vanish; hence 

so that 

In  these equations, and in what follows, the suffix 0 refers t o  conditions 
a t  t = 0, and the  suffices 1 ,  2 and 3 refer to components in the x ,  y and z 
directions. The constancy of k,  and k ,  allows us to  omit  the suffix 0 f o r  
these components unless special emphasis of initial conditions is required. If  
k ,  = 0, then the wave vector (0, h,, k3)  remains constant. I i  k ,  += 0, then 
the effect of the shear is asymptotically t o  align the ivave vector in the  (0, 1,O) 
direction and  t o  increase its magnitude linearly with t ime. The effect of t h e  
shear on wave fronts in these two cases is represented graphically in  Fig. 2 a  
and 6 .  Fig. 2c and d show respectively the orienting effect on a singlewave vector  
and the orienting effect on those initial wave vectors on the  sphere 

The notation in these figures will be referred t o  in  what follows. 

kl = 0, k, = - a k l ,  k3 = 0 ,  (2.7). 

kl = ko l ,  kz = k o z  - a fko l ,  k3 = ken. (2.8) 

ki l  + kiz + k& = k:.  (2 * 9) 

* The only  modification required if viscous forces a re  retained is the inclusion of a fac- 
tor 

exp[--v 1 k2dt1 =exp{-- [ [k2t -k lkoza t2f  -k1a 2 2 t 3  1) 
0 3 

in each component in equation (2.11) below. This causes a viscous damping of all wave ampli- 
tudes and of the disturbance energy after a sufricient time has  elapsed. 
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Fig. 2. Effect of shear on the  
wave fronts and  wave vectors 
of a superposed disturbances 

- I  

l 2  

- Now from equation (2.6), li .A + k - A  = 0, so that from equation (2.5),, 
writing k2 = k -k ,  

from equation (2 .7) .  The part of equation (2.5) not involving x ,  y and z 
is then satisfied provided 

- ik2 z = - i t  A + a A& = 2 a A2kl  

A + a A p ( l , O , O ,  = - i k n = 2 a A 2 k l k / k 2 .  (2.10) 

Integration of thesecond component of this equation, then of the first and third 
components, is' straightforward and leads t o  the following dependence of the 
amplitude components on time: . 

here, ' 1 2  = kt  + k:, tan E) = l / k ,  (see Fig. 2 4 ,  and the notation. [$I is used' 
t o  indicate \c1 ( t )  -9 (0). In the particular case k, = 0, these expressions. 
reduce t o  the very simple form (of course, derivable directly from equation: 
(2.10)) 

A1(t )=Ao1- - t tA?2,  , ' 

(2.12) 
-2 

, . . .  

. ,  
. .. 

I . '  A2 ( t )  = A02, 

j .  A3 ( t )  = A03. 

W e  shall be particularly interested in  the behaviour of Ai ( t )  for small and. 
for large times. For utk, < kO2, 

and . .  

k2 - k: - 2 a yl k O 2 ,  [e] - -it fkl ijk :,. 

. .  [k2/k2] - a f (2 ki4 k l  k& - ki2  k l ) ,  

143, 



'so that 

A3 = A 0 3  + 2 a t A 0 3  k-2 kl k& k3 + 0 (a t),. 
If k, < kO2,  this linear behaviour continues for a long t ime (until a/,- 
= k,,/kl) and IAl  J can become very large during this period. 

- - .  

Fig. . 3 Typical behaviour of amplitude kornponents as given by equatlon (2.1 1)  

For atk, >> n = (k i2  + k:)*/*, we have k2 - (at)? k:, 8 -+ n, and k2/k2 + 0, 
. -  so  that 

A1 - A01 - A02 {hi P3  kl l  k i  (n- 6,)) + Z-2  k ,  k O 2 ) ,  
A2 - Ac2 ki k;' (CC t ) -2 ,  

A 3  - Ar3 + Ao2 { k i  Z-3 k3 (n - 8,) - I-' kW2 k 3 ) .  

