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The p rocess  by which t u r b u l e n t  v o r t i c i t y  i s  in t en -  
s i f i e d  i s  d i scussed ,  i n  r e l a t i o n  t o  t h e  dimension- 
a l i t y  of t h e  subspace i n  which v o r t i c i t y  i s  concen- 
t r a t e d .  For a s i n g l e ,  randomly t w i s t e d  vo r t ex  
f i l amen t ,  no vo r t ex  s t r e t c h i n g  can occur  and t h e  
ens t rophy remains bounded f o r  a l l  t i m e .  I f  t h e  
v o r t i c i t y  i s  d i s t r i b u t e d  on a randomly convoluted 
s u r f a c e ,  t h e  t o t a l  h e l i c i t y  of t h e  flow be ing  non- 
zero ,  then  t h e  ens t rophy can ,  and i n  gene ra l  w i l l ,  
i n c r e a s e  wi thout  l i m i t  due t o  l o c a l  i n s t a b i l i t i e s  
of Kelvin-Helmholtz t ype ,  l ead ing  t o  s p i r a l  s ingu la r -  
i t i e s  of t h e  vo r t ex  s h e e t .  The r e l a t i o n  between t h e  
s t r u c t u r e  of t h e s e  s p i r a l  s i n g u l a r i t i e s  and t h e  
s p e c t r a l  exponent i n  t h e  i n e r t i a l  range of wave- 
numbers i s  demonstrated.  

INTRODUCTION 

One of t h e  e s s e n t i a l  f e a t u r e s  of t h e  process  of energy t r a n s f e r  i n  
t u r b u l e n t  f low from l a r g e  t o  small s c a l e s  i s  t h e  a s s o c i a t e d  tendency 
f o r  ens t rophy ( i . e .  mean-square v o r t i c i t y )  t o  inc rease .  This  i n c r e a s e  
i s  u l t i m a t e l y  ba lanced  ( i n  a s t a t i s t i c a l l y  s t eady  s t a t e )  by v iscous  
d i s s i p a t i o n  o f  ens t rophy;  bu t  it is l e g i t i m a t e  t o  enqu i re  what happens 
i n  t h e  i n v i s c i d  l i m i t  v -+ 0, and i n  p a r t i c u l a r  t o  i n v e s t i g a t e  t h e  
s t r u c t u r e  o f  t h e  v o r t i c i t y  f i e l d  t h a t  develops i n  t h i s  l i m i t ,  a s  t h e  
ens t rophy becomes unbounded. This  s t r u c t u r e  ( i n  phys i ca l  space)  pre- 
sumably has  a bea r ing  on t h e  energy spectrum t h a t  is  e s t a b l i s h e d  on 
s c a l e s  a t  which v iscous  e f f e c t s  a r e  n e g l i g i b l e .  

The equa t ion  f o r  mean-square v o r t i c i t y  i n  homogeneous turbulence  i s  

where y = c u r l  g. 
equa t ion  i s  

The most naPve c l o s u r e  enab l ing  i n t e g r a t i o n  of t h i s  

< ? . ( w , . V ) : >  = A<;2>3/2 , ( 2 )  
where A i s  a p o s i t i v e  d imens ionless  cons t an t ;w i th  v = 0, (1) then  
i n t e g r a t e s  t o  g ive  

- -  V~ 

where < w 2 > o  r e p r e s e n t s  t h e  enstrophy a t  t = O r  and t = A - 1 < ~ 2 > i 4  . 
This s o r u t i o n  'blows up' a t  t i m e  t = to, a behaviour'that is-probably 
f a i t h f u l  t o  t h e  real dynamics of tu rbulence  (see, f o r  example,the 
r e c e n t  d i scuss ion  o f  Brachet  e t  a l .  1983)  even although t h e  c l o s u r e  
( 2 )  i s  known t o  ove res t ima te  t h e  v o r t i c i t y  i n t e n s i f i c a t i o n  process .  

