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Dynamics of an axisymmetric body spinning on
a horizontal surface. II. Self-induced jumping
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Following part I of this series, the general spinning motion of an axisymmetric rigid body
on a horizontal table is further analysed, allowing for slip and friction at the point of
contact. Attention is focused on the case of spheroids whose density distribution is such
that the centre-of-mass and centre-of-volume coincide. The governing dynamical system
is treated by a multiple-scale technique in order to resolve the two time-scales intrinsic to
the dynamics. An approximate solution for the high-frequency component of the motion
reveals that the normal reaction can oscillate with growing amplitude, and in some
circumstances will fall to zero, leading to temporary loss of contact between the spheroid
and the table. The exact solution for the free motion that ensues after this ‘jumping’ is
analysed, and the time-dependence of the gap between the spheroid and the table is
obtained up to the time when contact with the table is re-established. The analytical
results agree well with numerical simulations of the exact equations, both up to and after
loss of contact.
Keywords: rigid body dynamics; dynamical systems; self-induced jumping;
spinning spheroid; gyroscopic approximation; Jellett constant

1. Introduction

In a brief communication, hereafter referred to as MS’02, Moffatt & Shimomura
(2002) discussed the familiar phenomenon of the rise to the vertical of a hard-
boiled egg set in rapid spinning motion on a table. The governing equations were
simplified under the dual assumptions that the friction is weak and the spin is
large (so that the Coriolis force is dominant). Under this ‘gyroscopic’
approximation, a first-order differential equation for the inclination of the axis
of symmetry was obtained, which, for the case of a prolate spheroid, did indeed
describe the rise of the axis to the vertical. This rise was associated with the
effect of the weak friction (measured by a dimensionless parameter u<<1) at
the point of contact and occurred on a ‘slow’ time-scale O(u™ "), irrespective of
the nature of the frictional force (‘dry’ Coulomb friction or ‘wet’ viscous friction).
However, this rising motion is accompanied by fluctuations occurring on a ‘fast’
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O(1) time-scale. A linear stability analysis by Moffatt et al. (2004; hereafter
referred to as part I) showed the existence of modes oscillating on the fast time-
scale. These slow and fast time-scales intrinsic to the dynamics are well separated
when u<<1.

In the above papers, the analysis and computations were restricted to
circumstances in which the normal reaction R remains positive and the spheroid
remains in contact with the table throughout the motion. However, in some regions
of parameter space, the growth of the fluctuations allows R to decrease to zero. In
the present paper, we analyse these fluctuations which depend on the two time-
scales, with a view to determining their effect on the dynamics. First, the two time-
scales are formally introduced and the mean part of the motion (which is identical to
the solution found by MS’02 under the gyroscopic approximation) is defined by
filtering out the fast oscillations. The fluctuating part is then analysed up to O(u) by
the WKB method, in order to derive the time-dependence of R. Numerical
simulation of the governing sixth-order nonlinear dynamical system is carried out in
order to test the validity of the analytical results. The location of the surface R=0in
the ‘gyroscopic subspace’ is derived analytically and confirmed by the simulation.

When a trajectory crosses this surface, the dynamical regime changes, the
spheroid being then subject only to the influence of gravity. We analyse this ‘free
motion’ (for which an exact analytical solution is available—see, for example,
Marsden & Ratiu 1999) in §4, and we determine the time-dependence of the gap
A(t) between the spheroid and the table during the brief period of free flight
before contact is re-established. Again, the results are in good accord with
numerical simulation.

The rising motion described above is associated with a non-oscillatory mode of
instability whose growth rate is O(u), and which therefore exists only by virtue
of the dissipative frictional force at the point of contact between the spheroid and
the table. Instabilities of this kind have been treated from a geometrical point of
view by Bloch et al. (1994), who describe them as ‘dissipation-induced
instabilities’; the approach, which is complementary to ours, has been recently
developed by Bou-Rabee et al. (2004, 2005) and applied to the problem of the
spinning prolate spheroid. These authors have determined conditions under
which a heteroclinic orbit connects an unstable state (with axis horizontal) with
a stable state (with axis vertical). We shall find that the growth of oscillatory
modes in the neighbourhood of such heteroclinic orbits can trigger loss of contact
between the spheroid and table, implying a fundamental modification of the
governing dynamical system.

The behaviour after the first period of free flight depends on the physical
properties of both solids, which determine the precise nature of the subsequent
‘bouncing’ process (not analysed in this paper). We may, however, conjecture
that the averaged behaviour (over many successive impacts) will be simply to
give an ‘effective’ Coulomb friction parameter u, somewhat less than the value of
u that pertains during periods of continuous contact.