(2.14) 

Thus the energy density of the disturbance approaches the constant 
1 
5 [ I A ,  (m) I 
(provided A, ,  .+ 0, and 8, J= x) this energy density is approximately 

level 
+ I A ,  (m) I 2 1 .  If k, is small (so that I = k3). then in general 

1 (n - 8 I )2  I A I 2 1 2  kt  kL2 k i2  , 

and this is large'when kl is small; this is because wave.vectors.of this kind 
take a long t ime t o  become aligned, and'  I A I  I increases linearly throughout 
most of the alignment time. Typical behaviour of the three amplitude compo- 
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3. DISTORTION OF A WEAK RANDO.11 PERTURBATION 
B Y  P U R E  SHEAR 

I f  the  initial disturbance is such that i t  can be represented as  a superposi- 
tion of plane waves in the form* 

U i  ( x ,  0) = 2 or J d3 ko Aoi (ko) eiko x *  , 
' 

( 3 4  . , ko . 

then, during the linear development of the field, the perturbation a t  time t 
is given from equation (2.11) by 

u ~ ( x ,  t )  = 2 or 1 d3 k Ai ( k ,  t )  e ikx ,  (3.2) 

Ai ( k ,  t )  = Lij ( k ,  t )  ( k ) ) i  (3.3) 

k 
where . .  

with 
. .  

' ,  

(3.4) . 
. . .  . .  

. .  . .. . . . , . .  . . . .  
Ito being related t o  k through equation (2.8). The volume element d3k in wave 
vector space is invariant, since from equation (2.9) . ' 

.(3.5). 
. .  The spectrum tensor of the disturbance a t  t ime t is 

(3.6) ail ( k ,  t )  = lim At ( k ,  t )  A; ( k ,  t )  d3 k ,  . .  
d 3 k - c o  

the  s tar  indicating a complex conjugate, and the overbar .an ensemble ' <  . .  : ave-  
. . .  . .  

rage. Hence, using equations'- (3.4) and '(3.5), . . . .  
' . . .  * .  

atj ( k ,  t )  = Lil Lirn QYm (ha) i . .  , .  . . .  .. (3.7)' 
. .  where 

. .  .~ O!rn (ko) = lim Aol (kd) A i m  (ko)'d3k o . '  

d3 ko 3 0 

I , is the spectrum tensor of the initial . .  disturbance, which may be considered 
known. If '  ko is replaced by k '+ atk, (0, 1, 0), equation (3.7) gives3iii(k,' t )  
e,xplicitly in terms of its initial value. ,In order t o  go,further i t  is expedient t o  
make some simple assumption about the form of, the  initial.spectrurn tensor, 
and the argument in what follows will be confined.to . .. two extreme possibilities.' 

~ . '  Case, A :  
. Suppose that the initial disturbance is two-dimensional with no tlnriation 
i,n the x-direction; 'it may be visualised as a superposition of 'cylindrical ed- 

. dieswith.  axes parallel. t o  the mean shearing flow., (The velocity component u1 
. need not, however, be'.zero.) The Fourier components of ,.such a field'all. 

have k,  = 0, and we have seen in 9 2 that these a re  the only Fourier components. . 
of a.cornpletely random field which can receive.unlimited energy through invis- 
c id  shearing. The spectrum tensor .of such a disturbance . . , .  .is, of . .. . .  the e . . :  form , . . A . '  . :.. 

. . . . . . . '( 3.8). 
a , . . I ,  'CDjA ( k )  =,,Y:m (kz ,  k3) 6 ( k l ) .  

* For a stationary random function,' the Fourier-'Stieitjes' repr&entation 'iC.(.k; o)'=: 
=Jeikaax dZo (ko) would be appropriate. The final ,result .(3.6) is unaffected by  thisrsiinement,  

". , 
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The tensor Lij degenerates in this case t o  the simple form (from (2.12)) 
1 - a t  0 il=j 0" 1 .  (3  -9) 

The quantities containing the most interesting physical information a re  Oii 
and cDlz which integrate to give the energy density and the Reynolds stres 
respectively: - 1 -  1 

T ( t )  5 Ui = \ 0 i i d 3  k ,  7 ( t )  5 - ~1 ~2 = S 0 1 2  d3 k. . (3.10) F, 
From equations (3.7) and (3.9), i t  is evident that ,  for at 1, cDii is domina- 
ted (for almost all values of k )  by those terms on the right for which i = I, 
I = M = 2, and in  fact, using equation (3.8), 

