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1 .  I n t r o d u c t i o n  
Turbulence i n  l a r g e - s c a l e  geophys ica l  and a s t r o p h y s i c a l  c o n t e x t s  i s  
dominated on t h e  one hand by C o r i o l i s  f o r c e s  a s s o c i a t e d  w i t h  g l o b a l  
r o t a t i o n ,  and on t h e  o t h e r  by Lorentz  f o r c e s  a s s o c i a t e d  wi th  t h e  
c u r r e n t s  t h a t  flow i n  t h e  e l e c t r i c a l l y  conduct ing  medium of a s t r o -  
p h y s i c a l  bodies  and t h e  magnetic f i e l d s  t o  which t h e s e  c u r r e n t s  g ive  
rise. 

C o r i o l i s  f o r c e s  i n  t h e  upper atmosphere of t h e  Ear th  c o n s t r a i n  t h e  
t u r b u l e n c e  t o  be  approximately two-dimensional i n  h o r i z o n t a l  p lanes .  
D i r e c t  numerical  s i m u l a t i o n  (e .g .  M c W i l l i a m s  1 9 8 4 )  has  proved 
e f f e c t i v e  i n  r e v e a l i n g  t h e  c h a r a c t e r i s t i c  s t r u c t u r e s  t h a t  emerge 
under e v o l u t i o n  t h a t  i s  c o n s t r a i n e d  t o  remain two-dimensional. There 
are two a p p a r e n t l y  c o n f l i c t i n g  t h e o r i e s  of two-dimensional tu rbulence ,  
t h e  ' v o r t e x  p a t c h '  theory  of Saffman ( 1 9 7 1 )  which y i e l d s  a k-4 energy 
spectrum, and t h e  ens t rophy cascade theory  of Kraichnan ( 1 9 6 7 )  and 

Batche lor  ( 1 9 6 9 )  which y i e l d s  a k - 3  spectrum. W e  s h a l l  argue t h a t  
t h e s e  t h e o r i e s  a r e  n o t  i r r e c o n c i l a b l e ,  and t h a t  a k spectrum w i l l  
g r a d u a l l y  evolve  towards a k-3  spectrum through i n t e r a c t i o n  of v o r t e x  
p a t c h e s  l e a d i n g  t o  t i g h t l y  wound-up s p i r a l  s t r u c t u r e s .  

-4  

I n  s e c t i o n  3 ,  w e  b r i e f l y  review t h e  theory  developed i n  Moffa t t  
( 1 9 8 5 ,  1 9 8 6  a ,  b )  which r e g a r d s  f u l l y  three-dimensional  tu rbulence  as 
an agglomerat ion of 'random v o r t e x  s h e e t s  and coherent  h e l i c a l  s t r u c  
t u r e s ' .  The s t a r t i n g  p o i n t  i s  t h e  E u l e r  e q u a t i o n ,  regarded as a 
dynamical system evolv ing  i n  an i n f i n i t e - d i m e n s i o n a l  f u n c t i o n  space.  
The f i x e d  p o i n t s  of t h i s  system a r e  t h e  s t e a d y  s o l u t i o n s  of t h e  Euler  
e q u a t i o n s  ( o r  ' E u l e r  f l o w s ' ) ,  and by c o n s i d e r a t i o n  of  t h e  problem of 
magnet ic  r e l a x a t i o n  towards analogous m a g n e t o s t a t i c  e q u i l i b r i a ,  it may 

be  shown t h a t  t h e r e  e x i s t  E u l e r  f lows o f  a r b i t r a r i l y  complex topology. 
These f lows are c h a r a c t e r i s e d  by t o r o i d a l  b lobs  w i t h i n  which t h e  
s t r e a m l i n e s  are e r g o d i c  and t h e  flow has  maximal h e l i c i t y ,  s e p a r a t e d  

by f a m i l i e s  of  s t ream-vortex s u r f a c e s  on which v o r t e x  s h e e t s  may be 
l o c a t e d .  W e  t e n t a t i v e l y  i d e n t i f y  t h e  t o r o i d a l  blobs a s  t h e  ' coherent  
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s t r u c t u r e s '  of t h e  t u r b u l e n t  f low t h a t  evolves  from t h e  E u l e r  flow 
through Kelvin-Helmholtz i n s t a b i l i t y  of t h e  v o r t e x  s h e e t s .  These 
coherent  s t r u c t u r e s  are p e r s i s t e n t  simply because t h e  v o r t i c i t y  remains 
n e a r l y  p a r a l l e l  t o  t h e  v e l o c i t y  so  t h a t  n o n l i n e a r  energy t r a n s f e r  t o  
smaller scales remains weak. Viscous d i s s i p a t i o n  i s  concent ra ted  i n  
t h e  v o r t e x  s h e e t s ;  and t h e  i n e r t i a l  range ,  w i t h  i t s  a s s o c i a t e d  
Kolmogorov spectrum i s  t o  b e  found i n  t h e  s p i r a l  s t r u c t u r e s  a r i s i n g  
from t h e  Kelvin-Helmholtz i n s t a b i l i t y  (c f  Lundgren 1982, Moffa t t  1984) .  

I n  s e c t i o n  4 ,  w e  c o n s i d e r  b r i e f l y  t h e  p r o c e s s  by which c u r r e n t -  
s h e e t  d i s c o n t i n u i t i e s  may appear  d u r i n g  t h e  magnetic r e l a x a t i o n  problem 
mentioned above. This  can occur  even i n  two-dimensional s i t u a t i o n s ,  
i n  which t h e  t o p o l o g i c a l  c o n s t r a i n t s  a r e  more e a s i l y  apprehended. The 
formation of  c u r r e n t  s h e e t s  has  been noted  i n  a number of  d i r e c t  
numer ica l  s i m u l a t i o n s  of 2-dimensional MHD t u r b u l e n c e  (e.cr. F r i s c h  e t  . a  (I): 1983) and i s  known t o  be a s s o c i a t e d  w i t h  t h e  presence  of X-type ( o r  
h y p e r b o l i c )  n e u t r a l  p o i n t s  of  t h e  magnet ic  f i e l d ,  which of course  occur  
randomly when t h e  f i e l d  i s  random. 

I n  s e c t i o n  5 ,  w e  c o n s i d e r  what s t i l l  appears  t o  b e  t h e  c e n t r a l  

problem of dynamo t h e o r y ,  a t  l ea s t  i n  a s t r o p h y s i c a l  c o n t e x t s ,  namely 
d e t e r m i n a t i o n  of  t h e  parameters  a ( g e n e r a t i o n  c o e f f i c i e n t )  and B 
t u r b u l e n t  d i f f u s i v i t y )  i n  mean-f ie ld  e lec t rodynamics  (see,  f o r  example, 
Moffa t t  1978, Krause & Radler  1980) f o r  t u r b u l e n c e  w i t h  h e l i c i t y  i n  
t h e  l i m i t  of l a r g e  magnetic Reynolds number Rm. I f ,  a s  f r e q u e n t l y  

-' maintained i n  t h e  a s t r o p h y s i c a l  l i t e r a t u r e ,  

a - u0 , B -. uoR as R m + m ,  

where U i s  t h e  r m s  t u r b u l e n t  v e l o c i t y ,  and R i s  a c h a r a c t e r i s t i c  
t u r b u l e n t  l e n g t h - s c a l e ,  t h e n  t h e  mean f i e l d  dynamo e q u a t i o n s  imply 
e x p o n e n t i a l  growth of l a r g e - s c a l e  magnet ic  f i e l d  w i t h  a growth r a t e  p 

