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The correlation discovered by Hide and Malin between the variable parts of the Earth’s gravitational field and
magnetic field (suitably displaced in longitude) was tentatively and qualitatively explained by them in terms of
the influence on both fields of irregularities (or “surface bumps”) at the core—mantle interface. In this paper, a quan-
titative analysis of this phenomenon is developed, through study of an idealised problem in which conducting fluid
occupying the region z < n(x) flows over the surface z = n(x) in the presence of a magnetic field (B(,0,0), the whole
system rotating with angular velocity (0,0,82). It is assumed that |n'(x)| <<1 so that perturbation methods are
applicable. Determination of the magnetic potential in the “mantle” region z > n(x) requires solution of the full
hydromagnetic problem in the fluid. It is shown that three wave modes are excited, two of which (for values of the
parameters of the problem of geophysical interest) have a boundary layer character. Phase interactions between
these modes lead to a shift and a distortion of the magnetic pattern relative to the gravitational pattern. The cor-
relation between the gravitational potential and the magnetic potential (shifted by a distance x¢) is determined on
the plane z = d (d >> [nl) as a function of x¢/d and the curves obtained are qualitatively similar to that based on the
observed data; the maximum correlation obtained varies between 0.67 and 1, depending on values of the parameters
of the problem, and is about 0.72 for reasonable estimates of these parameters in the geophysical context.

1. Introduction

It has been suggested (Hide 1970; Hide and Malin 1970, 1972) that the observed correlation between the
variable parts of the Earth’s surface gravitational and geomagnetic fields may be explained on the assumption
that bumps (or “inverted mountains”) on the core —mantle interface are responsible directly or indirectly for
the observed perturbations in both fields. Clearly any density jump at the interface will lead directly to gravita-
tional perturbations vertically above the bumps. Moreover any flow of the electrically conducting fluid in the
core region across the Earth’s magnetic field and over the bumps will generate electric currents in the core and
so magnetic field perturbations on the Earth’s surface that are in some way determined by the bump structure
or statistics.

An important feature of the observed correlation is that the gravitational field is correlated not with the geo-
magnetic field at the same location, but with the geomagnetic field shifted in longitude through an angle ¢o()
towards the east, where @o(?) increases linearly with time at a rate of about 0.27°/year, a manifestation of the
well-known “westward drift” of the field. The data for the year 1965 [see Fig. 2B on p. 76, copied from Hide
and Malin (1970)] gave go = 160°, and the value of the correlation corresponding to this shift was 0.84. Back-
ward extrapolation of the available data suggested that ¢, was zero about 500600 years ago, and it was
tentatively concluded by Hide and Malin that some kind of “occurrence” at the core—mantle interface might
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Fig. 1. The geometry of the model.

then have been responsible for the generation of the correlation that is now observed. Such an interpretation is
perhaps open to question; and yet the correlation itself is a striking phenomenon, for which no alternative ex-
planation has yet been offered.

The object of this paper is to explore the nature of the magnetohydrodynamic interaction between a bumpy
interface and a flow over it influenced both by rotation and by the magnetic field of the Earth; and to derive
the correlation at the Earth’s surface between the resulting variable parts of the gravity and geomagnetic potential
fields. In order to make progress, certain drastic idealisations are required. The model studied is depicted in Fig. 1.
Firstly, we replace the Earth’s spherical geometry by a Cartesian geometry with coordinate z vertically upwards.
The Earth’s surface is taken to be z = d, and the bumpy core—mantle interface to be z = n(x), where, for all x,
In(x)| < d and |n'(x)| <1; n(x) may be a stationary random function of x in which case we assume that
{n(x) = 0, the angular brackets representing an average over x; alternatively, n(x) may be an integrable function
(having a Fourier transform) in which case we shall assume that the origin of z is chosen so that:
[ atxdx=0 | (1
(i.e. mountains are always compensated by valleys). The solid mantle n(x) <z <d is assumed to be insulating and
to have uniform density pp, ; the core liquid [z <n(x)] is assumed to be incompressible and inviscid and to have
uniform density p. and magnetic diffusivity A. Both solid and liquid regions are assumed to have the same magnetic
permeability uo.