(3.11) 

(3.12) , _  

This energy is concentrated almost entirely in  the component ul. If the turbu- 
lence is initially isotropic in  the y-z plane so t h a t q 2  = = To,  say, 
then for at > 1 

T - (a t)' To. (3.13) 
1 

Similarly, from equations (3.7) and (3.9), 
0 1 2  ( k ,  t )  = - a t  ( i t ) ,  (3.14) 

so that 
z ( t )  = cc t To. (3. IS) 

Hence the  stress established is proportional to the  total strain at experienced, 
suggesting.an elastic rather than a viscous type  of response. This idea will 
be pursued further in $ 5. 

e Case B: 
Now suppose that the initial disturbance is isotropic, so that (Batchelor [ 1 I) 

(3.16) 
cn 

.Eo (k , )  is the energy spectrum function satisfying = 1 E, (k , )dko.  The ! 
0 

easiest way t o  describe the qualitative development of the spectrum function 
is by reference t o  Fig. 2,  d. Suppose fi.rst that . . 

E0 (ko)  = To (ko - kc) ,  (3.17) 
where, in this case, To represents the initial energy density, so that  ini t ia l ly  
the wave vectors of all the Fourier components end on the sphere ko = k,. 
Fig. 2,d shows how thesewavevectors changewith time; a t  time t ,  they end on 
the surface of the spheroid 

(3.18) 
of which a section in a plane k, = const is shown in the Figure. The distance 
of this surface from the origin varies continuously between a maximum and 
a minimum value, which for large at behave l ike and i t  is evident that t h e  

kmax - a t kc, k m i n  (a t)"kc, (3.19) 

. I  \ 2 ki  + ( k t  + a t  k1)' + k: = kc, 

' 
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E(k) 

.- 

at >> 1 , at << 1 

Fig. 4. Development of E (k, f) under  ,shear when E (k, 0) = To 6 (R--kJ 

spectrum becomes severely anisotropic, being dominated asymptotically by  
those Fourier components for ivhich k, /k ,  = 0 (at)-l, and the  energy increase 
again being concentrated in t h e u ,  component of velocity. 

More rigorously, for general E, (k , ) ,  we have 

(3.20) 

* the largest contribution t o  the integral (for at> 1) comes from the term for 
which 1 = rn = 2 (due t o  the presence of the factor k;' in LIJ, Hence, repla- 
cing d3k by d3ko and putting k,, = &t, 

T - E f$ E0 [ ( 1 2  + ki2)l/a] [ tan-, - tan-l +I2 '$ d k,, dkos 

(3.2 1 
8n 02 

- W  

with 1 = I(&t)2 + k&I1/z. As ut --f 00, 1 +- kO3; this limiting process can 
legitimately be carried out under the integral sign in equation (3.21), since. 
the integrand is uniformly convergent for all as  at+ CO. (The presence of 
the factor E-2 ensures uniform convergence in  the range of large that  would 

. 1 '\ itherwise be troublesome.) Hence, letting at+ 00, 

(3.22) 
This integral (a linear functional of E, ( k ) )  is certainly convergent for any rea- 
sonable E, ( k ) ,  and independent of t ,  so the result T - mt is t rue for a ge- 
neral initial isotropic spectrum, 

Similarly, the expression for the Reynolds stress .is 

* T = - 1 Llr L,, &$ (&) d3 k .  . (3.23) 

Here we shall require the behaviour for small as well as for large times. For 
at < 1,  the  forms (2.13) lead simply t o  . ,  

(3.24) 



. 

For at > 1, the dominant terms in equation (3.23) are again those for which 
1 = m = 2, and i f  we keep, only the first part of L,, which gives the dominant 
contribution to the integral, we are led t o  the form 

i: 2:: 

(3.25) 
As at -+ 00, this is dominated by values of qo near 'po = n/2 and 3 4 2  (corres- 
ponding again to initial wave vectors which a re  slow t o  align). Putting p = 
= at (cpo - n/2), (and noting that the contributions from the two neighbour- 
hoods are  equal), we have for at > 1, 

x 

(3.26) 
r 

The.increase of T and .,with at, a re  again due to  the linear increase in  
amplitude of Fourier components with k,  ==: 0. However, T and T increase 
less rapidly in case B than in. case A ,  because in  caseB the  Fourier components 
which experience the linear increase correspond t o  an initial' wave-vector 
band which decreases in width as  (zt)", whereas in case A ,  the field consisted 
only of those components which, . , .  experience the linear increase indefinitely. 