' 
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The same explosion of enstrophy at finite time occurs for a slightly 
more sophisticated closure, in which we first decompose the vorticity 
field into two ingredients, y = g l  + c2 ,  the idea being that each 
ingredient provides the rate-of-strain field that is responsible for 
the intensification of the other ingredient. The inviscid enstrophy 
equations, with a closure analogous to ( Z ) ,  which encapsulate this 
process of mutual interaction, are 

d $ < g 2 ' >  = <,w '>' ) 
These equations have a first integral 

<U '>f - <U 2 > $  =-c, 
- 1  - 2  

and the solution is then given by 
(5) 

<U -1  '> = )exp(-CAt) - 1]-' , (6) 
which (like ( 3 ) )  time (provided A > 0). 

This behaviour is suggestive in relation to the toroidal vortex sheet 
model which will be discussed below. 

RANDOMLY TWISTED VORTEX FILAMENT 

Consider first the simplest possible three-dimensional example of a 
random vorticity field, i.e. a single randomly twisted vortex fila- 
ment of strength r .  Suppose (for simplicity) that the cross-section 
of the vortex filament is circular, with radius E ,  which is every- 
where small compared with the local radius of curvature of the fila- 
ment. As shown by Da Rios (1906) and Betchov (1965) , the motion of 
the vortex filament is determined by the curvature K ( S )  and torsion 
~ ( s ) ,  where s is a parameter along the filament. In this approxi- 
mation, the velocity of the vortex filament is given by 

) + cst.) %(s), ( 7 )  
r V ( s )  ,-+ K ( S )  (in(- 

K ( S ) E  
where $ is the unit binormal to the filament. 
being the unit tangent vector) the filament behaves like an inexten- 
sible thread. If it is closed on itself, and its length is L, then 
the associated enstrophy is 

Ig'dV = rLL2/V, ( 8 )  
where V = ITE'L is the (constant) volume occupied by the vortex fila- 
ment. Clearly this enstrophy is also constant. 

Consider now the further integral invariants associated with this 
type of motion. Firstly, the kinetic energy is a conserved quantity. 
We may estimate this as follows. For points near the vortex filament, 
the velocity field is approximately that associated with an infinite 
line vortex, i.e. 

Since f . . V v  = 0 ($ 

for IrK(s) I << 1 (9) r 
I l?(x) I % E 

where r is the distance from the vortex. The corresponding contrib- 
ution to the kinetic energy of the flow is 

(10) T~ % pr2L <in(EIK(s)lJ> 1 , 
where the average is over the length of the vortex filament. There * 
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is a second contribution (of order pi"%) to the kinetic energy of 
the flow from points that are more distant from the filament, but it 
is the contribution (10) which dominates. Since L is constant, it 
then follows that < ki I €  K ( s )  I-' > is constant also; invariance of 
enstrophy implies that, in this sense, energy cannot be transferred 
to smaller scales, and progressive 'crinkling' of the vortex filament 
is impossible. 

There is one further invariant associated with the flow, and this is 
the helicity 

# = /g.$dV, (11) 
which, in general, has a topological interpretation associated with 
the degree of linkage of vortex lines (Moreau 1961, Moffatt 1969, 
Arnol'd 1974). This invariant takes a rather interesting form when 
the vorticity is concentrated in a single closed filament. Using 
the Biot-Savart law to express in terms of p, we have the alter- 
native expression 

R.g 
dVdV ' , 

R3 
where f! = 5 - 5 ' .  
vanishingly small cross-section, this becomes 

In going to the limit of a vortex filament of 

( 1 3 )  1 
2a fi Q i-2 (1 + - h(s)ds) , 

where 
1 g.d&,,d& 

R3 
1 = F / i  

(the Gauss integral) 1 The second contribution in (13) , involving 
the torsion 'I ( s ) ,  comes from pairs of points ,x,x,' for which R = O(E). 
The invariant expression (13) was obtained in a purely topological 
context by Calugareanu (1959). (Note that the integral I does con- 
verge, despite the apparent singularity in the integrand at R = 0 . )  
Invariance of .& thus (in a sense) places a constraint on the develop- 
ment bf torsion in the filament, just as invariance of energy places 
a constraint on the development of curvature. 

