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1. INTRODUCTION 

The helicity of a fluid flow confined to a domain !JJ (bounded or 
unbounded) of three-dimensional Euclidean space R 3 is the integrated 
scalar product of the velocity field u(x, t) and the vorticity field 
w(x, t) = curl u: 

£'(t) = LuoWdV. (l.l) 

The quantity hex, t) = u· W is the helicity density of the flow. Both hand 
£' are pseudoscalar quantities, i.e. they change sign under change from a 
right-handed to a left-handed frame of reference (parity transformation). 
It is important therefore to specify the frame that is used; we shalt always 
use a right-handed Cartesian (or orthogonal curvilinear) frame unless 
otherwise stated. The simplest (prototype) helical flow is 

U=U+1QI\X 

where U and n are constants. Then 

W = curlu = Q 

281 
0066-41 89/92/0 1 15-0281 $02.00 

A
nn

u.
 R

ev
. F

lu
id

 M
ec

h.
 1

99
2.

24
:2

81
-3

12
. D

ow
nl

oa
de

d 
fr

om
 w

w
w

.a
nn

ua
lr

ev
ie

w
s.

or
g

by
 C

am
br

id
ge

 U
ni

ve
rs

ity
 o

n 
09

/1
5/

13
. F

or
 p

er
so

na
l u

se
 o

nl
y.



282 MOFFATT & TSINOBER 

and the helicity density h(x) = u' n is uniform. If n is parallel to U (so 
that h > 0), the streamlines are right-handed helices about the z-axis with 
pitchp = 4nU/Q = 4nh/Q2• Hence the origin of the term "helicity," which 
was introduced into the fluid mechanics literature by Moffatt (1969). 

Helicity is important at a fundamental level in relation to flow kinematics 
because it admits topological interpretation in relation to the linkage or 
linkages of vortex lines of the flow. Suppose for example that w is identi­
cally zero except in two closed tubes 5j and :Ji (Figure 1), which may be 
linked. We suppose that 5j and 5;. are unknotted, and that the vortex lines 
are untwisted within each tube, i .e. each vortex line is a closed curve 
passing once round the tube, and unlinked with its neighbors in the same 
tube. If the tubes have vanishingly small cross-section, then the integral 
(1 .1) degenerates to the sum of two line integrals round the axes rt? \, rt? 2 of 
�, 5;. respectively: 

Yl' = K): U'dX+K2� u'dx, J;: 1 J;: 2 
(1.2) 

where K" K2 are the circulations associated with each tube. Now, by 
Stokes's theorem, the first integral is equal to the flux of vorticity across 
a surface spanning rt? \. This flux is ± nK 2, where n is the linking (or winding) 
number of {rt? \, rt? 2} , and the + or - is chosen depending on whether the 
linkage is right- or left-handed. A similar result is found for the second 
integral. Hence 

( l .3) 

Figure 1 Prototype configuration of linked vortex tubes that gives nonzero helicity. 
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HELICITY IN FLUID FLOW 283 

and thus :Yt' is directly related to the most basic topological invariant of 
two linked curves. 

In general, of course, a vorticity distribution £O(x) cannot be simply 
decomposed into a set of nonoverlapping vortex tubes ; indeed the vortex 
lines of a general three-dimensional flow may be expected to diverge 
exponentially in the manner characteristic of third-order dynamical 
systems with chaotic trajectories. There is however always a simple 
decomposition of £0 into a sum of three overlapping fields for which 
the above interpretation of helicity remains meaningful (Figure 2). If 
U = [Ul(X, y, z), uix,y, z), U3(X, y, z)], then wc definc 

WI = (0, 8ud8z, -8uI/8y) (1.4) 

and similarly (by cyclic permutation) for W2 and £03, so that 
£0 = WI +W2 +W3' The vortex lines of the field £OI(x) are the closed curves 
U I = constant, x = constant and the associated "self-helicity" is zero; simi­
larly for W2 and £03, The helicity is 

:Yt' = L :Yt'nm, :Yt'mn = fUn' Wm dV = fUm' £on dV 
n*m 

(1.5) 

and :Yt'nm is the "degree of linkage" of the two vorticity fields Wn and Wm' 

x 

z 

u, == cst } 
x == cst 

;-------------------------------- y 

Figure 2 Decomposition of arbitrary vorticity field into three linked fields, each of which 

has trivial topology. 
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284 MOFFATT & TSINOBER 

Although the concept of helicity is relatively recent in the fluid mechan­
ical context, its roots go back to the seminal contributions of Helmholtz 
( 1 858) and Kelvin (1869). Kelvin recognized that, under evolution 
governed by the Euler equations for an ideal fluid, vortex lines behave like 
material lines, or, in modern parlance, they are "frozen in the fluid." This 
result is a consequence of the fact that the flux of vorticity through any 
open surface bounded by a curve moving with the fluid is conserved (again 
under Euler evolution). If the moving curve is chosen to be itself a closed 
vortex line, then it follows that the vorticity linked by this vortex line is 
conserved. It is this double application of the Helmholtz-Kelvin theorems 
that implies the "inviscid in variance" of helicity, a result that immediately 
gives helicity a status comparable to energy in the dynamics of ideal fluids. 

The helicity conservation theorem may be stated as follows. Consider 
the velocity field u(x, t) of an inviscid barotropic [p = p(p)] fluid flowing 
under conservative body forces (note that these are precisely the conditions 
under which Kelvin's circulation theorem holds). Let Set) be any closed 
surface, moving with the fluid, on which (J)' n = ° (a condition that persists 
for all t if it holds at t = 0, by virtue of the fact that the vortex lines are 
frozen in the fluid). Let .Yt's(t) = J v U' (J) dV be the helicity in the volume V 
inside S. Then d:Yfs(t)ldt = 0, so that :Yfs(t) = constant. 

This result was discovered by Moreau ( 1 961) ,  although it was fore­
shadowed by an earlier, and closely related, result of Woltjer ( 1 958) in 
magnetohydrodynamics (see below). The result was rediscovered, together 
with its topological interpretation, by Moffatt ( 1 969). The conditions under 
which the theorem holds are important, and have been frequently mis­
understood. It may therefore be useful to repeat the proof, in its simplest 
form, here. The governing equations are 

Du 1 
- =  - - Vp+F 
Dt p 

and, in consequence (taking due account of mass conservation) 

�t(�) = (�}vu, 

( 1 .6) 

( 1 .7) 

where p is the fluid density, p = pep) the pressure, F = - Vcp the body 
force distribution, and DIDt == %t+u' V the material (or Lagrangian) 
derivative. Writing :Yfs in the form 

( 1 .8) 

we then have 
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Now 

�(�) = (�oV)Q = 
�Vo(WQ), 

Dt p p P 

where 

Q = 1u2-e-q> 

HELICITY IN FLUID FLOW 285 

(1.10) 

(Lll) 
and e = S dp/ p, the enthalpy per unit mass. Hence from (1.7), 

d:Yf's f f dt = J
v 
Vo(wQ)dV = J/now)QdS = 0, 

and the result follows. 

(1.12) 

In the special case in which the fluid is incompressible and p = constant, 
the above argument remains valid. Equation ( 1 .8) then shows that 

8h at + V 0 (uh -wQ) = 0 

so that the flux of helicity is given by 

Fh = uh-wQ. 

( 1. 1 3 ) 

(1.14) 

It is important to note that, to every vorticity surface S (on which 
won = 0) there corresponds a helicity invariant. If the vortex lines of a 
flow lie on a family of (nested) surfaces, then there is a corresponding 
family of helicity invariants. In general, however, as observed above, the 
vortex lines of a fully three-dimensional flow do not lie on surfaces, but 
wander in chaotic manner throughout the flow domain (see for example 
Dom bre et al 1986, Bajer & Moffatt 1990); in this case there is only one 
helicity invariant for each subdomain within which the vortex lines are 
chaotic. Note however that, if (J) 0 n i= 0 on the boundary 8fJ2 ofthe domain, 
then the total helicity of the flow is not invariant, since the essential surface 
condition is not satisfied. Helicity is then either created or destroyed in a 
boundary layer on 8qj (see the discussion of Moffatt 1969, Section 3). 
Viscosity is of course responsible for the reconnection of vortex lines and 
correspondingly for the evolution ofhelicity-effects explicitly revealed in 
the computations of Kida & Takaoka (1988) and recently by Aref & 
Zawadski (1991). 

If the fluid fills all space (i.e. qj = R 3), and if \w\ is exponentially small 
as Ixl � 00, then the helicity integral is clearly convergent and constant 
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286 MOFFATT & TSINOBER 

since the surface integral in ( 1 . 1 0) (over the surface at infinity) vanishes. 
If w is a stationary random function of x, as appropriate in the case of a 
field of homogeneous turbulence, then we may define the mean helicity 

£=<u·w), ( 1 . 1 5) 

where the angular brackets indicate either an ensemble average or (equiv­
alently) a space average. We then have the result that, again under the 
three Kelvin conditions (inviscid fluid, barotropic flow, and conservative 
body forces), yf = constant. If £ # 0, then the turbulence "lacks reflec­
tional symmetry." Conversely, for any field of turbulence that is reflection­
ally symmetric (i .e. invariant under parity transformations) then neces­
sarily £ = o. 

In this latter case, it may nevertheless happen that higher moments of 
the helicity distribution are constant (Levich & Tsinober 1 983) and exert 
an influence on the statistics of the flow. Suppose for example that the 
space is divided into cells Vi bounded by surfaces Si (which move with the 
fluid) on each of which the condition n . w = 0 is satisfied (for all t), and 
let Hi) = S Vi U • w dV be the helicity of the flow in the cell Vi. Then each h(i) 
is an inviscid invariant of the flow. Consider now a large volume V con­
taining many such cells. We may define the moments 

:Yf. = lim � L h(l)n n v�oo V i 

and these are all in viscid invariants. £1 is the mean helicity of the flow as 
previously defined. If the h(l) are randomly distributed with equal prob­
ability of positive and negative values, then 

and £1 = O. However, all even moments (and in particular y(2) are finite 
and nonzero; and although the mean helicity is zero, the fluctuations about 
the mean have constant variance. 

The above argument depends critically upon the cell decomposition of 
the vorticity field. It cannot easily be extended to moments of the form 
«u· wt), which do not in general appear to be invariant (except when 
n = 1). 

