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Thecorrelationdiscoveredby HideandMaIm betweenthevariablepartsof theEarth’sgravitationalfield and
magneticfield (suitablydisplacedin longitude)wastentativelyandqualitatively explainedby them in termsof
the influenceon both fieldsof irregularities(or “surfacebumps”)at the core—mantleinterface.In thispaper,aquan-
titative analysisof this phenomenonis developed,throughstudyof an idealisedproblemin which conductingfluid
occupyingtheregions< 71(x) flows over thesurfacez = 71(x) in thepresenceof a magneticfield (B

0,0,0),the whole
systemrotatingwith angularvelocity (O,0,1Z).It is assumedthat 71 (x)I <<1 so that perturbationmethodsare
applicable.Determinationof the magneticpotential in the “mantle” regionz > 71(x) requiressolution of thefull
hydromagneticproblemin the fluid. It is shownthat threewavemodesareexcited,two of which (for valuesof the
parametersof the problemof geophysicalinterest)havea boundarylayercharacter.Phaseinteractionsbetween
thesemodeslead to a shift anda distortionof the magneticpatternrelative to thegravitationalpattern.Thecor-
relationbetweenthe gravitationalpotentialandthe magneticpotential(shiftedby a distancex0) is determinedon
theplanez = d (d >> 1711) asa function of x0/d andthe curvesobtainedarequalitatively similar to that basedon the
observeddata;the maximumcorrelationobtainedvariesbetween0.67 and 1, dependingon valuesof the parameters
of the problem,andis about0.72 for reasonableestimatesof theseparansetersin thegeophysicalcontext.

1. Introduction

It hasbeensuggested(Hide 1970;Hide andMalin 1970, 1972)that the observedcorrelationbetweentbe

variablepartsof theEarth’ssurfacegravitationalandgeomagneticfields maybe explainedon the assumption
thatbumps(or “inverted mountains”)on the core—mantleinterfaceareresponsibledirectly or indirectly for
theobservedperturbationsin both fields. Clearly anydensityjump at the interfacewill leaddirectly to gravita-
tional perturbationsverticallyabovethebumps.Moreoverany flow of the electricallyconductingfluid in the
core regionacrossthe Earth’smagneticfield andover the bumpswill generateelectric currentsin the core and
so magneticfield perturbationson the Earth’ssurfacethatarein someway determinedby the bump structure
or statistics.

An important featureof theobservedcorrelationis that the gravitationalfield is correlatednot with thegeo-

magneticfield at the samelocation,but with the geomagneticfield shiftedin longitudethroughan anglepo(t)
towardsthe east,where~po(t)increaseslinearly with time at arate of about0.27 /year, a manifestationof the
well-known “westwarddrift” of the field. The datafor the year 1965 [seeFig. 2B on p. 76, copiedfrom Hide

andMalin (1970)] gave~ = 160°,andthe value of thecorrelationcorrespondingto this shift was0.84. Back-
wardextrapolationof the available datasuggestedthatPo waszero about500—600yearsago, andit was
tentativelyconcludedby Hide andMalin that somekind of “occurrence”at the core—mantleinterfacemight
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Fig. 1. Thegeometryof themodel.

thenhavebeenresponsiblefor the generationof thecorrelationthat is now observed.Suchan interpretationis
perhapsopento question;andyet the correlationitself is a striking phenomenon,for which no alternativeex-
planationhasyet beenoffered.

