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Abstract 
Certain fluid dynamical problems having a pecularily topological flavour are re- 
viewed. First, some properties of the helicity invariant of the Euler equations are 
described. Then the technique of magnetic relaxation for the indirect determina- 
tion of steady Euler flows is summarised. Applications to the relaxation of two- 
dimensional fields characterised by an invariant signature function, of knotted 
magnetic flux tubes to minimum energy states, and of chaotic three-dimensional 
fields are briefly discussed. 

1 Introduction 

Let us consider an incompressible fluid moving with velocity field u(x, t) where 
V-U = 0. Let p be the density of the fluid (assumed uniform and constant), p(x, t )  
the pressure field, V(x, t )  the potential of any conservative forces (including 
gravity), and f(x,  t )  any other non-conservative forces applied to  the fluid. Then 
the evolution of the flow is'described by the Navier-Stokes equation 

(1.1) 
dU - = U A W  - V h +  v V 2 u + f  
dt 

where w = V A U is the vorticity field, h = p/p+  $u2 + V, and U is the kinematic 
viscosity of the fluid. This famous equation describes both laminar and turbulent 
flows. Only a handful of exact solutions are known, and these usually correspond 
to highly idealised boundary and/or initial conditions. In practical contexts, 
and particularly for turbulent flow fields, recourse must generally be had to 
numerical techniques, which are highly developed. These are however viable 
only for &her modest values of the Reynolds number Re, defined as Re = U L / u  
where U is a typical velocity and L a typical length-scale of the flow field. In many 
practical contexts, Re 2 106, or even (in meteorological contexts) Re 2 108, 
and numerical techniques have to  be coupled with semi-empirical assumptions 
of dubious validity. Asymptotic theories (for Re >> 1) are still at  a rudimentary 
stage of development, but the hope for the future must lie in a development of 
these asymptotic theories, and incorporation of the results in improved numerical 
techniques. 
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In the limit Re t 03 (or equivalently U t 0) and assuming f = 0, (1.1) 
reduces to the Euler equation of classical‘hydrodynamics 

all - = u A w - V ~  at 
As is well-known, this is a singular limit which fails to describe boundary layers 
at the fluid boundaries, or the structure of vortex sheets, or other singularities, 
in the fluid interior. Excluding such singular regions, however, eqn. (1.2) may be 
expected to provide a reasonable description of the evolution of the flow. 

The curl of (1.2) provides the vorticity equation 

-- - V A ( U A W )  , au 
at 

which embodies the results of Helmholtz (1858) and Kelvin (1869), specifically 
that vortex lines move as if they were composed of fluid particles - in modern 
parlance, the vortex lines are ‘frozen in the fluid’. As Kelvin recognized, this 
means that all topological structures associated with the vorticity field are in- 
variant: two closed vortex tubes remain linked for all time if they are linked at 
time t = 0; a single vortex tube remains knotted in the form of a knot K if 
it is so knotted at time t = 0; and so on. Equation (1.3) may be regarded as 
the ‘master equation’ that guarantees invariance of the complete topology of the 
vorticity field u(x, t). This is a powerful statement, because, for example, all 
knot invariants may be regarded (although some may consider it eccentric to do 
so) as invariants of the nonlinear evolution equation (1.3). 

When we adopt a topological (as opposed to an analytical or differential) ap- 
proach to fluid dynamics, we seek to exploit the topological invariance embodied 
in (1.3). This forces us to focus on the global (as opposed to local) properties 
of the vorticity field and to identify specific invariants of (1.3) which have a 
topological character. 

It proves fruitful to widen the investigation by considering an arbitrary 
‘frozen-in’ solenoidal field B(x, t) (V * B = 0) satisfying the evolution equation 
(cf. (1.3)) 

This is the equation satisfied by the magnetic field B(x,t) in a perfectly con- 
ducting fluid moving with velocity u(x,t); it also serves as a model for any 
other situation in which a vector field B is transported by the fluid, the flux of 
B through any material surface element being conserved. The field U may be 
independent of B (in which case B is a ‘passive’ vector field and eqn. (1.4) is 
linear); or U may be influenced by B through dynamic effects (e.g. through the 
Lorentz force in the magnetohydrodynamic context), and then (1.4) is in effect 
a nonlinear evolution equation, like (1.3). 