2. THE TOPOLOGICAL NATURE OF THE 

HELICITY INVARIANT 

We have already referred above to the interpretation of the helicity 
invariant in terms of the linkage of vortex tubes in the flow. Invariance of 
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HELICITY IN FLUID FLOW 287 

the helicity is then directly associated with invariance of the topology of 
the vorticity field. 

Similarly, any solenoidal vector field that is convected without diffusion 
by a flow will have conserved topology and an associated helicity invariant. 
The prototype is the magnetic field B in a perfectly conducting fluid, which 
satisfies the frozen-field equation 

vB fit = curl (u 1\ B), V·B =0, (2. 1 )  

where u is the convecting velocity field. The formal analogy between this 
equation and the vorticity equation of inviscid fluid dynamics is well­
known. The difference however is that in the context of Equation (2. 1 ), B 
is no longer constrained to be equal to curl u. In other words, Equation 
(2.1) admits consideration of far wider class of initial conditions. 

If B = curl A, and if B . n = ° on a moving surface S containing volume 
V, then the magnetic helicity invariant is 

:Yt'M = LA' B dV. (2.2) 

Note that this quantity is gauge invariant-i.e. invariant under replace­
ment of A by A + V'll, where 'I' is any single valued scalar field. This type 
of invariance should not be confused with the time-invariance of :Yt'M, 
which follows from Equation (2. 1 ) .  This latter invariance was discovered 
by Woltjer ( 1 958). Intcgrals having this structurc were encouutered pre­
viously by Whitehead ( 1947) in a study of the famous Hopf invariant of 
topological mappings from S3 to S2. The integral (2.2) was described as 
the "asymptotic Hopf invariant" by Arnold ( 1974), a description that is 
appropriate when the B-lines are not simple closed curves, but may for 
example wander chaotically (see Arnold & Khesin 1 992, this volume). 

A field B has "trivial" topology if each B-linc is an un knotted closed 
curve that may be shrunk to a point without having to cut through any 
other B-line in the process. By virtue of the arguments advanced in the 
previous section, the helicity of such a field is clearly zero. Starting with 
such a field, we may however construct a topologically nontrivial field by 
"surgical operation" as follows. 

Let us start with a circular flux tube of small cross-section, in which 
each B-line is a circle running parallel to the axis of the tube. The helicity 
in this initial state is zero. Suppose that the magnetic flux (i.e. the integral 
of B across the cross-section of the tube) is <P. Imagine that we now cut 
the tube at any section, twist it through an angle 2ny, and reconnect. If y 
is a rational number, p/q, where p and q are coprime, then each B-line in 
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288 MOFFATT & TSINOBER 

the tube (with the exception of the central axis) is a torus knot, denoted 
KP"1" Moreover, each pair of B-lines is now linked; Le. the topology is 
definitely nontrivial. 

If y :::: I ,  then each pair of B-Iines is simply linked, and the helicity may 
be calculated by simply summing the contributions from each pair of 
elemental tubes: 

(2.3) 

More generally, for arbitrary values of y, :Yt = y<D2. Obviously, by this 
type of surgery (i.e. by the introduction of twist in a tube), we may alter 
the helicity by any desired amount. 

If the axis of the initial flux tube is a knotted closed curve C, then the 
field helicity arises partly through the nontrivial topology of the knot, and 
partly through the twist of the field within the tube. However, since the 
latter contribution can be varied by an arbitrary amount with the same 
type of surgical operation as indicated above, the total helicity of the field 
may be adjusted to take any value of the form yep2. This accounts for the 
differences in the evaluation of :Yt for the particular example of the trefoil 
knot in Moffatt ( 1 969) and Berger & Field ( 1984), who adopted a particular 
convention for the field twist in the knotted tube. The most natural con­
vention is perhaps to choose the twist that makes:Yt = 0, i.e. to compensate 
the helicity associated with torsion of the knot by helicity associated with 
twist within the knot tube. For this choice of twist (described as "zero­
framing" in the topological literature) the linking number of any two B­
lines in the tube is zero-although, paradoxically, they still generally 
remain linked (like the Whitehead link in which a circle links a figure of 
eight, once in each sense). 

3. HELICITY AND THE TURBULENT DYNAMO 

Helicity plays a central role in dynamo theory, i .e.  the theory that is 
concerned with the growth of magnetic fields in electrically-conducting 
fluids, a subject that has been extensively treated in a number of research 
monographs (Moffatt 1 978, Parker 1979, Krause & Riidler 1980, Zeldovich 
et al 1 983). Modern treatment of the turbulent dynamo may be said to 
date from the discovery of the a-effect by Steen beck et al ( 1 966) (see 
Roberts & Stix 1 97 1 ), although again, the seeds of this discovery may be 
traced to earlier work, particularly that of Parker ( 1955) and Braginskii 
( 1 964). This discovery is of fundamental importance, and has totally trans­
formed our understanding of the dynamo mechanism. It provides one of 
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HELICITY IN FLUID FLOW 289 

the most remarkable examples of how order (in the form of a large-scale 
magnetic field) can arise out of chaos (in the form of small-scale turbulence 
with zero mean). The essential ingredient however is that the statistics of 
the turbulence should lack reflectional symmetry, the simplest mani­
festation being a nonzero mean helicity. 

We describe here the mechanism of the a-effect in its simplest form. The 
equation for the magnetic field, allowing for the finite conductivity of the 
medium, is 

(3. 1 )  

where IJ i s  the magnetic diffusivity of  the medium (inversely proportional 
to electrical conductivity), and u is the turbulent velocity field. We decom­
pose B in the form 

B = Bo(x, t) + b(x, t), (3.2) 

where Bo is the "mean" field varying on a scale L large compared with the 
scale I of the turbulence, and b is the fluctuation field generated by the 
turbulence. The mean and fluctuating parts of Equation (3. 1)  are then 

oBo at = curl tS' +1)V2Bo (3.3) 

(3.4) 

where tS' = (u /\ B) and G = u /\ B-G". 
Equation (3.4) establishes a linear relationship between band Bo, and 

so between tS' and Bo. This relationship in general admits expansion in the 
form 

(3.5) 

where the (pseudo) tensor coefficients IXii' [3ijb etc. are determined by 
the statistical properties of the turbulence and the parameter 1). Explicit 
determination of these coefficients requires solution of the fluctuation 
Equation (3.4). 

The simplest situation is that in which the magnetic Reynolds number 
of the turbulence, Rm = uol/1), is small (uo being the root-mean-square 
velocity). In this case, the awkward term curl G in (3 .4) may be neglected, 
and the resulting linear equation may be solved by standard Fourier 
techniques. The result for the leading coefficient IXij is 
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290 MOFFATT & TSINOBER 

(3.6) 

(see, for example, Moffatt & Proctor 1 982), where H(k, OJ) is the "helicity 
spectrum" of the turbulence, i.e. the Fourier transform of the quantity 

(u(x, t)· w(x +r, t+r». (3.7) 

This spectrum obviously has the property 

Jf" = <u· w> = f f H(k, OJ) dk dOJ. (3.8) 

We thus have a direct and illuminating relationship between the helicity 
spectrum function and the leading order term in the important expansion 
(3.5) .  

I f  the turbulence i s  isotropic (and here we  use this term in  the weak 
sense, to indicate invariant under rotations of the frame of reference, but 
not necessarily under parity transformations) then the tensors aii' Pijk etc. 
must also be isotropic, i .e .  

(3.9) 

where a is a pseudo-scalar and P a pure scalar. In this case, the helicity 
spectrum function is a function only of wave-number magnitude k and OJ, 
and the expression (3.6) yields 

(3 . 1 0) 

Similarly, P may be expressed as a weighted integral of the energy spectrum 
function E(k, OJ). 

The mean field equation (3.3) now takes the form 

aBo 2 at = aV 1\ Bo + (I1+P)V Bo, (3. 1 1 ) 

where we have assumed that a and P are uniform and constant, as appro­
priate for turbulence that is homogeneous and statistically stationary. It 
is easy to see that this equation admits unstable solutions. For example, 
consider field structures satisfying the "force-free" condition 

V 1\ Bo = KBo (3 . 12) 

where K is constant; then obviously (3. 1 1 ) becomes 
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aBo 2 at = [rtK-(11+ {3)K ]Bo (3. 1 3) 

and we have exponentially growing behavior if 

(3. 14) 

i.e .  if the scale K-1 of the mean field Bo is sufficiently large. This, in essence, 
is the "IX-effect" of mean-field electrodynamics. 

It is important to note that the growing mean-field structure satisfying 
(3.12) is itself endowed with helicity, and indeed maximal helicity, since it 
is a Beltrami field. The associated Lorentz force is zero (hence the term 
"force-free"), and so in this idealized situation no large-scale mean flow is 
generated. There is nevertheless a saturation effect associated with the fact 
that the growing mean field ultimately tends to damp out the small-scale 
turbulence (Moffatt 1970, 1972; Soward 1975). 

In astrophysical or planetary contexts, the structure of the growing field 
is constrained by the global geometry of the fluid domain, and the force­
free condition (3. 1 2) cannot then be satisfied. In these circumstances, the 
Lorentz force associated with the mean field is nonzero, and a large-scale 
mean flow is generated. This provides an alternative saturation mechanism 
(Malkus & Proctor 1 975). Whichever saturation mechanism operates, the 
growth of the magnetic field is ultimately limited by the energy that is 
available to the turbulent flow, for transfer to the magnetic field. The 
magnetic field may be regarded, in somewhat philosophical terms, as the 
means by which the energy of the system is most conveniently dissipated. 

The important point in relation to the present discussion is that the 
presence of nonzero mean he Ii city in the background turbulence is what 
is needed to provide a nonzero IX-effect, and hence to make the medium 
unstable to the growth of a large-scale magnetic field. Although this effect 
was discovered 25 years ago, its many ramifications, and particularly its 
nature in the much more difficult situation of large magnetic Reynolds 
number (more relevant in astrophysical contexts), are still the subject of 
continuing research and controversy. 

4. HELl CITY AS A TOPOLOGICAL CONSTRAINT 
IN RELAXATION TO EQUILIBRIUM 

Helicity also plays a crucial role in the problem of relaxation to mag­
netostatic equilibrium -a problem of central importance in the context of 
thermonuclear fusion plasmas. Here again, the initial step was taken by 
Woltjer ( 1 958), who showed that if the magnetic energy associated with a 
magnetic field in a finite system is minimized subject to the single constraint 
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292 MOFFATT & TSINOBER 

that the total magnetic helicity is prescribed, then the minimizing magnetic 
field is force-free, i .e.  