0 

independent  of  Rm i n  t h e  l i m i t  R m +  O0 . 
dynamo, i n  t h e  sense  of Vainshte in  & Zel 'dovich  ( 1 9 7 2 ) .  I t  has  been 

The dynamo i s  t h e n  a ' f a s t '  

by Moffa t t  & P r o c t o r  (1985) t h a t ,  f o r  t h e  c a s e  of  a s t e a d y  
f i e l d ,  a f a s t  dynamo h a s  t h e  p r o p e r t y  t h a t  t h e  f i e l d  becomes 

n o n - d i f f e r e n t i a b l e  n e a r l y  everywhere as R + - ,  and it s e e m s  probable  
t h a t  t h i s  p r o p e r t y  w i l l  c a r r y  over  t o  unsteady (and t u r b u l e n t )  v e l o c i t y  
f i e l d s  a l s o .  The s o l a r  dynamo ( f o r  which Rm - 1 0  ) must i n e v i t a b l y  be 

of t h i s  type .  It  i s  t h e r e f o r e  of v i t a l  importance t o  c l a r i f y  t h e  
behaviour  of  t u r b u l e n t  dynamos i n  t h e  l a r g e  Rm l i m i t .  
l i s a t i o n - g r o u p  procedure  d e s c r i b e d  by Moffa t t  (1983, s e c t i o n  11) s t i l l  
appears  t o  be t h e  best  approach t o  adopt ,  a l though d i f f i c u l t  t o  j u s t i f y  
w i t h  any degree  of  r i g o u r ;  t h i s  procedure i s  reviewed i n  s e c t i o n  5.  

m 

4 

The renorma- 

F i n a l l y ,  i n  S e c t i o n  6 ,  w e  c o n s i d e r  c e r t a i n  f e a t u r e s  of what may be 
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. 
descr ibed  as 'chromospheric t u r b u l e n c e ' ,  i . e .  tu rbulence  i n  t h e  s o l a r  
atmosphere o u t s i d e  t h e  photosphere.  Here, t h e  d e n s i t y  i s  low, and 
t h e  dynamics i s  c o n t r o l l e d  by t h e  magnetic f i e l d ,  whose f i e l d  l i n e s  
a r e  ' r o o t e d '  on t h e  s o l a r  s u r f a c e .  The f o o t p o i n t s  move randomly wi th  
t h e  sub-photospheric  t u r b u l e n t  motion, and t h e  f i e l d  i n  t h e  chromo- 
sphere  i s  then i n s t a n t a n e o u s l y  determined. P a r t i c u l a r  i n t e r e s t  
a t t a c h e s  t o  t h e  q u e s t i o n  of  formation of d i s c o n t i n u i t i e s  ( c u r r e n t  
s h e e t s )  i n  t h i s  reg ion;  such s h e e t s  are t h e  s i t e  of s t r o n g  Ohmic 
h e a t i n g ,  and may provide an e x p l a n a t i o n  f o r  s o l a r  f l a r e s  and s imi l a r  
i n t e n s e  b u r s t s  of a c t i v i t y .  One mechanism by which d i s c o n t i n u i t i e s  
can appear  i s  p r e s e n t e d  i n  s e c t i o n  6 .  

2 .  S p i r a l  S t r u c t u r e s  i n  Two-dimensional Turbulence 
I t  i s  well-known (see, f o r  example, Aref 1983) t h a t  when 4 o r  more 
p o i n t  v o r t i c e s  move under t h e i r  mutual i n f l u e n c e ,  t h e  corresponding 
dynamical system i s  i n  g e n e r a l  non- in tegrable ,  and each p o i n t  v o r t e x  
moves on a c h a o t i c  t r a j e c t o r y .  I t  may t h e r e f o r e  be r e a d i l y  appre- 
c i a t e d  t h a t  f l u i d  p a r t i c l e s  i n  a two-dimensional t u r b u l e n t  f i e l d  
- U = ( U  ( x , y , t ) ,  v ( x , y , t ) ,  0) w i l l  fo l low an e q u a l l y  c h a o t i c  p a t h ,  and 
t h a t  any s m a l l  ' p a t c h '  of f l u i d  marked by dye w i l l  r a p i d l y  spread  
under t h e  random d i s t o r t i n g  e f f e c t .  

There are two a p p a r e n t l y  c o n f l i c t i n g  t h e o r i e s  of two-dimensional 
tu rbulence ;  t h e  f i r s t  i s  t h e  ' v o r t e x  p a t c h '  t h e o r y  of  Saffman ( 1 9 7 1 )  

which conceives  of tu rbulence  as t h e  mutual i n t e r a c t i o n  of a l a r g e  
number of pa tches  i n  each of which t h e  v o r t i c i t y  t a k e s  a c o n s t a n t  
v a l u e ,  a s i t u a t i o n  t h a t  p e r s i s t s  s i n c e  t h e  v o r t i c i t y  e q u a t i o n  reduces 
t o  D U / D t  = 0. The v o r t i c i t y  on any s t r a i g h t - l i n e  t r a n s v e r s a l  then  
has  a f i n i t e  number of d i s c o n t i n u i t i e s  p e r  u n i t  l e n g t h ,  and so t h e  
v o r t i c i t y  spectrum k E ( k )  f a l l s  o f f  a s  k-'. 
course  provide an exponent ia l  cu t -of f  f o r  wave-numbers kv = 2;' 

2 Viscous e f f e c t s  w i l l  of 

c h a r a c t e r i s i n g  t h e  real  width of  t h e  ' d i s c o n t i n u i t i e s '  , b u t  w e  
t h a t  v i s c o s i t y  i s  so  weak t h a t  t h i s  e f f e c t  may be ignored  f o r  a l l  
t i m e s  of i n t e r e s t .  

The second theory  i s  t h e  ' ens t rophy cascade '  theory  of  Kraichnan 
( 1 9 6 7 )  and Batche lor  (1969) .  This  s tarts from t h e  ens t rophy ( o r  

mean- square  v o r t i  c i  t y  ) equation, 
- d 2  2 d t  <U > = - g < ( v w )  > 

where q i s  t h e  ra te  of  supply of ens t rophy a t  low wave-numbers of 
o r d e r  ko (and e q u a l l y  t h e  rate of d i s s i p a t i o n  of ens t rophy when a 
s t a t i s t i c a l l y  s t e a d y  s ta te  i s  a t t a i n e d ) .  I t  i s  then  argued,  i n  
p a r a l l e l  wi th  t h e  Kolmogorov theory  of  3-dimensional t u r b u l e q c e ,  t h a t  
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enstrophy cascades through t h e  spectrum a t  a ra te  towards t h e  v iscous  
s i n k  a t  high k.  On dimensional  grounds,  t h e  energy spectrum i n  t h e  
i n e r t i a l  range k << k < <  k ( . v ( ~ l ’ ~ / v )  1’2) i s  given by 

0 V 

where C2 i s  a u n i v e r s a l  c o n s t a n t  ( t h e  s u f f i x  2 r e f e r r i n g  t o  t h e  two- 
dimensional s i t u a t i o n ) .  Kraichnan ( 1 9 6 7 )  has  i n d i c a t e d  t h a t  
ref inements  of t h e  above argument i n d i c a t e  t h e  need f o r  l o g a r i t h m i c  
c o r r e c t i o n s  t o  t h i s  r e s u l t ,  b u t  t h i s  can be ignored f o r  t h e  purpose 
of  t h e  p r e s e n t  d i s c u s s i o n  

Fig.  1. I n t e r a c t i o n  of a smal l  s t r o n g  p a t c h  of  v o r t i c i t y  and a weak 
l a r g e  p a t c h :  t h e  l a r g e  p a t c h  i s  wound up i n t o  a t i g h t  s p i r a l  s t r u c t u r e  
which makes many i n t e r s e c t i o n s  wi th  any s t r a i g h t  l i n e  t r a n s v e r s a l .  