It is supposed further that the whole system rotates with angular velocity £ =(0,0,82), and that, relative to
axes rotating with angular velocity §2, the velocity field in the fluid satisfies the condition:

U~ (U, ,0,0) as z—> —oo 2

Finally, we suppose that the whole space is permeated by a uniform magnetic field B, = (Bo,0,0), on which of
course fluctuations will be superposed due to induction by the velocity field. A similar configuration of By, and §2
has been considered in the thermal convection context by Eltayeb (1972, 1975).

The assumption concerning the magnetic field requires some comment in relation to the geophysical situation.
The field in the core of the Earth consists of a poloidal part Bp and a toroidal part B, and it is generally believed
that, throughout most of the core, | B1| > | Bp} [see for example Hide and Roberts (1961) and Roberts and
Soward (1972)]. The field By is however associated with poloidal currents which cannot penetrate an insulating
mantle; hence Bt must fall to zero at the core—mantle interface if the mantle is insulating (or to a small value if
allowance is made for the weak conductivity of the mantle). A more realistic representation of the ambient mag-
netic field (than that proposed in the preceding paragraph) should therefore invoke a tangential component which
decreases to zero at the interface z = n(x), and should also include a weak normal component (representing the
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poloidal field). Such an attempt at verisimilitude would however lead to severe mathematical difficulties; and it is
believed that the simpler model adopted here, although by no means perfect, does not drastically misrepresent
the essential physics of the situation. The uniform field By may be imagined as an “applied” field extending
throughout all space, but its effects will in fact be confined to a neighbourhood of the interface in the core region,
as in the real spherical situation.

In the insulating region z > n(x), the gravitational field g(x) and magnetic field B(x) can be represented in
terms of scalar potentials ®(x,z) and ¥(x,z):

g=—Vh,  (opm)?(B - Bo)=—vV¥ (3)

We shall seek to determine the steady form of & and ¥, and hence to evaluate the cross-correlation:
[P(x,d), W(x — x0,d)]

@)

where (-,") is an appropriately defined scalar product. It will be clear that, in restricting attention to the steady
situation, we can only derive a steady correlation function R(xe), and that the westward drift of the ¥-field
relative to the ®-field cannot be obtained from this primitive model. Nevertheless, it seems reasonable to con-
centrate at this stage on gaining an understanding of the steady situation, and on isolating those parameters of
the problem on which the function R(x,) (and in particular its maximum value) depends.

R(xo) (4)

2. General considerations concerning the correlation function R(x,)

Let ¢(x) = $(x,d) and Y(x) = ¥(x,d) and suppose that ¢ and Y have Fourier representations:
o)= [ o) explikn)dk, W)= [ U(K) explikx)dk (5)

where q; and ¥ may be generalised functions (Lighthill, 1959) (to include the possibilities that the spectra may be
discrete, or that ¢ and Y may be stationary random functions of x). These satisfy the reality conditions:

H-k)=¢"(k), V(K =J(K) (6)

where the star indicates a complex conjugate, and we may therefore rewrite eq. 5 in the form:

9(x)=2Re [ @(k) exp(ikx)dk,  Y(x)=2Re [ (k) explikx)dk 7

It is convenient to be able to regard the wavenumber k as always positive, and we shall therefore use the form (7)
throughout.
If ¢ and Y have well-behaved Fourier transforms, then the natural definition of the scalar product is:

[60e), ¥x —xa)l = [ 9E)Ux — xo)dx = 4mRe [ §*(k)D(k) exp(—ikxo)dk ®)
— oo 0

and the correlation function (4) becomes:

Rel& o™ (k) exnl—ikx)dk
(& 160k 2 dk f6° 1 (k) P dk] /2

R(xo) = 9
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This expression can also be adopted as the definition of the correlation function for the case of stationary random
fields, or fields with discrete spectra.
If ¢ and ¥ are sinusoidal with the same wavelength 2n/k,, so that:

k)= 185k — ky),  W(k) =y,8(k — ky) (10)
then eq. 9 becomes:
R(xo) = Re[¢T ¥ exp(—ikyixo)] /161 1¥] = cos(kyxo — argey/¥y) (11)

and it follows that, as would be expected from the most elementary considerations, R(xo) = 1 when kxo =
arg(p/¥,); i.e. there is perfect correlation between the two sine curves if one is shifted relative to the other so
that their maxima coincide.