2. Geometry and dynamical equations

Let us first recapitulate the essential notations and equations for the problem, as
presented in part I. We consider the dynamics of a rigid axisymmetric body with
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h(6)

Figure 1. Sketch of the system defining the notation.

centre-of-volume O and surface S which moves on a horizontal table, making
sliding and /or rolling contact at a point P (figure 1). We restrict attention in this
paper to bodies that are ‘flip-symmetric’, i.e. symmetric about the plane Ozy
perpendicular to the axis of symmetry Oz. (The effects of flip symmetry breaking
will be deferred to a subsequent paper, part III in this series.) With Oz in the
plane defined by Oz and the vertical OZ, we may use Oxyz as a rotating frame of
reference. Alternatively, we may use OXYZ, where OX is horizontal and OY
coincides with Oy.

Let M be the mass of the body and b its radius of cross-section in the plane
Ozy. We use dimensionless variables based on (M, b, (b/g)"/?) as units of mass,
length and time. We denote the dimensionless principal moments of inertia at O
by (4, 4, C).

Six variables are needed to define the state of motion of the body: (U, V, Q, 4,
6, n), where (U, V) are the X- and Y-components of velocity of O, Q is the rate of
precession of Oz about OZ, 6 is the angle between Oz and OZ, 4= 6, and n is the
spin (i.e. the component of angular velocity about Oz). The dynamical evolution
is described by trajectories in the six-dimensional phase-space of these variables.

Let h(6) be the height of O above the table. Then the coordinates of P (part I,
eqn (2.7)) are given by

dh
XP = (XP7 YP7ZP) = (@707 _h>a (21)

or equivalently by

d [cos@ d [sin 6
2 2

—hr— . 2.2
i hdﬁ(h)’ *® hdﬁ(h) (2:2)

Proc. R. Soc. A (2005)


http://rspa.royalsocietypublishing.org/

Downloaded from rspa.royalsocietypublishing.org on September 15, 2013

1756 Y. Shimomura and others

The velocity of the point P (of the body) is

UP = UPI + Vp] + [/[/pK, (23)
where
Up =U—hA, (2.4a)
d [cos@ dh
_ _ 12 _
Vp =V —=h(n Qcosﬁ)(w( . )+Qd0’ (2.4b)
dh

Wop =W —A—; 2.4

P de’ (240)

W is the vertical component of velocity of O, and I, J(=j), K are unit vectors in
the directions OX, OY (=0y) and OZ. For so long as the body remains
in contact with the table, we have Wp = 0, and so
dh
W=4A—. 2.5
10 (2.5)
Let R be the normal reaction and F'=FxI + F,j the horizontal frictional force
at P. Unless otherwise stated, we shall use the Coulomb friction model for which

Up

X y |Up|

(2.6)

where u is a positive constant, assumed small. As derived in part I, the governing
evolution equations are

U=QV + Fy, (2.7a)

V=-QU+F, (2.7b)

| 9. d (siné

Q= Y [C’n/l 2AQA cos 0 —h°F), 0 ( h >], (2.7¢)

| ) dh

A =—1Qsin §(AQ cos § — Cn) — R— — hF'x |, (2.7d)
A dé

6 =4, (2.7¢€)

. hQFy d [cosf

For as long as the body remains in contact with the table, the normal reaction R
is given by
. d dh
=1 =14+— (4= 2.
R=1+W +dt< da), (25)
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and satisfies the constraint
R>0. (2.9)

For the particular case of a flip-symmetric spheroid of aspect ratio a (prolate
or oblate accordingly as a > or < 1), h(f) is given by

dh 1—a? 6 sin 6
h(0) = (a’cos®d +sin’9)'/?, — = (1 = a”)cos fsin . (2.10)
dé h
Attention will be focused on this case in this paper. These formulae are used in
evaluating the integrals in §3d.

3. Multiple-scale analysis

We now use the multiple-scale method (e.g. Hinch 1992; Holmes 1995) to analyse
the above system. The approach is similar to that developed by Yoshizawa
(1984, 1998) in a statistical treatment of inhomogeneous turbulence. Only flip-
symmetric bodies are considered in this paper.

(a) Introduction of two scales

First, guided by the form of (2.7d), we replace n with a new variable ¥ defined by

W = A" (AQ cos § — Cn)sin 6. (3.1)
In the Oxyz frame, defined by the rotation formulae
z=Xcosf—Zsinf, y=Y, z=Xsinf+ Zcos, (3.2)
(2.7¢~f) can be written in the form
d heF’
—(Q-w =7 :
T ( cot 6) 1 (3.3a)
dw dé hE,
d?6 !

with R given by (2.8) and hy = dh/df. Equations (2.7a,b) are only weakly
coupled with (3.3) when u<<1 (for u =0, they are decoupled); we shall find
below that they have no effect on the analysis up to O(u), provided that the
initial horizontal velocity of the centre-of-mass is not greater than O(u).

