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ABSTRACT 

If a container of liquid metal, which may be wholly 
or partly filled, is placed in a high frequency magnetic 
.field (either single-phase or multiphase) of external origin, 
the induced cunents are confined to a thin surface layer 
within which vorticity is generated. By integration of 
the equation of motion through this layer, it is shown 
that the net effect of the Lorentz force is to induce an 
effective surface vebcity just inside the surface hyer 
on a r i .  boundary, and an effective surface stress just 
inside the hyer on a free surface. These effects can be 
very strong m the neighbourhood of any sharp corners 
on the &id boundary where the magnetic pressure is 
unbounded in the high frequency limit. The local electre 
dynamic and mid dynamical behaviour in such corner 
regzbns is analysed in detail, with particukar attention 
to the cases of single-phase fields and rotating fields. 
When the Reynolds number is large, a boundary-layer 
description of the driven flow is appropriate, and simi- 
larity solutions of FalknePSkan type are obtained, both 
for the case when the boundaries are n‘gid and for the 
case when a sharp crest foms on a free surface. The r e  
levance of these solutions in practical contexts is discussed. 

1. INTRODUCTION 

Alternating magnetic fields are used in a wide variety 
of practical contexts to generate and control the motion 
of liquid metals. For example, single-phase a.c. fields 
are used in the induction furnace / I ,  2/, the primary 
function of the field being the Joule heating effect, but 
a vital secondary function being the transport of heat 
by the motion driven by the Lorentz force distribution. 
Single-phase fields are also used in the shaping of liquid 
metal extrusions /3/, the surface being a free surface 
whose shape is controlled by the distribution of magnetic 

pressure; this generally non-uniform magnetic pressure 
is necessarily accompanied by a generation of vorticity 
in the magnetic boundary layer (or skin) in the fluid, 
to which the a.c. field is confined. The resulting flow 
reacts back, via dynamic pressures, on the shape of the 
free surface, and therefore solution of the shape problem 
generally requires an understanding of the interior flow. 
The same type of interactive situation occurs in the mag- 
netic levitation problem /4, S/ in which the magnetic 
pressure distribution over the surface of a sample of liquid 
metal is used to support the sample against gravity, as 
well as to  control its shape. 

Multiphase fields, and in particular rotating fields, 
are used to generate rotation of liquid metal in confined 
regions /6-8/. This process has been studied particularly 
in the context of continuous casting of steel, where it 
is known that stirring helps to prevent the ’formation 
of dendritic structures and thus to yield a better final 
product. The simple theory of the effect of a rotating 
field on fluid contained in a cylinder of circular cross- 
section was described in Ref. 9, and a number of more 
complicated geometries have been studied (for a review, 
see Ref. /lO/). 

In the present paper, we aim to synthesise some of 
these studies, to place them in a general framework, and 
to study particularly the important effects than can arise 
near sharp corners in the fluid boundary. When the field 
frequency w is high (and this is the situation to which 
we shall limit attention) the corners become particularly 
important because the field and the magnetic pressure 
become singular at the corners, and it becomes necessary 
to understand the local properties of the flow that results. 

In Section 2, we provide a general analysis of the “skin 
dynamics”, and we show that the net effect of the a.c. 
field is to replace the no-slip condition at a rigid boundary 
S by the prescription of an “induced tangential velocity” 
us determined by the local properties of the magnetic 
field. Similarly it is shown in Section 3 that at a free 
surface r, the usual condition of zero tangential stress 
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is replaced by a condition of prescribed "induced tan- 
gential stress" TP,  again determined by the local field 
structure. 

In Section 4, conditions near a sharp corner between 
two rigid boundaries are analysed both for single phase 
and multiphase fields, and low Reynolds number solutions 
are presented. In Section 5 ,  the high Reynolds number 
situation is explored, and similarity solutions of Falkner- 
Skan type are presented, where these are applicable. In 
Section 6, the behaviour near a contact line between 
a free surface and a rigid boundary is discussed, and in 
Section 7 the possible behaviour near a sharp crest on 
a free surface is investigated. Finally, in Section 8 we 
discuss the limitations of the analysis and the extent to  
which the results may be relevant in practical contexts. 