The objectof this paperis to explorethenatureof themagnetohydrodynamicinteractionbetweena bumpy
interfaceand a flow over it influencedbothby rotation and by the magneticfield of the Earth;and to derive
the correlationat the Earth’ssurfacebetweenthe resulting variablepartsof the gravity andgeomagneticpotential
fields.In order to makeprogress,certaindrasticidealisationsare required.Themodelstudiedis depictedin Fig. 1.
Firstly, we replacethe Earth’ssphericalgeometryby a Cartesiangeometrywith coordinatez verticallyupwards.
TheEarth’ssurfaceis takento be z = d, andthe bumpycore—mantleinterfaceto be z = ~(x), where,for all x,

Iq(x)I <<d and Iii’(x)I <<1; i~(x)maybe a stationaryrandomfunctionof x in which casewe assumethat
(i~(x))= 0, the angularbracketsrepresentingan averageoverx; alternatively,i~(x)may be an integrablefunction
(having a Fouriertransform)in which casewe shallassumethat the origin of z is chosenso that:

f ~(x)~=0 (1)

(i.e. mountainsare alwayscompensatedby valleys). The solid mantles~(x)<z <d is assumedto be insulatingand
to haveuniform densityPm the core liquid [z < s~(x)]is assumedto be incompressibleand inviscid and to have
uniform densityPc andmagneticdiffusivity X. Both solid and liquid regionsare assumedto havethe samemagnetic
permeabilityPo

It is supposedfurther that thewhole systemrotateswith angularvelocity &2 = (0,0,~2),and that, relativeto
axesrotatingwith angularvelocity ~, the velocity field in the fluid satisfiesthecondition:

U~(U0,0,0) as z—~—°° (2)

Finally,we supposethat the whole spaceis permeatedby a uniform magneticfield B0 ~ (B0 ,0,0),on which of
coursefluctuationswill be superposeddue to inductionby the velocity field. A similar configurationof B0 and ~1
hasbeenconsideredin the thermalconvectioncontextby Eltayeb(1972, 1975).

The assumptionconcerningthe magneticfield requiressomecommentin relation to the geophysicalsituation.
The field in the core of the Earthconsistsof a poloidalpartBp anda toroidal partBT, and it is generallybelieved
that, throughoutmost of the core, Bil >> IBpl [seefor exampleHide and Roberts(1961)andRobertsand
Soward(1972)1.The field BT is howeverassociatedwith poloidalcurrentswhich cannotpenetratean insulating
mantle;henceBT must fall to zero at the core—mantleinterfaceif the mantle is insulating(or to a smallvalueif
allowanceis madefor the weakconductivity of the mantle).A more realistic representationof the ambientmag-
netic field (thanthatproposedin the precedingparagraph)shouldtherefore invokea tangentialcomponentwhich
decreasesto zero at the interfacez = s~(x),andshouldalsoinclude a weaknormal component(representingthe
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poloidal field). Such an attemptat verisimilitude would howeverleadto severemathematicaldifficulties; andit is
believedthat the simpler modeladoptedhere,althoughby no meansperfect,doesnot drasticallymisrepresent

the essentialphysicsof thesituation.The uniform field B0 may be imaginedas an “applied” field extending
throughoutall space,but its effects will in fact be confinedto a neighbourhoodof the interfacein the core region,
asin the real sphericalsituation.

In the insulatingregionz > 17(x), the gravitationalfield g(x) andmagneticfield B(x) can be representedin

termsof scalarpotentials4)(x,z)and‘I’(x,z):

g = \74) (M0PIIJII2(B — B0) = —v’1’ (3)

We shall seekto determinethesteadyform of 4) and ‘I’, andhenceto evaluatethecross-correlation:

[4)(x,d),‘IJ(x — xo,d)]
R(xo)— (4)

[(4),4))(’Ii,’IJ)] i/2

where(,~)is an appropriatelydefinedscalarproduct.it will be clearthat, in restrictingattentionto thesteady
situation,we canonly deriveasteadycorrelationfunctionR(xo),andthat the westwarddrift of the ‘I’-field
relativeto the 4)-field cannotbe obtainedfrom this primitive model.Nevertheless,it seemsreasonableto con-
centrateat this stageon gainingan understandingof the steadysituation,andon isolatingthoseparametersof
theproblemon which the functionR(xo)(andin particular its maximumvalue) depends.