As discussed and motivated in §1, we now distinguish slow and fast time
variables T and 7 defined by

T=ut, 7=t (K1), (3.4)
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and assume that any variable fdepends on both T'and 7:f = f( T, 7). Note that then

df _ df of
at or T Mar (8:5)
The mean f is defined as the fast-time average
_ 1 (7=
(1) =5 | Hrar (36)

where 7, is large enough to filter out the fast motion and yet small enough to resolve
the slow motion. The fluctuating part of f is then given by

f(T,7)=f=fT), f=o0. (3.7)

(b) Equations for mean variables

We now assume that the fluctuations in 6, Q and ¥ are weak, i.e. that
o<1, |Q|<«1, <1, (3.8)

and we linearize in the fluctuations. Then, in particular, defining Vp= Vp /| Vsl,
we have

_ a6’
_ A—dC - . - ~
Vp = TQ sin 6 cos 6 + O(u), (3.10)
_ h a6’
P = 2y o KOV 2 11
Fy = —uVp + O(u?), F; = —uR'Vp + O(u?), (3.12)

- 00’ 00’ de a0’
R=1+0 2 RIZ —+2 — + _— 0 2 Nl

where from now on h, hy, hgg, ... represent h, dh/d6, d?h/dé?, ... evaluated at
6 = 6. Here, several points may be noted by way of physical interpretation: first,
R =1 represents the approximate balance between the weight of the spheroid
and the normal reaction at P; second, the first contribution to R’ may become
O(1) if Q is large enough (see equations (3.29) and (3.30) below). Finally, F, is
first-order in u, whereas F'y is second-order; this was already recognized within
the gyroscopic approximation by MS’02; it is indeed the component F, which is
responsible for the rise of the spheroid.

It should perhaps be emphasized here that in the above expressions and all
similar formulae, the parameter u is small, but non-zero. If u is zero, then the
scale separation, on which the treatment is based, is no longer available.

Proc. R. Soc. A (2005)
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The mean parts of equations (3.3) linearized in the fluctuations give

(3.14a)

—+0—=——" (3.14b)

d%g
2
If we assume the gyroscopic condition (MS’02) in the form
Q> 1, (3.15)

then, from (3.14¢), ¥ = hy/ AQ is small and at leading order (in both w and Q_l)
equations (3.14a,b) approximate to

de  hyVp
_df th
Q— ir - 4 (3.160)
From these equations, the Jellett constant,
J = AQh, (3.17)

is easily obtained, and the gyroscopic solution for the nonlinear system (3.16) is
then found as in MS’02. For a uniform spheroid under Coulomb friction, this
gyroscopic solution for # with initial value 6, € (0, 7/2) is

tan § = —atan ¢(T — T,), (3.18)
where ¢ and T, are given by
— 1 —
= %, atan ¢, = tan 6,. (3.19)

This solution describes a monotonic increase of h, i.e. a rising motion of the
centre-of-mass, as observed in prolate spinning eggs or oblate stones as used in
the game of Go Here, we should note that the mean parts 6, Q and ¥ in the
present formulation correspond precisely to the gyroscopic solutlon obtained in
MS’02.

(¢) Analysis of the fluctuations

By subtracting the mean equations from the exact equations (3.3), the
linearized equations for the fluctuations are found in the form:

o 4 oy
Q' -y’ s — (hgg F 2
(a +“aT>< cot6+sin200> T F 0+ ), (320)
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o’ _ 90 1 - oy’ a0 - a0’
Q—=——(hyF,0 +hF)) — Q—+0— 21
o T 95, =~z (WE0 by “<6T+ aT * 6T>’ (3:21)
9’0 _ 1 9%0’
—QU' — Q"W = — —(hyyt' + hyR' + hFY) — 24— 3.22
572 A(ee + hyR' + hFY) h T o (3.22)
Each fluctuation is now expanded as a power series in u:
=+ ufl + (3.23)
Then, at leading order O(,uo), we have the non-dissipative system
ad _ gy
— Q) —Whcot§+—L) =0 3.24
or < 0 0€0 sin®6 ’ ( )
ow| - ab,
+0Q0—= 3.25
or or ’ ( )
8206 ~ _ 1 9 6266

From (3.16¢), (3.24), (3.25) and the condition that the mean of any fluctuation is
zero, we find

o = wheoti—20 _ (_geora+—lr o (3.27)
0 0 sin%6 AQsin?6) " '
v, = —Q0, (3.28)
and substitution in (3.26) then gives
020
?20 = —w’), (3.29)
where
A [, 1 . h ?
2 2 0
= Q"+ —(hgg + hycot ) + | —=——| |. 3.30
YT AT 7 foo o ot 9) <Agsmaﬂ (3.30)

Thus 6 oscillates sinusoidally with frequency w(T). Note that the relations
(3.27) and (3.28), together with (3.1), imply that

ny = 0. (3.31)

In order to take account of dissipative effects on €', we need to proceed to
O(u). Equation (3.20) gives

9 _ gy 1 . . 0%0,
o <Q'1 —Wicot § + — ) =- <h99 Vbl + B2 Vp W?O) (3.32)