. .  , ' 4 .  EFFECTS OF NONLINEAR FORCES. . .  

The'existence of a distinct family'of eddies in  turbulent shear flows, con- 
taining an appreciable fraction of the total  turbulent energy and a scale com- 
parable with the,scale,of , the mean flow,. is.generally accepted (see the discus- 
sion' 'in 3 I], bpt  there is, as 'yef,  little theoretical i'ndication a s  t o  \(-hat the 
statistical struc.ture of these eddies may b e  (and the experimental evidence is 
by no means conclusive), and there is no theoretical estimate of the large 
eddy ,intensity. Townsend's 'large. eddy theory' is based on an assumption that  
these eddies are  critically stable (as far as their energy budget ,is concerned), 
but their actual intensity seems t o  play no part i n  the theory. Can n.e obtain 
any information on these questions of structure and intensity from the analy- 

" I 

in the absence of any initial anistropy, a rnean,shear preferentially amplifies 
cylindrical eddies :of the type 'proposed by Townsend [201, (see Fig. 5) .  Howe- 
yer, the energy supply to such eddies'from the  mean shear does not cease 
when the plane of circulation is perpendicular to Ox as suggested b y  Townsend 
([201, $,6:1); rather, ,,its energy increases as .P, (from 9 3, case A )  indefinitely 
for a cylindrical. eddy, and. for a:time of .order for an eddy ,  of init ial  
length: width ratio E .  

This energy increasewill ultimately be  checkedivhen nonlinear forces become 
important. This happens when the' .magnitude of the-eddy 'vorticity 1 o I be- 
come's comparable with a, since then th,e rotational'part of u:.Yq,. i .  .e., - .. 
U A o, becomes comparable with U VU. For the plane wave considered in $ 2,  

so , .  that, from equations (2.8) and (2.14), in general, , ' 

a . .  . 
' T H E  LARGE EDDY P,ROBLEM . .  

sis of the preceding sections?. . '  . .  

Firstly, on the question of structure, i t  is clear from $9 2 a n d ' 3  tl-iai-- 

. . '  

3 ' ' (4:l) . . .  . .  . .  
. . .  

. .  
. .  . . . .  . .  . .  . . .  . . .  . . .. . 

0 = i x ;4 e i k . ~  .. .- . 
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where A, is the ult imate steady value for A .  [As k ,  -+ 0, the product k,A,, 
tends t o  a finite nonzero value.] ,Thus, asymptotically the disturbance vortex 
! i n s  tend t o  lie in the x-z plane. Note t h a t  for an initially isotropic field, 
the vorticity is not dominated in the limit by the nearly cylindrical eddies 
which contribute most t o  the energy, but  receives significant contributions 
from all Fourier components. From equation (4.2), the disturbance vorticity 
becomes comparable with a after a t ime of order (&,/d,)-$ for a plane wave 
with k,  + 0, from equation (2.14), this time is 

(4.3) 

When a continuous spectrum of waves is sheared, this means that nonlinear 
forces become important after a time inversely proportional t o  the initial 
disturbance amplitude. 

At this stage, two possible effects can be distinguished, in addition t o  the 
direct interact on of the initially independent waves. First ,  n.hen 10, I becomes 

. -  

Fig. 5. Shearing of a Townsend Eddy 

comparable with a, the vortex lines of the total flow undulate considerably 
about the z-direction. W e  have seen that when the basic shearing motion is 
uniform, continuous energy transfer is possible only t o  those eddies having 
l i t t le or no variation in the x-direction. When the shear is considerably 
perturbed, however, the direction of the principal axes of strain,  and the 
local rotation axis, will likewisevary through angles of order z/4,  and a lar- 
ger range of.wave vectors n-il l  become available for the receipt of energy from 
the perturbed mean flow. In  this respect, the large eddies play the role of 
an essential intermediary in the process of energy transfer from the mean flow 
t o  the turbulence; without them, continuous energy transfer to components of 
turbulence with wave vectors in random directions is not possible. 

