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by H. K .  M o f f a t t  

Abstract 

The dynamics of those f luctuat ing motions i n  a turbulent boundary l q e r  

which have a scale  comparable with the scale of the mean flow i s  considered. 

Motions on t h i s  scale , ' large eddies; can a r i s e  through interact ions o f  Fourier 

components of the veloci ty  f i e l d  having a much smaller s ca l e ,  The l a rge  eddies 

are  convected and d i s to r t ed  by t h e  mean f l o w  and t h q l o s e  energy t o  small s ca l e  

turbulence by a process t h a t  may ( fo r  w a n t  of b e t t e r )  be represented by an eddy 

v i scos i ty ,  

s t a t i s t i c a l  s t ruc tu re  o f  t h e , l a r g e  eddies. 

considered, the first o f  which highlights the wave-nature of possible modes of 

motion, and the second of which places the emphasis on the d i s to r t ion  and 

development of anisotropy i n  cer ta in  other modes of motion. The methods a re  t o  

some extent  complementary, but i t  i s  argued t h a t  the second method i s  physically 

more appropriate i n  t r e a t i n g  disturbances tha t  a r e  local ised i n  the y d i r ec t ion .  

The equilibrium of these processes determines ( i n  pr inciple)  the 

Two methods of analysis a r e  

Some of the features  of the correlat ion curves obtained by Grant (1958) 
are  interpreted i n  terms of i n i t i a l l y  isotropic  turbulence t h a t  h a s  been 

subjected t o  a uniform mean shear. 

comparison with experiment, and the indications a re  t h a t  t h i s  i s  an approach 

t h a t  meri ts  fu r the r  study. 

The s h e a r  induces an anisotropy t h a t  admits 
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1. Introduction 

A great variety of experimental r e su l t s  aze now avai lable  concerning the 

s t a t i s t i c a l  s t ructure  of the veloci ty  fluctuations 

boundary layer ,  

zero time delay),  

~ ( 2 ,  t )  i n  a turbulent 

For example, the two-point normalised correlat ion tensor (at 

has been plotted by Grant (1958) for  

r i n  the three pr incipal  direct ions,  and by Tri t ton (1967), par t i cu la r ly  f o r  
i j  = 12, 21. Space-time correlat ions f o r  i = j = 1 have been extensively 

studied by Favre, Gaviglio and Dumas (1957, 1958). 
been made t o  explain the curves i n  terms of the dominance of pa r t i cu la r  
s t ructures  at various depths in  the boundary lager  (see pa r t i cu la r ly  Townsend 

1956), but as yet  no coherent theory i s  available t o  explain why any one 
s t ructure  i s  in t r in s i ca l ly  more l i ke ly  t o  appear than any others.  

i = j = I, 2, 3, and f o r  separations 

Several attempts have 

Some of the curves obtained by Grant are  reproduced i n  f igure l(a) and (b).  

I n  ( a ) ,  the fixed probe i s  i n  the outer par t  of the boundary layer  ( a t  

y/$- 
it i s  well within the constant s t r e s s  region. 

qual i ta t ive resemblance t o  corresponding correlat ion curves fo r  isotropic  

turbulence [Batcbelor 1953, f igure 3.23 i n  t h a t  the three curves 

RI+, 0 ,  o>, R22(0, r ,  0) and 33(0, 0, r) are  everywhere posi t ive,  and 
the other s i x  a l l  go negative f o r  large 

i n  isotropic  turbulence). 

large r compared with R (0, r ,  0) and R (0 ,  0, r ) ,  (Tri t ton (1967) has  22 33 
extended the measurements of R (r, 0, 0) out t o  r/& = 2.5, and finds 

tha t  Rll(r, 0, 0) 
t a i l  of R (r ,  0, 0) compared with that  of R (0, r ,  0) - curves t h a t  would 

r e l a t ive  t o  ~ ~ ~ ( 0 ,  r ,  0 ) .  