Sln29
Proc. R. Soc. A (2005)
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from which, using (3.29),

S W Vp (1 a6,
O =wicotg— L0 Ve (L, ) o |
1 1 cot 0 Sin20 + A 0)2 h,g,g ho or (3 33)
Similarly, equations (3.21) and (3.29) give
L a6, 020},
+Q-1= 3.34
or or ar?’ (3:34)
where
1 [hy ¢ d.Q ~ - hg de hhg ~
A= V Qcot § +————= —V 3.35
w? [A P daT ( «© +A.Qsm 0) dT} AP (3:35)
and it follows that
~ a6,
v =—Q0 — a_TO (3.36)
Hence, the equation for 6] is derived from (3.22), (3.33) and (3.36) in the form
020, 9 1 a6, 00},
0, =—(——2 .
oz T or 9T or’ (3:37)
where
1 ~ hy = hy de h?
= AQ +—cot 0 ) A+ < 2hyh, — hgg — M, +
=i (40 g o) oo =5 (Gt =) |
(3.38)

Returning to the original time ¢, the equation for ¢’ valid up to O(u) is now
obtained by adding (3.29) and (3.37) to give

0" + ul(ut)d + *(ut) + O(u?) = 0. (3.39)

(d) Approzimate solution for 6’
Letting

t
00 = a(texn( 4 | clutrar). (3.40)
0
and neglecting terms O(u?), we obtain

¢ + w?(ut)g = 0. (3.41)

This may be solved approximately by the WKB method; at leading order, the
solution is

¢ = cw % cos (Jt w(us)ds + -f) , (3.42)
0

Proc. R. Soc. A (2005)
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where ¢ is a constant (assumed small: |¢|<<1) and £ is the initial phase. Hence,
from equation (3.40),

t
0" = cI cos <J w(us)ds + g), (3.43)
0
where
I'=w Y exp(), (3.44)
and
u t 1 T
I= ——J C(ut')dt' = ——J grHar'. (3.45)
2 Jo 2 Jo

Note that the initial perturbations 6, and 96 are related to ¢ and £ through
0, = (c cos S;')w_l/Q]t:o, by = c(—wl/Qsinf;' + T cos £)|i—. (3.46)

Under the gyroscopic condition (3.15), w and { (see equation (3.38)) simplify
with the aid of equation (3.16) to

B A 1/2
=0l —— 4
w=10(5m) (3.47)
and
Ahg —~9 (12_1 AC h = dé
= (- o = <. 4
: < AveY TaA—@carmn ) ar (3.48)

In equation (3.48), the first term is dominant under the gyroscopic condition
provided we are not too near either §=0 or § = w/2 (where the second and/or
third terms may become important). The integral I has the corresponding
decomposition

] = [1 + IQ + 13, (349)
where

=4 r hy 2’ dg (3.50)

Yo g AR '

a—1 (¥ AC h -

I, = —df 3.51
22M—¥®Lﬂ+%% ’ (3.51)
L=—1 r cot 7 = L1og (S0 (3.52)

s 2 Ja, 2 & sinf )’ '

In the following, we use the formulae (2.10) for a spheroid. The integral I; may be

explicitly evaluated as
a+ha—h\Y(h—8 hy+ B\ 553
a—h a+h h+8 hy—8 ’ (3:53)

2

Ilz

@ =) "
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where hy = h(f,), and @ and 8 are positive constants given by

o =%<A+a2+1+\/(A+(a—1)2)(A+(a+1)2)>7 (3.54)

g -t(ard - Ut @At @ry)). e

Note that
a>h>0, «a>hyg>p. (3.56)

The dominant contribution to I, near #=0 or § = /2 is given by

g (—Sjin_a ) e 0_0] . (3.57)
sinf,/ cosé

Hence, from equations (3.44) and (3.49) to (3.57), the slowly varying amplitude I
in equation (3.43) is given by

_c
2(a?C — A)

L=

T = w(8) 20 (6)y(6) /D7 AT (3.58)
where
_ a+ha—h\/(h—8 hy+B\"/*
0) = - >1 .
(0) <a—ha+h0) <h+ ho—6) = (3:59)
and
B s N\A 0 \C\(1/2)(Ca?—A)""
o(f) = sin 0\ ('cos by > 0. (3.60)
sin 6, cos 0

Generally, the third factor in equation (3.58) is dominant away from 6 = 0 and
0 /2, due to the large positive power proportional to J 2~ Q% The first factor

—1/2 shghtly modifies the amplitude and the second factor ¢(f) damps the
amphtude near 6 = 0 or w/2 (depending on the sign of a>C— A).