V 1\ B = AD, (4. 1 )  

where A- is constant. Thus, just as i n  the dynamo context, a Beltrami field 
is in some sense preferred. 

This result was put to very good effect by 1. B. Taylor ( 1 974), who 
considered the process of relaxation of a magnetic field to magnetostatic 
equilibrium in a turbulent plasma. Taylor recognized that there is a helicity 
invariant corresponding to every magnetic surface (on which B . n = 0) in 
the flow, but argued that only the global magnetic helicity (integrated over 
the whole fluid domain) could be expected to be invariant during the 
relaxation process. This principle, if accepted, immediately leads to 
Woltjer's variational problem, and to the emergence of force-free states of 
the form (4.1). For a plasma contained in a cylindrical domain, solutions 
of (4.1) in terms of Bessel functions are easily obtained and in particular, 
solutions may be found exhibiting an axial magnetic field that reverses 
sign at the outer boundary of the cylindrical cross-section-a behavior 
characteristic of the reversed field pinch (RFP). This theory is therefore a 
very attractive candidate as an explanation for the gross properties of the 
RFP. 

Many attempts have been made to provide a justification for Taylor's 
hypothesis, but none appear totally satisfactory (Taylor 1986). The prob­
lem is that the finite magnetic diffusivity processes that are responsible for 
changing any of the "subhelicities" associated with subdomains of the 
fluid are equally responsible for changing the global helicity. Conversely, 
if global helicity is conserved, then it is hard to see why the subhelieities 
are not conserved also. If, in W oltjer's variational problem, a Lagrange 
multiplier is introduced for each of the subhelieities, then a force-free state 
of the form (4. 1 )  again emerges, but now with A- as a function of position, 
constant on each field line (i .e. on each magnetic surface). It may be noted 
that the cylindrical force-free configurations considered by Taylor do have 
magnetic surfaces (the cylinders r = constant), so that in this context, A­
may be any function of r. This allows more freedom than one would wish 
in a predictive theory. 

Even this generalized variational problem docs not take account of the 
additional constraint of mass conservation. If this constraint is somehow 
included in the formulation, and ifthe total energy of the system (magnetic 
energy plus internal energy) is minimized, then the field relaxes to a mag­
netostatic equilibrium satisfying 

j 1\ B = Vp, (4.2) 

where j = curl B, and p is the pressure field in the plasma. 

A
nn

u.
 R

ev
. F

lu
id

 M
ec

h.
 1

99
2.

24
:2

81
-3

12
. D

ow
nl

oa
de

d 
fr

om
 w

w
w

.a
nn

ua
lr

ev
ie

w
s.

or
g

by
 C

am
br

id
ge

 U
ni

ve
rs

ity
 o

n 
09

/1
5/

13
. F

or
 p

er
so

na
l u

se
 o

nl
y.



HELICITY IN FLUID FLOW 293 

At this point, the theory becomes of great potential interest in the totally 
different context of classical inviscid fluid mechanics. For there is a well­
known analogy between Equation (4.2) describing magnetostatic equi­
librium and the equation 

UI\W=VS (4.3) 

describing steady solutions of the Euler equations in an inviscid incom­
pressible fluid. The analogy here is between the variables U and B (both 
solenoidal), j and w, and p and So-S, where So is constant. This analogy 
is exact, and if any solution, or family of solutions, of (4.2) can be found 

by any means, then there immediately corresponds a solution or family 
of solutions of Equation (4.3), provided the boundary conditions are 
compatible. 

This correspondence has been exploited in a series of papers by Moffatt 
( 1 985, 1986a,b, 1 988). The magnetic relaxation problem is considered 
in a fluid that is considered incompressible and viscous, but perfectly 
conducting. The perfect conductivity ensures that the topology of the 
magnetic field is conserved during the relaxation process; this means that 
not only are all the helicity invariants conserved, but also any more subtle 
topological properties are guaranteed to be conserved because B satisfies 
the frozen-field equation.  Viscosity however allows a mechanism for energy· 

dissipation, and the energy of the system decreases to the lowest level that 
is available to it, allowing for all the topological constraints. In the case 
of a knotted flux tube of volume V carrying flux 4>, this minimum energy 
has the form m(y)4>2V-1/3, where m(y) is a function determined solely by 
the topology of the knot (Moffatt 1 990b). 

The helicity plays an explicit role in this process, as first pointed out by 
Arnold ( 1974). By virtue of the Schwartz inequality 

(4.4) 

and the Poincare inequality 

(4.5) 

where qo is a positive constant dependent on the geometry and size of the 
fluid domain, the magnetic energy is bounded below according to 

(4.6) 
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Thus, if the magnetic helicity is nonzero, then the magnetic energy is 
definitely bounded away from zero. Actually, this result is much deeper 
than would appear from this simple presentation. It is the nontrivial 
topology implied by the nonzero helicity that guarantees that the magnetic 
energy cannot relax to zero. As shown by Freedman (1988), as long as the 
topology of the field is nontrivial, then, even if the global magnetic helicity 
is zero, the magnetic energy is still bounded away from zero. There are 
interesting examples of magnetic field topology (e.g. the Borromean ring 
topology) for which the helicity is zero (magnetic field lines being pairwise 
unlinked) but for which the minimum magnetic energy is definitely 
nonzero. Such situations are covered by Freedman's theorem. 

5. STRUCTURE OF TURBULENCE AND 

SUPPRESSION OF NONLINEARITY 

The existence of a large family of steady solutions of the Euler equations (or 
"Euler flows") as determined by the above procedure, makes an attractive 
starting point for consideration of the problem of turbulence. Euler flows 
may be regarded as fixed points of the (infinite dimensional) dynamical 
system controlling the evolution of turbulence, and therefore provide a 
natural focus of investigation. Even if-as seems likely-these flows are in 
general unstable, nevertheless their structure, and the connections between 
them (heteroclinic orbits), may provide useful insights concerning the 
structure of turbulence. 

An Euler flow, satisfying Equation (4.3), is characterized by a family of 
"stream vortex" surfaces s = constant, among which may be embedded 
vortex sheets, across which s is discontinuous. The flow may also contain 
subdomains in which s is identically zero, and OJ = AU, where A is constant 
on streamlines. Within these subdomains, there may exist smaller sub­
domains within which A is constant, and in these subdomains, the field has 
maximal helicity (i.e. the Schwartz inequality (4.4) applied to the fields U 
and OJ now becomes an equality). The vortex sheets are necessarily sep­
arated from these regions of maximal helicity, and this has led to the 
speculation (Moffatt 1 985) that there should be an anticorrelation between 
helicity and energy dissipation. This suggestion has stimulated a number 
of experimental and computational investigations, some of which will be 
described in the following section. 

The vortex sheets in the above scenario are of course prone to Kelvin­
Helmholtz instability, and have a natural tendency to wind up into double 
spiral structures. These structures, characterized by accumulation points 
of tangential discontinuities of velocity, can yield a power law spectrum 
k-I', with J1 a fraction between I and 2. If the spiral structure is just right, 
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then the Kolmogorov spectrum (/1 = 1) emerges (Moffatt 1 984). A two­
dimensional analysis of this type of process has been developed by Gilbert 
( 1988). The same techniques have been recently applied (Moffatt 199 1 )  
using the spiral structure computed by  Krasny ( 1 986) to  show that the 
Kolmogorov spectrum can indeed emerge from the Kelvin-Helmholtz 
instability. Viscous dissipation of course irons out the singularity at the 
center of the spiral, and provides an exponential cutoff to the spectrum. 

By this mechanism, vortex sheets may be expected to wind up into 
vortex filaments having rather complex cross-sectional spiral structure, a 
conclusion that is not inconsistent with numerical simulation of three­
dimensional turbulence at moderate Reynolds number (Kerr 1 985, She et 
al 1 990). 

The absolutely stationary Euler flows may in fact be far too restrictive as 
a realistic starting point for analysis of turbulent structure. An alternative 
starting point is to regard turbulence as a "sea of interacting vartons," an 
idea that is related to the early suggestion of Synge & Lin ( 1 943) that 
turbulence might be approached through consideration of a random dis­
tribution of spherical vortices. The word "vorton" is used here to mean 
any rotational solution of the Euler equations that propagates with its self­
induced velocity, without change of structure (Moffatt 1 986b, 1 988). The 
relaxation procedure described above can be adapted to establish the 
existence of an extremely wide family of such Euler flows both with and 
without helicity. Hill's spherical vortex is the prototype of the non helical 
vorton, while the "gyrostatic" vortex of Hicks ( 1 899) is the prototype for 
the vorton with helicity. 

We now picture a random sea of such vortons with nonlinear inter­
actions occurring in regions of "grazing incidence" where high shear may 
be expected. If we define 

(u /\ w)s = U /\ w-Vs (5. 1 )  

as the "solenoidal projection" of the Lamb vector u /\ w, then a measure 
of "Eulerization" of the flow is given by the ratio 

(5.2) 

as proposed by Kraichnan & Panda ( 1 988). In computations of decaying 
homogeneous turbulence, Kraichnan & Panda found that the value of Z 
is significantly depressed below the value that it would have for a random 
velocity field with Gaussian distribution, the asymptotic value being 57% 
of the Gaussian value. This result is understandable in terms of the inter­
acting vorton model, because (u /\ w)s is effectively zero within each 
vorton, so that contributions to Z come only from the regions of space in 
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which these vortons are interacting. These are the regions in which shear 
instability and consequent spiral wind-up is occurring (Moffatt 1 990a). 

Such ideas are of course extremely speculative in character, but never­
theless act as a useful stimulus for experiments, both laboratory and 
computational. In the following sections we turn to the practical con­
siderations involved in the experimental detection of effects associated 
with helicity in turbulent flow. 

6. OBSERVATIONAL AND EXPERIMENTAL 

ASPECTS 

6. 1 Helical Structures 

It is clear, at least intuitively, that a vortex having a nonzero axial com­
ponent of velocity is characterized by nonzero helicity, i.e. is a helical 
structure. There is a great variety of structures of this kind, e.g. Taylor­
Gortler vortices, leading edge and trailing vortices shed from wings and 
slender bodies, streamwise vortices in boundary layers and free shear 
flows, Langmuir circulations in the ocean, and analogous structures in 
the atmosphere-tornados and rotating storms [for references see, e.g. 
Tsinober & Levich ( 1 983), and in geophysical contexts Lilly ( 1 982, 1 986), 
Etling ( 1985), and Hauf ( 1 985)]. 