= 0.66, the intermittency f ac to r  i s  approximately 0.9), while i n  (b)  
The curves i n  (a) bear some 

r ( a  requirement of mass conservation 

I n  other respects however, the curves a re  indicat ive 

of pronounced anisotropy. Notice ( i )  the large magnitude of Rlj(r, 0 ,  0 )  fo r  

11 
i s  s t i l l  about 0.1 at t h i s  large s e p a r a t i o 4  ( i i )  t h e  long 

33 33 
be ident ical  i n  isotropic  turbulence, (iii) the contracted scale  of q O , O , r )  

The curves i n  (b) do not even bear a qual i ta t ive resemblance t o  the curves 

of isotropic  turbulence. R (0, 0, r )  now goes negative f o r  ./a, > 0.3; and 

R1,(O, r, 0 ) ,  R22(0, 0, r) and R33(r, 0, 0) remain posi t ive 

f o r  all r . 
pronounced tail on q l ( r ,  0,  0). The rapid fal l -off  of R22(0, 0,  r) i s  a l so  

33 
R22(r, 0, 0), 

The most noticeable s ingle  feature of the curves i s  the very 
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remarkable. 

I t  i s  possible t o  infer  from these curves correlat ion length scales  f o r  

the turbulence, which may be interpreted as scales ( i n  the three pr incipal  

direct ions)  of the energy containing eddies of the turbulence. I f  we define 

then, from inspection of the curves, very approximately, i n  the outer layer, 

and i n  the constant s t r e s s  l aye r ,  

The estimates of are  i f  anything too s m a l l ,  due t o  

contributions from large r . The simplest measures of 

values of order ( 3 , $  ) t o  values of order ( s  ,$ 
from '3 

lX 

of t h e  turbulence me the scale  r a t i o s  lx/ly 7 

t o  about to . 

the uncertainty of 

the degree of anisotropy 

and these increase from 

as y/&, decreases 

The existence of motions elongated i n  the x-direction has been shown by 

Bakewell (f966) t o  extend r i g h t  down i n t o  the viscous sublayer as far as 

y = 1.25. 
provide s t r i k i n g  visual  evidence of the growing importance of motions having 

l i t t l e  var ia t ion i n  the x-direction as the w a l l  i s  approached. 

+ The f i l m  by Kline (1964) and the photographs of n i n e  e t  a1 (1967) 

The term ' large eddies' (Townsend 1956) i s  usually used t o  denote those 

motions having a scale comparable with the scale  of the mean veloci ty  p ro f i l e .  

I n  the case of the turbulent wake, the large eddies a re  reasonably d i s t i n c t  

( inscale)  from the energy containing eddies, but i n  the case of the boundary 

layer  the d i s t inc t ion  is  r ea l ly  too f i n e  t o  be meaningful. 

estimated t h a t  about 20 per cent of the t o t a l  turbulent energy i s  contained i n  

motions having a scale  ( i n  t h e  y and z direct ions)  greater  than 0.4 8, ; t h e  

correlat ions lengths would suggest t h a t  about 50 percent of the turbulent 

energy i s  contained i n  motions having a scale (lye + lz2)Z greater  than 

about 0.1 6. ; 

eddies ( sca l e  > 0.4 8, ) and energy containing eddies (scale ,  say s 0.1 o r  

Townsend has 

1 

and there i s  no discernible  gap i n  t h e  spectrum between l a rge  
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I n  these circumstances, i t  might be thought that  aay attempt t o  decompose 

the turbulence in to  ' large eddies' 

turbulence dx, t )  on the other must be doomed at the outset .  The great 

merit of such a decomposition, if i t  i s  possible, i s  tha t  since i n  a sense the 

large eddies are  weak re la t ive  t o  the mean flow (though by no means 

inf ini tes imal)  i t  should be legit imate to  obtain 

V 
small-scale turbulence U .  

f i r s t l y ,  interactions of Fourier components of wave-numbers , k 
(sat isfying 

t h a t ,  say, I & ,  - k, /go = o(/ 1 then we have a source of  energy for  large 
eddy motion. On the other hand, there is  a t ransfer  of energy back from the  

large eddies t o  the small eddies, and if i t  i s  assumed (unjustifiably!) t h a t  
the scales  of ,Y and are  quite d i s t i n c t ,  t h i s  e f fec t  m a y  reasonably be 

represented by an eddy viscosity % ( y )  . 
eddies are i n i t i a t e d  by random interact ions of neasly equal Fourier components 
o f  the velocity f i e l d ,  dis tor ted by interact ion with the mean flow, and 

attenuated by something l i k e  an eddy viscosi ty  mechanism. 

these processes w i l l  determine a steady s t a t i s t i c a l  s t ructure .  