Topological Dynamics of Fluids 

2 The Helicity Invariant 
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Consider a closed material surface S, within the fluid on which n w = 0, a 
condition that persists for all t when w satisfies (1.3). Let V be the volume 
inside Sw; we may then define the helicity ‘H of the flow within V as 

r 

and there is a family of such integrals corresponding to any family of vorticity 
surfaces S,. It is known (Moreau 1961, Moffatt 1969) that, under the Euler 
evolution (1.3), ‘H is invariant: 

and that this invariance is a consequence of the conserved topology of the vortic- 
ity field. Thus, for example, if the vorticity field consists of two (possibly linked) 
vortex tubes in each of which the vortex lines are untwisted, then 

‘H = CSt., (2.2) 

‘H = f2nK1K2 , (2.3) 

where ~1 , ~2 are the (conserved) circulations of the tubes, n is the Gauss linking 
number of their axes, and the + or - is chosen according as the linkage is positive 
or negative. Eqn. (2.3) provides a clear bridge between an invariant of classical 
fluid dynamics and the fundamental topological invariant n of two linked curves. 

A further bridge is provided through consideration of a single knotted vortex 
tube of circulation’K, the axis C of the tube being knotted in the form of a knot 
K (Moffatt & Ricca 1991). Here we cannot avoid consideration of the twist of 
the u-lines within the tube. Suppose that this twist is uniform in the sense that 
each pair of w-lines in 7 has the same linking number n. Then the helicity of 
the tube may be calculated explicitly in the form 

‘ H = f n K 2  , (2.4) 

where again the + or - is chosen according as the linkage is right-handed or left- 
handed. In this situation, the number n may be related to geometric properties of 
the ribbon whose boundaries are the axis C (itself a vortex line) and any other 
vortex line in the tube. Let N(s) be a unit transverse vector on this ribbon, 
where s is arclength on C. Then, following Fuller (1971) we may define the twist 
of the ribbon by . .  

where N’ = dN/ds. We may also define the writhe WT of C by 

dxAdx).(x-x’)  
wr=’ff 4n c c lx - 13 

Then, as shown by CQugkeanu (1961) and White (1969), 

n = W r + T w  , (2.7) 
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so that the sum of writhe and twist is a topological invariant of the ribbon. The 
twist may be further decomposed in the form 

T w = 7 + N o  , (2.8) 

where 
7 = / r ( s ) d s  , (2.9) 

~ ( s )  is the torsion on C, and NO is the number of rotations of N(s) relative to  the 
F’renet triad on C in one passage round C. It is interesting to note here that if C 
is deformed through an inflexion point, then both 7 and NO are discontinuous 
(by f l  and r f l  respectively) but 7 + NO is continuous. The self-linking number 
SL introduced by Pohl (1968) (half the algebraic sum of the cross-tangents on 
C) may be identified with Wr + 7, and is likewise discontinuous in deformation 
of C through any inflexional configuration. 

3 Relaxation With Conservation of Topology 

Regarding (1.2) as a dynamical system in the phase-space of solenoidal velocity 
fields, attention first focuses on the fixed points of this dynamical system, i.e. 
on the steady Euler flows satisfying 

U A W = V ~  . (3.1) 

These flows are characterised by the property that their energy 

E = f / u 2 d V  

is stationary under ‘isovortical’ displacements, i.e. perturbation under which 
the vorticity field is frozen. Moreover, if E is extremal (either maximum or 
minimum) under such perturbations, then the flow is stable (Arnol’d 1966). It 
makes sense therefore to attempt to  construct relaxation processes which drive 
the system towards a state of stationary energy, and then to consider the nature 
of the stationary point, whether saddle or extremum. One such process has been 
proposed by Moffatt (1985), following an earlier suggestion of Arnol’d (1974). 
This first involves consideration of the relaxation of a magnetic field B in a 
perfectly conducting, but viscous, fluid, a process governed by the equations 

- 3B = V A ( V A B )  
at 
6% 1 1 - + v . Vv = - -Vp + - j A  B + vV2v 
at P P 

(3.3) 

(3.4) 

where v is the velocity field (the change of notation here is deliberate), and 
j = V A  B is the current distribution (the usual factor p i 1  is here irrelevant 
and is omitted). Viscosity is included in order to provide a means of dissipating 
energy which now has both kinetic ( K )  and magnetic (M) contributions. Eqn. 
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(3.3) however guarantees that the topology of the field B is conserved. If this 
topology is nontrivial, then i ~ 9  shown by Freedman (1988), the magnetic energy 