6.2 Generation of Helicity in Initially Helicity-Free Flows 

Batchelor & Gill ( 1962) discovered that the most unstable mode (according 
to linear stability analysis) of a round axisymmetric jet is the mode with 
azimuthal wave number m = ± 1 ;  in other words the most unstable per­
turbation is a helical (spinning) mode lacking axial symmetry. Similar 
results were obtained subsequently in a number of papers: Kambe ( 1 969), 
Lessen & Singh ( 1973), Lopez & Kurzweg ( 1 979), Morris ( 1 976), Plaschko 
(1979), and Strange & Crighton ( 1 983). 

Nonlinear analysis by Goldshtik et al ( 1983, 1 985) revealed that the 
nonaxisymmetric nature of the most unstable modes can result in a steady 
rotation (clockwise or counterclockwise depending on the initial per­
turbation) of the initially nonrotating flow. This means that nonzero azi­
muthal velocity and axial vorticity-i.e. nonzero helicity-are generated 
in the initially helicity-free flow. 

There is some experimental evidence (mostly qualitative) that helical 
modes are at least as unstable as their axisymmetric counterparts (Crow 
& Champagne 1 97 1 ,  Browand & Laufer 1 977, Chan 1 977, Dimotakis et 
al 1 983). There is also evidence (both theoretical and experimental) that 
helical modes play an important role in wakes past axisymmetric bodies 
like spheres, circular disks, and other bodies of revolution (Achenbach 
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1 9 74, Scholz 1 986, Monkewitz 1988 and references therein). Helical modes 
and structures have been found in transitional and turbulent pipe flows 
(Sabot & Comte-Bellot 1 976, Bandyopadhyay 1 986, Stahl 1 986). 

No experimental evidence has so far been reported on the existence 
and/or development of self-induced rotation in round jets, wakes, and 
pipes. This has however been observed in some other axisymmetric flows 
(Kawakubo et al 1 978 and Shingubara et al 1 988, in flow around a sink; 
Torrance 1 979, in a hot plume in a stratified environment; and Bojarevics 
& Shcherbinin 1 983, in an axisymmetric meridional flow due to an electric 
current source). 

The spontaneous emergence of self-induced rotation is a special example 
of the breaking of reflectional symmetry, which is characterized by gen­
eration of nonzero helicity in an initially helicity-free flow. 

6.3 Quantitative Measurements of Helicity 
The detection of a lack of reflectional symmetry in a flow does not require 
direct measurements of the helicity field; it is sufficient to measure pseudo­
scalar correlations like <u(x) 1\ u(x+r»' r, which is closely related to the 
helicity of the flow (see below). 

Simple as it seems, the main difficulty from the experimental point of 
view is that correlations of this kind are nonzero only for r t= O. For small 
values of r, this is therefore equivalent to measuring velocity derivatives 
(along with velocity as well). For large values of r the correlations become 
too small to be measured properly. There may exist an intermediate range 
of r at which these correlations can be measured satisfactorily .  As yet, 
however, there have been no systematic attempts to do this. Instead, all 
attempts have been directed towards direct measurement ofhelicity density 
U;(JJ; or part of it, e.g. U1W1. 

METHODS These attempts have been based on two recently developed 
methods of vorticity measurement (for a review of such methods, see Foss 
& Wallace 1989). 

The idea underlying the first method comes from MHD and is based on 
the equation div j = 0 and Ohm's law j = a( - V ¢ + u x B), where j is 
electric current, ¢ the potential of the electric field, u the velocity, and B 
the magnetic field intensity. It follows that V2¢ = B· w (the term U '  curl 
B is several orders smaller). This enables one to obtain the component of 
vorticity WB parallel to the magnetic field, by measuring V2¢ through 
the use of a seven-electrode probe, which realizes a central-difference 
approximation of the Laplacian. This idea was suggested by Grossman et 
al ( 1958) and has been implemented in turbulent grid flow of salted water 
on a small-scale facility (with test section of 5 cm x 5 em cross-section) by 
Tsinober et al ( 1 987). The method has the principal advantage of being an 
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absolute one, i .e. it does not require any calibration; it provides the quantity 
UIW1 via simultaneous measurements of UI and WI at the same location 
(Kit et a1 1 988, Dracos et a11 990, Kholmyansky et aI 1 990). This has been 
done with a probe consisting of the seven-electrode probe as described in 
Tsinober et al ( 1 987) (for details of the manufacture, see Kholmyansky et 
al 1 991) assembled together with a commercial 55RI5 DANTEC hot film 
probe. By this method vorticity and velocity are measured independently 
(unlike the air flow measurements with multi-hot-wire techniques described 
below). The experiments were carried out in a salt water tunnel (�1 % 
concentration) in the presence of a longitudinal magnetic field ( l  Tesla). 
The use of salt water (low electric conductivity) ensures that the dynamic 
interaction of the flow and the magnetic field is entirely negligible, since 
in these conditions the electromagnetic force is several orders of magnitude 
smaller than both the viscous and inertial forces. 

The second method is based on using multi-sensor hot-wire probes 
and appropriate calibration procedures to measure all the nine velocity 
gradients along with the three components of the velocity vector. This 
technique was first suggested by Balint et al ( 1 98 7) (for further references 
see Foss & Wallace 1 989). They used a nine-hot-wire probe consisting of 
three arrays each having three hot-wire sensors with a common prong (i.e. 
common resistance) in each array; and a calibration procedure based on 
certain restrictive assumptions about the symmetry of each array and the 
flow around the probe, using the effective velocity approach for implemen­
tation of King's law for multi-hot-wire probes. This, in turn, resulted in 
extremely tight requirements on the geometrical precision of the probe 
and its alignment in the flow. The technique has been used to measure 
helicity density and some related quantities in turbulent flow past a grid 
(Kit et al 1 987, 1 988 ; Wallace & Balint 1 990), and in turbulent boundary 
layers and mixing layers (Wallace & Balint 1 990). The technique has been 
improved by manufacturing a twelve-hot-wire probe consisting of three 
arrays each having four-hot-wire sensors without common prongs and a 
fully three-dimensional calibration procedure in velocity, pitch, and yaw 
(Dracos et a1 1 990; Tsinober et a1 1 990, 1 99 1). This resulted in considerable 
reduction of errors resulting from crosstalking due to common resistance 
and the requirements of very precise alignment of the probe with the mean 
flow and extreme precision of its construction. This improved technique 
has been used to measure helicity density and some other quantities related 
to the field of velocity derivatives in turbulent grid flow and in the outer 
part of a turbulent boundary layer. 

RESULTS One of the most significant results obtained for turbulent grid 
flows in the above papers (Kit et a1 1 987, 1 988 ; Tsinober et a1 1 988 ; Dracos 
et al 1 990; Kholmyansky et al 1 99 1) is that the correlation coefficients 

A
nn

u.
 R

ev
. F

lu
id

 M
ec

h.
 1

99
2.

24
:2

81
-3

12
. D

ow
nl

oa
de

d 
fr

om
 w

w
w

.a
nn

ua
lr

ev
ie

w
s.

or
g

by
 C

am
br

id
ge

 U
ni

ve
rs

ity
 o

n 
09

/1
5/

13
. F

or
 p

er
so

na
l u

se
 o

nl
y.



HELICITY IN FLUID FLOW 299 

between Ul and w], and between u and ware different from zero. When 
the initial disturbance was not controlled, the sign of <UIWI) was negative 
(salt water flow experiments) while the sign of <UiWi) was positive (air flow 
experiments). A special sct of experiments in salt water flow with controlled 
sign of <UIWI) was performed by Kholmyansky et al (1991). They used a 
grid with circular mesh and installed, in the grid holes, propellers producing 
rotational perturbations that were clockwise, anticlockwise, or both. In all 
cases when a particular sign of mean helicity (more precisely (UIWI» was 
expected (i.e. corresponding propellers installed) it was indeed observed. 
These results were also important as a check (at least qualitative) of 
reliability. It is noteworthy that the normalized quantity <U1wl)1 
<ui) 1/2<wi) 1/2 increases downstream from the grid in most of the experi­
ments and it is of special importance that the same behavior is observed 
also in a flow past a grid with empty holes. 

In all cases the main contribution to <UIWI) comes from the largest 
scales as can be seen from the one-dimensional spectra for different cases 
shown in Figure 3 .  These scales are typically of the order of the diameter 
(�30 cm) of the test section. Although, at present, it is not understood 
why most of the mean helicity generated is in the large scales, there is a 
clear indication that a small disturbance in helicity is picked up and 
amplified by the turbulent flow past the grid. It should be borne in mind 
that the typical values of <U1Wl)/<ui) 1/2<wi) 1/2 or <uiw;)/<u2) 1/2«2) 1/2 

were 0.05-0. 1 (i.e. many of these values were within the experimental 
error), thereby demonstrating the particular importance of the experiments 
with controlled sign of mean helicity. The above results provide a clear 
indication that turbulent grid flow lacks reflectional symmetry, even when 
there is no deliberate injection of helicity. 

The experiments in air flow allowed measurement of the full helicity 
density UiWi and consequently the instantaneous angle () between u and w. 

The probability density function of the cosine of this angle was larger at 
() = 0 than at () = n (Figure 4), at least in some cases, which is consistent 
with a positive value of <UiW;) in these experiments, and which also 
indicates some tendency of vorticity and velocity to be aligned. The posi­
tiveness of (uiw;) was checked by calculation of correlations of the type 
<u;(x) uix + r» with i -# jand r -# o. Some of these correlations are nonzero 
in isotropic flow only if the latter lacks reflectional symmetry: 

(6. 1 )  

where 

g(O) = i(u · w) . (6.2) 

The correlations on the left-hand side of (6. 1 ) were calculated using data 
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Figure 3 One-dimensional normalized helicity (u,w,) spectra in salt water flow past grids 
(from Kholmyansky et al 1990), 

for three different arrays of the probe and their values were consistent with 
the right-hand side of (6 . 1 )  assuming that g(r) � g(O) for small r, 

Some of the above results (for air flow only) have been questioned by 
Wallace & Balint ( 1990). In particular they explained the observation of 
nonzero mean helicity and the asymmetry in the probability distributions 
of the cosine of the angle between velocity and vorticity in turbulent grid 
flows as the result of "very small angle misalignments of the arrays with 
the mean flow.") This discrepancy may be due to a shortcoming of the 
method, as explained in Tsinober et al ( 1990, 1 99 1 )  (resulting from the use 
of common prongs in the probe and a calibration procedure requiring very 
precise alignment of the probe with the mean flow and high precision of 
the probe construction). 