~ ( x ,  t )  on the one hand and 'small-scale 

c 

equations tha t  are  l i n e a r  i n  

, the non-linear turbulent effects being conveniently summarised i n  the 
CI 

The role  of the small-scale turbulence i s  two-fold; 

-2 
,k, a, ,/ia sol >> / ) continuously generate new Fourier companents 

of the velocity f i e l d  with wave-vectors (lcl 2 k2) ; and i f  i t  so  happens 

The picture then i s  t h a t  large 

The equilibrium of 

The hope f o r  such a description of large eddy dynamics l i e s  t o  some 

extent i n  the qual i ta t ive nature of the correlat ion curves of f igure 1. There 
can be l i t t l e  doubt tha t  the anisotropy i s  due t o  the pers is tent  e f fec t  of the 
mean shear, and the obvious thing t o  do i s  t o  see what happens t o  isotropic  

turbulence when it is sheared, and when the non-linear self-modulation of the 

velocity f i e l d  i s  represented by an eddy viscosity.  
response of turbulence $0 uniform shear 

l inear  e f fec ts  (Moffatt 1965) shows tha t  the dominant contribution t o  the 

turbulent energy ultimately (i.e. f o r  
components whose wave vectors are neazly i n  the y - z plane, i .e.  from eddies 

with negligible var ia t ion i n  the x-direction; moreover t h i s  energy i s  concen- 
t ra ted  i n  the x-component of velocity. 
calculation (and t h i s  may include the eddy viscosi ty  of small scale  turbulence) 
then the turbulence ultimately decays (a resu l t$  recorded by Pearson 1959) ;  
if the Reynolds number R based on at and on the ini t ia l  length scale  of the 
turbulence i s  large however, then a high degree of anisotropy develops before 

the ultimate decagr. 

s t a t i o w y  random, but anisotropic, turbulent velocity f i e l d ;  the greater t h e .  

A calculation of the 
(ay, 0, 0) neglecting viscous and non- 

at >> I )  comes from those Fourier 

I f  viscosi ty  i s  included i n  t h i s  

A stationasy random isotropic  driving force generates a 

498 



MOFFATT: WAVES VSa EDDIES 

value of R the greater  the degree of anisotropy. The hope i s  t h a t  f o r  

sui table  choice of R , the correlat ion tensor o f  the sheared turbulence w i l l  

compare favourably w i t h  the measured correlat ion tensor a t  a given value of y/&, 
i n  t h e  boundary layer.  

communication) suggest t ha t  t h i s  hope i s  well-founded. 

Preliminary numerical calculations (Townsend, pr ivate  

L $ . f h d  &I&, hl c (1470)> 131 

The above type of approach puts the emphasis on the change of s t ruc tu re  of 

a disturbance as i t  i s  sheared by the mean flow. 

extent,  complementary approach, which likewise involves a l i nea r i sed  treatment 

o f  the veloci ty  f luctuat ions,  has been developed by Landahl (1967) and ( i n  the 

context of the sublayer) by Schubert and Corcos (1967). 
no d i s t inc t ion  i s  made between large scale  and small scale  turbulence, but the 

d i s t inc t ion  i s  t o  some extent implici t  i n  t ha t  the non-linear terms i n  the 

equation of motion are t r ea t ed  as forcing terms, independent of the response. 

In  t h e  theory of Schubert and Corcos, the non-linear terms are neglected, with 

slender j u s t i f i c a t i o n ,  and the velocity f luctuat ions are driven by t h e  pressure 

f i e l d  which i s  conceived as being imposed at  the outer edge of the sublayer. 

Both theories  give r i s e  t o  an Orr-Sommerfeld equation involving the mean p ro f i l e  

U (y) The free modes of the equation a re  a l l  damped waves, 

and a s t a t iona ry  random forcing term therefore again gives r i s e  t o  a s ta t ionary 

random response. 

Corcos i s  the marked anisotropy of the response; f l u c k a t i o n s  i n  the sublayer 

f o r  which lJlz i s  large a re  more eas i ly  excited than those f o r  which lx/lz 

is 0(1). 