M =  l A B 2 d V  2 (3.5) 

is bounded away from zero. Here, V now represents the whole fluid domain, 
and we may assume that M is finite. Since K + M is monotonic decreasing and 
bounded below, it must tend to a constant. Thus in the absence of any boundary 
forcing and assuming non-pathological behaviour, the velocity v must tend to 
zero everywhere, since otherwise viscous dissipation would continue to reduce 
K + M. In this limiting situation, (3.4) reduces to 

j A B = V p  , (3.5) 

i.e. we reach a state of magnetostatic equilibrium in which the field B(x) has, 
with one qualification, the same topology as that of the ‘initial field’ for the 
relaxation problem. The qualification is that tangential discontinuities of B may 
appear during the process of relaxation (and consideration of the relaxation 
of fields with linked flux tubes indicates that such discontinuities do appear 
generically - Moffatt 1985). 

Note now the structural similarity of (3.1) and (3.5), which are indeed iso- 
morphic under the identifications 

u w B ,  w t j ,  h c t p o - p  (3.6) 

for arbitrary constant PO. This means that to  every magnetostatic equilibrium 
obtained by the process of magnetic relaxation, there corresponds a steady Euler 
flow obtained by replacing the magnetostatic B(x) by u(x). Tangential disconti- 
nuities of B become vortex sheets in this analogue Euler flow; and the topology 
of U is the same as the topology of B, which may be arbitrarily prescribed via 
the initial condition for the relaxation problem. 

This procedure for obtaining solutions of the steady Euler equations is one 
of considerable subtlety, involving as it does an interplay between two distinct 
analogies - first that between frozen fields B(x, t )  and w ( x ,  t )  in unsteady evolu- 
tion, and second, that between B(x) and u(x) in equilibrium states. The latter 
analogy does not extend to unsteady evolution, and so the stability criteria for 
magnetostatic equilibria and for steady Euler flows are quite distinct; the first 
involves consideration of isomagnetic disturbances, while the second involves 
consideration of isovortical disturbances (Moffatt 1986,1990a). A magnetostatic 
equilibrium obtained by the process of magnetic relaxation is a minimum en- 
ergy state with respect to  isomagnetic perturbations, and is therefore stable in 
an ideal fluid. The analogous Euler flow may however be unstable, and indeed 
is presumably unstable (to Kelvin-Helmholtz instabilities) if vortex sheets are 
present. 
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4 Two-Dimensional Relaxation 

The process described above has been implemented numerically (with a simpli- 
fied dissipation mechanism) by Bajer (1989) and by Linardatos (1993)for two- 
dimensional configurations. If the initial field B(x, 0) has any saddle points, then 
it is found that in general the X-type structure near a saddle point collapses with 
formation of a current sheet of finite extent as t --t 00. The technique thus leads 
to  numerical determination of steady Euler flows with imbedded vortex sheets 
of finite extent - which may be expected to be unstable for the reason indicated 
above. 

If the initial field B(x, 0) has only one neutral point of O-type, and no saddle- 
points, then the field lines have a natural tendency to relax to  circular form, but 
this tendency is impeded by the boundary constraint B’n = 0 if the boundary is 
noncircular. The asymptotic equilibrium represents a compromise between these 
two conflicting demands. The field lines may be represented by a family of curves 
x = cst. which move with the fluid during the relaxation process. The area A($ 
inside each such curve is constant (the flow being incompressible). For this simple 
field structure, the field topology is totally described by this invariant function 
A ( x ) ,  the signature of the field (Moffatt 1990a); under the assumed conditions, 
A(x)  is monotonic. 

A result of great interest has recently been proved by Davidson (1994): this is 
that Euler flows obtained via two-dimensional magnetic relaxation are stable (to 
two-dimensional disturbances) provided the initial field has the ‘simplest’ topol- 
ogy as described in the preceding paragraph. Thus for arbitrary two-dimensional 
boundary and arbitrary (monotonic) signature function A ( x ) ,  we have a means 
of obtaining a corresponding stable Euler flow. The inference is that the instabil- 
ities to which more general Euler flows may be subject are necessarily localised 
in the neighbourhood of vortex sheets - but this requires further investigation. 