6.4 Application of Helicity Density as a Pseudoscalar 
Quantity for Characterizing Complex Three-Dimensional 
Flows 

Levy et al ( 1990) have very effectively used helicity density and normalized 
helicity density (i.e, cosine of the angle between the velocity and vorticity 
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Figure 4 Probability density functions of the cosine of the angle between velocity and 

vorticity vectors at three distances (in mesh units) from the grid in air flows, and in a 

boundary layer at y/15 = 0.2 (from Tsinober et al 1991). 

vectors) for characterizing flow past an axisymmetric body at nonzero 
angle of attack. In particular they uscd the fact that U' w/uw is maximal 
in the vicinity of the concentrated vortex core axis, so that by mapping the 
relative helicity it was possible to locate the vortex core and its axis (see 
also Melander & Hussain 1 990). Another interesting aspect is that helicity 
density changes sign across a separation or reattachment line, a useful 
property in locating these lines. Finally mapping of helicity density allows 
one to locate secondary vortices (see Figure 5). 

6.5 Possible Relation Between Helicity and the Vortex 
Breakdown 

The term vortex breakdown is normally used to denote a class of pheno­
mena in concentrated vortices having an axial component of velocity (for 
recent reviews see Escudier 1 988, Leibovich 1 99 1).  These phenomena are 
characterized by qualitative changes of the flow geometry (or topology) 
leading to formation of organized structures of various kinds depending 
on flow conditions, well illustrated in the Vogel-Ronnenberg flow in a 
cylinder with one rotating lid (Figure 6, from Escudier 1 984). It is note­
worthy that (concentrated) vortex flows with nonzero axial velocity typi­
cally possess large helicity. Qualitative changes in the topology of flows 
resulting from vortex breakdown are therefore presumably closely related 
to large changes in helicity, which may therefore be an appropriate pa­
rameter for the characterization and classification of such flows. 
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PRIMARY 
VORTICES 

HeLicity density 
[llZZJ Positive 
1:::·:>.1 Negative 

Figure 5 Helicity density in a cross sec­
tion of a flow arollnd an ogive cylinder at 
a 40° angle of attack (from Levi 1 988). 

7. NUMERICAL EXPERIMENTS 

The numerical investigation of the influence of helicity on turbulent flows 
was initiated by Andre & Lesieur ( 1977). Using an "eddy-damped quasi­
normal markovianized" two-point closure (EDQNM), they showed that 
homogeneous turbulence with significant mean helicity has a much slower 
rate of decay than that with zero mean helicity. This result was confirmed 
by Van ( 1987 unpublished) and Polifke & Shtilman ( 1989) via direct 
numerical simulation. 

One of the main objectives in numerical simulation has been deter­
mination of the statistics of the angle between the velocity and vorticity 
vectors. The first investigation of this kind was by Pelz et al ( 1985), who 
found that a large probability of alignment exists between velocity and 
vorticity for the flow that develops from an initial "Taylor-Green" state 
(see Brachet et al 1 983) in which the initial helicity density is identically 
zero. They also found that, as suggested by the discussion of Section 5 
above, this alignment is more pronounced in regions with low dissipation 
(see also Shtilman et aI 1 985). Subsequent computations however (Pelz et 
al 1986, Kerr 1987, Ashurst et al 1 987, Rogers & Moin 1 987, Shtilman et 
al 1 988, Herring & Metais 1 989) of nearly isotropic turbulence (both forced 
and decaying) have shown that this alignment tendency is not so strong 
as originally believed: The probability density of the cosine of the angle () 
between the two vectors was at best 30% larger at cos () = ± 1 than at 
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Figure 6 Flow structure in a stationary cylinder with lower rotating lid for H/R = 2 and 
four values of Q'/v. H-height, R-radius of the cylinder, Q-angular velocity of the rotating 
lid (from Escudier 1 984). 

cos e = 0 (see also Kraichnan & Panda 1 988). Moreover, conditional sam­
pling techniques provided no evidence of correlation between low dissipa­
tion and high alignment. As observed by Tsinober (1990), high helicity im­
plies low dissipation (since in the extreme situation, there is no nonlinear 
energy transfer to small scales in regions where u is parallel to w) but low 
dissipation does not necessarily imply high helicity (e.g. the flow may be 
locally an Euler flow, but not a Beltrami flow). Thc conditional sampling 
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referred to above was conditioned on low dissipation ; a different result 
might be obtained if the sampling were based on a condition of high 
helicity density. An anticorrelation does seem to exist in free shear flows 
according to direct numerical simulations of Metcalfe (see Hussain 
1 986), Melander & Hussain ( 1988), and Hussain et al ( 1988), which show 
a distinct separation between regions of high helicity density and large 
dissipation. On the other hand, Rogers & Moin ( 1 987) have investigated 
homogeneous shear flow, and fully developed channel flow, and have 
found no evidence for this anticorrelation. 

A difficulty in all investigations of this kind is that, unlike the helicity 
integrated over a Lagrangian domain, the helicity density is not Galilean 
invariant. If the "sea of interacting vortons" scenario has any validity­
these vortons being the coherent structures of the turbulence-then one 
should compute the helicity density at any point in the frame of reference 
moving with the dominant large-scale structure. Techniques for achieving 
this degree of sophistication have not yet been adequately developed. 

Much less is known about the behavior of the overall helicity of these 
flows. In the case of nearly isotropic flow, with initially nonzero mean 
helicity (Pelz et al 1 986, Polifke & Shtilman 1 989) the balance of evidence 
is that the mean helicity decays monotonically to zero, although Shtilman 
et al ( 1988) have found fluctuations in time, and even changes of sign of 
the mean helicity. When the initial state has zero mean helicity, but is 
weakly reflectionally asymmetric at higher order, the indications (using 
Clebsch variables) are that substantial nonzero mean helicity may 
develop-a result that can be interpreted in terms of statistical instability 
of turbulent flow with reflectional symmetry to disturbances breaking this 
symmetry. Claims have been made by Kit et al ( 1 988) and Levich & 
Shtilman ( 1988) (on the basis of rather limited computational information) 
concerning spontaneous symmetry breaking and the buildup of coherence 
in large scales. The arguments are based on the invariance of the measure 
of helicity fluctuations (Levich & Tsinober 1 983) as described in Section 1 
above. The claims have been questioned by Polifke ( 1 99 1 ), who points out 
that a small phase coherence in small scales can be sufficient to break 
the (adiabatic) in variance of the Levich & Tsinober "I-invariant." In 
his computations, Polifke observed substantial phase coherence in small 
scales, i .e. the helicity spectrum was of the same sign for a considerable 
range of high wave numbers, and of larger magnitude than follows from 
a quasi-Gaussian approximation (Yamamoto & Hosokawa 1 98 1 ). How­
ever, in some cases the sign of the helicity spectrum at high wave numbers 
was wrong in relation to the required dissipation of mean helicity. The 
mean helicity in fact exhibits a behavior very similar to that obtained by 
Shtilman et al ( 1 988). 
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8. FURTHER PERSPECTIVES 

There are further situations in which helicity, or more generally lack of 
reflectional symmetry, is of basic importance. These will be briefly 
described in this concluding section. 

8 . 1  Skew Diffusion 

The influence of helicity on the diffusion of a passive scalar by turbulence 
has been considered by Moffatt ( 1983). If the turbulence acts on a mean 
gradient G of the scalar, then a turbulent flux F is generated . A two-scale 
analysis analogous to that used in mean-field electrodynamics (Section 4 
above) yields a linear relationship between F and G. At leading order this 
takes the simple form 

(8. 1) 

where 9}}jj is a tensor determined by the statistical properties of the tur­
bulence and the molecular diffusion coefficient of the scalar relative to the 
fluid. The symmetric part of 9}}jj provides an eddy diffusivity, which­
in the limit of vanishing molecular diffusivity-is just the "diffusion by 
continuous movements" described by Taylor ( 1 92 1 ). 

9})jj may however have an anti symmetric part also, 

(8.2) 

This can yield an additional contribution to the heat flux parallel to G: 
F(a) = D (a) /\ G, (8.3) 

a phenomenon that may be described as "skew diffusion." The pseudo­
vector D(a) is nonzero only if the turbulence lacks reflectional symmetry. 
If first-order smoothing theory, of the type described in Section 3, is used, 
then D (a) is related to the helicity spectrum function by 

(a) _ 1 

I
f wkH(k, w) D - - 2 k2(W2+rJ 2k4) d

k dw. (8.4) 

This integral is zero if H is symmetric with respect to the sign of thc 
frequency parameter w; but in general there is no need for such a constraint 
on H, and the integral is nonzero. The effect can also be associated with 
a lack of time reversibility in the statistics of the turbulence and in this 
sense the appearance of skew diffusion is a manifestation of the breaking 
of the symmetry relations of On sager ( 1 93 1 a,b). 

Even for two-dimensional flow, the skew diffusion effect can appear­
although not at the level of first-order smoothing. It is in fact lack of 
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reflectional symmetry at the level of cubic averages that is responsible for 
the effect. In physical terms, if the eddies in one sense (say anticlockwise) 
dominate over those in the opposite sense, then again, the turbulence is 
not statistically invariant with respect to time reversal, and the skew 
diffusion effect appears, the pseudo-vector n<a) being proportional to the 
cube of the Peclet number, when this is small. This type of effect can play 
a part in the diffusion of scalars by two-dimensional turbulence in the 
ocean and atmosphere (Garrett 1 980). 

8 .2  The AKA-Effect 
The close similarity between the induction equation and the vorticity 
equation 

(8.5) 

in a fluid of kinematic viscosity v suggests that the methods of mean field 
electrodynamics may be applied, at least in a formal sense, to the vorticity 
field. It has to be "in a formal sense" because there seems to be no natural 
division of the vorticity field into a large-scale component and a small­
scale component. Nevertheless, the formal manipulations can be carried 
out, and reveal some interesting structural properties. In this case, the two­
scale analysis yields a linear relationship between the Reynolds stress 
associated with the turbulence and the mean velocity field: 

(8.6) 

(Krause & Rudiger 1 974). Here again, the tensor coefficients Aijk> Jl!;jkl, 
etc are determined in principle by the statistical properties of the turbu­
lence. The leading order term is not invariant under Galilean trans­
formation, and is therefore zero unless there is some non-Galilean 
invariant forcing in the turbulence. The second term of the series is more 
natural, having the structure of an eddy viscosity term, plus possibly 
certain subsidiary effects. 