A RANDOMLY CONVOLUTED VORTEX SHEET 

The situation is rather different if the vorticity field is confined 
to a neighbourhood of a closed surface S. Suppose first that S is a 
torus (the simplest possibility if the vortex lines are not to be 
closed). We use the symbol S also for the area of S; the volume of 
its 'E -neighbourhood' is then 

VE = ES, (15) 
and we suppose thatw is non-zero only in V . The strength of the 
vortex sheet is then- 

A U  Q E I _ w I  I (16) 
and this represents the jump in fluid velocity as we cross from 
inside to outside the torus. Let Vin represent the volume inside the 
torus. Then in the inviscid dynamical evolution of the vorticity 
field, both Vil! and V, are constant. 
with the flow is clearly 

, The kinetic energy associated 

and so AU is also conserved (in order of magnitude). The enstrophy 
is given by 
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Now, t h e  c o n s t r a i n t  T = c s t .  p l aces  no r e s t r i c t i o n  on fi which can 
i n c r e a s e  through i n c r e a s e  of S .  An ens t rophy exp los ion  ( a  -+ m) can 
i n  p r i n c i p l e  occur  i f  and only  i f  S +. -. 
What can occur  under t h e  s i n g l e  c o n s t r a i n t  of energy conse rva t ion  i s  
n o t  of  cour se  n e c e s s a r i l y  t h e  same a s  what does occur  under t h e  f u l l  
constraints impl ied  by t h e  Eu le r  equa t ions .  The above argument does 
however sugges t  t h a t  t h e  t o r o i d a l  v o r t e x  s h e e t  i s  a bet ter  cand ida te  
than  t h e  c losed  v o r t e x  l i n e  a s  t h e  p ro to type  s t r u c t u r e  which may be 
a s s o c i a t e d  wi th  t h e  p rocess  of ens t rophy exp los ion  i n  t u r b u l e n t  flow. 
W e  pursue  t h i s  sugges t ion  i n  t h e  fo l lowing  s e c t i o n s .  

KELVIN-HELMHOLZ INSTABILITY AND ENSTROPHY INCREASE 

A plane  vo r t ex  s h e e t ,  a s  i s  well-known, i s  a b s o l u t e l y  u n s t a b l e  t o  
s i n u s o i d a l  d i s t u r b a n c e s ,  t h e  growth r a t e  of  weak d i s t u r b a n c e s  of 
wave-number k be ing  

U Q k A U .  (19) 
This  type  of d i s p e r s i o n  r e l a t i o n s h i p ,  t o g e t h e r  w i th  non- l inea r  i n t e r -  
a c t i o n  mechanisms,leads t o  t h e  appearance a f t e r  a f i n i t e  t i m e  of weak 
s i n g u l a r i t i e s  (e .g .  d i s c o n t i n u i t i e s  of  c u r v a t u r e )  i n  t h e  s u r f a c e  
s h e e t  geometry (Moore 1 9 7 9 ,  Meiron e t  a l .  1 9 8 2 ) .  

Experimental  obse rva t ions  (e .g .  Thorpe 1 9 7 1 )  i n d i c a t e  t h a t  an 
i n i t i a l l y  s i n u s o i d a l  p e r t u r b a t i o n  of a p l ane  v o r t e x  s h e e t  l e a d s  t o  
an ove r tu rn ing  process  ( a s  i n d i c a t e d  i n  f i g u r e  1) and hence q u i t e  
r a p i d l y  t o  t h e  formation of s p i r a l  s i n g u l a r i t i e s  d i s t r i b u t e d  a long  
t h e  s h e e t .  A vo r t ex  concen t r a t ion  then  appears  a t  t h e  ' e y e '  of 
each s p i r a l .  

y l  

c-- - t A U  

Figure  1 * 
Development of s p i r a l  s i n g u l a r i t i e s  on a v o r t e x  s h e e t  due t o  
Kelvin-Helmholtz i n s t a b i l i t y  