W e  then  have two t h e o r i e s ,  one g i v i n g  a k-4 spectrum, t h e  o t h e r  a 
k-3 spectrum, i n  apparent  c o n f l i c t .  
r e s u l t s ?  

How are w e  t o  r e c o n c i l e  t h e s e  

L e t  us cons ider  more c l o s e l y  t h e  i n t e r a c t i o n  of v o r t e x  pa tches .  
Suppose i n  p a r t i c u l a r  t h a t  a smal l  s t r o n g  p a t c h  s t r a y s  i n t o  t h e  
neighbourhood of a l a r g e  weak p a t c h  (F ig .  1 ) .  The l a r g e  pa tch  i s  

then  d i s t o r t e d  l i k e  a p a s s i v e  s c a l a r  i n  t h e  r-l v e l o c i t y  f i e l d  of t h e  
small  pa tch  (which may be t r e a t e d  l i k e  a p o i n t  v o r t e x ) .  The l a r g e  
pa tch  i s  thus  wound up i n t o  a s p i r a l  of i n c r e a s i n g l y  f i n e - s t r u c t u r e ,  
i t s  a r e a  being conserved. A t r a n s v e r s a l  p a s s i n g  n e a r  t h e  c e n t r e  of 
t h e  pa tch  now ‘sees’ a l a r g e  number N of  d i s c o n t i n u i t i e s  of v o r t i c i t y  
p e r  u n i t  l e n g t h ,  and N -t CO as t -t C O .  I n  c a l c u l a t i n g  t h e  spectrum, 
e a r e  t h u s  d e a l i n g  w i t h  t h e  F o u r i e r  t ransform of a f u n c t i o n  having 

accumulation p o i n t  o f  d i s c o n t i n u i t i e s ,  a s i t u a t i o n  s i m i l a r  t o  t h a t  
considered i n  t h e  c o n t e x t  of  3-dimensional t u r b u l e n c e  by Moffa t t ( l984) .  
The r e s u l t i n g  spectrum f a l l s  o f f  a s  k-’ where X < 4 over  a range of 
wave-numbers ( t h e  ‘ s p i r a l  r a n g e ’ )  c h a r a c t e r i s i n g  t h i s  type  of s p i r a l  
s t r u c t u r e  which may be supposed t o  be randomly d i s t r i b u t e d .  D e t a i l e d  

c a l c u l a t i o n s  (A.D.  G i l b e r t  1986, i n  p r e p a r a t i o n )  have shown t h a t  
A = 11/3, account  be ing  taken  of a l l  p o s s i b l e  p o s i t i o n s  of t h e  t r a n s -  
v e r s a l .  The spectrum i s  then  a s  i n d i c a t e d  i n  F ig ;  2 .  

This  of course  only  b r i n g s  us  p a r t  way towards r e c o n c i l i n g  t h e  km4 
and k-3 p r e d i c t i o n s .  Observe now however t h a t  t h e  same e f f e c t  may 
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Fig. 2 .  Form of energy spectrum r e s u l t i n g  from random d i s t r i b u t i o n  of 
s p i r a l  v o r t e x  s t r u c t u r e s ;  a s p i r a l  range w i t h  s p e c t r a l  exponent -11/3 
appears  (A.D.  G i l b e r t  1986) .  

be repea ted ,  as i n d i c a t e d  i n  F ig  3:  i f  another  s t r o n g  v o r t e x  pa tch  
should wander i n t o  t h e  neighbourhood of an a l r e a d y  formed s p i r a l  
s t r u c t u r e ,  then  it w i l l  induce a secondary s p i r a l  deformation,  t h u s  
i n c r e a s i n g  f u r t h e r  t h e  s p a t i a l  complexity of t h e  v o r t i c i t y  f i e l d  and 
l e a d i n g  t o  a decrease  i n  t h e  r e l e v a n t  index X i n  t h e  s p i r a l  range. 
Repeated s p i r a l  d i s t o r t i o n  of t h i s  kind w i l l  l e a d  t o  a v o r t i c i t y  f i e l d  
s t r u c t u r e  t h a t  i s  s e l f - s i m i l a r  on a l l  s c a l e s ,  and it i s  t h i s  p r o p e r t y  

t h a t  c h a r a c t e r i s e s  a k-3-spectrum. 
spectrum w i l l  emerge from repea ted  s p i r a l  d i s t o r t i o n s  o f  t h e  kind 
i n d i c a t e d  above. 
t h e o r i e s  may t h u s  be  recognised.  

W e  t h u s  c o n j e c t u r e  t h a t  a k-3- 

A p o s s i b l e  r e c o n c i l i a t i o n  between t h e  k-4 and k-3 

Fig.  3. I n t e r a c t i o n  of a second s t r o n g  v o r t e x  wi th  a p r e - e x i s t i n g  
s p i r a l  s t r u c t u r e :  
n i n g s  o f  a f r a c t a l  s t r u c t u r e  may be d iscerned .  

a secondary s p i r a l  i s  formed i n  which t h e  begin- 

0 
W e  n o t e  t h a t  s u b s t a n t i a l  evidence f o r  t h e  ' s t a c k i n g '  of v o r t i c i t y  

d i s c o n t i n u i t i e s  i s  provided by t h e  numerical  s i m u l a t i o n s  of Brachet  e t  

a1 (1986) ,  p resented  i n  t h e  p o s t e r  s e s s i o n  'a t  t h i s  meeting. 
formation of s p i r a l s  i s  one mechanism by which such s t a c k i n g  may be 
understood.  

The 

3. Fixed P o i n t s  of t h e  E u l e r  Equat ions 
Turning now t o  three-dimensional  t u r b u l e n c e ,  it i s  n a t u r a l  t o  cons ider  
t h e  g e n e r a l  s t r u c t u r e  of s o l u t i o n s  of  t h e  E u l e r  equat ions  ( v  = 01, 

recogniz ing  t h a t  v o r t e x  s h e e t s  may be p r e s e n t  i n  such s o l u t i o n s ,  and 
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t h a t  v i s c o s i t y  w i l l  e v e n t u a l l y  r e s o l v e  t h e  s t r u c t u r e  of such s h e e t s  
( c f .  Townsend 1951) .  The Euler  equat ions  may be w r i t t e n  i n  t h e  form 

2 where = c u r l  and h = + 4 , and w e  regard  t h i s  a s  an i n f i n i t e -  
dimensional dynamical system, analogous t o  a f i n i t e  dimensional  system 
of  t h e  form 

- -  dL! 
d t  - E (U) 

where 5 = (ul  ( t)  , u2 ( t)  , . . . u , ( t ) ) .  
n a t u r a l  t o  l o c a t e  f i r s t  t h e  f i x e d  p o i n t s  of t h e  system (where ( g )  = 

0 ) ,  and then  t o  cons ider  t h e  s t a b i l i t y  of t h e s e  f i x e d  p o i n t s .  Even i f  
they a r e  a l l  u n s t a b l e ,  and t h e r e f o r e  i n  a s e n s e  unphys ica l ,  t h e i r  loca-  
t i o n  provides  v a l u a b l e  informat ion  about  t h e  evol .ut ion of  t h e  system i n  

t s  phase-space,  a s  r e f e r e n c e  t o  such well-known examples a s  t h e  Lorenz 
system w i l l  make clear.  