This simple property obviously does not extend to the case when ¢(x) and Y(x) contain two or more spectral
ingredients, since clearly the “shift” x(k,) that would maximise the correlation if the wave number k&, alone
contributed need not be the same as the shift x(k,) at another wavenumber k, . To be specific, let:

$(k) = $18(k — K1) + 025(k — k), Dk) = Y8k — ko) + Yad(k — k2) (12)
then it is readily verified that:

ol Y1 cos(hixo — argey/Y 1) + [o2[1¥2] cos(kaxo — argpa/vp)
(6117 + 1821V 2(1 1 12 + |9, 1)V

(o111 ]+ 1gall¥a]
(s 12 + 162 )2(10, P + [y, 17)Y?

where £ (0 < £ < 71/2) is the angle between the two-dimensional vectors (|¢, |, |¢5|) and (Ii[/l l, |l1/2J). Hence,
R(xo) < 1forall xo unless arg(¢;/ ;) = arg(d2/¥,) and 1¢1 /121 = 1Y 1/1 2], i.e. unless ¢(k) = CY (k) where C is
some complex constant.

It is clear from these considerations that the correlation between ¢(x) and Y/(x — x,) will be less than perfect
(for every x,) if and only if the Fourier components of the magnetic field corresponding to Fourier components
of the surface function n(x) have a phase shift that depends non-trivially on the wave number k. A phase-shift
does indeed exist due to asymmetric convection by the mean velocity Uy; the actual extent of the shift, and
the consequences for the correlation function, can be determined only by means of the detailed analysis of the
following sections.

R(xo) =

=cos§ (13)

3. Potential fields in the mantle

It is a trivial matter to obtain ®(x,z) from the equation V2® = 0 and the appropriate linearised boundary con-
ditions across the density jump at z = n(x):
[®] =0, [0d/3z] = —4nG (oc — pm)n(x) (14)
where the square brackets denote the discontinuity from z = 0™ to z = 0, and G, is the gravitational constant. If
1(k) is the Fourier transform of n(x), then the solution to this potential problem is:

®(x,2)=2GRe [ k™' 7(k) exp(~klzl) exp(ikx) dk (15)
0

where G = 271G (e — pm). In particular (cf. eq. 7):
Mk) = Gk (k) e=*d (16)
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Similarly, the field ¥(x,z) for z > n(x) is a potential field, and has the structure:
Y(x,z) = 2Re f Vo(k) exp(—kz) exp(ikx) dk )]
0

and correspondingly:
§() = o(k) exp(—kd) (18)

The function @o(k) can be determined only through matching the mantle field with the core field, and this
necessarily involves the hydromagnetics of the core region.

4. Hydromagnetics of the core region

In the core region, it is convenient to define the Alfvén velocities:

Ho = (opo) "*Bo,  H=(uopc) /B (19)
The equations for U and H are then:

dU[t+U-VU+2QAU=—VP+H - VH (20)
dH[3t+ U - VH=H - VU + \V*H (21)
and:

V-U=V-H=0 (22)

Here P is a reduced pressure including magnetic and centrifugal ingredients, We shall suppose that the Rossby
number Ry = Uy/S2L (where L is the horizontal scale of the bumps on the surface) is small (see in Table I the
estimates in the geophysical context), and we shall neglect the inertia term U - VU in eq. 20 as compared with the
Coriolis term 28 A U. This well-known approximation (the “magnetostrophic” approximation) is known to have

TABLE 1

Estimates of the various dimensional quantities in the geophysical context and resulting values of the various dimensionless combi-
nations that appear in the course of the analysis