2. GeneralconsiderationsconcerningthecorrelationfunctionR(x0)

Let ~(x) = 4)(x,d)and111(x) = ‘T’(x,d) andsupposethat~ and t/i haveFourier representations:

47(x) = f 47(k) exp(ikx)dk, 47(x) = f 47(k) exp(ikx)dk (5)

where4 and4’ may begeneralisedfunctions(Lighthill, 1959)(to include the possibilitiesthat the spectramay be
discrete,or that 47 and ,Li may be stationaryrandomfunctionsof x). Thesesatisfy the reality conditions:

47(_k)=Ø*(k), 47(_~k)=~*(k) (6)

wherethestarindicatesacomplexconjugate,andwe may thereforerewrite eq. 5 in the form:

47(x) = 2Re f ~(k) exp(ikx)dk, 111(x) = 2Re f ~(k) exp(ikx)dk (7)

It is convenientto be ableto regardthe wavenumberk asalwayspositive,andwe shall thereforeusethe form (7)

throughout.
If 47 and 47 havewell-behavedFourier transforms,then thenaturaldefinition of the scalarproduct is:

[47(x),47(x — Xo)] = f 47(x)47(x— Xo)dx = 4irReJ’ ~*(k)i~,(k)exp(—ikxo)dk (8)

arid thecorrelationfunction(4) becomes:

— Ref~ 47 (k)47(k) exp(—ikxo)dk
R(xo)- ~(k)~dkf~0i~(k) 2 dk]~2 (9)
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Thisexpressioncanalso be adoptedas the definition of thecorrelationfunction for the caseof stationaryrandom
fields,or fields with discretespectra.

If 47 and 47 are sinusoidalwith the samewavelength2ir/k1, so that:

= 47i~(k— kr), i~(k)=471~(k— k1) (10)

theneq.9 becomes:

R(xo)=Re[47~’471exp(—ik1xo)]/147i114711=cos(k1x0—-arg47i/47i) (11)

andit follows that, aswould be expectedfrom the mostelementaryconsiderations,R(xo)= I whenk1x0=

arg(475/47i); i.e. thereis perfectcorrelationbetweenthe two sine curves if one is shifted relativeto the otherso
that their maximacoincide.

Thissimple propertyobviously doesnot extendto the casewhen 47(x) and 47(x) containtwo or morespectral
ingredients,sinceclearly the “shift” x(k1) that would maximisethecorrelationif the wave numberk1 alone
contributedneednot bethe sameasthe shiftx(k2) at anotherwavenumberk2.To be specific,let:

~(k)=477~(k—k~)+4726(k— k2), i~i(k)=471~(k—k~)+4i2ö(k-- k2) (12)

then it is readily verified that:

R —

147iII11i1 cos(k
1xo— arg47i/475)+1472114721cos(k2xo— arg472/472)(xo) - (147i 12+147212i/21 47~12+147212)1/2

I47~II11’~I+ 1472114721
cost (13)

(147i 2 ~l472 12)i/2(l 47112+147212)1/2

where ~ (0 ( ~ ~ n/2) is the angle between the two-dimensional vectors (I47i I, 14721) and (I4i~ I, 14721). Hence,
R(xo)< I for all x0 unless arg(47i/4i5) = arg(472/472) and I47i 1/14721 = I

4’i 1/14721, i.e. unless 47(k) = C47(k)where C is
some complex constant.

It is clear from theseconsiderationsthat thecorrelationbetween47(x) and 47(x — xo) will be less than perfect
(for everyx

0) if and only if the Fourier components of the magnetic field corresponding to Fourier components
of thesurfacefunction 17(x) havea phaseshift that dependsnon-trivially on thewave numberk. A phase-shift
doesindeedexist due to asymmetricconvectionby the meanvelocity U0 the actualextentof the shift, and
the consequencesfor the correlation function,canbe determinedonly by meansof the detailedanalysisof the
following sections.