From such a viewpoint ,  it i s  

The f i x e d  p o i n t s  zE ( 5 )  of t h e  Euler  e q u a t i o n s ,  d e s c r i b e d  as E u l e r  

(3 .2)  

0 
f lows,  are s o l u t i o n s  of  t h e  s t e a d y  e q u a t i o n s  

U - x E Z V  h.  
An approach, suggested f i r s t  by Arnold ( 1 9 7 4 ) ,  has  been developed by 
Moffa t t  (1985, 1986 a ,  b ) ,  and i s  remarkably powerful i n  r e v e a l i n g  an 

i n c r e d i b l e  r i c h n e s s  i n  t h e  s t r u c t u r e  of E u l e r  f lows.  W e  f i r s t  n o t e  
t h e  well-known e x a c t  analogy wi th  t h e  problem of  m a g n e t o s t a t i c s  of  a 
p e r f e c t l y  conduct ing f l u i d  

- j x B = V p  (3.3)  
wi th  = c u r l  E, V.g = 0. Here, ; r e p r e s e n t s  magnetic f i e l d ,  and -J, 

e l e c t r i c  c u r r e n t .  The analogy i s  between t h e  v a r i a b l e s  

(3 .4)  U B , g t.--, 2, h -p. - - 

Locat ion of s o l u t i o n s  of (3 .3)  l e n d s  i t s e l f  t o  a method of 'magnet ic  
r e l a x a t i o n '  t h a t  i s  n o t  a v a i l a b l e  (wi thout  i n t r o d u c i n g  very a r t i f i c i a l  
p h y s i c s )  f o r  t h e  problem ( 3 . 2 ) .  Never the less ,  t o  every s o l u t i o n  of 

e ( 3 . 3 )  found i n  t h i s  way, t h e r e  corresponds an E u l e r  f low,  v i a  t h e  
e x a c t  analogy ( 3 . 4 ) .  The analogy does n o t  ex tend  t o  q u e s t i o n s  of 
s t a b i l i t y  of t h e  s t e a d y  s ta tes  thus  determined. 

The magnetic r e l a x a t i o n  argument proceeds as fo l lows .  W e  suppose 
t h a t  g o  ( x )  i s  an a r b i t r a r y  i n i t i a l  f i e l d  ( a t  t = 0) i n  a domain D 

(which may be i n f i n i t e )  and t h a t  t h e  f l u i d  i s  p e r f e c t l y  conduct ing 
(so t h a t  E- l ines  are f r o z e n  i n  t h e  f l u i d )  b u t  v i s c o u s  (so t h a t  energy 
i s  d i s s i p a t e d  when t h e  f l u i d  moves). Such assumptions are p h y s i c a l l y  
a r t i f i c i a l ,  b u t  no matter: they  are merely an a r t i f i c e ,  a means t o -  
wards an end. I n  g e n e r a l  t h e  Lorentz  f o r c e  -J x i s  r o t a t i o n a l  a t  
t i m e  t = 0 ,  so t h e f l u i d  w i l l  move. The t o t a l  energy (magnetic p l u s  
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k i n e t i c )  then  d e c r e a s e s ,  b u t  s u b j e c t  t o  t h e  v i t a l  c o n s t r a i n t  t h a t  t h e  
topology of  t h e  E - f i e l d  i s  conserved. A s  t + a, t h e  v iscous  d i s s i -  
p a t i o n  must t e n d  t o  z e r o ,  and so t h e  v e l o c i t y  f i e l d  must everywhere 
tend  t o  zero .  I n  t h e  f i n a l  s t a g e s  of  t h i s  process ,  d i s c o n t i n u i t i e s  
of may form through a ' squeeze-f i lm'  mechanism i n  which f l u x  tubes 
embrace each o t h e r  i n  i n c r e a s i n g l y  c l o s e  c o n t a c t .  The f i n a l  f i e l d  
- BE (5)  i s  n o t  f o r  t h i s  reason s t r i c t l y  t o p o l o g i c a l l y  e q u i v a l e n t  ( o r  
homeomorphic) t o  t h e  i n i t i a l  f i e l d  E l ,  (x), b u t  it i s  n e v e r t h e l e s s  
' t o p o l o g i c a l l y  a c c e s s i b l e '  from it, be ing  obta ined  by t h e  convect ive 
a c t i o n  of a smooth v e l o c i t y  f i e l d  u ( t f , t )  ( 0  < t < ")  of f i n i t e  
t o t a l  d i s s i p a t i o n  . 

This  argument i m p l i e s  t h a t  t o  every f i e l d  2, (51, t h e r e  c o r r e s -  
ponds a t  l e a s t  one magnetos ta t ic  e q u i l i b r i u m  BE (5)  t o p o l o g i c a l l y  
a c c e s s i b l e  from it, t h e  l i n e s  of f o r c e ,  magnetic s u r f a c e s ,  and ergodi  
r e g i o n s  of E, mapping f a i t h f u l l y  t o  those  of E ( 5 ) .  By t h e  analog @ 
r e f e r r e d  t o  above, w e  may then  make a s i m i l a r  s ta tement  about  Euler  
f lows:  t o  every  s o l e n o i d a l  v e l o c i t y  f i e l d  g (x), t h e r e  corresponds 
a t  l eas t  one Euler  flow 2 (x), whose s t r e a m l i n e s  may be obta ined  by 
d i s t o r t i o n  of t h e  s t r e a m l i n e s  of c(x) by an (imagined) v e l o c i t y  f i e l d  
- v ( 5 , t )  ( O < t < w )  of  f i n i t e  t o t a l  ' d i s s i p a t i o n  i n t e g r a l ' ,  i . e .  

E 

CO J, ID (5)' a x j  dV d t  <CO. ( 3 . 5 )  
E W e  emphasise t h a t  t h e  E u l e r  flow 2 (5) w i l l  i n  genera l  conta in  v o r t e x  

s h e e t s  (which may w e l l  be s tacked  on t o p  of each o t h e r ,  o r  e x h i b i t  
o t h e r  c u r i o u s  f e a t u r e s )  even al though t h e  ' r e f e r e n c e '  f i e l d  g(x) i s  
everywhere d i f f e r e n t i a b l e .  With t h i s  q u a l i f i c a t i o n ,  it may be con- 
f i d e n t l y  a s s e r t e d  t h a t  t h e r e  i s  an uncountable i n f i n i t y  of topologi -  
c a l l y  d i s t i n c t  E u l e r  flows i n  any domain D. 

Consider now t h e  ' g e n e r i c '  s t r u c t u r e  of such a flow, s a t i s f y i n g  
( 3 . 2 ) .  Obviously 

( 3 . 6 ) .  

u.Vh = 0, w.Vh = 0 ,  - - 
so t h a t  bo th  s t r e a m l i n e s  and v o r t e x  l i n e s  l i e  i n  s u r f a c e s  h = c s t .  
I t  may however happen t h a t  i n  some subdomain D' of D ,  h i s  i d e n t i c a l l y  
c o n s t a n t ,  so t h a t  y g  Z 0 i n  D', i . e .  

f o r  some s c a l a r  f i e l d  a ( E ) ,  s a t i s f y i n g  

s i n c e  both  and g a r e  s o l e n o i d a l .  Hence now t h e  s t r e a m l i n e s  (coin-  
c i d i n g  wi th  t h e  v o r t e x  l i n e s )  l i e  on s u r f a c e s  a = cst .  Yet a g a i n ,  
it may happen t h a t ,  i n  some subdomain D1 of D', a i s  i d e n t i c a l l y  con- 
s t a n t ,  so t h a t  