2. INDUCED/GELWITY AT A RIGID INSULATING 
BOUNDARY 

We consider f& the configuration sketched in Fig. 1: 
liquid metal oc upies the region V bounded by the rigid, 
electrically insulating, r closed surface S. The exterior region 
is denoted V'. 'Alternating currents flow in coils C which 
lie in V+; these give rise to a magnetic field Re(B(x)eiUt ) 
which penetrates a distance O ( 6 )  into V, where 

s = (2pOuw)-4i (2.1) 

U being the electrical conductivity of the fluid; 6 is of 
course the familiar skin thickness. We suppose that U 

is large so that 6 is small compared with the typical di- 
mension L of V; indeed we shall suppose that 6 is small 

I \  . .  '.\ 1 

L-L-II  

v +  

/ 

c 
1 Configuration sketch: liquid metal is contained 

within insulating boundary S; ac currents flow in 
external coils C; 6 is skin thickness, and us is induced 
surface velocity just inside skin 

compared with any other length scales (e.g. viscous bound- 
ary-layer thicknesses) that may arise in the analysis. 

To leading order, the field in V+  may then be deter- 
mined from solution of the potential problem 

B + ( x ) = V @ ,  V z @ = O  i n V t  

B+. n =  a q a n  = o on S 

where n is the unit normal on S into V; moreover, CP has 
singularities prescribed by the magnitude of the currents 
in the exciting coils. If all these currents are in phase, 
then @(x) may be taken to be real; but if the applied 
currents are not all in phase (as for example in the rotating 
field problem) then @ is complex, i.e. 

where V d i )  is not generally parallel to V@(*). The field 
on S, BS (x) is tangential to S, i.e. n * BS= 0. Note however 
that since 

the two-dimensional divergence of BS is not zero; in fact, 

Let us now choose local Cartesian coordinates O&g, 
with Oy directed along n (so that a/at  E a/an) a n d o t ,  
077 in the tangent plane. Then the usual theory of the 
skin-effect gives for the field B(x) in V, 

(real part understood). Here the weak normal component 
By is determined by the condition V B = 0 so that 

-- (' ' i, Bt = -V BS = * I from (2.4) (2.6) 
6 an2 s 

The current J in the skin is given (to leading order) by 

x e  -(I +i) s/6 ,iwt 

and the mean Lorentz force in the layer is then given by 
F = %Re ( J *  X B  ) ;  ising (2.5)-(2.7), this simplifies to 

Thb force is predominantly normal to S, and the smaller 
tangential component arises only in the multiphase situa- 
tion (when B, is complex). However, it is really the curl 
of F that generates flow, and the two terms contributing 

+ A similar result was first obtained by Sneyd (Ref. /lO/). 
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to F in (2.8) are generally equally effective in driving the 
flow (see below). 

Consider first the motion that is driven by the force 
field F(x) in the layer in which f = O(S). A lubrication- 
type approximation is clearly legitimate, i.e. 

va2u/X2 = VP - p-lF for I f 1  = O(6) (2.9) 

where P = p/p - g - x,p is the pressure field within the 
layer, U the velocity field, p the density and U the kinematic 
viscosity of the fluid. The normal component of (2.9) 
(under this approximation) is 

aP/af = p-lF. n = (2pp06)-' IBiI em2f1& (2.10) 

Hence 

P = P , ( s , ~ )  - (4pOp)-11 B ~ I  e-'f/' (2.11) 

where Po(.$,7) is the "pressure" distribution that is es- 
tablished inside the skin, i.e. for f 9 6.  Substitution in 
(2.9) now gives the tangential equation 

va'u/ar' = vp0 - ~ i ~ ( x ) e - 2 f / 6  (2.12) 

where Q(x) is a vector field with the dimensions of an 
acceleration defined on S (and tangent to S) given by 

Q(x) = (pop)-' [V%IBs12 - ImBi V * BS ] (2.13) 

It seems clear that the term VP, in (2.12) should be 
negligible within the layer f = O(6) provided 6 is small 
enough. Let us suppose that this is the case, and check 
for consistency in retrospect. The solution of (2.12) sa- 
tisfying U = 0 on z = 0 is then 

(2.14) 

and asymptotically, 

U - - 1 6'u-l Q(x) for f 9 6 (2.1 5) 8 

Let Qo be a typical magnitude of I Q(x) I. Then the velo- 
city scale determined by (2.1 5) is 

U - 6'v-'Q, (2.16) 

and the associated Reynolds number is 

Re = UL/v = ~ ' L U - ~ Q ~  (2.17) 

We shall suppose that Re % 1, the situation of greatest 
practical interest. The interior pressure gradients then have 
order of magnitude pU'/L, and so 

lVP0 I - V/L (2.18) 

