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When the boundary of a fluid domain has any sharp corners, an understanding of the B
asymptotic structure of the flow near the corners is invariably helpful as a preliminary
to determining the overall flow structure, and as a means of checking subsequent
numerical calculations. The simplest example is that of Poiseuille flow along a

sharp corner; a less simple example is the low Reynolds number flow between two hinged
plates in relacive angular motion. These problems are discussed here in £§1 and 2
(full details are given in Moffatt & Duffy 1979) and it is shown that the local
similarity solution is not invariably asymptotically valid near the corner, but that

it may (for certain ranges of corner angle) be dominated by 'eigenfunction' contribu-
tions which are sensitive to conditions remote from the corner. For critical angles,
a transitional behaviour occurs.

In §§3-5, further examples are discussed of problems for which, despite the
existence of a local similarity solution, the flow may (again for certain angle ranges)
be dominated by eigenfunction contributions which may imply the presence of an infinite
sequence of eddies in the corner (Moffatt 1964). These examples include the curved
duct problem of Collins & Dennis (1976), the free convection problems of Liu & Joseph
(1977), and the secondary flow problem in a cone-and-plate viscometer (Hynes 1978).

L. Poiseuille flow near a sharp corner

The following simple problem exemplifies a conflict between 'forced' solutions
of similarity form and 'free' solutions of eigenfunction form which arises in the
more cowplicated problems treated in subsequent sections. Consider steady pressure-
driven flow along a straight duct whose cross-section A, is the sector of a circle

illustrated in figure la.

r=a

(a}

Figure 1. Cross-section of ducts; when 2a < /2, the flow near 0 has the similarity.
form (1.2a); when 2« > /2, it has the form (1.5) where A, depends on condi-
tions far from the corner.
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Taking polar coordinates (r,0), with origin at the corner, and axis® = 0 along the

bisector of the angle, the velocity w(r,0) satisfies
V"N:‘-G//V' U n%,‘, (.1a)
wi(r, tu)=0, wr(a,0) =0, (1.1b,c)

where G i1s the pressure gradient, M the fluid viscosity, 2nd 20 the angle of the
corner. The (unique) solution to this problem is easily obtained in the form

w = w; + wy, where

G rt{ cos 28 b= A Ao A 2] (1.2a,b)
w = 4T - s, = rcos A, -2a,
1 Lp | cos 2x L) * .«220 " ’

with - A

A ____(2n41)1l A - -)""'2G a* )
"ok T ap Al (M- 4)

The contribution w; is a particular integral satisfying (l.la,b) but not (l.le); the

(1.3a,b)

contribution w, is a sum of eigenfunctions of the associated homogeneous problem

Vz'f"}i:O w j)x’ wz(!‘,:t“)=o, (1.4)

with coefficients chosen so that w = w) + w, satisfies w(a,8) = 0 also.

Near the corner, the asymptotic form of w depends on the angle 2cu. If 20 < ©/2
(so that Ao > 2), then w v w, as r ~ 0, i.e. the solution has a similarity form which
does not depend on the radius a of the sector. This behaviour is insensitive to the
'remote geometry' of the cross-section, and we must evidently expect the same asympto-—
tic behaviour if the remote boundary is distorted in any manner as in figure 1b.

If 24 > m/2 however, then Ao < 2,and so the leading term of the series for w;

dominates as r > 0, i.e.
w o~ A, P25 cos (ne/lx). (1.5)

Here, A  does depend on the radius a (eqn. 1.3b), so that the solution cannot be
regarded as locally determinate; indeed, although an asymptotic behaviour of the
form (1.5) may be expected for the general geometry of figure lb, the coefficient

Ao will in general depend on the shape of the portion of the boundary that is remote
from the corner.

When 20 = m/2, the behaviour is evidently transitional. Putting 2a = w/2 + ¢

and letting ¢ - 0, we find
Lo N .
WA~ - ?T/C [7; +((b}a)cu529 - 9$ln23]. (1.6)

The singularity in wj when Za = /2 is compensated by an equal and opposite singular-
ity in the first term of the series for wy. There is a similar cancellation with the

second term when 2a = 3u/2.
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2. The hinged plate and Jeffery-Hamel paradoxes

The apparent breakdown of a corner similarity solution at a critical value of the
corner angle can occur in other circumstances, when the means of resolution may not be
so obvious. Consider the problem depicted in figure 2a: fluid is contained in the
angle between the two hinged plates which are rotated towards each other with angular

velocities +u.

N\

Figure 2. (a) The hinged plate problem; (b) the Jeffery-Hamel problem; (c) a hybrid
problem which reduces to the hinged plate problem when a -+ = and to the
Jeffery-llamel problem when a + 0, w » » with wa? fixed.

Near the corner, inertia forces are negligible, and the stream function y(r,8) satis-

fies the biharmonic equation V% y = 0. The relevant similarity solution (Moffatt
1964) is
_ 2 sinl9 — 28 cos 2x
Vo= hwr {9 )= (2.1a,b)
! z f Vs F( ) sin Jx — 2o cos 2 ’

which is singular when tan 2a = 2a, i.e. when 2a = 257° (more accurately 257.45°).