Finally, we note that, using equations (3.13) and (3.39), R can be written as'

R=1—hyw’0 + O(u). (3.61)

From this and (2.5), given that 6’ is rapidly varying (so that § = O(u?)), the
dominant contribution to dR/dt is given by
dR 921 9,7
Frie —hyw™0 + O(n) = —Ww () + O(u). (3.62)

Suppose now that, due to the growing oscﬂlatlons R first reaches zero at
time ¢t = t,; then, generlcally, dR/dt<0 and 6’ = O(u ) at t=t,, and it follows

! Here, as before, we assume that u is small but non-zero.
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1.0

0.8

0.6

> 04

0.2

0 4 72

|

Figure 2. Slowly varying envelope ¥ of the minima of the rapid oscillations in the normal reaction
R as a function of 8 (equation (3.64)). A few examples are shown for a uniform prolate spheroid
with a = 1.5, ¢ = —0.00054, 6, = /2 — 0.0001 and J=(1) 6.20, (2) 6.50, (3) 6.63, (4) 6.70, (5) 6.83,
(6) 7.15, (7) 8.45, (8) 13. The minimum value of the envelope decreases with increasing J and
finally becomes negative which indicates jumping. The spheroid then enters a different dynamical
regime and the remaining part of the contour (shown as a dashed curve) becomes inapplicable. For
the larger values of J (thick curves) the inclination angle at which the jump takes place approaches
the initial angle 6 = /2.

from equation (3.62) that
W=W.,>0, att="t, (3.63)

that is, the centre-of-mass is rising at the moment when R first reaches zero.
Using equations (3.43) and (3.61), the slowly varying envelope of the minima
of the rapid oscillations in R can be approximated (including only O(u°) terms) by

~1 — 2
0 . .
Y=1—|hyw cl| (3.64)

A few contours of this envelope are presented in figure 2 for a uniform prolate
spheroid with @ =1.5 and a range of values of the Jellett constant J. In each case, a
perturbation corresponding to ¢ = —0.00054 is introduced at 6, = w/2 — 0.0001. For
increasing values of J, the minimum of the envelope approaches zero and
eventually becomes negative. However, R cannot become negative and the
moment t=t, of violation of the constraint R > 0 indicates loss of contact
between the spheroid and the table. In this situation, the remaining part of the
envelope (a dashed curve) is inapplicable, since the spheroid enters a different
dynamical regime of ‘free motion’ under the action of gravity alone. If J is
increased further (thick curves), the inclination angle at which the spheroid first
loses contact with the table approaches the initial angle 6, (the same holds for
oblate spheroids). The validity of the formula (3.64) is supported by the numerical
simulations to be presented in §§5 and 6 below.
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4. Self-induced jumping

In this section, we consider the situation when R does fall to zero as a result of
growing oscillations, as described above. Let us shift the origin of time to the
instant ¢ =¢, when this occurs (i.e. replace ¢t — t, by t). Since R cannot become
negative, it must remain zero for some finite interval of time ¢ >0, during which
the spheroid is in ‘free’ motion, for which the centre-of-mass is subject to
gravitational acceleration — K, and the rotation relative to O is governed by
Euler’s equations. Note that dR/dt is discontinuous at ¢ = 0. As we pass from
constrained motion for ¢t < 0 to free motion for ¢ >0, the body experiences no
impulse and the forces acting on the body are continuous through ¢=0. It
follows that the velocity and acceleration of any point of the body are continuous
through ¢ = 0. However, since dR/dt is discontinuous, the time-derivative of the
accelerations are correspondingly discontinuous at ¢t = 0. We shall use the suffix *
to denote conditions at t= 0+.

Let P continue to denote the lowest point of the spheroid even when it loses
contact with the table, and let 4(¢) represent the gap between the spheroid and
the table, i.e. the height of P above the table, for ¢t >0. We continue to denote the
vertical projection of OP by h() as given by equation (2.10). Then 4 is given by

4=h + W,it—5 £~ o), (4.1)

for ¢ >0 during the free motion. From equations (2.5) and (2.8), with R=0
at t =0, we find

fl{t:O = h* = W*> B}f/:o = h* = _1, (4.2)

and, for the reasons given above, these quantities are continuous through
t = 0. Hence the Taylor expansion of h for small ¢t >0 gives

1

1
24

: RV 4. (4.3)

4=—:nV8 —
where A =d3n/dt*],— o, pY =d"'h/dt"|,— .. This description is self-consist-
ent only if A¥ <0 (as will be established—see equation (4.20) below), and
then equation (4.3) shows that the initial growth of 4 during the stage of
free motion is cubic in t. Note that the third and higher time derivatives of h
are discontinuous at ¢ =0 and must here be evaluated at t=0+.