Estimates * Resulting values

d = 2,900km g =L/d <0.34

L S 1,000 km A =Uy/Hg ~28-107%
no S 5km e =All2 ~1.7-1072
Q = 7.3.1075 g1 0 =QNH3 ~1.7-1073
Ug~ 1074 mJs q =0/ (=% ~ 0.40

By = 0.04 Wb/m2 S =Hy/od ~17-1073
Hy ~ 0.36 m/s s =8/ w=% ~ 0.40

Pm = 5.6 - 103 kg/m3 Ko =AS1 0™V =qll2yant?y, ~40

pc = 9.6 - 103 kg/m3 Rm =AQ71 81 =Uyd/n ~ 96

A 3 m2/s BRo = AS = Up/d ~4.7-1077

The boundary layer thickness QI/ZL is, on the basis of these figures, of order 41 km, safely larger than the bump amplitude ng.
* After Hide (1970) and Roberts and Soward (1972).
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the effect of filtering out high-frequency [0(£2)] inertial-type waves from the system (20)—(21). The approxima-
tion is not essential in the present context (Dillon, 1975); but it greatly simplifies the analysis, and it may be veri-
fied retrospectively that under the asymptotic procedures to be adopted in Section 6, the effects of inertia are
totally negligible.

If we now put U = Uy + u(x), H = Hy + h(x) and linearise (20)—(21) (with inertia terms in eq. 20 dropped) we
obtain the equations:

2QAu=-—-Vp+Hy Vh (23)
Up* Vh=Hy - Vu+AV2h (24)
and:

V-u=V-h=0 (25)

where p is the perturbation in P. These equations admit solutions of the form:
(u, h, p)=2Re f (u,h,p) exp(im - x)dk (26)

where m = k(1 ,0,7) and possible values of vy are to be determined; clearly these must satisfy Imy < O since the
perturbations must vanish as z = —oo, Substitution in eqs. 23—25 gives:

2QAu = —imp + iHokh (27)
iUokh = iHoku — NK*(1 +v2)h (28)
and:
m-u=m-h=0 (29)
In terms of the dimensionless numbers:
A = Uy/H,, Q= 2Q\H} (30)
and the dimensionless parameters:
K = Hok/S2, 0=2[Q(1 +¥*) + 2idk' ]! (31
eq. 28 becomes:
h = (io/x)u (32)
and eq. 27 becomes:
Qon +2QAu = —imp (33)
Taking the cross-product (twice) with m gives:
omAu— 2kyu=0, —om®u — 2kymAu=0 (34)
and elimination of # and m A u now gives:

= —4y*(1+y*)! (35)
From eqgs. 31 and 35, we obtain a cubic equation for y*:
(1+9*)+7*[Q(1 +7*) + 2147 ]? =0 (36)

Let the roots of this cubic be y2 (n = 1, 2, 3), with Imy,, <0, and let the corresponding values of ¢ (g]ven by eq.
31) be 0,,. Evidently v, and o,, are functions of k, Q and A.
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Eq. 33, together with m - u =0 now determine the ratios and relative phases of the velocity components in each
mode; forn =1, 2 and 3, we have:

Uy = a,(K)(1, —205", —ah), By = (ioy /Kty (37)

where a,(k) are amplitudes as yet undetermined. The general solution of eqs. 23—25 vanishing at z = — then
takes the form:

3

u=2Re 25 [ a,(k)(1,-205", ~v;") explik(x +7,2)] dk o (38)
n=1 °
3 o0 .
h=2Re 2 [ K_‘ 2, (k) (0, 2, 0y ) explik(x + v,2)] dk (39)
n=1 5

5. Application of the boundary conditions at the core—~mantle interface

The amplitudes @, (k) and Jo(k) must now be determined in terms of 1;(k) through the boundary conditions
at z = n(x). These conditions are that the normal component of U must vanish and all three components of B
must be continuous. The linearised form of these conditions is:

uz = Uydn/ox, h=—(pmlpe)? VW at z=0 (40)