C lea r ly  t h e  a r e a  of t h e  s h e e t  i n c r e a s e s  g r e a t l y  d u r i n g  t h e  p rocess  
of s p i r a l  format ion .  I n  a pu re ly  two-dimensional S i t u a t i o n ,  t h e  3 
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enstrophy i s  conserved, d e s p i t e  t h i s  i n c r e a s e  of a r ea .  To under- 
s tand  t h i s ,  w e  should t ake  account of t h e  i n i t i a l  s h e e t  t h i c k n e s s ,  
say  E . A s  t i m e  p rog res ses ,  t h e  s h e e t  g e t s  t h i n n e r  over  t h e  s e c t i o n  
ABC o f  f i g u r e  1, where it i s  being most s t r e t c h e d .  Here t h e r e f o r e  
t h e  s h e e t  s t r e n g t h  decreases  and t h i s  compensates t h e  build-up of 
vo r t ex  concen t r a t ions  nea r  t h e  s p i r a l  s i n g u l a r i t i e s  D and E .  

Suppose now t h a t ,  w i th  t h e  coord ina te  system of f i g u r e  1, t h e r e  i s  a 
superposed v e l o c i t y  component w i n  t h e  z -d i r ec t ion  which i s  also d i s -  
continuous ac ross  t h e  vo r t ex  s h e e t .  This  v e l o c i t y  component i s  
simply convected by t h e  flow i n  t h e  (x ,y)  p lane  and so t h e  jump Aw 
i n  W ac ross  t h e  shee t  remains cons t an t .  The a s soc ia t ed  v o r t i c i t y  
component i n  t h e  ( x f y )  p lane  p a r a l l e l  t o  t h e  s h e e t  t hen  i n c r e a s e s  a t  
p o i n t s  where t h e  s h e e t  t h i c k n e s s  E decreases :  and t h e  enstrophy then  
inc reases  a l s o  a s  t h e  s h e e t  a r e a  i n c r e a s e s .  This  behaviour ,  a l though 
conce ivable ,  i s  somewhat a r t i f i c i a l ,  because t h e  most uns t ab le  d i s -  
tu rbance  of a p lane  vo r t ex  s h e e t  i s  always o r i e n t e d  so t h a t  i t s  wave- 
vec to r  16 i s  p a r a l l e l  t o  t h e  d i s c o n t i n u i t y  of t h e  v e c t o r  t a n g e n t i a l  
v e l o c i t y  AU ac ross  t h e  s h e e t .  For t h i s  most u n s t a b l e i s t u r b a n c e ,  
t h e  above Gnstrophy i n c r e a s e  cannot occur .  
d i f f e r e n t  when we  cons ider  i n s t a b i l i t i e s  t o  which a vo r t ex  s h e e t  
wrapped on a t o r u s  may be s u b j e c t .  

KELVIN-HELMHOLZ INSTABILITY OF A TOROIDAL VORTEX SHEET 

W e  now r e t u r n  t o  t h e  t o r o i d a l  conf igu ra t ion  cons idered  above and w e  
suppose t h a t  t h e  vo r t ex  l i n e s  cover t h e  set of t o r u s e s  nes t ed  i n  t h e  
neighbourhood V, of S ,  i .e .  each vo r t ex  l i n e  fo l lows  a h e l i c a l  pa th  
round a t o r u s ,  wi th  i r r a t i o n a l  p i t c h .  I f  8 and Cp a r e  angular  co- 
o r d i n a t e s  on t h e  t o r u s ,  then  w e  may a n t i c i p a t e  uns t ab le  d i s tu rbances  
p ropor t iona l  t o  exp[i(rnO + nCp)lwhere m and n a r e  i n t e g e r s  - t h e  wave 
c r e s t s  o f  such d i s tu rbances  a r e  h e l i c e s  which c l o s e  on t h e  t o r o i d -  
a 1  su r face .  Hence t h e  wave-crests cannot now b e  o r i e n t e d  p a r a l l e l  t o  
t h e  vo r t ex  l i n e s  i n  V E ;  and by t h e  Z n t  of t h e  prev ious  paragraph, 
any i n s t a b i l i t y  which l e a d s  t o  exp los ive  growth of t h e  t o r o i d a l  su r -  
f ace  a r e a  S must a t  t h e  same t i m e  l e a d  t o  exp los ive  growth of t h e  
t o t a l  ens t rophy R of t h e  flow. 