3. Potential fields in themantle

It is a trivial matterto obtain4)(x,z)from the equationV
24) = 0 and theappropriatelinearisedboundarycon-

ditions acrossthe densityjump at z= 77(x):

[4)] = 0, [a4)/az] = —4irGi(p~ Pm)77(x) (14)

wherethe squarebracketsdenotethe discontinuityfrom z= 0 to z = 0~,and G
1 is the gravitationalconstant.If

~(k) is the Fourier transformof~(x),then the solution to this potentialproblemis:

4)(x,z)= 2G Re / k~~(k) exp(—kIzi)exp(ikx)dk (15)

whereG = 2irGi(p~— Pm). In particular(cf. eq.7):

47(k)= Gk~~(k)e~C~’ (16)
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Similarly, the field ‘P(x,z)for z>77(x) is a potential field, andhas the structure:

‘I’(x,z) = 2Re / ~0(k)exp(—kz) exp(ikx) dk (17)

and correspondingly:

= 4’0(k) exp(—kd) (18)

The function 4i0(k) canbe determinedonly throughmatchingthe mantle field with the core field, and this
necessarilyinvolvesthe hydromagneticsof the core region.

4. Hydromagneticsof thecore region

In thecore region,it is convenientto definethe Alfvén velocities:

H0 = (pop~)”
2Bo, Hopc)h/2B (19)

Theequationsfor U andH are then:

aU/at+U~VU+2&2AU=—VP+H~VH (20)

aH/at÷u~vH=H~vu+xv2H (21)

and:

V~U=V~H=0 (22)

HereP is a reducedpressureincludingmagneticandcentrifugalingredients.We shallsupposethat theRossby
numberR

0 = U0/~lL(whereL is thehorizontalscaleof the bumpson the surface)is small(seein TableI the
estimatesin the geophysicalcontext),andwe shall neglectthe inertia term U~VUin eq.20 ascomparedwith the
Coriolis term 2~L~U.This well-knownapproximation(the “magnetostrophic”approximation)is known to have

TABLE I

Estimatesof thevariousdimensionalquantitiesin thegeophysicalcontextandresultingvaluesof thevarious dimensionlesscombi-
nationsthat appearin the courseof the analysis

Estimates* Resultingvalues

d = 2,900km p =L/d ~0.34
L ~ 1,000km A U0/H0 nu2.8.l0~
710 ~ 5km � A’I~ 1.7.10—2

= 7.3 . 10~ ~i Q = &2X/H~ = 1.7 . i0~
U0 10~rn/s q = Q/e

413 (p = 0.40
B

0 0.04 Wb/m
2 S = 11

0/rld = 1.7 . l0~

H0 = 0.36 rn/s s = ~/~4/3 (~.s= ~) 0.40

Pm 5.6~ 10~kg/rn
3 K

0 AS°Q~

112 = ~Zi/2U

0d/Xi/2H0 = 4.0
Pc = 9.6~i0~kg/m

3 Rm AQ~S’ = U
0d/X 96

3 m
2/s pR

0=AS = U0/c2d 4,7 . iO~

The boundary layer thicknessQSI2L is, on the basisof thesefigures,of order41 km, safely larger thanthebumpamplitudeflo~
* After Hide (1970) and RobertsandSoward(1972).
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the effect of filtering out high-frequency[0(&~)] inertial-typewavesfrom the systeni (20)—(2l). The approxima-
tion is not essentialin the presentcontext(Dillon, 1975);but it greatlysimplifiesthe analysis,and it may be veri-
fied retrospectivelythat underthe asymptoticproceduresto be adoptedin Section6, the effectsof inertiaare

totally negligible.
If we now put U = U0 + u(x), H = H0 + h(x) and linearise (20)—-(21) (with inertia terms in eq. 20 dropped) we

obtain the equations:

2~Au_Vp+HoVh (23)