.U - = a ( x )  i n  D' ( 3 . 7 )  

- u.va = 0 ( 3 . 8 )  

- w = al 2 i n  D1 , a1 = c s t .  (3.9) 
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Only i n  t h i s  c i rcumstance can t h e  s t r e a m l i n e s  be e r g o d i c  i n  D1 ( o r  i n  
some subdomain of D1). 
of 
must be s a t i s f i e d .  This  i s  impor tan t ,  because t h e  a r b i t r a r y  r e f e r e n c e  

f i e l d  g(x) w i l l  i n  g e n e r a l  have e r g o d i c  reg ions  which w i l l  map i n t o  
corresponding reg ions  D 1, D2, - - -, i n  which t h e  a s s o c i a t e d  Euler  

flow i s  l i k e w i s e  e rgodic .  The p i c t u r e  i s  i n d i c a t e d  schemat ica l ly  i n  
Fig.  4 :  b lobs  of maximal h e l i c i t y  (E = a U )  i n  which t h e  s t r e a m l i n e s  
a r e  e rgodic  a r e  s e p a r a t e d  by f a m i l i e s  of  s t ream-vortex s u r f a c e s ,  on 
which, through confluence of  s t ream-sur faces ,  v o r t e x  s h e e t s  may be 
loca ted .  

Conversely,  i f  w e  know t h a t  t h e  s t r e a m l i n e s  
are ergodic  i n  a subdomain D1, then  t h e  B e l t r a m i  p r o p e r t y  (3 .9)  

n -  

Fig.  4 .  Generic s t r u c t u r e  of  E u l e r  f low: e r g o d i c  b lobs  are s e p a r a t e d  
by f a m i l i e s  of strearn-vortex s u r f a c e s  on which v o r t e x  s h e e t s  may be 
l o c a t e d .  

W e  have observed above t h a t  t h e  analogy between Euler  flows and 
a a g n e t o s t a t i c  e q u i l i b r i a  does n o t  ex tend  t o  q u e s t i o n s  of s t a b i l i t y .  

The magnetos ta t ic  e q u i l i b r i a ,  a r r i v e d  a t  through a r e l a x a t i o n  p r o c e s s ,  
may be expected t o  be s t a b l e  w i t h i n  t h e  p e r f e c t  c o n d u c t i v i t y  frame- 
work, t h e  magnetic energy being minimal i n  t h e  subspace of topologi -  
c a l l y  a c c e s s i b l e  f i e l d s .  The analogous E u l e r  flow sE may however be 
uns tab le  i n  t h e  d i f f e r e n t  subspace of v e l o c i t y  f i e l d s  whose v o r t i c i t y  
f i e l d s  W_ are t o p o l o g i c a l l y  a c c e s s i b l e  from O_ This  dichotomy has  
been explored i n  d e t a i l  (Moffa t t  1986a) where it i s  shown, by way of 
example, t h a t  t h e  ABC-flow s t u d i e d  by Dombr6 e t  a1 (1986) i s  u n s t a b l e  
t o  la rge-sca le  h e l i c a l  p e r t u r b a t i o n s ,  whereas t h e  analogous magneto- 
s t a t i c  e q u i l i b r i u m  i s  s t a b l e .  

E . 
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When v o r t e x  s h e e t s  a r e  p r e s e n t  i n  t h e  E u l e r  f low,  t h e s e  a r e  of 
course  s u b j e c t  t o  t h e  fundamental  Kelvin-Helmholtz i n s t a b i l i t y  lead ing  
t o  i n t r i n s i c  and inescapable  wind-up i n t o  t h e  f a m i l i a r  double s p i r a l  
s t r u c t u r e s .  When t h e  wave-crests  of t h e  i n s t a b i l i t y  are i n c l i n e d  t o  
t h e  v o r t i c i t y  i n  t h e  s h e e t  a s  i s  i n e v i t a b l e  f o r  a g e n e r a l  t o r o i d a l  
topology (Moffa t t  1 9 8 4 ) ,  t h e  i n s t a b i l i t y  s t r e t c h e s  t h e  v o r t i c i t y  per-  
p e n d i c u l a r  t o  t h e  crests, so t h a t  ens t rophy i n c r e a s e s  ( u n l i k e  t h e  
two-dimensional s i t u a t i o n ) ;  t h i s  of course  i s  an e s s e n t i a l  f e a t u r e  
of  3-dimensional tu rbulence .  

The e l e m e n t a l  p i c t u r e  of  random v o r t e x  s h e e t s  (Townsend 1951) g i v e s  
a k-’ energy spectrum, modif ied by an e x p o n e n t i a l  cu t -of f  on t h e  
i n n e r  (Kolmogorov) scale. W e  c o n j e c t u r e  t h a t  t h e  double s p i r a l  wind- 
up a s s o c i a t e d  w i t h  t h e  Kelvin-Helmholtz i n s t a b i l i t y ,  p o s s i b l y  o c c u r r i n g  
on a s u c c e s s i o n  of d e c r e a s i n g  l e n g t h - s c a l e s ,  w i l l  conver t  t h i s  s p e c t  
t o  t h e  s lower k -’I3 f a l l - o f f  r e q u i r e d  by t h e  cascade ( s i m i l a r i t y )  
t h e o r y  of  Kolmogorov (see, f o r  example, Batchelor  1953) i n  p a r a l l e l  
w i t h  t h e  corresponding 2-dimensional problem descr ibed  i n  42  above. 
H e r e ,  t h e  p i c t u r e  is  c l o s e  t o  t h a t  of Lundgren (1982) who has  suc- 
ceeded i n  e x t r a c t i n g  a k-5’3-spectrum from a ‘ s t r a i n e d  s p i r a l  vor tex’  
model of tu rbulence .  

119) 

A s  r e g a r d s  t h e  e r g o d i c  b lobs  of maximal h e l i c i t y ,  w e  may t e n t a -  
t i v e l y  a s s o c i a t e  t h e s e  wi th  t h e  ‘ c o h e r e n t  s t r u c t u r e s ’  t h a t  have been 
i d e n t i f i e d  i n  a v a r i e t y  of  t u r b u l e n t  f lows.  T o  be  s u r e ,  t h e  con- 
d i t i o n  w_ = an U_ i s  no longer  e x a c t l y  s a t i s f i e d  i n  t h e  blob Dn when 
p e r t u r b e d  by t h e  i n f l u e n c e  o f  Kelvin-Helmholz i n s t a b i l i t i e s  i n  
a d j a c e n t  l a y e r s ;  b u t  i f ,  i n  some s e n s e ,  t h e  real  t u r b u l e n t  f low 
f o l l o w s  a t r a j e c t o r y  ( i n  f u n c t i o n  space)  around an u n s t a b l e  f i x e d  
p o i n t  (as sugges ted  by t h e  behaviour  of s impler  f in i te -d imens iona l  
systems)  then  e r g o d i c  b lobs  i n  which 2 i s  n e a r l y  p a r a l l e l  t o  are t o  
be expected;  w i t h i n  t h e s e  b l o b s ,  n o n l i n e a r  energy t r a n s f e r  repre-  
s e n t e d  by t h e  t e r m  5 x 2 o f  t h e  E u l e r  e q u a t i o n  (3 .1 )  i s  then  weak, 
and so they  w i l l  be r e l a t i v e l y  p e r s i s t e n t ,  and t h e r e f o r e  i d e n t i f i a b l e .  
Independent evidence has  been provided by Tsinober  & Levich (1983) 
t h a t  coherent  s t r u c t u r e s  i n  real  t u r b u l e n t  f lows do indeed g e n e r a l l y  
e x h i b i t  non-zero h e l i c i t y  i n  t h e  a p p r o p r i a t e  co-moving frame of 
r e f e r e n c e ;  and(Shti1man e t  a1 1985) t h a t  coherent  s t r u c t u r e s  of non- 
z e r o  h e l i c i t y  ( p o s i t i v e  and n e g a t i v e )  do emerge i n  d i r e c t  numerical  
s i m u l a t i o n s  of c e r t a i n  space-per iodic  f lows ,  of which t h e  Taylor- 
Green v o r t e x  may be regarded  as t h e  pro to type  (see a l s o  Levich 1985). 