Secondly, as ]a3 1 increases, points of inflection appear in the profile of the 
xLcomponent of the perturbed velocity field, and i t  seems likely thzt, nvhen 
the vorticity gradient becomes large enough, the perturbed profile will become 

-unstable  to smaller scale disturbances in the manner described by Gill [Sl. 
I \ .  For this mechanism to  operate, the initial amplitude must be large enough for . nonlinear effects to  become important before viscous forces damp out the distur- 

bance. 
The prediction that the large eddy vorticity must b e  of the same order as 

the mean flow vorticity receives some support from Tonmend's experimental 
estimates in the case of the turbulent wake. The large eddy energy density is 
approximately 1/8 that of the mean velocity defect; their scale is somenhat less 
than half the scale of the mean velocity. Hence, thevorticity (= (energy)'Vscale) 
of the large eddies and of the mean flow are of the same order of magnitude. 
This evidence, hodever, must be viewed with caution, since, as already 
mentioned in 9 1, the observations of Grant [91, show that  other processes in  
addition t o  distortion by  shear, are responsible for large eddy generation; in 
particular, Grant suggests that instabilities of the von Karman vortex street 
originating near the cylinder, and  persistent instability of the wake associated 
with the continual build-up of Reynolds stresses, may give rise to  eddy struc- 
tures not inconsistent with correlation measurements. 

-. 
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. 
6 .  THE REACTION O F  T H E  T U R B U L E N C E  
ON T H E  MEAN FLOW 

If homogeneous turbulence is distorted by uniform shear, then a uniform 
Reynolds stress is established and this has no effect on the mean flow. I f  
the shear is nonuniform, however, i .  e., if a = a (y), or i f  the turbulence is 
nonhomogeneous initially, then a nonuniform stress field is established and 
this tends to  change the mean flow. For a strictly parallel flow U = (U (y, t ) ,  
0, 0), the mean flow equation is 

- 

au a t  
at a y *  
-= -  

Hence U and so a = dU/dy become functions of t ,  and the total s t ra in  
at that appeared throughout $9 2 and 3, must be replaced by the quantity 

f 

p = ( a d / .  
J 
0 

The derivation of the stress ‘G in 9 3 is otherivise unchanged, and gives as 
before 

in  case A ,  z = TOP (5.3) 

The relation ‘1; = c’p with c3 = To or (2/3) To (assumed uniform) in case A 
or B respectively, leads to . 

or 

We have already remarked that a linear relation between stress and s t ra in  
implies an elastic response, so that the appearance of the  wave equation a s  a 
consequence is not surprising. The derivation requires implicitly that.the scale 
of the mean strain inhomogeneity should be large compared it-ith the scale of 
the strained turbulence, so that the assumption of uniform local strain may  be 
reasonable. However, i f  this is not the  case (as, for example, for the large 
eddies in wake turbulence), one might-still expect the equation (5.5) to have 
some qualitative, i f  not quantitative, significance. 

Two further qualifications must be  made. First, the stress-strain rela- 
tions (5.3) and (5.4) are  valid only during the linear response period t < t,. 
In  a sense, the time f =5: t ,  marks the ’yield point’ of the turbulent medium. 
For t 3 0 (in) the stress presumably approaches an asymptotic level deterrni- 
ned by the rate of strain.  The time t ,  may also be interpreted a s  the ’relaxa- 
tion time’ of the turbulence when the mean r a t e  of strain changes. I f  t ,  i s  a 
time characteristic of this change, then if t,, < t, the response (for f, < in) 
will be purely elastic, while i f  f,, < f, the response will be purely viscous. 
The analogy between turbulent flow and the flow of a non-Newtonian fluid 
was first pointed out b y  Rivlin 1171, and this point of view has been further 
‘recommended by  Liepmann [ 131; the approach adopted here suggests that  
turbulent fluid is visco-elastic in its response to  a changing rate of shear. 

a point where a’ (y) = 0, then this will be a natural source of instabilities 

- 

.: 

Secondly, i f  there is a point of inflection in the  mean velocity profile, i .  e., - 
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I which grow exponentially rather than linearly with time. However, in the l i -  
m i t  of uniform shear ( i .  e.; a' (y) = 0 everywhere),-the growth ra te  of such 
disturbances is zero, and i t  is reasonable t o  expect that for sufficiently small  
curvature  in the mean profile, the dominant contribution to  the Reynolds 
stress is still given by equation (5.3) or (5.4). 