U0~Vh=H0~Vu+XV
2h (24)

and:

V~uV~h0 (25)

where p is the perturbation in P. These equations admit solutions of the form:

(u, h, p) = 2Re / (u,~,)exp(iin . x)dk (26)

where m = k(1 ,O,’y) and possible values of y are to be determined; clearly thesemustsatisfylm’y < 0 since the
perturbations must vanish as z -~ —°°. Substitution in eqs. 23—25 gives:

2~2Ai= —imp + iH
0kh (27)

iU0kh = iH0ku — ?j~
2(1+ ~2)j~ (28)

and:

m-u=mh=0 (29)

In terms of the dimensionless numbers:

A=U
0/H0, Q=2~2X/Hg (30)

and the dimensionless parameters:

= H0k/~2, a = 2[Q(1 + 72) + 2L4~~]‘ (31)

eq. 28 becomes:

(32)

and eq. 27 becomes:

&~au+2&~Au—imp (33)

Taking the cross-product (twice) with m gives:

amAu—2k’yuO, _um2~_2k7mA~~0 (34)

and elimination of u and mA now gives:

a
2 = 472(1 + ~2)i (35)

From eqs. 31 and 35,we obtain a cubic equation for 72:

(I +‘y2)+y2[Q(1 +‘y2)+2L4~~]2=0 (36)

Let the roots of this cubic be ‘y~ (n = 1, 2, 3), with Im’y~ <0, and let the corresponding values of a (given by eq.
31) be a~.Evidently yn and a

0 are functions of~, Q and A.
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Eq. 33, together with m ii = 0 now determinetheratiosandrelativephasesof the velocity componentsin each
mode; for n = 1, 2 and 3, we have:

U,, = a~(k)(l,--2o~,—y~), Ii,, (ia77/K)u,7 (37)

where a~(k)areamplitudesasyet undetermined.The generalsolution of eqs. 23—25 vanishing at z = —~ then
takes the form:

u2Re ~ f a~(kXl,—2a~,—y~)exp[ik(x+y0z)]dk (38)
n1

h = 2Re~ f ~ a,,(k)(a~,,—2, 0n7~) exp[ik(x + 70Z)] dk (39)

5. Application of the boundary conditions at the core—mantle interface

The amplitudes a0(k)and 470(k)must now be determined in termsof~(k)throughtheboundaryconditions
at z = ~(x). These conditions are that the normal component of U must vanish aiid all three components of B
must be continuous. The linearised form of these conditions is:

u5=U0a77/ax, h~(pmIpc)~2V~hI’ at z0 (40)

With u, h and ‘I’ given by eqs. 38, 39 and 17 respectively, these conditions may be expressed in matrix notation:

/71 7i 0 ai —ikUori

a2 03 1 a2 0

0 a3 0 (41)

\ai/7j 02/72 03/73 —i r~
24i

0 0

where r = (Pm/Pc)uh’2WIo.The determinant ~ of the 4 X 4 matrix may be evaluatedin the form:

L~7j
1L~i ~72~2 ~733 (42)

where:

02 0~ 03 02 0i
~ ——_+i(a~— 02), ~2 —— +j(Ui —03), ~3 —— +i(o

2 —Ui) (43)
7~ 72 7i 7~ 72 71

andinversionof(41)gives the amplitudesan in the form

a,, = —(~,,/~)ikUo~, (n = 1, 2, 3) (44)

Finally, 4’~is given by:

= 42r~r(~Q, A)rj(k) (45)

where r = L4~o/~~,and:

02 03

(03— 02)+ —(Uj — 03)+(02 — Ui) (46)7i 72 7~
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6. Asymptotic evaluation of the correlation R(xo)

Ondimensionalgrounds,it is appropriateto expressthe Fourier transformof 77(x) in the form:

(47)

where,by virtue of the condition(1), ~(0)= 0; here,770 is a measureof the amplitudeof the surfaceirregularities.