The most uns t ab le  mode (m,n) w i l l ,  a s  w e  have seen , lead  t o  i n t e n s i f i -  
c a t i o n  of t h e  component of v o r t i c i t y  i n  t h e  (m,n) d i r e c t i o n  on t o r -  
o i d a l  su r f aces .  The corresponding v e l o c i t y  jump i s  p rogres s ive ly  
o r i e n t e d  i n  t h e  perpendicular  d i r e c t i o n  ( -nfm) ,  and a secondary mode 
of i n s t a b i l i t y  wi th  wave-vector i n  t h i s  d i r e c t i o n  then  appears l i k e l y .  
The v o r t i c i t y  f i e l d  y may be  decomposed i n t o  two f i e l d s  w = g l  + y, 
wi th   parallel t o  (m,n) and w p a r a l l e l  t o  (-n,m). The"primary i n -  
s t a b i l i t y  a s soc ia t ed  wi th  the -k ie ld  col l e a d s  t o  i n t e n s i f i c a t i o n  o f  
2 : and t h e  secondary i n s t a b i l i t y  a s s o c i a t e d  wi th  g 2  l e a d s  t o  in t en -  
s i f i c a t i o n  of col. 
t h i s  mutual i n t e n s i f i c a t i o n  process .  

It i s  an e s s e n t i a l  f e a t u r e  of t h i s  p rocess  t h a t  t h e  vo r t ex  l i n e s  a r e  
no t  c losed ,  bu t  do a c t u a l l y  cover  t o r o i d a l  s u r f a c e s .  The h e l i c i t y  
( see  equa t ion  (11)) a s s o c i a t e d  wi th  such a flow i s  undoubtedly non- 
zerof  and it might be thought t h a t  t h i s  v o r t i c i t y  d i s t r i b u t i o n  i s  
t h e r e f o r e  un typ ica l  of t hose  examples o f  t u r b u l e n t  flow (e .g .  g r i d  

5.y i s  never i d e n t i c a l l y  ze ro ,  and a p l a u s i b l e  model of t h e  flow may 
be provided by a random supe rpos i t i on  of fundamental t o r o i d a l  u n i t s  
o f  t h e  above k ind ,  some wi th  p o s i t i v e  h e l i c i t y  and some wi th  nega t ive  

t h e  same t i m e  s u b j e c t t o  convection and d i s t o r t i o n  by t h e  v e l o c i t y  

The s i t u a t i o n  i s  however 

Equations ( 4 )  provide t h e  s imples t  i d e a l i s a t i o n  o f  

I tu rbulence)  f o r  which <g.w_> = 0. However, i n  any t u r b u l e n t  f low, 

8 h e l i c i t y ,  each u n i t  s u b j e c t  t o  i t s  own i n t r i n s i c  i n s t a b i l i t i e s  and a t  
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f i e l d s  a s s o c i a t e d  wi th  t h e  o t h e r  u n i t s .  Th i s  i s  r emin i scen t  of 
a t t empt s  t o  p o r t r a y  tu rbu lence  a s  a random supe rpos i t i on  of H i l l ' s  
s p h e r i c a l  v o r t i c e s :  b u t  t h e  non-zero h e l i c i t y  of t h e  t o r o i d a l  vor- 
t ices  i s  he re  an e s s e n t i a l  concomitant of  t h e  process  of  r a p i d  
i n c r e a s e  of  ens t rophy;  t h e  u n i t s  may moreover be  l i n k e d  and t ang led  
wi th  each  o t h e r  i n  a manner n o t  a v a i l a b l e  t o  H i l l ' s  v o r t i c e s .  