a 
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4 .  Appearance of D i s c o n t i n u i t i e s  i n  t h e  Magnetic Relaxa t ion  Problem 
The appearance of d i s c o n t i n u i t i e s  i s  a very impor tan t  a s p e c t  of t h e  
magnetic r e l a x a t i o n  problem, foreshadowed by t h e  d i s c u s s i o n  of Arnold 
( 1 9 7 4 )  who simply poin ted  o u t  t h a t  t h e  problem would i n  g e n e r a l  have 
no s o l u t i o n  ' w i t h i n  t h e  class of smooth v e c t o r  f i e l d s ' .  Discon- 

t i n u i t i e s  form even i n  two-dimensional s i t u a t i o n s ,  by a mechanism 
t h a t  w e  s h a l l  now i n d i c a t e .  

Fig.  

Oine 
5. Relaxat ion of  f i e l d  wi th  one e l l i p t i c  n e u t r a l  p o i n t :  each 
of f o r c e  becomes a c i rc le .  

Consider f i r s t  t h e  very s imple topology i n d i c a t e d  i n  F ig .  5 ,  i n  
which t h e  i n i t i a l  f i e l d  _B,(x) w i t h i n  a c y l i n d e r  of  c i r c u l a r  c r o s s -  
s e c t i o n  has  a s i n g l e  e l l i p t i c  ( o r  ' 0 - t y p e ' )  n e u t r a l  p o i n t  i n  t h e  
i n t e r i o r  of t h e  domain. Magnetic r e l a x a t i o n  proceeds through 
c o n t r a c t i o n  of E- l ines ,  b u t  h e r e  s u b j e c t  t o  t h e  e s s e n t i a l l y  topolo-  
g i c a l  c o n s t r a i n t  t h a t  t h e  area w i t h i n  each convected f i e l d - l i n e  
remains c o n s t a n t .  Equi l ibr ium i s  a t t a i n e d  when t h e  l e n g t h  of  each 
- B-line i s  minimised s u b j e c t  t o  t h i s  c o n s t r a i n t ,  i . e .  when each E- l ine  
i s  c i r c u l a r ;  moreover t h e s e  c i r c l e s  must be c o n c e n t r i c  w i t h  t h e  
cy l inder  i n  o r d e r  t o  e q u a l i s e  t h e  magnetic p r e s s u r e  along E- l ines .  
There i s  t h u s  a unique e q u i l i b r i u m  towards which t h e  f i e l d  r e l a x e s ,  
and t h i s  has  no d i s c o n t i n u i t i e s .  

Consider now t h e  more complex topology of f i g u r e  6 i n  which t h e  
i n i t i a l  f i e l d  _B,(x) has  two e l l i p t i c  n e u t r a l  p o i n t s  and one h y p e r b o l i c  
o r  'X-type')  n e u t r a l  p o i n t  i n  t h e  i n t e r i o r  of t h e  domain. Again, .' each f i e l d  l i n e  would l i k e  t o  become c i r c u l a r  i n  o r d e r  t o  minimise 

length  s u b j e c t  t o  c o n s t a n t  enc losed  a r e a ,  b u t  t h i s  i s  no longer  com- 
p a t i b l e  with t h e  topology. The system must seek an a l t e r n a t i v e  r o u t e  
t o  equi l ibr ium.  The d i s p o s i t i o n  of Lorentz  f o r c e s  i n  t h e  neighbour- 
hood of t h e  X-type n e u t r a l  p o i n t  i s  such as t o  e j ec t  f l u i d  from t h e  
acute  angles ,  and so t o  decrease  t h e s e  a n g l e s .  This  process  con-  
t i n u e s  u n t i l  (as t * ..) a f i e l d  d i s c o n t i n u i t y  ( o r  c u r r e n t  s h e e t )  must 
form. This e f f e c t  has  been confirmed numer ica l ly  by Baler (1986, i n  
prepara t ion)  who f i n d s  an asymptot ic  c o n f i g u r a t i o n  w i t h  cusped s t r u c -  
t u r e  as i n d i c a t e d  i n  Fig.  6 .  
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Fig.  6 .  Re laxa t ion  of  f i e l d  wi th  two e l l i p t i c  n e u t r a l  p o i n t s  and one 
h y p e r b o l i c  p o i n t :  a c u r r e n t  s h e e t  d i s c o n t i n u i t y  forms wi th  a cusped 
s t r u c t u r e  a t  i t s  end-points  ( K .  Bajer 1986) .  

For a more g e n e r a l  topology,  and i n  p a r t i c u l a r  f o r  a random mag- 
n e t i c  f i e l d ,  such behaviour  i s  t o  be expected i n  t h e  neighbourhood of  
every  X-type n e u t r a l  p o i n t .  This  indeed & t h e  behaviour t h a t  has  
been r e v e a l e d  i n  t h e  d i r e c t  numerical  s i m u l a t i o n s  of  F r i s c h  e t  a1 
(1983) .  These s i m u l a t i o n s  were c a r r i e d  o u t  wi th  non-zero magnetic 
d i f f u s i v i t y  rl ( i n  f a c t  wi th  1? = v ) ,  b u t  t h e  tendency t o  form near- 
d i s c o n t i n u i t i e s  w a s  n e v e r t h e l e s s  apparent .  

i n  t h e  s o l a r  atmosphere,  as p e r s u a s i v e l y  argued by Parker  ( 1 9 7 9 ,  

chap. 1.4) who c o n s i d e r s  t h e  p o s s i b l e  s t r u c t u r e  o f  f o r c e - f r e e  f i e l d s  
and of  m a g n e t o s t a t i c  e q u i l i b r i a  of  p r e s c r i b e d  n o n - t r i v i a l  topology, 
w i t h  t h e  conclus ion  t h a t  i n  g e n e r a l  t h e s e  must e x h i b i t  d i s c o n t i n u i t i e s .  
This  i s  e n t i r e l y  c o n s i s t e n t  wi th  t h e  p o i n t  of  view developed i n  t h e  
p r e s e n t  paper .  W e  r e t u r n  t o  t h e  s o l a r  atmosphere contex t  i n  s e c t i o n  
6 below. 