With u, i and W given by eqs. 38, 39 and 17 respectively, these conditions may be expressed in matrix notation:

7% 72! 73! 0 ar —ikUon

g3 02 03 1 a, 0

1 1 1 0 as ) 0 S
o1/m 02/72 03/73 —i "KZ@O 0

where r = (pm/pc)l/éﬂHo. The determinant A of the 4 X 4 matrix may be evaluated in the form:

A=y1"Ay + 72" By + 731 A, (42)

where:

A1=g§-~2+i(03*02), Azzﬂ“ﬁ"'i(ol‘oa), A; =22 ‘2"’1(02*01) (43)
s T2 Y173 Y2 M1

and inversion of (41) gives the amplitudes g,, in the form

an = —(Ap/B)ikUpn,  (n=1,2,3) (44)

Finally, Yo is given by:

Vo =~ 1(k; 0, A)n(k) CD)

where 7 = i4Ag/k A, and:

Ao =2 )+ 22 )+ 2 ) (46)
=— (03 —02)t— (0, —03)+— (0, —0
Oy T T T Ty :
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6. Asymptotic evaluation of the correlation R(x,)

On dimensjonal grounds, it is appropriate to express the Fourier transform of n(x) in the form:

(k) = noL (kL) (47)

where, by virtue of the condition (1), {(0) = 0; here, n¢ is a measure of the amplitude of the surface irregularities.
The bump spectrum is given by:

In(o)I? = n3 L2 1S(kL)* = n3L2 F(KL) (48)

say, and in general F(¥) = 0(£%) as £ > 0. If the bumps are symmetric about x = 0, then {(¢) = 0(¢?) and F(§) =
0(¢%) as £ > 0. A simple “prototype” symmetric bump is that given by:

n(x) = 47/%ne(1 — 2x2/L?) exp(—x2[L?) = 272 o L2d? exp(—x? [L?)/dx? (49)
for which:
§E) =8 exp(—3 £2),  F(§)=£* exp(—3 £2) (50)

Substitution of egs. 16, 18, 45 and 48 in eq. 9 now gives R(x) as a function of the dimensionless variable
X = xo/d and the parameters 4, Q and

8=L/d, S=Ho/SU (51)

in the form:

R(X;B,0,4,8)=1(X;5,0, 4,5 [IcB)M®B, Q 4, 9)] 12 (52)

where:

I=Re [ K™'1(SK;Q, A)F(BK) exp(~2K +iKX)dK (53)

0

Ig= [ K?F(@K)exp(-2K)dK (54)
0

and:

im= [ 17(SK:Q AP F(EK) exp(-2K)dK (55)
0

The gravitational integral /g may be simply evaluated for specific choices of F(£), e.g. that given by eq. 50.
Similarly, / and 7y could in principle be evaluated numerically for specific values of X, §, Q, 4 and S. However,
in the geophysical context, Q, A4 and S are all small (see Table I), and asymptotic evaluation of I and /), taking
advantage of this fact, is possible.

Guided by the estimates of Table I, we let:

A=¢€, 0 =qe?, S = se! (56)
where 0<e K 1,0<p <2and 0<u<2,and we consider the limiting process € -0 with ¢ = 0(1), s = 0(1). It
is useful to retain some flexibility at this stage in the choice of p and u; the estimates of Table I would certainly
suggest that it would be appropriate to assume that u = p; it will emerge below that the choice u = p =% then

has particular significance.
In evaluating eqgs. 53 and 55, the presence of the exponential factor exp(—2K) means that we need to evaluate
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7(SK; Q, A) only for K = 0(1). To do this, we must first return to the cubic (36) which with the substitutions
(56) and k = SK becomes:

(1+9%) +47* [qef(1 +7*) +ie™[sK]? = 0 (57)
The leading terms of the asymptotic expansions of the three roots v2 for small € are:

vi~ -1, 3 ~3ig ' e®, Y3 ~-zig e? (58)
and so:

n~v— g2y~ g e (59)