I t  i s  of  cour se  w e l l  known t h a t  h e l i c i t y  p l a y s  a c r u c i a l  r o l e  i n  
magnetohydrodynamic tu rbu lence ,  i n  t h a t ,  when t h e  mean h e l i c i t y  i s  
non-zero, t h e  medium i s  s u b j e c t  t o  magnetic i n s t a b i l i t i e s  on a l l  
s c a l e s  l a r g e  compared wi th  t h e  energy-conta in ing  s c a l e s  of  t h e  t u r -  
bulence ( f o r  f u l l  accounts  of  t h i s  impor tan t  problem, see Moffa t t  
1978, Krause & Radler  1980) .  I t  i s  a l s o  known t h a t  h e l i c i t y  can have 
a s t r o n g  i n f l u e n c e  on t h e  e f f e c t i v e  t u r b u l e n t  d i f f u s i v i t y  of a con- 
vec ted  p a s s i v e  s c a l a r  f i e l d  (Kraichnan 1 9 7 6 ,  Drummond, Duane & 
Horgan 1983) .  The a s s e r t i o n  made he re  i s  t h a t  h e l i c i t y  may be of 
profound importance a l s o  i n  t h e  non- l inear  dynamics of  t u rbu lence ;  
and t h a t  even when t h e  mean h e l i c i t y  i s  ze ro ,  l o c a l  h e l i c i t y  f l u c t u -  
a t i o n s  a s s o c i a t e d  wi th  t o r o i d a l  v o r t i c i t y  s t r u c t u r e s  ( o r  p o s s i b l y  
wi th  s t r u c t u r e s  t h a t  a r e  t o p o l o g i c a l l y  much more complex) a r e  a s soc i -  
a t e d  i n  an e s s e n t i a l  way wi th  t h e  fundamental p rocess  of i n c r e a s e  of  
ens t rophy.  
Levich & Tsinober  (1983) .  

A s i m i l a r  concept  is deveLoped i n  t h e  r e c e n t  paper  of 

SPECTRAL ANALYSIS OF SPIRAL SINGULARITIES 

A random s u p e r p o s i t i o n  of  p l ane  v o r t e x  s h e e t s  ( f i g u r e  2 )  p rov ides  a 
p r i m i t i v e  model o f  t u rbu lence  (Townsend 1Y51 ) f o r  which t h e  energy 
spectrum i s  

E ( k )  0: k- 'f(kRv) ( 2 0 )  

where R is  t h e  mean t h i c k n e s s  of t h e  s h e e t s  ( c o n t r o l l e d  by v i s c o s i t y )  
and f (xy i s  a f u n c t i o n  Tepresent ing  an exponent ia l - type  v iscous  cu t -  
o f f  ( f  (0) = 1) .  The k- f a c t o r  i n  ( 2 0 )  is a s s o c i a t e d  wi th  t h e  f a c t  
t h a t  any s t r a i g h t  l i n e  c u t s  a f i n i t e  number of v o r t e x  s h e e t s  per u n i t  
l ength ;  t h e  v e l o c i t y  f i e l d  on t h i s  t r a n s v e r s a l  then  h f s  a f i n i t e  
number o f  d i s c o n t i n u i t i e s  p e r  u n i t  l e n g t h ,  and t h e  k- f a c t o r  i n  ( 2 0 )  
i s  a s imple  consequence of t h i s  f a c t .  

F igure  2 
Random v o r t e x  s h e e t s ;  t h e  v e l o c i t y  f i e l d  on a t r a n s v e r s a l  
has  a f i n i t e  number o f  d i s c o n t i n u i t i e s  on any s e c t i o n  AB, 
l e a d i n g  t o  a k-' s p e c t r a l  power law. 

The s lower  f a l l - o f  f r ep resen ted  by t h e  k'5/~-Kolmogorov spectrum 
sugyes t s  t h a t ,  a t  l e a s t  on s c a l e s  on whiah v i scous  e f f e c t s  a r e  neg- 
l i g i b l e ,  t h e  v o r t i c i t y  s t r u c t u r e  must i n  some sense  be worse than  
t h a t  a s s o c i a t e d  w i t h  random v o r t e x  s h e e t s .  Th i s  worsening i s  con- L 

v e n i e n t l y  provided  by t h e  s p i r a l  s i n g u l a r i t i e s  which develop a s  a 
r e s u l t  o f  t h e  Kelvin-Helmholz i n s t a b i l i t y ,  I f  t h e s e  occur  more o r  
less wherever t h e  v o r t e x  s h e e t s  occur ,  then  a s t r a i g h t  l i n e  t r a n s -  
v e r s a l  w i l l  o c c a s i o n a l l y  pas s  ve ry  n e a r  a s p i r a l  s i n g u l a r i t y .  L e t  * 
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us ana lyse  t h e  e f f e c t  t h a t  t h i s  w i l l  have on t h e  r e s u l t i n g  energy 
spectrum 