A n  a l t e rna t ive ,  and t o  some 

I n  Landahlls theory, 

and a forcing term, 

A notable feature of the numerical r e s u l t s  of Schubert and 

The development of an a rb i t r a ry  local ised disturbance on a scale  of say  

$ 8 ,  , and imbedded i n  the outer layer  ( s a y  !f/ &. % fr), m a y  be followed by two 

methods which should give equivalent r e s u l t s  i f  suitably interpreted,  Method I 
i s  t o  t r e a t  the disturbance as  a sum of eigenfunctions of the Orr-Sommerfeld 

equation, i n  the s p i r i t  of Landahl (1967), the coeff ic ients  i n  the sum being 
determined by the i n i t i a l  s t ruc tu re  of the disturbance. This approach puts the 

emphasis on those aspects of the disturbance which do not change w i t h  time; and 

the eigenfunction with the weakest damping r a t e  w i l l  ul t imately dominate sugg- 

es t ing t h a t  a wavy s t ructure  m a y  ult imately emerge. Method I1 i s  t o  t r e a t  the 

mean shear as loca l ly  uniform (an approximation t h a t  of course improves as the 

scale  1 
disturbance i n  the manner adopted by Moffatt (1965). 
emphasis on the changing s t ructure  of the disturbance, and there  is  no suggest- 

ion of a wavy s t ructure  developing at  any stage. 

of the disturbance decreases) and t o  follow the d i s to r t ion  of the 
Y 

This method puts the 

In  order t o  i l l u s t r a t e  the merits and l imitat ions of the two methods, a 
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part icular ly  s imple example w i l l  be worked out ( i n  sect ion 3 )  by both methods 

(and the r e s u l t s  shown t o  be the same). The calculation suggests t ha t ,  under 

circumstances where method I1 i s  applicable, it gives r e s u l t s  which a re  physic- 

a l l y  more i l luminating than method I .  

l imitat ions ( fo r  example, i t  emnot cope with the e f f ec t s  of curvature of the 

mean velocity p ro f i l e ) ,  and then method I 

that  r e s u l t s  derived by t h i s  method must then be interpreted w i t h  extreme 

caution. 

*a s a  Llijhkd, 

However, method I1 has  ce r t a in  severe 

* 
be used; but the inference i s  

p & d C l '  Qt S Q M  + y c i U W *  

2. !Che equations describing large eddy development 

With a mean veloci ty  f i e l d  =(u(y),  O , o j t h e  equation fo r  the 

turbulent f luctuat ion ui(z, t )  may be wri t ten 

where 

the overbax denoting the usual time average. Let <....> denote an average 

over some scale  €5, , where E << I , and l e t  s (%>,+=3-$ 
If (2.1) i s  averaged <....> and l inear ised i n  , we obtain 

Physical considerations, as  outlined i n  81, suggest now t h a t  we write 

where Ti 
includes the kinematic viscosity 3. 

represents the source term for  the $-f ie ld ,  and the eddy viscosi ty  

WO 
500 



MOFFATT: WAVES VSo EDDIES 

Equations (2.4) and (2.6)) together w i t h  

2q - = 0, 
>Xi  

(2.7) 

are l i n e a r  equations which determine ( i n  pr inciple)  the response V; if Ti 

and 3,. (y )  a r e  known. In p rac t i ce ,  of course, only the s t a t i s t i c a l  properties 

of the f i e l d  Ti w i l l  be accessible ,  and only the s t a t i s t i c a l  properties of  the 

f i e l d  p; (2, t )  may be inferred.  

If now, f o r  simplicity of notat ion,  we replace ( lJl ~ vL, v3 ) by 
(U, *, U )  > and eliminate LA , nJ and <p) from (2.4) and ( 2 . 7 ) )  

we obtain (cf  Landahl 1967) the inhomogeneous Orr-Sommerfeld equation 

where (2.9) 

Defining the Fourier transform 

-00 

and s imilar ly  for '$ , (2.8) becomes 

where now 

For given , t h i s  should be solved subject t o  the boundary conditions 



MOFFATT: WAVES VSa EDDIES 

3. Waves o r  Eddies? A simple example 

It is natural as a preliminary, to s t u d y  the free modes associated with the 
homogeneous form of (2.11), with 6 0 . To simplify the discussion, and to 
throw some light on the relation between ‘wave-modes’ of the type discussed by 
Landahl (1967) and the distorting eddies discussed by Townsend (1956), we shall 
suppose that the scale of the disturbance 
small compared with 8 ,  
ed), i.e. that 

G(y, t)* in the y-direction is 
(its scale in the x- and z-directions being unrestrict- 

If the disturbance is localised near the level 
linear approximation to I.J(y) : 

y = y , we may then make a 0 

where a = ( dUldy)ysye 
and distorted by the uniform shear 
x-direction with velocity 
ancl only the distortion remains. 