Correspondingly, from eq. 31:
o, ~ —isKet ™2, gy ~ 21, 03 ~2i (60)

and, from eqs. 42, 43 and 46, we then have:

Ay~ —4, A, ~2sKet?, Ay~ —2sKet™? (61)
and:

Ag ~ 4isKet 2, A~—4Kql2eP/2TH2_44 (62)
Hence, in particular, from eq. 45:

T(SK; Q, A) ~ (i + K/Ko)™ (63)
where:

Ko=s1q 122 #-P2 = yS-1-112 = Q12 Uod/\Y?Hy (64)

1t is now evident that the situation  + 5p = 2 is critical in the sense that only then is Ko = 0(1). If u + 3p < 2,
then Ko — 0 as e > 0 and 7~ Ko/K, while if 4 + 5p > 2, then Ko = © as € > 0 and 7 ~ —i. The estimates of
Table I give K¢ = 4 and clearly therefore the condition u + sp=2is appropriate. If moreover i = p (and any
other relation would be incompatible with the geophysical estimates) then the choice:

4

would appear to provide the best description in the geophysical context. Note that this choice leads to the
following estimates of magnetic Reynolds number R, and Rossby number Rg:
Rp = Ugd/\ = AQ7'S™! =g 157172/3 (66)
Ro = Up/QUL = B2 AS = sp110/3 (67)
It is this small estimate of Rossby number which ensures that inertia effects are negligible, as anticipated in

Section 4.
Substitution of eq. 63 in eqs. 53 and 55 now gives:

1)~ [ K7H[1+ (KIKo)*) ™ [(K/Ko) cosKX + sinKX] exp(—2K)F(BK )dK (68)

and: °

I~ [ (1+ (KK exp(~2K)F(BK)K = Kol (0) (69)
0

Note that the ;iependence of these integrals on O, A4 and S now appears only via the particular combination
Ko =A48"197V2,
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If 8 is small (and again this is suggested by the estimates of Table [), then it is reasonable to evaluate the ex-
pressions 54, 68 and 69 by replacing F(8K) by the leading term of its expansion for small K. If F(BK) = 0[(BK)*"]
as fK — 0, then eq. 52 reduces to:

1/2 p oo pr2n-1 21-1 . B
Ry(X,Ko) = 270 K [1;(57/18)) ] [('K/ZK?? cosKx + smKX}/:.xp( 2K)dK 0
[fo K*" {1 +(K/Ko)*}' exp(—2K)dK]

with limiting forms, corresponding to the possibilitiesn = I, 2:

1 X
R(X,0) = , Ri(X,®)=7 77— 71
l( ) ]+%X2 1( ) 21/2(1}__}7_2_).5 ( )
and:
1 - 3x2 31/2 X(l _le)
Ro(X,0)= ——— Ry(X,00) = - =1 (72)

(1+3x2) (1+5X%)

The functions R,(X, K,) are sketched in Fig. 2 for four values of Ky (0, 0.425, 4.25 and ). Note that as K,
increases, the maximum value of R,(X,K,) decreases from 1 to 0.67, and the value X, of X at which this
maximum occurs decreases from 0 to —0.65. In the geophysical context this would correspond to a longitude
shift of approximately 20°. Note that, since X, < 0, the apparent displacement of the magnetic pattern relative
to the gravitational pattern is in the direction of the mean flow Uy, (so that a negative displacement of ¥ is needed
to achieve maximum correlation).

Also included in Fig. 2 is the correlation:

R(00) = (B(0, 0) W (0,0 — o))/ (D2 (yyV/2 (73)

where the angular brackets represent an average over latitude 0 and longitude ¢, as obtained by Hide and Malin
(1970) from observational data for the year 1965. The qualitative similarity between the theoretical curves

and the observational curve, and in particular the order of magnitude of the maximum correlation (0.72 for the
case Ky = 4.25 which most nearly represents the geophysical situation) is striking. However, as mentioned in the
introduction, it must be emphasised that the westward drift of the geomagnetic field cannot emerge from a steady
model; this could only appear if transient or other time-dependent effects were built into the model at the

outset.