Hence 

I VP, I /Q - Re ( 6/L)? 
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(2.19) 

and so the term VPo in (2.1 2) is indeed negligible provided 

(S/L)' 4 Re-' 4 1 (2.20) 

As far as the interior flow is concerned, therefore, 
the net effect of the rotational force within the skin is 
to generate an effective tangential velocity, which we shall 
describe as the induced surface velocity 

us = -62v-'Q(x) 1 on S, 
8 

(2.21) 

where Q (x) is given by (2.13). AU the electromagnetic 
effects are contained within this formula. The problem 
that remains is the purely fluid mechanical one of d e  
termining the flow in V subject to the prescribed velocity 
u =us  onS. 

3. INDUCED TANGENTIAL STRESS AT A FREE 
SURFACE 

Let us now consider the modifications required in the 
above description if part (or all) of the fluid boundary is a 
free surface (Fig. 2); we denote this part of the boundary 
by r (and S will continue to denote the rigid boundary 
part). The shape of r is controlled by the normal stress 
condition 

(2pO)- l  lBs12 - pg.x t T K  = cst. on (3.1) 

where 7 is the surface tension and K the surface curvature. 
Equivalently, there is a variational principle for the de- 
termination of the position of r, viz. 

w = wg t wr - w, (3.2) 

2 Configuration sketch when fluid is bounded partly 
by free surface r (situation in neighbourhood of 
contact line X is considered in 8 6). Inside skin on 
r there is induced surface stress 7r 



is stationary (and in fact minimal) with respect to small 
variations in r from its equilibrium position, where 

Wg = - Jpg-  x dV =gravitational energy 

Wr = TAY 

(3.3) v 
= surface tension energy 

(Ar = area of F )  (3.4) 

W, = jv+(4pO)-' lBIZdV 

= mean magnetic energy (3.5) 

Just as in Section 2, there is an electromagnetic skin on 
I' within which a thin ftlm approximation is applicable, 
and all the equations up to (2.13) are still valid. Now 
however the argument for the neglect of p-'VP, is a 
little modified. If we neglect p-'VP, in (2.12), and in- 
tegrate once using the condition of zero tangential stress 
au/at = 0 on 5 = 0, we obtain 

so that 

(3 - 7) 
1 au/af - - - S v - ' Q ( x )  
4 

for f 9 6 .  

This velocity gradient becomes the prescribed ourer con- 
dition for the interior flow; and the associated velocity 
scale is now 

U, - Sv-'Q,L = (L/S)U. (3.8) 

The order of magnitude of VPo (cf. (2.1 8)) is now I VP, I - U:/L, and so 

IVP, I I I Q  I - U , S b  = Re@/L), (3.9) 

where now Re = UIL/v& 1. Neglect of VPo is therefore 
justified if 

S/L < Re-' -4 1, (3.10) 

a somewhat tighter requirement than (2.20). 
Provided this condition is satisfied, the derivation of 

(3.7) is self-consistent, and it is apparent that the net 
effect of the Lorentz force within the skin of r is to 
provide an effective induced tangential stress 

(3.11) 

In the case of single-phase excitation, 

Q (x) = k0p)-' vlB~l* (3.12) 

and from (3.1), neglecting surface tension effects, this 
becomes simply 

I 

Q(x) = g - ( g . n ) n =  gr, (3.13) 

the tangential projection of g, and the induced surface 
stress from (3.1 1) becomes 

(3.14) 

Note that fluid particles on the surface are subject to 
viscous retardation as well as to gravitational acceleration 

g r .  

4. THE BEHAVIOUR NEAR A SHARP CORNER ON S 

Sharp corners are a feature of the rigid boundaries 
in many practical devices. For example, the typical in- 
duction furnace has a sharp corner where the cylindrical 
wall meets the horizontal base. Again, in the continuous 
casting problem, the melt is frequently extruded from 
a chamber of square cross-section within which it is stirred 
by a rotating field. The external potential field has to  
"turn round" a reflex angle at such corners and is un- 
bounded in magnitude (in the high frequency limit). 
This means that effects originating near the corners may 
be of dominant importance in determining the character 
of the flow. These effects were touched on in the dis- 
cussion of Ref. 1111; here we carry the analysis much 
further. 