A similar singularity occurs in the low Reynolds number version of the Jeffery-Hamel
problem (figure 2b) : if fluid is introduced at a volume rate 2@ per unit length of
intersection, then the relevant solution is ¥ =Qf(6) where £(6) is as defined by
(2.1b) with the same singularity when 2a = 257°.

The same type of paradox was identified and resolved, in an elasticity context,
by Sternberg and Koiter (1958). We may resolve the difficulty here in a similar
manner, by considering the problem sketched in figure 2c, in which (in effect) the
source is distributed over a segment O < r < a of the two planes. This problem may
be solved by means of the Mellin transform {for full details, see Moffatt and Duffy

1979). For r < a, the solution is given by a series -
.
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(8 e,
(h.+2)" cos px sin(h,+2)8 — B coslb,+2)x sin b6

sin 2o — 2« cos 2 (b, + 1)

are the (generally complex) roots of the equation

(F+I)9A.2x

1, and ordered so that

- =< PI < Re Fi

< Re fs <

can 2 (P +I) «,

Figure 3 chows the rather interesting behaviour of Re p
note that py is always real

of equation (2.2¢), a
Where the curves are solid, p

1s complex, and only its real part is shown.
for 2a < 257° , p1 < 0 for 20 > 257

is
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relating the solution to the expression (2.2a).

As r]a » 0, (2.2a) generally gives the asymptotic behayiour
*~ff h"l 2
Vo~ war (L) f(6) @2

For 2a < 257° (the root of tan 2a = 2a), py = 0 and (2.3) gives Y ~ yywhere Yy is
given by (2.1), i.e. the 'expected' similarity solution is indeed valid near the
corner. Similarly, from (2.2e), for r/a » =, § ~ wa? £,(68) which again has the
expected similarity form. However, when 2a > 2570, p1 is negative (actually

-} < p; < 0), and we do not recover the usual similarity solution; as in the simpler
problem of §1, the solution for r - O retains a dependence on the outer scale a, while
for r + », the solution similarly retains a dependence on the inner scaled. Again,
as we pass through the critical angle 257° (more accurately 257'450), there is a

transitional behaviour, the stream-function involving logarithmic terms.

3. Flow through curved ducts of triangular cross-section

In the examples discussed above, the simple similarity solution emerges as the
particular integral of an inhomogeneous boundary-value problem, and its validity as

an asymptotic solution breaks down whenever there is a solution of the associated

homogeneous problem (i.e. a complementary function) which dominates over this parti-
cular integral. We now consider some further examples. Consider the problem of
pressure-driven flow along a curved duct of triangular cross-section, as sketched
in figure 4. It is supposed that the triangle is isosceles, the centre of curvature
being on the line of symmetry of the section, and the angles of the triangle being
B, 8 and 2a, with 8 = n/2-a. This configuration was studied numerically by Collins
& Dennis (1976) in the particular case 2¢ = w/2, and with particular attention to
the behaviour of the secondary flow in the cross-section and near the corners, When
the curvature ¥ is small, the primary velocity component w in the duct is unaffected
by the secondary flow, and is given by

rar = ~G/p in R,
ar = 0 en 9.

]

3.1)

The stream function of the secondary flow is then determined by
Vhy —2kvlar dw/dy e D 5.2
~ o,‘aw/in=0) on IO ’ .

where the coordinate Oy is as indicated in figure 4, and v is the kinematic viscosity

1l

of the fiuid. Consider first the behaviour near the corner A. Let (r,8) be local

polar coordinates; - then w = 0(r?) and wdw/3y = 0(r3) near A, and, as pointed out by
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Figure 4. The curved duct configuration of Collins & Dennis (1976). When the flow
is pressure-driven, eddies form at A and B if B > 40.4°, and at O if
71.99 < 24 < 159.1°.  When the flow is driven by rotation of the boundary
AB about the axis of curvature (§84), eddies do not form at A and B, but
they do form at O if 35.0° < 2a < 159.1°,

Collins & Dennis, the particular integral of (3.2), ¢; say, is 0(r7) near A. The
dominant part of the complementary function has the form o £(9), where A is complex.
Near A, the flow certainly includes an ingredient whose r~component of velocity is
antisymmetric about the corner bisector (we refer to this as an 'antisymmetric mode'),
and the dependence of ReX on the corner angle (from tables given by Moffatt 1964) is
as indicated in figure 5. If Reir < 7, then the flow near A (and likewise of course
near B) is characterised by an infinite sequence of corner eddies. From figure 5,
this is the case for g > 40.4° (and in particular for the value B = 45° chosen by
Collins & Dennis). If B< 40.40, then corner eddies will not form near A.