Ry X, Ky)
4\50415,095)

Ko=4.25
———- Ky =0425
e Ky =0

Fig. 2. A. The curves R, (X, K(;) for Ko =0, 0.425,4.25, =, as given by eq. 70; the maximum correlations and the correspond-
ing values of X are as indicated.
B. The correlation function R(pg) (eq. 73) as determined by Hide and Malin (1970) from observational data for the year 1965.
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7. The physical character of the three wave modes

The values of v, and 5 given by eq. 59 indicate that the corresponding velocity and magnetic perturbations
have a boundary layer structure, the thickness of the layer being 0(8) where:

5 =q1/2€p/2k-1 =Ql/Zk—l (74)
Since, from eq. 63, A, = —A; in the limit considered, the energy densities of these modes are equal; in fact:
- -, 8S*U2d%*|n?
li,? = |us)? = ————— exp(kz/ 1/2 75)
2 3 A2 A2 p(kz/Q"*)
and:
Aol = R3] = 45K 72 |u 5 (76)

Note that, for K = 0(1), the magnetic energy density is a factor 0(S~?) greater than the kinetic energy density.
Both modes are highly helical; in fact, from eq. 34, the helicity density (Moffatt, 1970) in either mode (n =2 or
3) is given by:

3, = Re(uy - ikAtly) = 2kl |* Re(ivn/oy) =3kla, 2 g 2 e? = 3kla, 2 Q™2 (77)

This positive helicity in both modes is associated with the flux of energy away from the boundary in the direc-
tion —£2. (Moffatt, 1970, §2; Soward, 1975). A region of concentrated helicity near the boundary is of potential
importance in the context of dynamo regeneration of the large-scale magnetic field.

The mode corresponding to suffix n = 1, with v, = —i has a totally different character. The velocity and
magnetic field in this mode are given by:

4Uyn(k) (
dA

1,(k) = Re 4 Uor(k) (

e2dA

o €2 ) : T
iK, =, K| explk(ix + z)], h,(k)=Re

5 iK, < K) explk(ix + 2)] (78)

e
and are irrotational to leading order (i.e. neglecting the small y-components). The mode is therefore almost un-
affected by ohmic dissipation. The kinetic energy density lu, |7 is smaller by a factor O(e*S™2) than that in modes
2 and 3; it is however distributed throughout a layer of thickness 0(k™!) in the fluid. The magnetic energy

density 1/z; ? is of the same order of magnitude as 14212 and |A3|*. If E, and M,, (n = 1, 2, 3) are the total

kinetic and magnetic energies in the three modes (integrated over z) then, in the case p = = 4

M, = 0(e¥)M, 5 = 0(e'P)E, 5 = 0(e™)E, (79)

It may readily be verified that the mode # = 1 is non-helical in the limit considered.

The term Uy - Vh in eq. 24 introduces a distinction between the positive and negative x-directions, and is
responsible for the final asymmetry in the correlation functions sketched in Fig. 2. In the n = 1 mode, in which
V2h = 0 at lowest order in e (since ¥? = —1), this,convection term is of dominant importance. In the other two
modes, the relative importance of Uy - Vh and AV?h in eq. 24 is given by: '

\Ug - Vh| _Uok8® g4 g

e 80
IAV2h] A S s 0)

so that, since u < 2, diffusion dominates in these modes (due to the small vertical length scale) and convection is
unimportant. If Uy is gradually increased from small values (so that K increases in proportion) the gradual shift
in the correlation pattern from symmetric to antisymmetric form (Fig. 2A) is therefore entirely due to the in-
fluence of convection in the n = 1 mode; the dominant magnetic energy in this mode (eq. 79) ensures that struc-
tural changes in the mode are transmitted via the boundary conditions at the interface into the mantle region.

It seems in fact as if the » = 1 mode plays the dominant role in determining the correlation pattern; the n = 2
and 3 modes play a passive role, driven by the n = 1 mode via its interaction with the interface.
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