The bumpspectrumis givenby:

Iii(k)12 772L2I~(kL)I2 =iiU2F(kL) (48)

say, andin generalF(s)= 0(e) as~-~0. If the bumps are symmetric about x = 0, then ~(~) = 0(~2)andF(~)=
0(~~)as ~ -~0. A simple “prototype” symmetricbump is that given by:

~(x) =
41~~2770(1— 2x

2/L2) exp(—x2/L2)= 21r~277oL2d2exp(—x2/L2)/dx2 (49)

for which:

= ~2 exp(—~~2) F(s)= ~ exp(—~~2) (50)

Substitutionof eqs. 16, 18,45 and48 in eq. 9 now givesR(xo)as a function of the dimensionlessvariable
X =xo/dand the parametersA, Q and

13=L/d, S=H
0/~2d (51)

in the form:

R(X; i3, Q,A, S)= I(X; ~, Q, A, S)/ [iGO
3)IM(I3~Q, A, S)] i/2 (52)

where:

I = Re / K’ T(SK;Q,A)FtfIK) exp(—2K+ i.KX)dK (53)

= / K2F(J3K)exp(—2K)dK (54)

and:

= / r~SK;Q,A)l2F(PK)exp(—2K)dK (55)

The gravitationalintegral‘G may be simply evaluatedfor specificchoicesof F(s), e.g. thatgivenby eq. 50.

Similarly, land 1’M could in principle be evaluatednumericallyfor specificvaluesof X, fI, Q, A andS. However,
in the geophysicalcontext,Q, A andS areall small (seeTable I), and asymptoticevaluationofl and‘M~taking
advantageof this fact, is possible.

Guided by the estimatesof TableI, we let:

Ae2, Qqc’~, S=se~ (56)

where0<6 << 1, 0< p < 2 and0< p<2, andwe considerthe limiting processe -*0 with q = 0(1), s 0(1). It
is useful to retain some flexibility at this stage in thechoice of p and p; theestimatesof TableI would certainly
suggestthat it would be appropriateto assumethatp = p; it will emergebelow that the choicep = p = ~- then
hasparticularsignificance.

In evaluating eqs. 53 and 55, the presence of the exponential factor exp(—2K)meansthatwe needto evaluate
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T(SK;Q, A) only forK = 0(1). To do this, we must first returnto the cubic(36) which with the substitutions
(56) and ~ = SKbecomes:

(1 + 72) + 472 [qc~(1+ 72) + ie2~/sK]2= 0 (57)

The leadingtermsof theasymptoticexpansionsof the threerootsy,~for small � are:

2 2 1. —i —p 2 i’ —i —p
7i ‘~—1, 72 ‘~iq e , y~‘—~----~iq e
and so:

7i —i, 72 ~1 + j)q1/2

6P/2 7~-~(l — j)q~iI26P/2 (59)

Correspondingly,from eq.31:

01 -‘—isK�
152, a

2’~—2i, a3~2i (60)

and, from eqs.42, 43 and46, we then have:

~ ~ “= 2sK�~’
2, 2SK�~ (61)

and:

4isK�’~, —4Kq~
6p/2~‘

2—4i (62)

Hence,in particular,from eq.45:

T(SK;Q, A) (i + K/K
0)~ (63)

where:

K0 = s~iq 2�2/.5_~2 =AS’ Q~’
2= c~~2u~d/X°~H

0 (64)

It is now evident that thesituation p + ~p = 2 is critical in the sensethat only then is K0 = 0(1). If p + ~ < 2,
thenK0 —~ 0 as � -~0andT ‘-‘ K0/K, while ifp + ~p >2, thenK0 -~ °° as� -+ 0 and~- —i. The estimates of
Table I give K0 = 4 andclearly thereforetheconditionp + -~p= 2 is appropriate.If moreoverp = p (andany
otherrelation would be incompatiblewith thegeophysicalestimates)thenthe choice:

(65)

would appearto provide the bestdescriptionin the geophysicalcontext.Note that this choiceleadsto the
following estimatesof magneticReynoldsnumberRrn andRossbynumberR0:

Rm = U0d/XAQ
1s1 =q~is~i�~2/3 (66)

R
0 = U0/W~= /3

1A5 =s~3~�’°~ (67)

It is this small estimateof Rossbynumberwhichensuresthat inertiaeffectsarenegligible, asanticipatedin
Section4.