For the evaluation of h when ¢ >0, we need to know the time evolution of 6 for
t > 0; this is described by the system of equations (3.3) with R=0:

d
E (Q — ¥ cot 0) = O, (44@)
dv dé
d%e
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The variables Q, ¥, # and 0 are all continuous through ¢ = 0, so we may adopt
initial conditions

)=, wO)=w, 600) =6, 60) =0, (4.5)

where these quantities are determined by the foregoing analysis up to the instant
t=0 when the condition R =0 is first satisfied. The system (4.4) is well known in
analytical dynamics (e.g. Marsden & Ratiu 1999) and can be integrated
explicitly. Note first the three constants of motion,

Q—Wcotl=C, (4.6)
w24+ § = 3, (4.7)
and
Q cos 0 — silfllﬁ = ny. (4.8)
Now from equation (4.4b), we have
i—lg =—Q=—(C, +¥cot ), (4.9)
so that
¥ = () cot § + C cosec 6, (4.10)
where
C{ =W, cosec 0, — Q, cos 0,. (4.11)
Using equations (4.7) and (4.10), the solution for # is then found in the form
cos § = —Cy — C; 0, sin 0, sin Cyt + (cos 0, + C)cos Cyt, (4.12)
where
C2=Cl+C}=(Q,—W,cot0,)’ +W> +06, (4.13)

C,=CClC? = (Q, =W, cot 0,) (W, cosec 0, — Q, cos 0*)03_2. (4.14)

Hence, h(#) and so 4(t) are obtained explicitly from equations (2.10) and (4.1).

The solution (4.12) may be simplified if we assume the gyroscopic condition
(3.15). Note first that, if we set R =0 in equation (3.61), then 6'. can be
expressed (up to O(u) and with Q, =Q,) as

1 A+h
0. = =~ b 4.15
hgw?  Ahg Q% (4.15)
and also that, using (3.16¢), (3.28) and (4.15), ¥, can be expressed as
W, =W, +W. =h, (AQ,)" — Q,0, = (Q.h,,) " (4.16)

Proc. R. Soc. A (2005)


http://rspa.royalsocietypublishing.org/

Downloaded from rspa.royalsocietypublishing.org on September 15, 2013

Self-induced jumping of an axisymmetric spinning body 1767

Hence, since 6’ oscillates with frequency O(Q,), under this gyroscopic
approximation both 6, and ¥, are O(Q;'), and so

03 = Q% + 2hy! cot 0, + O(Q;2),
(4.17)
Cy = —cos 0, — (Q%hy,) 'sin 0, + O(Q;%).

During the initial stage of evolution (when |6 — 6,| is small), the solution (4.12)
thus simplifies to

cos Q,t—1 9*sin Q.

0=20,+ 4.18
Using (4.18), we now obtain
d36 9 d*e Q?
— =—Q:0,, —F = , 4.19
de® o4 dt' [i—or Py (4.19)
and hence, at leading order in Q,,
d3e :
W =hy=—| = —hyQ%, = —W,0% (4.20)
dt” 1o+
(@) d*e 9
dt® =04

Here we note that, since W, is positive, h,@ is indeed negative, as required for

self-consistency.
F41na11y, combining equations (4.3), (4.20) and (4.21), the gap 4 is given to
O(t") by

1
A= QAW — 1) +---. (4.22)

This provides a good approximation for t<< 1. Provided W, <<1, equation (4.22)
indicates that the spheroid returns to the table at t=4W., which is within the
range of validity of this approximation. The gap attains a maximum value

Ay =2 QP W! (4.23)
when t=3W,. Now W,(=hy0,) is, as already indicated, determined by the
earlier constrained motion and depends on the amplitude and phase of the
oscillatory modes that may be present (¢ and £ in equation (3.43)). The best that
we might hope (in circumstances when the condition R = 0 is attained) would be
to obtain a useful upper bound for W, in terms of p and the initial angular
velocity of the spheroid. The computations presented below suggest that 4, is
(as might be expected) very small (of order 10~ at most in the results shown—
see figure 5) and that 4,,,, decreases rapidly with increasing Q, (asymptotically
like Q7).
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Figure 3. Time evolution (for ¢>70) of Q, 6, n and the normal reaction R for an oblate spheroid
with a=2/3 (Coulomb friction with g= 0.1). The thin lines show the numerical simulation; the
thick lines represent the gyroscopic solutions (a,b), and the analytical estimate X of the slowly
varying envelope of the minima (3.64) (¢,d). The initial perturbation corresponds to ¢ = 0.00052 in
both cases (see equations (3.43) and (3.64)). (a,c) ng=10; J = 4; spheroid rises all the way without
jumping and the oscillations of R are eventually damped. (b,d) ng=10.5; J= 4.2; oscillations
amplify until R vanishes at ¢t = ¢, = 91 when the spheroid loses contact with the table during its
rise.

5. Numerical treatment

We now present the results of computations based on the exact system (2.7).
Here, as in part I, we used an implicit time-adaptive method based on second-
order numerical differentiation formulae, similar to that described by Shampine
(1980). We imposed a relative error tolerance 10~ in the runs presented here.