. The disturbance is convected at velocity ()(ye) 
a(y - yo) . If we take axes moving in the 

U (y,) , the effect of the convection disappears, 

The variation of 9, with y may also be ignored if the scale of the 

Y = y - y, , disturbance in the y-direction is sufficiently limited; writing - 
(with < = 0) becomes equation (2.11) 

The analysis of 

is particularly 

A 

the development of 9 (Y, t) from a given initial distribution, 

simple and illuminating in the inviscid limit 3~ = 0; the 

kl and k will be omitted unless explicitly required. 3 * The dependence on 
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two methods mentioned in $1 will be illustrated in detail f o r  this case. The 
effects of eddy viscosity will then be briefly considered. It will be assumed 
that yo is in the outer layer (say ye/&, ," 5 )  and that the disturbance, 
localised near y = yo , is negligibly influenced by the wall. 
it will then be legitimate to replace the conditions (2 .13)  by the conditions 

Where convenient, 

Inviscid development 

Method I 

The equation 

admits solutions of the form 

representing wave modes travelling with velocity c in the direction 
(k,, 0, k3) . The function 8 ( Y )  must be a linear combination of ewy and 
e - K Y  except possibly at the 'critical' point where 

4 
Since V must certainly be continuous across Y = 7 , the solution satisfying 
the conditions (3.5) is 

where V(7 ) is the amplitude of the mode centred on Y = 7 . For varying 
3 we have a continuous spectrum of modes with wave speed given by (3.7). 
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m e  general  so lu t ion  of ( 3 . 5 )  sa t i s fy ing  I + /  o as 1 y l 4 0 0  i s  a 
superposit ion of such modes, viz. 

!The i n i t i a l  condition g ives  

an i n t eg ra l  equation f o r  V ( 7  ) with so lu t ion  

Hence (3.9) gives G ( Y ,  t )  e x p l i c i t l y  i n  terms of i t s  i n i t i a l  d i s t r ibu t ion .  

Method I1 

Equation (3.5) a l s o  admits so lu t ions  of t he  form 

i k ( t )  y +, ( Y ,  t) = ~ ( t )  e . 
Subs t i tu t ion  i n  ( 3 . 5 )  gives  

and t h i s  can be s a t i s f i e d  ( f o r  a l l  Y ) only if 

where kZ0 = k2(0) , and 

(3.12) 

(3 .13 )  
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Hence, i f  the i n i t i a l  disturbance i s  represented i n  terms of i t s  Fourier trans- 

form, 

(3.15) 

then 

T h i s  must of course be equivalent t o  (3.9); the two expressions axe shown to  be 

the same i n  the Appendix. 

The important thing t o  notice about (3.16) i s  that  f o r  at >> 1 , 
A 
V (kl , Y, k3,  t)  w i l l  be O ( a t ) - 2 .  except f o r  the small range of wave numbers 

for  which kl/kzo = O(at)-' , f o r  which ll remains O ( 1 ) .  This simply r e f l e c t s  

the f a c t  tha t  the disturbance i s  drawn out i n  the x-direction, i t s  scale increas- 

ing asymptotically as at . After suff ic ient  shearing action, the disturbance 

i s  domimtedby those Fourier components which have l i t t l e  o r  no var ia t ion i n  the 

x-direction. 

A 

The effect; of eddy viscosi ty  

Both of the above methods may be extended t o  the case when $,* 0. For 

method I ,  the eigenfunctions of equation (3 .3)  with the boundary conditions 

(2.13) may be obtained in- terms of Airy functions (see,  f o r  example, Reid 1965); 

the wave speeds are s l igh t ly  changed ( for  large Reynolds number) and each mode 

i s  weakly damped. The discontinuity i n  the (Y)  corresponding t o  the eigen- 

function (3.8) at 1s smoothed out through a c r i t i c a l  layer through the 

influence of viscosity.  The simplified boundary conditions ( 3 . 5 )  cannot be used 

for  t h i s  method, since there a re  no non-trivial  solutions of (3 .3)  sa t i s fy ing  