To be more specific, consider the following init ial  value problem: a t  t ime 
t = 0, suppose that the mean profile is of s imple jet-type, 

' 

i 

U (y, 0) = U 0  sech2 y /b ,  (5.6) 

and  suppose that  the superposed weak turbulence is of the two-dimensional 
type  considered in case A of 9 3. The development of the mean flow is then 
described by equation (5.5) with c' = T o ,  and the solution is 

' representing two shear waves travelling with velocities =k c. If the  eddies a re  
of lateral scale6 (and this is a maximum estimate), their vorticity at t ime t is 
of order (7"%) /3 ==: (c/b)Et where Z ==: U,/6 is a meanvalue  of the shear in  the 
je t ;  this vorticity becomes comparable Lvith Z after a t ime tl  = b/c, and this 
is just t h e  t ime that the initial profile takes t o  spl i t  in to  its two components. 
Hence, the linear development described b y  equation (5.7) can b e  valid only 
neartheouter edges of the jet  where the total  strain experienced is st i l l  sufficiently 
small (i. e., fi ( ( U d c ) .  

If the superposed, turbulence is init ially isotropic, then the same description 
holds for fi (( 1, but for Uo/c> fi > 1,  theasymptotic l aw7  - (1/2)T0 log fi 
is appropriate. Wri t ing c2 = (1/2) To ,  the  mean flow equation is then most 
compactly expressed in terms of fl in the  form 

1 

, 

p a. - = c' - log p. 
a t 2  , a p  

This equation is still hyperbolic, and presumably exhibits solutions of propaga- 
t ing type,  though the nonlinearity suggests that  the development of the profile 
will depend strongly on its amplitude.  For fi 3 Uo/c,  the linear theory for 
the  Reynolds stress development breaks down. 

6. T H E  S T E E P E N I N G  A N D  P R O P A G A T I O N  
' I  . OF T U R B U L E N T  I N T E R F A C E S  

, .  

L 
I .' 

-1 

\ 

Turbulent wakes, jets, mixing layers, and boundary layers are characterized, 
in  general, by the presence of sharp undulating interfaces n*hich separate 
the rotational turbulent region from a n  irrotational region in \Lrhich turbulent 
fluctuations decay rapidly with distance from the interface. (The fluctuation ener- 
g y  decreases asymptotically as the inverse fourth po\ver of this distance, accor- 
ding to  Phillips [IS].)  In the irrotational region, the assumption that the 

- field of fluctuations is homogeneous in directions parallel t o  the interface, leads 
t o  the result that  the Reynolds stress component T = - U?, is zero (Corrsin 
and  Kistler 141). Weak inhomogeneity i n  wakes and je ts  in the x-direction 
does produce a nonzero T, whose only effect, however, is t o  modify the mean 

, pressure distribution (Stewart [ 181). The mean flow in the irrotational region is 
the uniform velocity a t  infinity, together with a component associated with 
the  finite amplitude fluctuations of the interface, jvhich, as demonstrated by 
Stewart ,  can contribute t o  the mean velocity defect (for a wake or boundary 
.layer), or increment (for a jet). However, any genuine rotational shear that 
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. c is preseiit is necessarily confined to the rotational region where the  Reynolds 
stress is nonzero (and rotational). Fluid is continually entrained across the 
interface from the irrotational t o  the rotational side; equivalently one may 
say that the interface propagates towards the irrotational region. 