L e t  x be a coord ina te  along t h e  t r a n s v e r s a l ,  and l e t  u ( x )  be a 
v e l o c i t y  component pe rpend icu la r  t o  t h e  t r a n s v e r s a l .  Suppose t h i s  
t r a n s v e r s a l  pas ses  nea r  a s p i r a l  s i n g u l a r i t y  s i t u a t e d  on t h e  p lane  
x = 0 ( f i g u r e  3 ) .  

b 

Figure  3 
Transversa l  pas s ing  nea r  a s p i r a l  s i n g u l a r i t y ;  t h e r e  i s  then  
a l a r g e  number of d i s c o n t i n u i t i e s  of t r a n s v e r s e  v e l o c i t y  n e a r  
t h e  p o i n t  0. 

Then u ( x )  has  d i s c o n t i n u i t i e s  a t  a sequence of p o i n t s  x o ,  x , , . . . % ,  
say ,  where N i s  l a r g e .  The Four t e r  cosine c o e f f i c i e n t s  of t h e  
func t ion  u ( x )  i n  t h e  range 0 < x 7~ are g iven  by 

v 

0 
an = 1 u ( x )  cos nx dx ( 2 1 )  

and t h e  behaviour f o r  l a r g e  n i s  given by 

I f  we now suppose n f i x e d ,  and cons ide r  t h e  l i m i t  N + m, we see ' t h a t  
w e  g e t  a s i g n i f i c a n t  c o n t r i b u t i o n  t o  t h e  series ( 2 2 )  on ly  from those  
terms f o r  which nx = O ( 1 )  o r  g r e a t e r .  L e t  M be  t h e  number of such 
terms. 
va lues  between -1 and +l, ( 2 2 )  g i v e s  i n  o rde r  of magnitude 

Due t o  t h e r f a c t o r  s i n  nxr,  which i n  e f f e c t  t a k e s  random 

( 2 3 )  

where Au i s  an average va lue  o f  t h e  jump i n  / u ( x )  I ac ross  t h e  s h e e t .  

Suppose, f o r  example, t h a t  t h e  jumps occur  a t  xr = r-' f o r  some s>O. 
Then M i s  given by 

n/MS = 0 ( 1 ) ,  i .e .  M % n /S , ( 2 4 )  

The corresponding s p e c t r a l  power law i s  

(26) 1 E ( k )  % k-' where A = 2 - ; . 
The Kolmogorov exponent A = 5 / 3  corresponds t o  s = 3 ,  i . e .  t o  
v e l o c i t y  jumps a t  x = z ' ~ ,  3 - 3 ,  4 - 3 ,  etc .  

This  type  of a n a l y s i s  i s  incomplete i n  t h a t  c l e a r l y  t h e  d e n s i t y  and 
p r o b a b i l i t y  d i s t r i b u t i o n  of s p i r a l  s i n g u l a r i t i e s  should a l s o  p l ay  a 
p a r t  i n  determining t h e  r e s u l t i n g  energy spectrum. I t  is  never the-  
less i l l u m i n a t i n g ,  i n  t h a t  it shows how t h e  s t r u c t u r e  of t h e  t y p i c a l  
s p i r a l  s i n g u l a r i t y  can have a determining in f luence  on t h e  s p e c t r a l  
power law i n  t h e  i n e r t i a l  range. 
known, from independent cons ide ra t ions ,  t hen  t h i s  g ives  informat ion  

b 

Conversely,  i f  t h i s  power l a w  i s  

I about t h e  s t r u c t u r e  and d i s t r i b u t i o n  of s p i r a l  s i n g u l a r i t i e s ,  
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1 

assuming that these are indeed the dominant physical feature of 
turbulent flows. 

FOOTNOTE . 
I am indebted to Dr. M. German0 who drew my attention to this early, 
and little known, paper. 
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