Davidson’s result applies equally to axisymmetric configurations in which 
the fields (magnetic or velocity) have only meridional components - such fields 
yielding stable Euler flows. The argument fails however if zonal field components 
are included: axisymmetric Euler flows with swirl obtained via the magnetic 
relaxation technique may be unstable. 

5 The Minimum Energy of Knotted Flux Tubes 

The magnetic relaxation technique may be applied to a magnetic field confined 
to a single flux tube T knotted in the form of a knot K .  Let 9 be the flux of 
B in the tube, conserved under frozen-field evolution. If the twist h of the field 
lines in 7 is uniform, then the magnetic helicity (also conserved) is given by 
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If h is an integer n, then this is the linking number of any pair of B-lines in 7 
as discussed in $2 above. However h need not be an integer (the B-lines being 
then ergodic on nested toroidal surfaces within I). 

If the flux tube is allowed to  relax to a minimum energy state in an incom- 
pressible medium, then its volume V is conserved (like @ and h). On dimensional 
grounds, the minimum energy Mmin is proportional to  G2V-$;  thus (Moffatt 
1990b) 

where m(h) is a dimensionless function of the dimensionless parameter h, this 
function being determined solely by the topology of the knot K. 

Mmin = m ( h ) ~ ~ ~ - +  , (5.2) 

The function m(h) (described by Moffatt 1990b as the ‘ground-state’ energy 
of the ‘framed’ knot) may be determined, in principle, by numerical implementa- 
tion of the magnetic relaxation procedure. The need to ensure strict conservation 
of field topology however makes for practical difficulties that have not yet been 
overcome. A variational technique has recently been developed (Chui & Moffatt 
1995) using a local non-orthogonal coordinate system attached to the flux tube, 
to obtain the minimum energy function R ( h )  under certain additional mild con- 
straints, this providing an upper bound on, and a reasonable approximation to, 
m(h) when h is not too large. The function B ( h )  has been computed for vari- 
ous torus knots; for each knot considered it is a convex curve with minimum at 
h = h, # 0; and the evidence available so far indicates that when h = 0(1), 
B ( h )  increases with increasing knot complexity, as is to  be expected. 

The concept of a relaxed minimum energy state for a knotted tube or ribbon 
is appealing in many physical and biological contexts; the procedure outlined 
above provides a viable approach for the actual determination of the minimum 
energy and the corresponding geometrical configuration. The concept may also 
be extended in a natural way to links. 

6 Relaxation of Chaotic Fields 

An arbitrary solenoidal vector field B defined within a finite domain 2) and 
with B . n = 0 on dD in general exhibits the phenomenon of chaotic field line 
wandering, i.e. the B-lines do not lie on surfaces nested within D, but are more 
nearly space-filling in character. PoincarQ sections of such a field exhibit the 
familiar scatter of points (for a single B-line) characteristic of chaotic behaviour. 
The components of B need not be particularly complicated functions of the 
coordinates (z,y,z) to give this sort of behaviour; thus, for example, if each 
component is a quadratic function of (z, y, z ) ,  then the field lines in general 
exhibit chaos (Bajer & Moffatt 1990), although frequently ‘islands of regularity’ 
are apparent within the ‘chaotic sea’. 

If such a field is allowed to  relax, its chaotic topology being conserved, then 
as we have seen the asymptotic field satisfies the magnetostatic equation (3.5) 
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with the consequence B . V p  = 0 .  This means that the B-lines lie on surfaces 
p = cst.; but by definition within any chaotic region in V, the B-lines do not 
lie on surfaces. The only escape from this apparent contradiction is to conclude 
that V p  = 0 within any such region, i.e. from (3.5), j = a(x)B for some scalar 
field a ( x ) .  Now since V . j  = 0 and V * B = 0 we have immediately B - Vcu = 0,  
so that by repetition of the argument, V a  = 0 also in the chaotic region. Thus 
in this region we have 

V A B = C Y B  , (6.1) 
i.e. B is a Beltrami field with constant a. And yet in this same region, B is 
chaotic, I t  is a completely remarkable, and as yet ill-understood, phenomenon, 
that  such a simple equation as (6.1) can apparently describe fields having a n  
arbitrary degree of chaos. The islands of regularity may hold the key to this 
puzzling conclusion, a conjectural note on which it may be appropriate t o  ter- 
minate this lecture. 
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