Substitutionof eq. 63 in eqs.53 and55 now gives:

1(X) ‘~‘ / K’ [1 + (K/K
0)

2]1 [(K/K
0) cosKX + sinKX] exp(—2K)F~3K)dK (68)

and:

/ (1 + (K/K0)
2)~exp(—2K)F(~K)dK= K~(0) (69)

Note that thedependenceof theseintegralson Q, A andS now appearsonly via theparticularcombination
K

0 =AS~Q3/2.
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If/I is small (andagainthis is suggestedby the estimatesof Table I), then it is reasonableto evaluatethe ex-
pressions54,68 and69 by replacingI’ijlK) by the leadingterm of its expansionfor small~3K.ifF(/IK) = 0[(j3K)2”]
as/3K —~0, theneq. 52 reducesto:

R~(X,K
0)= ~L~2t1 KIKo)

2]~[(KIKo) cosKx+sinKx] exp(—2K)dK (70)
[f~°K2” (1 + (K/K

0)
2 }‘ exp(_-2K)dK] i/2

with limiting forms,correspondingto thepossibilitiesn = 1, 2:

R~(X,0)=I +~X2’ Ri(X,~)=~~~X2)2 (71)

and:

1 —~X2 3i/2X(l -—~x2)
R

2(X,0)= R2(X,c~o)=_ (72)
(l+~X

2)3 (1+~X2)4

The functionsR
2(X,Ko) aresketchedin Fig. 2 for four valuesofK0 (0, 0.425,4.25and°°).Note that asK0

increases,the maximumvalue ofR2(X,K0) decreasesfrom 1 to 0.67,andthe value Xm of X at which this
maximumoccursdecreasesfrom 0 to —0.65. In the geophysicalcontext this would correspondto alongitude
shift of approximately20°.Note that,sinceXm <0, theapparentdisplacementof the magneticpatternrelative
to the gravitationalpatternis in thedirectionof the meanflow U0 (so that anegativedisplacementof ‘I’ is needed
to achievemaximum cor~elation).

Also includedin Fig. 2 is thecorrelation:

R(po)= (4)(O,p)’I’(O,p — ~ (73)

wheretheangularbracketsrepresentan averageover latitude 0 andlongitudep, asobtainedby Hide and MaIm
(1970) froni observationaldatafor the year 1965. The qualitative similarity betweenthe theoreticalcurves
and the observationalcurve,and in particularthe order of magnitudeof the maximumcorrelation(0.72 for the
case K0 = 4.25 which mostnearly representsthe geophysical situation) is striking. However, as mentioned in the
introduction,it must be emphasisedthat the westwarddrift of thegeomagneticfield cannotemergefrom a steady
model; this could only appearif transientor other time-dependenteffectswerebuilt into the modelat the

outset.

10 R2IX,K0) I
~o.1C,o95I ~

/~~~6S.0~7I ~,J”\~~~/’\\\\~.~,/L1__

III

-

/ \ \\
-i \~\ 1 I /
~ \V I’

\ / I

\ \\I /. --

~ \~ I’ ---K=
\ // —K~425

\ /1 ———- ©=0A25
/ Ko=0

Fig. 2. A. The curvesR2(X,K0) for K0 =0, 0.425,4.25, , asgiven by eq. 70; themaximumcorrelationsandthecorrespond-
ing valuesof —x areasindicated.
B. Thecorrelationfunction Rl~po)(eq. 73) asdeterminedby Hide and Malin (1970)from observationaldata for the year 1965.
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7. The physical character of the three wave modes