We shall suppose that the fluid is contained in the 
region a < (3 < 2n - a (Fig. 3), the boundaries 8 = a, 2n - OL 

Q 

3 Corqer configuration; singularities in B are resolved 
in region of overlap of electromagnetic skins on 
e = +a 

being rigid insulators. The skin effect analysis of Section 2 
will be valid on both boundaries except within a distance 
O ( S )  from the intersection where the two skins overlap; 
we shall ignore this minute region (in which any infinities 
in the magnetic field are obviously resolved). 

There are three situations that need to be considered: 
(a) the case of a single-phase field B ( l )  symmetric 

with respect to the corner bisector (Fig. 4a); 
(b) the case of a single-phase field B(2) antisymmetric 

with respect to the corner bisector (Fig. 4b) - this is the 
case that arises in the induction furnace context; 
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4 (a) (above) single-phase symmetric field; (b) (below) 
single-phase antisymmetric field. Induced surface 
velocity U* is as indicated by arrows. 6Jx) is bound- 
ary layer thickness, y normal boundary layer coordi- 
nate used in 8 5. Streamlines are symmetric about 
e = n  

(c) the case of a rotating field, i.e. superposition of 
the fields B(l)  and B(*) in quadrature. 

Case (a) 

The field potential d') in V+ is here given by 

cp = a + c o s ~ ~ e  (4.1) 

and the conditions B n = 0 on e = + a  give immediately 
X1 = n/a. The surface field on S is then 

where er is a unit vector in the radial direction. Hence 

(4-3) 
2hl-3 V I  B!$)I~ = ~ & A : ( X ~  - 1)r e, 

and so the induced surface velocity us is given from (2.21) 
by 

us = Armer on 0 = +a (4.4) 

where 

and 

m = 2nla - 3 

We may define a local Reynolds number 

Re(r) = Ius 1 r/v = Arrn+l/v.  (4.7) 

Since m+l = 2n/a - 2 > 0 for all a < IT, it is evident that 
Re(r) -+ 0 as r + 0 and therefore that for sufficiently small 
r, a low Reynolds number analysis is valid. The stream- 
function $(r., 0) then satisfies the biharmonic equation 

and the boundary conditions are 

9, = 0, r-la$/ae = AP on e = *a (4.9) 

The particular integral proportional to I"+' is 

= asin2(2n-3a) - (2n-3a)sinZh 
AI"+la[sin(m-l)asin(mtl)e - 

- AP+~ ajsin(m+l)asin(m-1)01 (4.10) 
as in2(2n-3~~) - (2n-3a)sina 

(and for a > n/2, this certainly dominates over any com- 
plementary function since m t l  < 2 - see Ref. /12/). 

For lmge values of r for which Re(r) B 1, a boundary 
layer treatment is called for (see Section 5 below). 

Case (b j 
The potential for an antisymmetric field is 

~ ( 2 )  = a2 , X 2  sinA2e (4.11) 

where now, from the conditions B .  n = 0 on 8 = f a  

A2 = n/2a ( =  34x1) (4.12) 

The surface field on S is now 

(4.13) A,-1 = +a2X2r e, (on 0 = + a )  

For n/2 < a < n, we have 0 > X, - 1 > -?4 and the 
field BS is evidently singular at r = 0; of course, as pointed 
out above, this singularity is in fact resolved on the scale 
r = 0 (6), so that IBL2)Jrnax - Q, The 
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singularity is "square-integrable" in the sense that the 
contribution to the magnetic energy 

(4.14) 

from a neighbourhood 0 < r < R of the corner is obviously 
finite, and is in fact 0 (R"" ). 

As for case (a), we now find that 

and the induced surface velocity is again given by 

US = Armer 

where now 

and 

m = n/ar - 3 

(4.15) 

(4.16) 

(4.17) 

(4.18) 

For (Y > n/2, we have m < -1 and A < 0, so that the in- 
duced surface velocity is t o w d s  the corner, and + = as 
r + 0. The local Reynolds number is 

so that now a boundary-layer treatment is needed for 
small r. The low Reynolds number solution (4.10) is 
valid for large values of r such that Re(r) g 1. Thus the 
situation in case (b) is just the converse of that of case (a) 
(see Figs. 4a, b). 