Consider now the situatiom near O. If 2a < n/2, then w = 0(r2) where r is now
distance from O, and again y; = 0(r7). The secondary flow is symmetric about the

bisector of the angle at O, and only symmetric eigenfunctions of the homogeneous

problem are relevant. Again from figure 5, we find that, for the dominant symmetric
mode, Rex < 7 if 20 » 71.9 °, Hence corner eddies do not form at 0 if 2a < 71.9 ©,
If 20 > n/2, then w = O(r"/“) and so y; = O(r“’/“*'3 ). It is easily ascertain-

ed that Re » < w/a+ 3 for n/Z < 20 < 7, s0 that the complementary function dominates
throughout this range; however A is real for 2o > 159.10, and so corner eddies form
at 0 only if 71.9° < 2¢ < 159.1°.

Ducts of other polygonal cross-sections could clearly be treated similarly.

4. Secondary eddies in circular Couette flow

. Suppose now that the flow in the curved duct of figure 4 is generated not by a
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Figure 5. Variation of the real part of the exponent X for symmetric and antisymmetric
corner modes; note the jump in gradient at the critical angles (146.3° and
159.1°) where Im) = O and corner eddies disappear.

pressure gradient, but by rotation of the cylindrical boundary AB about its axis of
curvature, i.e. w = w, say on AB, while w = 0 on OA and OB. The primary flow is
then of the Couette class, and w = 0(1) as r ~ O (near A). Hence wdw/3y = 0(r~1)
and so the particular integral of (3.2), Y, is 0(r3) near A. The relevant exponent
X in the complementary function satisfies Rel > 3 for all B < n/2, and so eddies do
not form at A in this situation.

Near 0, since there is no pressure gradient, we have w = O(r"/za) and
Yy = O(r“/“+3), and eddies form if X is complex and Re} < n/a + 3; from figure 5,
this condition is satisfied when 20 > 35.0°, (but it will be noticed that we have here
a situation where the particular integral and complementary function have nearly the

same exponent over a wide range of corner angles). The range of angles over which
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35.0° < 2x < 159-1°.

corner eddies will form is

(4.1)

There is a related behaviour in a situation studied by Hynes (1978), viz. the
flow in the space between two cones (angles au, B with o < B) with common vertex and
axis of symmetry, when one of the cones is rotated about the axis of symmetry, the

other being fixed (figure 6a). If 8 = 7/2 and the inner cone is rotated, we have

=
\

(&)

X
0 ma n
Figure 6. (a) Secondary flow between two cones, the inner one rotating. (b) The

shaded area corresponds to values of o and 8 for which an infinite
sequence of toroidal vortices occurs near the vertex.

here the familiar configuration of the cone-and-plate viscometer. The appearance of
eddies (or rather toroidal vortices) in the secondary flow is often interpreted as a
manifestation of non~Newtonian behaviour. However, Hynes has shown that eddies will
occur even in a Newtonian fluid for a certain range of values of « and 8. The primary
flow component is azimuthal and has the form w = rf(8). The corresponding forced
secondary flow is 0(r3) as r » 0. The Stokes streaw—function Y consists again of

two parts, the forced ingredient y; = 0(r3), and the complementary function ¥y which

satisfies
p*vy, = O (<8 <p)
04 /08=, = 0 (0=w, 0=p) (4.2)
where DZ is the Stokes operator. This admits solutions of the form
3 - - At2
b= f f.(e), (4.3)
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and this dominates over yj near r = O if Rei < 3. Toroidal vortices therefore

ocecur near O if ReA < 3 and ImA # 0. Figure 6b (inferred from Hynes 1978) shows

the region of the (u,B) plane in which these conditions are simultaneously satisfied.
In the cone and plate viscometer situation (8 = /2), eddies will not form if o > 15°.
If eddies do appear for a > 15°, then this must indeed be due to non-Newtonian effects

(see, for example, Rivlin 1976).

5. Corner flows driven by heating

Finally, let us apply similar considerations to flows of the type studied by
Liu & Joseph (1977), as depicted in figure 7. The applied temperature difference AT

induces a temperature field T(r,8) in the fluid, and the resulting buoyancy force

e

Figure 7. Cormer flow driven by side-wall heating (Liu & Joseph 1977). Corner
eddies occur if 126.7° < 2a < 146.3°,

drives the motion. Sufficiently near the corner, T satisfies v2T = O, and so
T~ Tg + AT £(8) as r—» 0.  HenceVI = 0(r~1), and the resulting forced ingredient
Yy of the stream-function is 0(r¥). This is like the situation studied in §4, and
we know that corner eddies will not occur if 2o < m/2. Liu & Joseph gave full
details for the cases 2a = 10°, 60° and found that the forced ingredient indeed
dominated in these cases.

When 20 > w/2, the condition Rei <« 3 is satisfied if Za > 126.7° (figure 5),

and A is real if 2a « 146.30; hence corner eddies may be expected to form for
126.7° <20 < 146.3°, 5.1)

although again, the forced and free solutions are finely balanced in this range of

angles (Red ~ 2.8 when 2a = 146.3°) .
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