0 
Formation of  c u r r e n t  s h e e t  d i s c o n t i n u i t i e s  i s  an important  process  

5. The Fast  Turbulent  Dynamo 
A s  i n d i c a t e d  i n  t h e  i n t r o d u c t i o n ,  a t u r b u l e n t  dynamo a c t i n g  i n  t h e  
convec t ion  zone o f  any l a t e - t y p e  s t a r  (e .g .  t h e  S u n ) ,  and i n  which t h e  
magnetic Reynolds number i s  of o r d e r  1 0 4  o r  g r e a t e r ,  must presumably 
b e  of ' f a s t '  type  i n  t h e  s e n s e  o f  Vainshte in  & Zel 'dovich (1972) .  The 
growth ra te  of such a dynamo ( n e g l e c t i n g  back-react ion e f f e c t s )  i s  
independent  of Rm i n  t h e  l i m i t  Rm -+ 43 ,  i . e .  it e x h i b i t s  a 'magnetic 
Reynolds number s i m i l a r i t y '  analogous to t h e  Reynolds number s i m i l a r i t y  
t h a t  i s  f a m i l i a r  i n  convent iona l  tu rbulence .  I t  has  been shown by 
Moffa t t  & P r o c t o r  (1985) t h a t  i f  t h e  magnetic d i f f u s i v i t y  q i s  zero  
( i .e .  Rm = a), then  dynamo a c t i o n  i s  imposs ib le  wi th  a s t e a d y  v e l o c i t y  
f i e l d  ~(x), even i f  t h i s  i s  a random f u n c t i o n  of  p o s i t i o n .  I t  seems 
l i k e l y  t h a t  t h i s  i s  t r u e  a l s o  f o r  unsteady ( t u r b u l e n t )  f i e l d s  g ( x , t ) ,  
a l though opin ions  are d i v i d e d  on t h i s  matter. 

I t  seems i n t u i t i v e l y  clear t h a t ,  as Rm -t a, t h e  magnetic f i e l d  
f l u c t u a t i o n s  w i l l  have p r o g r e s s i v e l y  f i n e r  scale, and w i l l  i n e v i t a b l y  
be l a r g e r  (by some p o s i t i v e  power o f  Rm) than  t h e  mean f i e l d .  
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has  been used by Piddington ( 1 9 7 2 )  as an argument a g a i n s t  t h e  a p p l i c a -  
b i l i t y  of t h e  methods of  mean-field e lectrodynamics developed by 
Steenbeck, Krause & Radler ( 1 9 6 6 )  ( f o r  a comprehensive account  of 
t h i s  and subsequent papers ,  see Krause & Rsdler  1380) ;  t h e  cr i t ic ism 
i s  however n o t  sound: 
t h e  f l u c t u a t i o n  be small compared wi th  t h e  mean. This  a r e q u i r e -  
ment of t h e  f r e q u e n t l y  used ' f i r s t - o r d e r  smoothing'  approximation 
(see Moffa t t  1978, Chap.7) which i s  c e r t a i n l y  n o t  v a l i d  when R >> 1. 

What i s  needed when Rm >> 1 i s  an a l t e r n a t i v e  approaah, s t i l l  w i t h i n  
t h e  genera l  framework of t h e  mean-field method. This  means essen-  
t i a l l y  t h a t  w e  need a good theory  f o r  t h e  de te rmina t ion  of t h e  
'genera t ion  c o e f f i c i e n t  a ( i n  t h e  ' a - e f f e c t ' )  and t h e  t u r b u l e n t  
magnetic d i f f u s i v i t y  6 , which remains v a l i d  no matter how l a r g e  Rm 

t h e  mean-field method does not r e q u i r e  t h a t  

m 

ay be. 
One p o s s i b l e  approach, which seems t o  i n c o r p o r a t e  t h e  r i g h t  phys ics ,  

involves  t h e  r e n o r m a l i s a t i o n  group technique ,  as d e s c r i b e d  by Moffa t t  
(1983) .  Here w e  simply review t h e  elements  of t h i s  procedure.  The 
energy spectrum E ( k )  and t h e  h e l i c i t y  spectrum H(k)  (on which t h e  
a - e f f e c t  depends) are f i r s t  d i s c r e t i s e d ,  and f i r s t  o r d e r  smoothing i s  
appl ied  t o  t h e  smallest scales ( o r  l a r g e s t  wave-numbers), whose 
a s s o c i a t e d  magnetic Reynolds number Rm(k) is s m a l l .  
'mean-field '  equa t ion  involv ing  an a - e f f e c t  and a (weak) t u r b u l e n t  
d i f f u s i v i t y  which supplements t h e  (weak) molecular  d i f f u s i v i t y .  This  
process  i s  then  r e p e a t e d :  another  ' b i t e '  i s  taken  of t h e  energy and 
h e l i c i t y  s p e c t r a ,  t h e s e  being p r o g r e s s i v e l y  devoured from t h e  'k = 00' 

end. The mean-field equat ion  i s  modif ied o n l y  through change i n  t h e  
va lues  of a and ( i . e .  through r e n o r m a l i s a t i o n ) .  A f t e r  n s imi l a r  
s t e p s ,  w e  o b t a i n  va lues  a n f  f3, i n  terms o f  an-l, 

H(kn) .  
j u s t i f y  with any r i g o u r ,  t h a t  cumulat ive e r r o r s  ar'e s m a l l ,  and t h a t  

This  y i e l d s  a 

f3n-l E (k,) and 
Now, w e  make t h e  e s s e n t i a l  assumption, which i s  hard  t o  

w e  may r e t u r n  t o  continuum ( r a t h e r  than  d i s c r e t e )  s p e c t r a .  This  
.yields d i f f e r e n t i a l  equat ions  f o r  a ( k )  and B(k) t h e  e f f e c t i v e  a and 

f3 a s s o c i a t e d  wi th  a l l  scales of motion smaller t h a n  k-'. 
These equat ions  are 

da - 1 2aE(k) + (1? + B)H(k) 
a k - 3  k2(q+8I2 - a2 

(5 .1 )  

and t h e s e  are t o  be i n t e g r a t e d  i n  from k = 00, w i t h  ' i n i t i a l '  condi- 
t i o n s  a ( & )  = 0 ,  @(a) = 0 .  
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The i n t e r e s t i n g  t h i n g  now i s  t h a t  a l i t t l e  molecu la r  d i f f u s i v i t y  q 
i s  needed t o ,  a s  it were, g e t  t h e  system s t a r t e d :  i f  rl = 0, t h e  f i r s t  
s t e p  o f  t h e  smoothing p r o c e s s  canno t  be j u s t i f i e d .  A t  t h e  same t i m e ,  
i f  rl > 0 (no matter how s m a l l ) ,  t h e n  La(k) 1 i n c r e a s e s  as k d e c r e a s e s  
t o  a maximum v a l u e  loc(k) I i ndependen t  o f  q. I n  f a c t ,  q+B may be max 
e l i m i n a t e d  from (5 .1  ) g i v i n g  

2 
(5  - 2 )  - d a 2 = 2 a 2 ( 2 a  E - h H )  

3 (kh - or2) dk (kh + a 2 )  
00 

where h ( k )  = $ 5 k-2 H(k)  dk. (5 .3 )  k 
When k i s  l a r g e  ( a n d ( a J  s m a l l ) ,  ( 5 .2 )  becomes 

Suppose, f o r  example,  t h a t  H(k) - C k-m f o r  l a r g e  k ,  so  t h a t  
and h ( k )  - $ 1 

Then a2 - k-2'm + as k + W .  (5 .6 )  

( m + ] ) - '  k'(m+l) 

a2 - -2 k - l  ( m  + 1 )  a 2 . - (5 .5 )  dk 

Thus, as k d e c r e a s e s  from 00, a* w i l l  ' l a t c h  on '  t o  t h i s  s o l u t i o n .  The 
t y p i c a l  behav iour  o f  a 2  i s  i n d i c a t e d  i n  f i g u r e  7 .  

I km k 

Fig .  7 .  Form o f  t h e  f u n c t i o n  a 2 ( k )  as determined by i n t e g r a t i o n  o f  
e q u a t i o n  ( 5 . 2 )  . 