(3.5). This may be regarded as an indication of the inappropriateness of the 
method, since i t  i s  scareely conceivable tha t  the w a l l  can have any signif icant  
effect  on a disturbance tha t  i s  local ised near 

moreover i t  i s  hard t o  see why the complicated s t ructure  of an eigenmode across 

a c r i t i c a l  layer a t  some leve l  y = yc (where y is  very d i f fe ren t  from y ) 
can be relevant t o  the development of a disturbance which i s  vanishingly small 

0 '  
outside some close neighbourhood of y 

Y = 7 

y E yo i n  the outer layer ;  

C 0 

Method 11, by contrast ,  is modified i n  a re la t ive ly  simple way when account 

i s  taken of eddy viscosity;  a l l  tha t  is  required i s  the inclusion of a factor  
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(where ko2 = )c2 + ko2') i n  the expression (3.14) for  A ( t )  . A mode f o r  

which k a t  = O(ko2) 

at >> I )  
A localised disturbance of i n i t i a l  scale 

tv = &*/qT 

i t s  scale i n  the x-direction t o  i t s  scale i n  the y- or z-directions) i s  of 

order at  = d2/QT and t h i s  is  simply the turbulent Reynolds number based on 

the scale of the disturbance i n  ( s a y )  the y-direction and the loca l  mean 

velocity gradient. The turbulent Reynolds number RS = a 

o( = fk /K$, 
1956, 4 10.8) and i s  i n  the neighbourhood of 130. With e Z 4 s, ( the  

r a t i o  of the two terms i n  (3.1) being then approx.O.W), we get a degree of 

ani s o t ropy 

( the only kind tha t  contributes t o  3 (Y ,  t )  for  1 
i s  damped out a f t e r  a time of order (qT k t  I-'. 

is  damped QUt  a f t e r  a time of order 
; a t  t h i s  stage, i t s  degree of anisotropy q ( i . e .  the r a t i o  of 

V 

a 
/QT (with 

) can be estimated from the mean velocity prof i le  (Townsend 

corresponding to  eddies of extent -8 ,  i n  the x-direction. T h i s  i s  a l i t t l e  

greater t h a n  the estimates given i n  

correlat ion measurements; t h i s  may be par t ly  due t o  the general crudity of the 

estimates, but a possible fur ther  reason is' tha t  the neglected terms non-linear 

' i n  

represented by an eddy viscosi ty)  have the general effect  of r e s i s t i n g  shear,  
and therefore of decreasing the actual  degree of anisotropy of the turbulence 

under s t a t i s t i c a l l y  steady conditions, 

fl of the degree of anisotropy based on 

(i .e.  tha t  par t  of the non-linearity of the turbulencethat cannot be 

4. The generation of Reynolds s t ress  by streamwise vortices 

Since both experimental observations and the considerations of the preced- 

ing section suggest tha t  the large eddies depend only weakly on the x-coordin- 

a te ,  i t  is  natural  to  look i n  par t icular  a t  motions which are  qui te  independent 

of x . The simplest form of (2.4) ,  l inear ised,  and with f i  = 0, 3' = 0, 

i s  then 

Moreover, since v.2 = 0 , v'(p) = 0 , and f o r  a local ised disturbance 
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with in  the  boundary l a y e r ,  t h i s  r equ i r e s  <p> = 0 . Hence, with y. =(U> V,AJ), 

(4.2) 

(4 .3 )  

Equation (4.4) expresses the  simple Prandtl  mechanism whereby 

the  x-component of ve loc i ty  a r e  generated through the  t ranspor t  of mean 

momentum by f luc tua t ions  normal t o  t h e  wall. I f  u0(y, z )  = C v o ( y ,  z)  ( so  
t h a t  i n i t i a l l y  the plahes o f  c i r c u l a t i o n  wi th in  the  eddies a r e  at an angle 

'$ = tan- C 

f luc tua t ions  i n  

1 t o  the x-axis) then 

(4.5) 

s o  t h a t  a t  time t the  streamlines o f  the  disturbance l i e  i n  the  sur faces  

x - c y  + t U ( y )  = c o n s t .  (4.6) 

These surfaces a re  t i l t e d  progressively backwards ( r e l a t i v e  t o  the  d i r e c t i o n  of  

the  shear )  contrary t o  the  desc r ip t ion  of t he  process given i n  Townsend (1956) 