OIse (c)  

When the fields Bf), B:" are present simultaneously 
and in quadrature (thus representing a rotating field in 
the neighbourhood of the corner), we have the two con- 
tributions (4.3) and (4.15) to Q (x) and also the contri- 
bution 

on 8 = f a r  (4.20) 

Hence we find for the induced surface velocity 

a2n2 n/&-3 2 n r [-2Q2(1- -) us - - 
64va2 

- 
2& 

on 8 = f a r  (4.21) 

Of the three contributions to us, the first dominates 
for small r and the last dominates for large r; these are 
the terms arising from the V IBsI* contributions which 

generate symmetric flows. The second term (with the T )  

is comparable with the other two in the transition region 
and here it generates the antisymmetric ingredient of the 
flow which is responsible for carrying the fluid round 
the corner in the same sense as the rotation of the field 
(see Fig. 5). 

5. HIGH REYNOLDS NUMBER FLOW F O R  SINGLE 
PHASE EXCITATION 

We have already noted that in case (a) above a high 
Reynolds number flow is generated fur from the corner, 
while in case (b) a high Reynolds number flow is generated 
near the corner. In both cases 

us = Armer on 8 = +a!  (5.1) 

with 

in (a) 1 A > 0, m t l >  0 

A < 0, m t l  < 0 incase(b)\ 

This is a situation which lends itself to boundary-layer 
analysis. Let Ox be directed along the boundary 8 = a,  
and Oy normal to it and into the fluid (see Fig. 4); then 
the boundary-layer equation for the stream-function 
$ (x, Y) is 

$&y - $&yy = v$, (5.3) 

and the boundary conditions are 

$ = O ,  $ , Z A P  o n y = O  

$,+O a s y + =  
(5.4) 

Here we are supposing that there is no pressure gradient 
outside the boundary layer, as seems plausible for the 
corner configuration. The standard similarity arguments 
of boundary-layer theory (Ref. /13/, Section 5.9) imply 
that 

$ = (vlAlxrn+')'f(V) 

where v = ( I AJxm+' v-l ) Y  ' ( 5 . 5 )  

and equation (5.3) then reduces to 

f" t %(m t 1)ff" - mf'? = 0 (5.6) 

with boundary conditions 

f(0) = 0 ,  f ' (=)  = 0 (5.7) 

and 

t 1  (case (a)) 
f'(0) = 

-1 (case (b))' 

Equation (5.6) is similar to (but not identical with) the 
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5 Induced surface velocity and resulting streamline pattern under action of rotating field at sharp corner 

Falkner-Skan equation, and it may be integrated nume- 

For case (a), the form of f ( ~ )  for various values of m 
in the range 1 Z m > -34 is shown in Fig. 6% Note the 
particular exact solutions 

SJx) = ( v /  1 A I)% xH(l-m) (5.10) 

decreases in the direction of us, in a manner characteristic 
of accelerating flows. 

The normal velocity at the outer edge of the boundary 
layer is given (in case (a) or case (b)) by 

rically. 

a+ V(x) = lim (- -) = 
Y+- ax 

f(q) = 1 - e-9 when m = 1 

f(Q) = & th(r)/ &), when m = - 1/3 
which check with the computed curves. When m = -1/3, 
f“(q) = 0, and so the wall stress vanishes. For -1/2 < 
m < -1/3, there is an “overshoot” of tangential velocity 
near the wall, which becomes large as m + -%. For m < 
-?4, no solution of (5.6) (5.7) exists satisfying f‘(0) = 1. 
The values m = -1/3, -1/2 correspond to a = 3n/4, 4n/5 
respectively, so that, as wedge angle 2n - 2a containing 
the fluid decreases from 4 2  to 2n/5, this anomalous type 
of boundary-layer behaviour is to be expected; and when 
the wedge angle is less than 2n/5, these results would sug- 
gest that the wall acceleration implied by (5.4) is insuf- 
ficient to sustain a self-similar boundary-layer solution, 
and the boundary-layer approximation is then presumably 
no longer valid. 

For case (b), the solutions of (5.6)-(5.8) appear to 
be quite regular, and are shown in Fig. (6b) for values 
of m in the range -1 < m < -2 (i.e. from (4.18), n/2 4 
a < n). In this case, there is no indication of any break- 
down in boundary-layer theory when the angle 2a is 
reflex (as in Fig. 4b). Note that, in both cases (a) and (b), 
the boundary-layer thickness 

186 

= - - ( r n + l ) ( v ( A I ) ’ ~ ” ( ~ - ~ ) f ( - )  1 
2 

(5.1 1) 

Returning to polar coordinates (r, e), the potential flow 
U = Vq in the core which matches with this velocity is 

cp = v o r  ’(m+l)cosH(mt i)e (5.12) 

where 

cposin%(mtl)ar = ( V I A I ) ~ ~ ( = )  (5.13) 

The associated tangential velocity ( acp/ar)o = +a is small 
compared with Ius 1 in the range of r for which^Re(r) % 1. 