Two outstanding questions regarding these interfaces are  (a) why do they 
remain sharp, and (8) Fvhat determines their velocity of propagation? Corrsin 
and I(ist1er have proposed the follonring answers t o  these questions: 

(a) The rate of production of mean-square vorticity 2 (= U' say) in hornoge- 
neous turbulence is proportional t o  the mean-square vortici t y  already present. 
I n  any local gradient of U' (in a nonhomogeneous turbulence) the higher rate of 
production in the region of higher o '-density wvill tend to steepen the gradient. 
I n  particular, near the edge of a free turbulent flow wvhere U' decreases from 
its value well inside the turbulent region to zero outside, the gradient of CO' 
will increase until  direct viscous dissipation intervenes, n-hen the thickness of 
the transition layer is of order (Y/u')'~?, (the local inner I(o1rnogorov scale). This 
argument predicts steepening of the gradient of o' whether a mean shear is 
present or not. I t  is open t o  the criticism that the rate of destruction of o' 
in homogeneous turbulence by viscous dissipation is also proportional to  &? 

and that the rates of production and destruction a re  approximately in balance,,.- 
a t  any rate  so long as the turbulence is not too far from statistical equilibrium.' 

(b) The propagation of the interface is essentially the transmission of vor- . 
ticity by  viscous stresses through the interface. On dimensional grounds, the 
propagation velocity V* must be of order the inner I(olmogorov velocity scale: 

1 

r 

the  presence of mean shear, and therefore of an additional (kinematic) Reynolds 
stress, TL (just inside the layer) would tend to augment this velocity: giving 

(6.2) V' = 0 (TZ + (vo I ) 2 ) 11, . 

An objection t o  the form (6.1) raised by Coles [31 is that the mean propzgation 
v e l o c i t y p  is known to  be independent of viscosity (at any  rate in  regions o 
flow where Reynolds number similarity has any meaning). The limiting form 
of equatioh (6.2) a t  high Reynolds number, V' = 0 (TJIz, seems reasonable, 
but i t  suffers from theweakness (common to  a l l  results of dimensional analy- 

An approach which avoids the above criticisms (though doubtless i t  invites 
others) can be based on the shear wave equation derived on the basis of equations 
(5.1) and (5.4a). Let us again formulate an initial value problem, inter,ded t o  
represent the situation near the instantaneous boundary of a turbulenl n-akeI 
(Fig. 6): a t  t = 0, let tc (9) = dU/dy be a monotonic function decrea-\ 
sing from a positive valuecc, a t  y = - 00 t o  zero a t  y = + CO, and let To (y), 
the (unstrained) kinetic energy of superposed weak fluctuations, be  a similar 
monotonic decreasing function. The equation for U (y, t )  is then 

' sis), that the precise propagation mechanism remains obscure. 

wherec2 cc To, the constant of proportionality being of order unity (and depending 
on the precise degree of anisotropy of the turbulence). For a unique solution, we 
should also specify dUld t  a t  t = 0; this is equivalent to prescribing the degree 
t o  which the turbulence has been strained prior t o  the initial instant. Let us 
simply stipulate that dUldt has. the form that gives rise to  a single wave pro- 
pagating in the positive y-direction. If To were uniform, this wave would 
propagateyithout change of shape (the necessary qualifications about the 'linear , 

phase'. of Reynolds stress development discussed in  5 being understood): 

1 52, 
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proceeds. If some other effect does 
not intervene first, this develop- y 

mentwill  be checked only when 
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I 
Discussion 

E. A. N o v i k o v-Will the elastic response of the turbulent flow remain 
i f  we take into account the nonlinear effects? 
. H. K. M o f f a t t - The response of turbulent flow to sudden disturbances 
of the mean velocity profile has an elastic character but i t  has a certain relaxa- 
tion t ime and only a t  the initial stage does it have  elastic features. The non- 
linear effects certainly modify the simple elastic response and probably one 
should regard the fluid as having a finite memory. 

, W. L. J o n  e s -You indicate that variations in the mean flow can be 
propagated ((elastically)) by large scale turbulence; one can also think, of this 
as a propagation of the fluid vorticity. Does this represent the true transmission 
of vorticity from one fluid element to another, a s  is the case in waves, or per- 
haps more simply the transport of fluid possessing certain vorticity? 
H. K. M o f f a t t - The fluid is not transported by this mechanism, but 

the mean velocity profile tends t o  propagate relative to  the fluid. 
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