In §3, we obtained an analytical estimate for the slowly varying envelope ¥ of
the rapid oscillations in the normal reaction R (see equation (3.64)). Here, we
test this estimate against direct numerical simulations performed first for a
uniform oblate spheroid with a=2/3 and second for a uniform prolate spheroid
with a=3/2. Coulomb friction with ©=0.1 was used.

Figure 3 shows the computed evolution of Q, 8, n and R for a uniform oblate
spheroid during its rise from the state of steady spin with axis of symmetry
vertical towards the state of steady precession with axis of symmetry precessing
in a horizontal plane. Two distinct scenarios are shown, corresponding to
evolution from two different unstable steady spin states with ng=10 and 10.5. In
both cases the perturbation is applied along the vector in phase space with
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components (approximately)
U=8X10"", V=4X10"% Q= CngA™", A=10"", 0=4%X10"% n, (5.1

For ng =10 (figure 3a,c), the spheroid rises all the way to the state of steady
horizontal precession without jumping and the initially growing oscillations
evident in R are eventually damped. For a slightly larger initial spin, ng=10.5,
these oscillations amplify until the spheroid loses contact with the table. In both
cases, the gyroscopic solutions (thick lines in figure 4a,c) approximate the exact
dynamics very well in the mean, in the latter case until the moment of jumping.
Moreover, the analytical formula (3.64) (thick lines in figure 3b,d) represents
quite accurately the envelope of the rapid oscillations.

The results of corresponding computations for the prolate case are presented
in figure 4, where the normal reaction (thin line) is plotted as the spheroid rises
from an unstable state of steady precession with its axis of symmetry horizontal
towards the state of steady spin with the axis of symmetry vertical. Two
scenarios are shown corresponding to evolution with two different initial
precession rates, €, =10.2 and 10.5. In both cases, the horizontal precession
state is perturbed in the unstable direction with initial conditions (approxi-
mately)

U=7X10"° V=2X10"%, 0, A=—10"", 0=g
In figure 4a () =10.2), the spheroid rises all the way to the vertical without
jumping and the initially growing oscillations are eventually damped. In figure 4b
(29 =10.5), the oscillations amplify until R hits zero and the spheroid loses
contact with the table. In both cases, the analytical formula (3.64)—represented
by the thick lines—provides an excellent approximation for the slowly varying
envelope of the minima of the rapid oscillations.

Finally, figure 5a—c shows the time variation of the gap 4 given by equation
(4.1) for various values of Q. The solid lines are the result of the full numerical
simulation, while the broken line shows the analytical result (4.22) using the
computed data for Q. and W.. The differences result from the approximations
used in deriving equations (4.20) and (4.21); as expected, these differences
decrease with increasing Qq. Figure 5d shows the maximum of the gap 4., as
given by equation (4.23) (see caption for details); the points are bounded above
by the curve A, = (4.65/Q,)° shown in the figure.

—107%, n=2X10"2% (5.2)

6. Determination of the ‘jump’ surface

We aim here to determine the geometry of the boundary R = 0 which marks the
transition between the constrained and the free dynamics. In general, this
boundary is a five-dimensional ‘surface’ in the six-dimensional phase space
E=(U,V,2,4,0,n), and cannot be usefully projected onto the three-
dimensional subspace (Q, 6, n) used previously in part I. However, if we focus
on dynamics in the neighbourhood of the unstable manifold in the ‘gyroscopic’
region of the phase space, a useful approximation can be derived.
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Figure 4. Same as figure 3¢,d, but for a prolate spheroid with ¢ = 3/2 and ¢ = —0.00054. (a) Qo =
10.2; J=6.63; spheroid rises all the way without jumping and the oscillations of R are eventually
damped. (b) Qy=10.5; J=6.83; oscillations amplify until R vanishes at ¢ = t, =111, when the
spheroid loses contact with the table.

Let us first rewrite the normal reaction (2.8), as given by equation (3.14) in
part I, in the form

A+ AhgyA* 4 Qhy sin 0(AQ cos 6§ — Chn)
A+ hy(hg — phUp)

R , (6.1)

where Up= Up/|Up|. As shown in part I and the previous sections, A (= 0+ 9/)

remains O(max(u, 0/)) in the neighbourhood of the unstable manifold during the
process of rising. Hence, in the gyroscopic region of the phase space where
Q?/|a*— 1|>> 1, and away from the immediate vicinity of # = 0 and § = /2, the
second term in the numerator of equation (6.1) may be omitted in first
approximation. Thus,

A+ Qhysin (AQ cos 0 — Cn)

R 6.2
A+ N} ’ (6.2)
and the boundary R = 0 is then given by
A 1
=—|Q 0+—— .
" ( S 0¥ by sin 0>’ (63)

a two-dimensional surface imbedded in the subspace of the variables (Q, 6, n).
If we now use the transformation (3.1) and adopt the multiple-scale terminology
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Figure 5. The gap 4 (4.1) versus time ¢, for Qo= (a) 11, (b) 20, (¢) 30. The solid line in each case
shows the full numerical simulation, and the broken line plots (4.22) with the computed data for
Q, and W,. (d) Maximum of the gap, 4,,.x, for a range of values of Q; the points on each vertical
line correspond to different initial perturbations of amplitude 0.05 and random direction. The
upper bounding curve is Ay, = (4.65/20)°.

used in previous sections, R can be further approximated (using also equations
(3.16¢), (3.28) and (3.47)) by

A+ AR(QW + QW) AQhy0

R ~] 207
A+ h A+ hg

+ O(u) =1 — hyo0' + O(u). (6.4)

Thus, the approximation (6.2) is consistent with the multiple-scale result (3.61).