The streamline patterns which may be inferred from 
these solutions have been included in Figs. 4a, b. 

6. INTERSECTION OF A FREE SURFACE AND A 
RIGID BOUNDARY 

We turn now to some considerations involving free 
surface behaviour. Consider first conditions near a contact 



2 

f “1) 

6 

7 

(a’ Mt I 7 0  

7 1 
5 

Computed form of f‘(7)); (a) (above left) for problem (5.6)-(5.8) for case (a) with 1 2 m > -0.5; (b) (below left) for 
case (b) with -1 2 m 2 -2; (c) (right) for free surface problem (7.5) 

Intersection of free surface r and rigid boundary S; situation as sketched in (a) (left) is impossible, because magnetic 
pressure would be unbounded in any neighbourhood of 0, and condition (3.1) could not then be satisfied. Cusped con- 
figuration, as sketched in (b) (right) must occur. Interior flow is then predominantly driven by surface stress 7r 
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line of a free surface r and a rigid boundary S (Fig. 7a). 
This situation arises in problems of partial levitation, 
when part of the fluid is supported by a solid boundary. 
It also arises in the induction furnace context (although 
here the frequencies employed &re generally not large 
enough for validity of the present analysis). 

On scales large compared with the skin thickness 6 ,  
the angle of intersection 0 of r and S cannot in general 
be nonzero - i.e. the situation envisaged in Fig. 7a is 
in fact impossible - because the magnetic pressure on 
I' would then be unbounded in the neighbourhood of 
0, in such a way that the normal stress condition (3.1) 
could not be satisfied. The magnetic pressure would tend 
to depress the free surface until a cusped configuration is 
established, as shown in Fig. 7b. 

The induced surface stress on I' is given by (3.14), 
and this stress determines the nature of the interior flow 
(the induced surface velocity on S being less important 
here). The actual shape of the surface r near the contact 
line presents an intriguing problem which has not yet been 
solved. 

7. DISTORTION OF A FREE SURFACE BY A 
SYMMETRIC FIELD 

If the field B+ is produced by two equal and opposite 
line currents placed above a free surface as in Fig. 8a, 
then it is clear that the magnetic pressure on the surface 
will cause a symmetric distortion. As the current strength 
is increased, a sharp crest may appear as indicated in 
Fig. 8b, in some respects similar to the sharp crest that 
appears under a progressive gravity wave of maximum 
height (Ref. /13/, p. 506, problem 3b). As in this well- 
known context, the angle at the crest must be 2n/3 (so 
that (Y = 2n/3 also); the surface field BS is then given 
locally (see equation (4.2)) by BS - - 3/2 CP rH er,so that 
the magnetic pressure (9/8/.1,,)@;r cm be compensated 
by the term pg, x = - % p g  in (3.1). 

From (3.14), the induced surface stress is 

1 
T~ = -p6ger 

8 

down both surfaces away from the crest 0. Equivalently, 
using boundary layer variables (x, y) as shown in Fig. 8c, 
we have an induced surface shear 

on both 0 = +cr. The boundary-layer problem (cf. equa- 
tions (5.3) and (5.4)) is then 

J/ = 0 ,  J/, = - S  o n y = O  (7.3) 

q l y = 0  a s y + -  

P '  

8 (a) (top) Distortion of free surface by magnetic pres- 
sure due to parallel line currents; (b) (middle) forma- 
tion of sharp crest and associated surface stress; 
(c) boundary-layer structure of resulting flow 

'md dimensional arguments lead to the similarity solution 

(7.4) 

where (m = 1/3 in equation (5.6)) 

(7.5) I 2 1 
3 

f'" + p" - - f ' 2  = 0 

f(0) = 0 ,  f"(0) = -1 ,  f'(-) = 0 

A well-behaved solution exists satisfying f'(v) > 0 for 
all  9 (see Figure 6c). The surface velocity is given by 
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The core flow which matches with this is U = Vq where 

This has an associated tangential velocity 

and for consistency we must require that I U$ I 4 I US I , a 
condition that is satisfied provided 

rFBA(v/s)” (7.8) 
i 

This is again‘just the condition that the local Reynolds 
number rus(r)/u be large. The local structure of the flow 
is an indicated (on an expanded scale) in Fig. 8c. 
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