The valuesof 72 andy~given by eq.59 indicate that the corresponding velocity andmagneticperturbations
haveaboundarylayerstructure,the thicknessof the layerbeing0(s) where:

= q1/2~P/2~i= Qi/2ki (74)

Since,from eq.63, ~2 = ~ in the limit considered,the energydensitiesof thesemodesareequal;in fact:

8S2U~d2k4it
7I

2
1u

21
2 = Iu

31
2 = A2I~j2 exp(kz/Q~2) (75)

and:

1h
21 = Ih~I= 4S

2K21U
231

2 (76)

Note that, for K = 0(1), themagneticenergydensity is a factor0(S2) greaterthan the kinetic energy density.
Both modesarehighly helical; in fact, from eq. 34, the hehicity density(Moffatt, 1970)in either mode(n = 2 or
3) is given by:

1C,, = Re(u~. ikAu
0)= 2klu,,I

2 ~ .~kI,~I2Q_i/2 (77)

This positive helicity in both modesis associatedwith the flux of energyawayfrom theboundaryin thedirec-
tion —fZ. (Moffatt, 1970, §2; Soward,1975). A regionof concentratedhelicity neartheboundaryis of potential
importancein the contextof dynamo regenerationof the large-scalemagneticfield.

The modecorrespondingto suffix n = 1, with 7i = —i hasa totally differentcharacter.The velocity and
magneticfield in this modearegivenby:

4U
0~(k) ~2 4Uoi~k) e~

u1(k)=Re—~ (iI,-~,K) exp[k(ix+z)], hi(k)Re �
2d~ (iJc,-~~K)exp[k(ix+z)] (78)

andare irrotational to leadingorder(i.e. neglectingthesmally-components).The modeis thereforealmostun-
affectedby ohmic dissipation.Thekinetic energydensity IuiI2 is smallerby a factor 0(e4S2)than that in modes
2 and3; it is howeverdistributedthroughouta layerof thickness0(k~) in the fluid. The magneticenergy
density Il~12 is of the sameorderof magnitudeas Ih~I2and1h

31
2. IfE~andM~(n = 1,2,3) are the total

kinetic andmagneticenergiesin thethreemodes(integratedoverz) then,in the casep = p =

M
7 = 0(c_2/3)M2,3 = 0(e~0I’3)E2,3= 0(�

4)E
1 (79)

It may readily be verified that the mode n = I is non-helicalin the limit considered.
Theterm U0 . Vh in eq. 24 introducesa distinctionbetweenthe positiveandnegativex-directions,and is

responsiblefor the final asymmetryin thecorrelationfunctionssketchedin Fig. 2. In the n = 1 mode,in which
V

2h = Oat lowestorderInc (since7~= —1), ~his~convectionterm is of dominantimportance.In the other two

modes,the relativeimportanceof U
0~Vh andXV

2h in eq. 24 is givenby:

10’ VhI U
0k6

2 _/3A /I~2-~ ~80

IXV2hI X S s

so that,sincep < 2, diffusion dominatesin thesemodes(dueto the smallvertical length scale)andconvectionis
unimportant. If U

0 is graduallyincreasedfrom smallvalues(so thatK0 increasesin proportion) the gradualshift
in the correlation pattern from symmetric to antisymmetricform (Fig. 2A) is thereforeentirely due to the in-
fluenceof convectionin the n = 1 mode; the dominantmagneticenergyin thismode(eq. 79) ensuresthat struc-
tural changesin the modeare transmittedvia the boundaryconditionsat the interfaceinto the mantle region.
It seemsin fact asif then = 1 modeplays the dominantrole in determiningthe correlationpattern;the n = 2

and3 modesplay a passiverole, driven by then = 1 modevia its interactionwith the interface.
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