The possibility of a contribution at leading order has been reopened by 
Frisch et al ( 1987), who have described the effect (by analogy with the a­
effect) as the "anisotropic kinetic a-effect" or simply AKA-effect.  A specific 
low Reynolds number model is considered, in which the turbulence is 
driven by a random body-force distribution. The leading coefficient AUk 
can then be calculated explicitly in terms of the statistical properties of the 
force-field. A particular example of a force-field yielding a nonzero effect 
is constructed: 
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f = la[cos (ky+wt), cos (kx � wt), cos (ky+wt)+COS (kx - wt)]. (8.7) 

This is a space-periodic force-field whose pattern moves relative to the 
fluid with velocity 

v = (wjk, - wjk, 0). (8.8) 

It is this feature that leads to a breaking of the Galilean invariance and 
the possibility of a nonzero A.Uk' In a subsequent paper, Sulem et al (1989) 
pursued the resulting instability into the nonlinear regime, and showed 
that the energy is increasingly transferred to the smallest wave numbers 
available to the system. The large-scale turbulent flow that is generated by 
this mechanism has nonzero helicity. Note that the force-field (8.7) itself 
has zero helicity, but it is noninvariant under time-reversals (t -> - t), a 
property closely related to lack of reflectional symmetry. 

A similar analogue of the IX-effect was found by Moiseev et al ( 1 983) 
(see also Tseskis & Tsinober 1 974) in the context of turbulence in a 
compressible fluid. Whatever the nature of this effect, the Galilean invari­
ance argument suggests that its origin must still be traced to some input 
to the problem that is itself non-Galilean invariant [like the force-field 
(8.7)] . 

8 .3  Relaxation Under Modified Euler Equation Evolution 

As emphasized at the outset, helicity is an inviscid invariant of the Euler 
equations by virtue of the fact that the vortex lines are frozen in the fluid. 
If we modify the Euler equations by replacing the actual fluid velocity U 
by an arbitrary incompressible differentiable velocity field v, then, by the 
same token, he1icity remains an invariant of the modified equation, and 
indeed the topology of the vorticity field is conserved by thc modified 
equation. However, in general, the kinetic energy of the flow is no longer 
an invariant of the modified equation. Vallis et al ( 1 989) exploited this 
property in an investigation of relaxation procedures that may lead to 
steady solutions of the Euler equations for which the topology of the 
vorticity field (rather than that of the velocity field) is prescribed. In this 
case, the combination of Schwartz and Poincare inequalities leads to a 
lower bound not on the energy of the flow but on its enstrophy: 

(8.9) 

There is no bound on the energy, and therefore no guarantee that the 
relaxation process leads to a nontrivial steady state. 

For the special case of two-dimensional flow however, there is the 
additional constraint that the enstrophy itself is conserved. The Poincare 
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inequality then implies the existence of an upper bound on the energy. 
Vallis et al use the choice 

3u V = U + iX iJt , (8 . 1 0) 

where IY. is a negative constant, and the associated energy equation 

(8. 1 1 ) 

to show that in this case the relaxation process guarantees the existence of 
a steady solution of the Euler equations with prescribed topology of the 
contours of constant vorticity. Clearly, this steady state is characterized 
by maximum kinetic energy with respect to displacements of the fluid that 
convect the vorticity field ("isovortical perturbations"). Flows constructed 
in this way are therefore stable (Benjamin 1 976). 

This type of procedure has been considered from a general Hamiltonian 
standpoint by Shepherd ( 1990). It is not as yet clear whether the proposed 
procedure can be implemented in order to compute new stable solutions 
on the Euler equations. If this can be done, either by the prescription of 
Vallis et aI, or by some alternative prescription, then the procedure is likely 
to be of the greatest importance, not only for laminar flow theory, but 
also in relation to the coherent structures in turbulence. 

Literature Cited 

Achenbach, E. 1 974. Vortex shedding from 
spheres. J. Fluid Mech. 62: 209-21 

Andre, J. c., Lesieur, M. 1 977. Influence 
of helicity on the evolution of isotropic 
turbulence at high Reynolds number. J. 
Fluid Mech. 8 1 :  187-207 

Aref, H.,  Zawadski 1 99 1 .  Preprint 
Arnold, V. l. 1 974. The asymptotic Hopf 

invariant and its applications. Proc. 
Summer School in Differenrial Equations, 
Erevan, Armenian SSR A cad. Sci. Trans!. 
1 986, in Sel. Math. Sov. 5: 327-45 (From 
Russian) 

Arnold, V. I . ,  K hesin, B. A. 1 992. Topo­
logical methods in Hydrodynamics. Annu. 
Rev. Fluid Mech. 24: 1 45-66 

Ashurst, W. T .. Kerstein, A. R .• Kerr, R. M. ,  
Gibson, P. H. 1 987. Alignment of vorticity 
and scalar gradient with strain rate in 
simulated Navier-Stokes turbulence. 
Phys. Fluids 30: 2343-53 

Bajer, K. ,  Moffatt, H. K. 1 990. On a class of 
steady confined Stokes flows with chaotic 
streamlines. J. Fluid Meek 2 1 2: 337-
63 

Bandyopadhyay, P. R. 1 986. Aspects of 
equilibrium puff in transitional pipe flow. 
1. Fluid Mech. 1 63: 439-58 

Batchelor, G. K. ,  Gill, A. E. 1 962. Analysis 
of stability of axisymmetric jets. J. Fluid 
Mech. 14: 529-5 1 

Benjamin, T. B. 1 976. The alliance of prac­
tical and analytical insights into the non­
linear problems of fluid mechanics. In Lec­
ture Notes in Mathematics, no. 503, ed. P. 
Germain, B. Nayroles, pp. 8-29. Berlin: 
Springer-Verlag 

Berger, M .  A., Field, G. B. 1984. The topo­
logical properties of magnetic helicity. J. 
Fluid Mech. 1 47: 133-48 

Bojarevics, V. ,  Shcherbinin, E. V. 1 983. Azi­
muthal rotation in the axisymmetric meri­
dional flow due to an electric-current 
source . J. Fluid Mech. 1 26: 41 3-50 

Brachet, M. E., Meiron, D. I. ,  Orszag, S. A., 
Nichel, B. G., Morf, R.  H., Frisch, U. 
1 983. Small-scale structure of the Taylor­
Green vortex. J. Fluid Mech. 1 30: 4 1 1-52 

Braginskii, S. I. I 964a. Self excitation of a 
magnetic field during the motion of a 

A
nn

u.
 R

ev
. F

lu
id

 M
ec

h.
 1

99
2.

24
:2

81
-3

12
. D

ow
nl

oa
de

d 
fr

om
 w

w
w

.a
nn

ua
lr

ev
ie

w
s.

or
g

by
 C

am
br

id
ge

 U
ni

ve
rs

ity
 o

n 
09

/1
5/

13
. F

or
 p

er
so

na
l u

se
 o

nl
y.



highly conducting fluid. Sov. Phys.-JETP 
20: 726-35 

Browand, F. K . ,  Laufer, J. 1 977 . The role of 
large scale structures in the initial develop­
ment of circular jets. In Fourth Symposium 
on Turbulence in Liquids, ed. 1. L. Zakin, 
G. K. Patterson, pp. 333-44. Princeton: 
Science 

Chan, Y. Y. 1 977 . Wavy like eddies in a 
turbulent jet. AJAA J. 1 5: 992-100 1  

Crow, S .  C, Champagne, F. M.  1 9 7 1 .  
Orderly structure injet turbulence. J. Fluid 
Mech. 48: 547-9 1 

Dimotakis, P. E., Miyake-Lye, R. C, Papan­
toniu, D. A. 1983. Structure and dynamics 
of round turbulent jets. Phys. Fluids 26: 
3 1 85-92. For mure details see Papantuniu, 
D. A. 1985. Observutiuns in turbulent buuy­
ant jets by use of I aser-induced fluorescence. 
PhD thesis. Cal. Tech. 

Dombre, T., Frisch, U., Greene, 1. M.,  
Henon, M.,  Mehr, A., Soward, A. M.  
1 986. Chaotic streamlines in  the ABC 
flows. J. Fluid Mech . 1 67:  353-9 1 

Dracos, T., Kholmyansky, M., Kit, E. ,  
Tsinober, A. 1 990. Some experimental 
results on velocity-vorticity gradients 
measurements in turbulent grid flows. See 
Moffatt & Tsinober, 1 990, pp. 564--84 

Escudier, M. 1984. Observations of the flow 
produced in a cylindrical container by a 
rotating endwall. Exp. Fluids 2: 1 89-96 

Escudier, M. 1988. Vortex breakdown: 
observations and explanations. Progr. 
Aerosp. Sci. 25: 1 89-229 

Etling, D. 1 985. Some aspects of helicity in 
atmosphere flows. Beitr. Phys. A tmos. 58: 
88-100 

Foss, J. F., Wallace, 1. M. 1 989. The 
measurements of vorticity in transitional 
and fully developed turbulent flows. In 
Advances in Fluid Mechanics Measure­
ments, ed. M. Gad EI-Hak, Lect. Notes 

, Eng. 45: 263-321 . Springer-Verlag 
Freedman, M. H. 1988. A note on topology 

and magnetic energy in incompressible 
perfectly conducting fluids. J. Fluid Mech. 
1 94: 549-5 1 

I'risch, U.,  She, Z. S., Sulem, P. L. 1 987. 
Large-scale flow driven by the anisotropic 
kinetic alpha effect. Physica 28D: 382-92 

Gilbert, A. D. 1 988. Spiral structures and 
spectra in two-dimensional turbulence. J. 
Fluid Mech. 1 93: 475-97 

Goldshtik, M .  A., Zhdanova, E. M.,  Shtern, 
V. N. 1 983. Spontaneous twisting ofa sub­
merged jet. SOV. Phys.-Dokl. 29: 6 1 5-17  

Goldshtik, M.  A. ,  Zhdanova, E .  M. ,  Shtern, 
V. N. 1 985 . Occurrence of rotational 
motion resulting from hydrodynamic 
instability. Fluid Dyn. 20: 707-14 

Grossman, L. M.,  Li ,  H., Einstein, H. 1 958. 
Turbulence in civil engineering. Inves-

HELICITY IN FLUID FLOW 309 

tigation of liquid shear flow by electro­
magnetic induction. Proe. Am. Soc. Civ. 
Eng. J. Hydraul. Div. 83: 1-15 

Hauf, T. 1 985. Rotating clouds within cloud 
streets. Beitr. Phys. A tmos. 58: 380-98 

Herring, J. R., Metais, O. 1 989. Numerical 
experiments in forced stably stratified tur­
bulence. J. Fluid Mech. 202: 97-1 1 5  

Hicks, W .  M.  1 899. Researches in vortex 
motion-Part IlI On spiral or gyrostatic 
vortex aggregates. Phi/os. Trans. R. Soc. 
London Ser. A 192: 33- 1 0 1  

Hussain, F. 1 986. Coherent structures and 
turbulence. J. Fluid Meeh. 1 73:  303-56 

Hussain, F., Moser, R., Colomius, T., Moin, 
P., Rogers, M. M. 1 988. Dynamics of 
coherent structures in a plane mixing 
layer. In Studying Turbulence Using 
Numerical Simulation Databases-lI, 
Report CTR-S88, pp. 49-55. NASA Ames 
Res. Ctr.-Stanford Univ. 