I n  a real  sys t em such  as t h e  Sun, it i s  o f  cour se  u n r e a l i s t i c  t o  
pu r sue  t h e  i n t e g r a t i o n  a l l  t h e  way t o  k = 0. Ra the r ,  one shou ld  
s t o p  around t h e  wave-number km where a2 i s  maximal and use  e q u a t i o n s  
( 5 . 1 )  t o  de t e rmine  a ( k m )  , B(km) 
m o d e l l i n g ) .  
numer i ca l  s i m u l a t i o n ,  i n  t h e  manner o f  Gilman & M i l l e r  ( 1 9 8 1 ) .  

( t h i s  i s  j u s t  a form o f  sub -g r id  
S c a l e s  l a r g e r  t h a n  kmlshould i d e a l l y  be  t r e a t e d  by f u l l  

6 .  Chromospheric Turbulence,  and t h e  Formation o f  D i s c o n t i n u i t i e s  
O u t s i d e  t h e v i s i b l e  s u r f a c e  o f  t h e  Sun ( t h e  pho tosphe re )  t h e  d e n s i t y  
of t h e  so la r  atmosphere f a l l s  o f f  v e r y  r a p i d l y ,  and t h e  dynamics i s  

t o t a l l y  dominated by t h e  magnet ic  f i e l d  emanat ing from t h e  s u r f a c e .  
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This f i e l d  presumably a d j u s t s  i t s e l f  more o r  less i n s t a n t a n e o u s l y  t o  
be f o r c e - f r e e  (1 x = 01, s i n c e  o therwise  i n f i n i t e  a c c e l e r a t i o n s  
would occur .  A c t u a l l y ,  t h e  process  by which t h i s  adjustment  occurs  
i n  response t o  a changing photospher ic  f i e l d  i s  n o t  a t  a l l  c l e a r ;  l e t  

us assume however, fo l lowing  Low ( 1 9 7 7 ) , t h a t  it does occur  and t h a t  
t h e  f i e l d  i n  t h e  chromosphere i s  e s s e n t i a l l y  f o r c e - f r e e  a t  a l l  t i m e s .  
The f i e l d  l i n e s  emerge from t h e  photosphere,  where they  are rooted  t o  
t h e  sub-photospheric  plasma which may be assumed p e r f e c t l y  conduct ing 
on t h e  time-scale c h a r a c t e r i s t i c  of s o l a r  magnetic a c t i v i t y .  
f i e l d  has  a complex random s t r u c t u r e ,  which i s  c o n s t a n t l y  changing as 
t h e  f o o t p o i n t s  of t h e  f i e l d - l i n e s  move wi th  t h e  plasma. 

Adopting, f o r  s i m p l i c i t y ,  a two-dimensional model of t h i s  f i e l d ,  

This  

w e  may expec t  a random d i s t r i b u t i o n  of 0-type and X-type n e u t r a l  

o i n t s  below t h e  photosphere.  The f i e l d  topology i n  t h e  neighbour- 4 ood of  any X-type n e u t r a l  p o i n t  i s  a s  i n d i c a t e d  i n  f i g u r e  8 .  C l e a r l y  
one f i e l d  l i n e  ABC above t h e  n e u t r a l  p o i n t  must touch t h e  photosphere 

( a t  B ) .  

and below t h i s  ' c r i t i c a l '  f i e l d  l i n e .  A s  t h e  f o o t p o i n t s  move due t o  
sub-photospheric t u r b u l e n c e ,  t h e  f i e l d  i n s t a n t a n e o u s l y  a d j u s t s  i t s e l f  
t o  remain f o r c e - f r e e .  This means t h a t  t h e  f i e l d  i n  t h e  chromosphere 
i s  i n s t a n t a n e o u s l y  determined by t h e  motion of t h e  f o o t p o i n t s ,  i . e .  
by t h e  motion of A '  and C '  f o r  t h e  f i e l d  l i n e  A ' C ? ,  and by A1 and B1 

f o r  t h e  f i e l d  l i n e  AIB1. 

independent ,  w e  must t h e r e f o r e  expec t  i n  g e n e r a l  t h a t  a t a n g e n t i a l  
d i s c o n t i n u i t y  ( o r  c u r r e n t  s h e e t )  w i l l  form on AB and l i k e w i s e  on BC. 

Deta i led  c a l c u l a t i o n  confirms t h i s  conclus ion .  

Consider now two f i e l d  l i n e s  A ' C '  and A1B1B2C2 j u s t  above 

Since  t h e  motions of B1 and C '  a r e  q u i t e  

Fig.  8. F i e l d  s t r u c t u r e  above a hyperbol ic  n e u t r a l  p o i n t  j u s t  below 
t h e  photosphere:  when t h e  f o o t p o i n t s  move, a c u r r e n t  s h e e t  appears  on 
t h e  c r i t i c a l  l i n e  of f o r c e  ABC. 

The importance of X-type n e u t r a l  p o i n t s  i n  t h e  chromospheric con- 
t e x t  was f i r s t  po in ted  o u t  by Sweet ( 1 9 6 9 )  and Syrovatsky ( 1 9 6 6 ) -  

see a l s o  Pr ies t  ( 1 9 8 2 ,  chap.10) .  The 
below t h e  photosphere may e q u a l l y  have 
chromospheric a c t i v i t y  has  n o t  however 
Curren t  s h e e t  d i s c o n t i n u i t i e s ,  and t h e  

f a c t  t h a t  such n e u t r a l  p o i n t s  
an impor tan t  i n f l u e n c e  on 
been p r e v i o u s l y  recognized.  
means by which they  mgy appear ,  
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have an impor tan t  b e a r i n g  on t h e  phenomenon of s o l a r  f l a r e s  and 
similar b u r s t s  of magnetic a c t i v i t y  on t h e  Sun. 

8. Summarv 
This  review of geophys ica l  and a s t r o p h y s i c a l  tu rbulence  has  neces- 
s a r i l y  been very  s e l e c t i v e ,  and w e  have focussed mainly on a s p e c t s  of 
bo th  two-dimensional and three-dimensional  tu rbulence  t h a t  may f a i r l y  
be d e s c r i b e d  a s  t o p o l o g i c a l  i n  c h a r a c t e r .  When a magnetic f i e l d  i s  
p r e s e n t  (as i t  almost  i n e v i t a b l y  i s  i n  a high c o n d u c t i v i t y  plasma) 
t h e  f a c t  t h a t  - l i n e s  are f rozen  i n  t h e  f l u i d  on t ime-sca les  s m a l l  
compared w i t h  t h e  ( l o n g )  d i f f u s i o n  t i m e  makes t o p o l o g i c a l  ( a s  opposed 
t o  p u r e l y  a n a l y t i c )  arguments even more appeal ing.  This  p o i n t  of 
view has been urged by Parker  ( 1 9 7 9 )  and o t h e r s ;  and t h e  f a c t  t h a t  
h e l i c i t y ,  a l r e a d y  known t o  be of v i t a l  importance i n  t h e  dynamo 
c o n t e x t ,  has  a t o p o l o g i c a l  i n t e r p r e t a t i o n ,  l ends  f u r t h e r  f o r c e  t o  
t h i s  s t a n d p o i n t .  The method d e s c r i b e d  i n  93 ,  involv ing  t o p o l o g i c a l  
i d e a s  i n  an e s s e n t i a l  way, i s  remarkably powerful i n  providing new 
i n s i g h t s  bo th  f o r  t h e  problem of  t u r b u l e n c e ,  and f o r  c e r t a i n  c lass ical  
problems of laminar  flow theory  (Moffa t t  198633). I t  seems t h a t  w e  
may be on t h e  t h r e s h o l d  of major advances i n  b a s i c  understanding,  
which w i l l  have a profound i n f l u e n c e  on f u r t h e r  a n a l y t i c a l  and nume- 
r i c a l  work. 

* 
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