8 6 1  ).  I f , . i n  the  neighbourhood of y = y 0 , we wr i t e  U = U 0 + a(y  - Y o >  9 

the  sur faces  (4.6) are the  planes 

x -  ( c - * t ) ( y - y . )  = Cmc&., (4.7) 

i .e.  the  plane o f  c i r c u l a t i o n  i n  a typ ica l  eddy r o t a t e s  anticlockwise,  and 

asymptotes t o  the  plane y = y ( f igu re  2 ) .  
0 

For a random superpos i t ion  o f  eddies of the  above kind, the  i n i t i a l  p lanes  

of c i r cu la t ion  being randomly or ien ted ,  the  shear  w i l l  cause a l l  the  planes of 
c i r c u l a t i o n  t o  t ilt  backwards, as ind ica ted  i n  figure 2 .  

an u l t ima te  decay of each eddy, and i t s  magnitude w i l l  determine the  o r i e n t a t i o n  
of the plane o f  c i r cu la t ion ,  when the  energy of t he  eddy i s  a maximum. Clear ly ,  

i f  C i s  randomly d i s t r ibu ted  with C = 0 , the  average plane of c i r c u l a t i o n  

w i l l  be t i l t e d  backwards as i n  f i g u r e  3 ,  although not  necessar i ly  at  the  angle 
45' t o  the x-axis suggested by Townsend. 

Eddy v i scos i ty  causes 

- 
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It i s  easy t o  see  how eddies of t h i s  kind cont r ibu te  t o  the  Reynolds s t r e s s .  

From (4,4) ,  

(4.8) 

The l i n e a r  growth f o r  a s ing le  eddy lasts only s o  l o n g  as the  eddy v i scos i ty  i s  
negl ig ib le  ( o r  as long  as the  l i nea r i sed  descr ip t ion  i s  v a l i d ) ;  a f t e r  a time of 

order t = f2 9," , t he  eddy decays, New eddies axe continuously generated 

by the  body fo rce  Ti . 
of growth and decay, and such t h a t  a t  t h e i r  i n i t i a t i o n  U and V, a r e  un- 
cor re la ted ,  (4.8) g ives  

V 
For a random d i s t r i b u t i o n  of eddies at  d i f f e r e n t  s t ages  

0 

where A 

u t ion  t o  the Reynolds s t r e s s  from eddies having negl ig ib le  v a r i a t i o n  i n  the 

streamwise d i r ec t ion .  

i s  a measure of t he  mean l a rge  eddy l i f e t ime ,  and t h i s  i s  the  cont r ib-  

The cont r ibu t ion  t o & e  development of t he  mean flow i n  the  x-d i rec t ion  from 

t h i s  cont r ibu t ion  t o  the  Reynolds s t r e s s  i s  given by 

(4.10) 

a d i f fus ion  equation with d i f f u s i v i t y  Av' a function of y . Although the  

V 

t h a t  V' has the  same q u a l i t a t i v e  behaviour (as a func t ion  of y ) as the  

mean square of t h e  t o t a l - n o d  ve loc i ty  f luc tua t ion  v,+uz. Equation (4.10) 
then r e f l e c t s  (i) the  t rapping  of mean flow v o r t i c i t y  near i ts  source at the  

w a l l  where 

momentum towards the  outer  edge of  the constant s t r e s s  l aye r  and i n  the  outer  

l aye r ,  par t icu lax ly  around y / f ,  y" 0.25 where ( VLt 

value. 

i n  t h i s  equation r e f e r s  only t o  the large eddy ve loc i ty ,  i t  seems l i k e l y  - 

i s  very small, and (ii) the  e f f e c t i v e  mixing o f  mean flow 

has i t s  g r e a t e s t  
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Appendix: Equivalence of (3.16) and (3.9) 

The inverse o f  (3.15) i s  

and subs t i t u t ion  i n  (3.16) gives 

where 

Contour integrat ion gives,  for 9 4 y ,  

and, f o r  9 >Y, 

\. Substi tution i n  (A2) gives 

T h i s  expression may equally be obtained from (3.9) on 
and integrat ion by parts. 

l ished. 

subst i tut ion of (3.11) 
Hence the equivalence of (3.9) and (3.15) i s  estab- 
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