Kambe, T. 1969. The stability of an axisym­
metric jet with a parabolic profile. J. Phys. 
Soc. Jpn. 26: 566-75 

Kawakubo, T., Tsuchia, Y., Sugaya, M.,  
Matsumura, K.  1 978. Formation of vortex 
around a sink: a kind of phase transition in 
nonequilibrium open system. Phys. Lett. 
68A: 65-66 

Kelvin, Lord 1 869. On vortex motion. Trans. 
Roy. Soc. Edill. 25: 2 17-60 

Kerr, R. M. 1 985.  Higher-order derivative 
correlations and the alignment of small­
scale structures in isotropic numerical tur­
bulence. J. Fluid Meeh. 1 53: 3 1 -58 

Kerr, R. M.  1 987. Histograms of he Ii city and 
strain in numerical turbulence. Phys. Rev. 
Lett. 59: 786 

Kholmyansky, M., Kit, E., Teitel, M.,  
Tsinober, A. 1 99 1 .  Some experimental 
results on velocity-vorticity measurements 
in turbulent grid flows with controlled sign 
of mean helicity. Fluid Dyn. Res. 7: 65-75 

Kida, S., Takaoka, M. 1988. Reconnection 
of vortex tubes. Fluid Dyn. Res. 3: 257-6 1 

Kit, E.,  Levich, E., Shtilman, L., Tsinober, 
A. 1 988. Coherence and symmetry break­
ing in turbulence: theory and experiment. 
Phys. Chem. Hydro. 1 0: 61 5-23 

Kit, E., Tsinober, A., Balint, J. L., Wallace, 
1. M., Levich, E. 1 987. An experimental 
study of helicity related properties of a 
turbulent flow past a grid. Phys. Fluids 30: 
3323-25 

Kit, E.,  Tsinober, A., Teitel, M., Balint, J. L., 
Wallace, J. M.,  Levich, E. 1 988.  Vorticity 
measurements in turbulent grid flows. 
Fluid Dyn. Res. 3: 289-94 

K raichnan, R. H., Panda, R. 1 988. 
Depression of nonlinearity in decaying 
isotropic turbulence. Phys. Fluids 3 1 :  
2395-97 

Krasny, R. 1 986. Desingularisation of peri-

A
nn

u.
 R

ev
. F

lu
id

 M
ec

h.
 1

99
2.

24
:2

81
-3

12
. D

ow
nl

oa
de

d 
fr

om
 w

w
w

.a
nn

ua
lr

ev
ie

w
s.

or
g

by
 C

am
br

id
ge

 U
ni

ve
rs

ity
 o

n 
09

/1
5/

13
. F

or
 p

er
so

na
l u

se
 o

nl
y.



3 lO  MOFFATT & TSINOBER 

odic vortex sheet roll-up. J. Comput. Phys. 
65: 292-3 1 3  

Krause, F., Rudiger, G. 1 974. On the Rey­
nolds stresses in mean-field hydro­
dynamics. Astron. Nachr. 295: 93-99 

Krause, F., Riidler, K.-H. 1 980. Mean-field 
Magnetohydrodynamics and Dynamo The­
ory. Oxford: Pergamon 

Leibovich, S. 199 1 .  Vortex breakdown: a 
coherent transition trigger in concentrated 
vortices. In Turbulence and Coherent 
Structures, ed. M. Lesieur, O. Metais, pp. 
285-302. Dordrecht: Kluwer 

Lessen, M. ,  Singh, P. J. 1 973. The stability 
of axisymmetric free shear layers. J. Fluid 
Mech. 60: 343-457 

Levi, Y. 1 988. MS thesis, Technion, Haifa 
Levich, E., Shtilman, L. 1988. Coherence 

and large fluctuations of hclicity in homo­
geneous turbulence. Phys. Lett. A 1 26: 
243-48 

Levich, E., Tsinober, A. 1 983. Helical struc­
tures, fractal dimensions and renor­
malisation group approaches in homo­
geneous turbulence. Phys. Lett. 96A: 292-
98 

Levy, Y., Seginer, A . . Degani, P. 1 990. 
Graphical visualization of vortical flows 
by means of helicity. AIAA J. 28: 1 347-
52 

Lilly, D. K. 1982. The development and 
maintenance of rotation in convective 
storms. In Intense A tmospheric Vortices, 
ed. L. Bengtsson, J .  Lighthill, pp. 1 49-60. 
Berlin: Springer-Verlag 

Lilly, D. K. 1986. The structure, energetics 
and propagation of rotating convective 
storms. Part II: Helicity and storm sta­
bilization. J. A tmos. Sci. 43: 1 26-40 

Lopez, J. L., Kurzweg, V. H. 1 977. Ampli­
fication of helical disturbances in a round 
jet. Phys. Fluids 20: 860--61 

Malkus, W. V. R., Proctor, M. R. E.  1 975. 
The macrodynamics of IX-effect dynamos 
in rotating fluids. J. Fluid Mech. 67: 4 1 7-
44 

Melander, M.  V., Hussain, F. 1 988. Cut and 
connect of two antiparallel vortex tubes. 
Tn Studying Turhulence Using Numerical 
Simulation Databases-II, Report CTR-
S88, pp. 257-86 . . 

Melander, M. V., Hussain, F. 1 990. Topo­
logical aspects of vortex reconnection. In 
Topological Fluid Mechanics, ed. H. K.  
Moffatt, A. Tsinober, pp.  484--99. Cam­
bridge: Cambridge Univ. Press 

Moffatt, H. K. 1969. The degree of knotted­
ness of tangled vortex lines. J. Fluid Mech. 
36: 1 1 7-29 

Moffatt, H. K. 1 970. Dynamo action associ­
ated with random inertial waves in a rotat­
ing conducting fluid. J. Fluid Mech. 44: 
705-19 

Moffatt, H.  K. 1 972. An approach to a 
dynamic theory of dynamo action in a 
rotating conducting fluid. J. Fluid Mech. 
53: 385-99 

Moffatt, H. K. 1 978. Magnetic Field Gen­
eration in Electrically Conducting Fluids. 
Cambridge: Cambridge Univ. Press 

Moffatt, H. K. 1 983. Transport effects 
associated with turbulence, with par­
ticular attention to the influence of he­
licity. Rep. Prog. Phys. 46: 621-64 

Moffatt, H. K. 1 984. Simple topological 
a�pects of turbulent vorticity dynamics. 
In Turbulence and Chaotic Phenomena in 
Fluids, ed. T. Tatsumi, pp. 223-30. El­
sevier 

Moffatt, H .  K. 1 985. Magnetostatic equi­
libria and analogous Euler flows of arbi­
trarily complex topology Part I,  Funda­
mentals. J. Fluid Mech. 1 59: 359-78 

Moffatt, H. K. 1 986a. Magnetostatic equi­
libria and analogous Euler flows of arbi­
trarily complex topology Part II, Stability 
considerations. J. Fluid Mech. 1 66: 359-
78 

Moffatt, H. K.  1 986b. On the existence of 
localized rotational disturbances which 
propagate without change of structure in 
an inviscid fluid. J. Fluid Meeh. 1 73: 289-
302 

Moffatt, H .  K. 1 988. Generalised vortex 
rings with and without swirl. Fluid Dyn. 
Res. 3: 22-30 

Moffatt, H. K. 1 990a. Fixed points of tur-
bulent dynamical systems and suppression 

. of nonlinearity. In Whither Turbulence?, 
ed. J. L. Lumley, pp. 250-57. New York: 
Springer-Verlag 

Moffatt, H. K. 1 990b. The energy spectrum 
of knots and links. Nature 347: 367-69 

Moffatt, H. K. 1 99 1 .  Spiral structures in tur­
bulent flow. Proc. IMA Con! " Wavelets, 
Fractals and Fourier Transforms". Cam­
bridge, Dec. 1990 

Moffatt, H. K., Proctor, M. R. E. 1 982. The 
role of the helicity spectrum function in 
turbulent dynamo theory. Geophys. Astro­
phys. Fluid Dyn. 2 1 :  265-83 

Moffatt, H. K.,  Tsinober, A., eds. 1 990. 
Topological Fluid Mechanics. Cambridge: 
Cambridge Univ. Press 

Moiseev, S. S., Sagdeev, R. Z., Tur, A. V., 
Khomenko, G. A., Yanovskii, V. V. 1 983.  
Sou. Phys. J. Exp. Theor. Phys. 58:  1 149 

Monkewitz, P. A. 1 9118. A note on vortex 
shedding from axisymmetric bluff bodies. 
J. Fluid Mech. 1 92: 561-75 

Moreau, J .-J. 1 96 1 .  Constants d'un ilot tour­
billonnaire en fluide parfait barotrope. C. 
R. A cad. Sci. Paris 252: 28 10-1 2 

Morris, P. J. 1 976. The spatial viscous insta­
bility of axisymmetric jets. J. Fluid Mech. 
77: 5 1 1-29 

A
nn

u.
 R

ev
. F

lu
id

 M
ec

h.
 1

99
2.

24
:2

81
-3

12
. D

ow
nl

oa
de

d 
fr

om
 w

w
w

.a
nn

ua
lr

ev
ie

w
s.

or
g

by
 C

am
br

id
ge

 U
ni

ve
rs

ity
 o

n 
09

/1
5/

13
. F

or
 p

er
so

na
l u

se
 o

nl
y.



Onsager, L. 1 93 1a. Reciprocal relations in 
irreversible processes 1. Phys. Rev. 37: 
405 

Onsager, L. 1931  b. Reciprocal relations in 
irreversible processes II. Phys. Rev. 38: 
2265 

Orszag, S. A . ,  Pelz, R. B.,  Bayly, B. B. 1 986. 
Secondary instabilities, coherent struc­
tures and turbulence. In Supercomputers 
and Fluid Dynamics, ed. K. Kuwahera, R. 
Mendez, S. A. Orszag. Leet. Notes Eng. 
27: 1-14 

Parker, E. N. 1955. Hydromagnetic dynamo 
models. Astrophys. l. 1 22: 293-3 14 

Parker, E. N. 1 979. Cosmical Magnetic 
Fields. Oxford: Clarendon 

Pelz, R. B., Shtilman, I., Tsinober, A. 1 9�6. 
On the helical nature of enforced turbulent 
flows. Phys. Fluids 29 : 3506-8 

Pelz, R. B., Yakhot, V., Orszag, S. A., Shtil­
man, L., Levich, E. 1 985.  Velocity-vor­
ticity patterns in turbulent flow. Phys. Rev. 
Lell. 54: 2505-8 

Plaschko, P. 1979. Helical instabilities of 
slowly divergent jets. l. Fluid Mech. 92: 
209-1 5  

Polifke, W., Levich , E .  1990. Entangledness 
of vortex lines in turbulent flows. See 
Moffatt & Tsinober, 1 990, pp. 637-56 

Polifke, W., Shtilman, L. 1 989. The dyna­
mics of decaying helical turbulence. Phys. 
Fluids A I :  2025-33 

Polifke, W. 199 1 .  Statistics of helicity fluc­
tuations in homogeneous turbulence. 
Phys. Fluids A3: 1 1 5-29 

Roberts, P. H. ,  Stix, M. 1 97 1 .  The turbulent 
dynamo: a translation of a series of papers 
by F. Krause, K.-H. Riidler and M .  Steen­
beck. Tech. Note 69, NCAR, Boulder, 
Colo . 

Rogers, M .  M.,  Moin, P. 1 987. Helicity fluc­
tuations in incompressible turbulent 
Ilows. Phys . Fluids 30: 2662-7 1 

Sabot, J., Comte-BelIot, G. 1 976. Inter­
mittency of coherent structures in the core 
region of fully developed turbulent pipe 
flow. l. Fluid Mech. 74: 767-96 

Scholz, D. 1986. Kohiirente Wirbe1struc­
turen im Nachlauf einer ruhenden und 
einer schwingungserregten Kreisschei be . 
DFVLR-Forschungsbericht 86-04, 1 74 pp. 

She, Z. S., Orszag, S. A., Jackson, E. 1 990. 
Intermittent vortex structures in homo­
geneous isotropic turbulence. Nature 344: 
226-28 

Shepherd, T. G. 1990. A general method for 
fiIiding extremal energy states of Hamil­
tonian dynamical systems with appli­
cations to perfect fluids. J. Fluid Meeh. 
2 1 3: 573-87 

Shingubara, S., Hagiwara, K., Fukushima, 
R., Kawakubo, T. 1988. Vortices around 
a sink hole: phase diagram for one-celled 

HELICITY IN FLUID FLOW 3 1 1  

and two-celled vortices. l. Phys. Soc. lpn. 
57: 88-94 

Shtilman, L., Levich, E.,  Orszag, S. A.,  Pelz, 
R. B. ,  Tsinober, A. 1 985. On the role of 
helicity in complex fluid flows. Phys. Lett. 
1 13 :  32-37 

Shtilman, L., Pclz, R., Tsinobcr, A. 1 988. 
Numerical investigation of he Ii city in tur­
bulent flow. Comput. Fluids 1 6: 34 1-47 

Shtilman, L.,  Polifke, W. 1 989. On the mech­
anism of the reduction of nonlinearity in 
the incompressible Navier-Stokes equa­
tion. Phys. Fluids A I :  778-80 

Soward, A. M .  1 975. Random waves and 
dynamo action. l. Fluid Mech. 69: 145-77 

Stahl, B. 1 986. Experimenteller Beitrag zur 
Schallerzuegung durch die Turbulenz 
in einer Rohrstromung hinter einer un­
stetigen Querschnittserweiterung. Dis­
sertation, DFVLR-FB 86-06 

Steenbeck, M . ,  Krause, F., Riidler, K.-H. 
1 966. A calculation of the mean elec­
tromotive force in an electrically con­
ducting fluid in turbulent motion, under 
the influence of Coriolis forces. Z. Natur­

forseh. 2 1 a: 369-76. Trans!. in Roberts & 
Stix 1 9 7 1 ,  pp. 29-47 (From German) 

Strange, P. J. R., Crighton, D. G. 1 983. Spin­
ning modes on axisymmetric jets. l. Fluid 
Mech. 1 34: 231-45 

Sulem, P. L., She, Z. S., Schroll, H., Frisch, 
U. 1 989. Generation of large-scale struc­
tures in three-dimensional flow lacking 
parity invariance. l. Fluid Mech. 205: 341-
58 

Synge, J .  L., Lin, C. C. 1 943. On a statistical 
model of isotropic turbulence. Trans. R. 
Soc. Can. Sec. III: 45�79 

Taylor, G. I. 1 92 1 . Diffusion by continuous 
movements. Proe. Lond. Math. Soc. A 20: 
1 96-2 1 1 

Taylor, J. B. 1 974. Relaxation of toroidal 
pla�ma and generation of reversed mag­
netic fields. Phys. Rev. Leu. 33: 1 1 39 

Taylor, J.  B. 1 986. Relaxation and magnetic 
reconnection in plasmas. Rev. Mod. Phys. 
58: 741-63 

Torrance, K. E. 1979. Natural convection in 
thermally stratified enclosures with local­
ized heating from below. J. Fluid Meeh. 
95: 477-95 

Tseskis, A. L., Tsinober, A. 1974. Some pro­
cesses involving anomalous energy trans­
fer over the turbulence spectrum. Mag­
netohydrodynamies 10: 261--63 

Tsinober, A., Levich, E. 1983. On the helical 
nature of three dimensional coherent 
structures in turbulent flows . Phys. Lett. 
99A: 321-23 

Tsinober, A., Kit, E., Teitel, M. 1987. On 
the relevance of potential difference 
methods for turbulence measurements. l. 
Fluid Mech. 175: 447--6 1 

A
nn

u.
 R

ev
. F

lu
id

 M
ec

h.
 1

99
2.

24
:2

81
-3

12
. D

ow
nl

oa
de

d 
fr

om
 w

w
w

.a
nn

ua
lr

ev
ie

w
s.

or
g

by
 C

am
br

id
ge

 U
ni

ve
rs

ity
 o

n 
09

/1
5/

13
. F

or
 p

er
so

na
l u

se
 o

nl
y.



3 1 2  MOFFATT & TSINOBER 
Tsinober, A., Kit, E.,  Teitel, M.  1 988. Spon­

taneous symmetry hreaking in turhulent 
grid flow. Presented at the 1 7th IUTAM 
Congress, Grenoble, August 2 1-27, 1 988 

Tsinober, A. 1990. Turbulent drag reduction 
versus structure of turbulence. In Struc­
ture of Turbulence and Drag Reduction, 
cd. A. Gyr, pp. 3 1 3-40. Berlin: Springcr­
Verlag 

Tsinober, A., Kit, E.,  Dracos, T. 1 99 1 .  
Measuring invariant (frame independent) 
quantities composed of velocity deriva­
tives in turbulent flows. In Advances in 
Turbulence 3, ed. A. V. Johansson, P. H .  
Alfredsson, pp. 5 1 4-23. Berlin, Heidel­
berg: Springer-Verlag 

Tsinober, A., Kit, E., Dracos, T. 1 990. 
Experimental investigation of the field of 
velocity gradients in turbulent flows. Sub­
mitted to J. Fluid Mech . 

Vallis, G. K.,  Carnevale, G. F., Young, W. 

References added in proof 

Balint, J.-L., Vukoslavcevic, P.,  Wallace, J .  
M. 1 987. A study of the vertical structure 
of the turbulent boundary layer. In 
Advances in Turbulence, ed. G. Comte­
Bellot, J. Mathieu, pp. 456--64. Berlin: 
Springer-Verlag 

R. 1 989. Extremal energy properties and 
construction of stahle solutions of the 
Euler equations. J. Fluid Mech. 207: 1 33-
52 

Wallace, J. M., Balint, J. L. 1990. An experi­
mental study of helieity and related prop­
erties in turbulent flows. See Moffatt & 
Tsinober, 1 990, pp. 585-97 

Whitehead, J. H. C. 1 947. An expression of 
Hopf's invariant as an integra!. Proc. Natl. 
A cad. Sci. USA 33: 1 17 

Wo1tjer, L. 1 958. A theorem on force-free 
magnetic fields. Proc. Natl. A cad. Sci. 
USA 44: 489-9 1 

Yamamoto, K., Hosokawa, l. 1 98 1 . A 
numerical study of inviscid helical tur­
bulence. J. Phys. Soc. Jpn. 50: 343-48 

Zeldovich, Y. B. ,  Ruzmaikin, A. A., Soko­
loff, D. D. 1 983. Magnetic Fields in Astro­
physics. London: Gordon & Breach 

Helmholtz, H. 1 858. On integrals of the 
hydrodynamic equations which express 
vortex-motion. Trans!. P. G. Tait, 1 867, 
in Phil. Mag. (4) 33: 485-5 1 2  

A
nn

u.
 R

ev
. F

lu
id

 M
ec

h.
 1

99
2.

24
:2

81
-3

12
. D

ow
nl

oa
de

d 
fr

om
 w

w
w

.a
nn

ua
lr

ev
ie

w
s.

or
g

by
 C

am
br

id
ge

 U
ni

ve
rs

ity
 o

n 
09

/1
5/

13
. F

or
 p

er
so

na
l u

se
 o

nl
y.


	Annual Reviews Online
	Search Annual Reviews
	Annual Review of Fluid Mechanics Online
	Most Downloaded Fluid Mechanics Reviews
	Most Cited Fluid Mechanics Reviews
	Annual Review of Fluid Mechanics Errata
	View Current Editorial Committee


	ar: 
	logo: 