An example of the ‘jump’ surface (6.3) is shown in figure 6a for a uniform
prolate spheroid with a=1.5. The trajectories shown represent evolution
towards the stable equilibrium with § =0 from the neighbourhood of the
unstable horizontal precession with § = 7/2; Coulomb friction with u = 0.1 was
used. The initial perturbation was applied in the unstable direction with
amplitude 6 = 0.01 for a number of different initial precession values Q,. As
shown in part I, the unstable direction in the linearization around the fixed point
(U=0,V=0,Q, A4=0,60=m/2, n=0) corresponds to a non-oscillatory mode.
In the simulation, the exact expression for the normal reaction (6.1) was
monitored, and the calculation was terminated when the trajectory crossed
the boundary, i.e. when R=0 and dR/d¢t<0. The surface shown is the
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Figure 6. (@) The jump surface (6.3) and a set of trajectories which evolve towards the stable
equilibrium at § =0 and which terminate when R =0 (uniform prolate spheroid with ¢ =1.5,
Coulomb friction with u= 0.1; perturbation applied in the unstable non-oscillatory direction at
6=m/2). (b) Relation (derived numerically) between the aspect ratio a(>1) of a prolate spheroid
and the smallest initial rate of precession £ which leads to eventual loss of contact with the table.
(¢) Same as (b), but for an oblate spheroid (a < 1) and with ng the smallest initial spin that leads to
a jump.

approximated jump surface (6.3). It is clear that this approximated jump surface
detects the moment of jumping very well. More importantly, however, we note
that the distance between the unstable manifold and the jump surface R =0 is
small and decreases with Q: the unstable manifold appears to ‘shadow’ the jump
surface. Trajectories which originate from arbitrary perturbations (not exactly
along the unstable manifold), and which therefore tend to oscillate vigorously
from the start, consequently cross the boundary at a much earlier stage of
evolution. This is probably the situation in most real-life experiments. Note also
that with increasing Q, the angle  at which the respective trajectory crosses the
jump surface approaches the initial angle 6, (= /2 for the case of the prolate
spheroid). This is again in qualitative agreement with the analytical predictions
summarized in figure 2.

Figure 6b presents the numerically determined relation between the parameter
a and the smallest initial value of the rate of precession Q, for which the
trajectory, evolving along the unstable manifold, eventually crosses the boundary
R =0. The initial perturbation is applied in the unstable direction at the
appropriate fixed point with amplitude ¢ = 0.01. Figure 6¢ presents correspond-
ing results for the oblate spheroid and shows the relation between a and the
smallest initial value of spin ng that leads to a jump. It should be stressed that for
a general perturbation, which includes an admixture of oscillatory modes, the
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overall contour would shift downwards; this is again due to the fact that the
unstable manifold ‘shadows’ the jump surface. The rise of the curves of figure 6b,c
as a —1 allow us to conclude, however, that for given perturbation, spheroids
with |a —1| <1 do not easily lose contact with the surface, and an increasingly
large initial angular velocity is required to induce a jump as a —1. This is
because it is the product Qhy that appears in the expression (6.2) for R, and
hg — 0 as a —1.

7. Conclusions

The following results have been found analytically and confirmed numerically.
There are situations when the normal reaction R for a spinning spheroid
oscillates with an initially growing amplitude. When the initial angular
momentum is sufficiently large, oscillatory modes can grow to such an extent
that R falls to zero. This implies loss of contact between the spheroid and the
table (i.e. self-induced jumping), and the spheroid passes temporarily into a state
of free motion under gravity without friction. The exact solution for this free
motion shows that the gap between the spinning spheroid and the table increases
as ¢° in the initial stage of jumping. The short duration of free motion before
contact is re-established is determined approximately.

Thus, a spheroid which is spun sufficiently rapidly on a table will, in general,
lose contact with the table at some stage during its rising motion. We have
considered the free motion only until the first bounce; however, the subsequent
behaviour presumably consists of rapidly alternating periods of motion with and
without frictional contact with the table. The details of the successive impacts
depend on the elastic/plastic properties of both the spheroid and the table. This
is clearly a subject for future investigation, both experimental and compu-
tational. Irrespective of the details, however, as stated in §1, we may conjecture
that the averaged effect (over many successive impacts) will be simply to give an
‘effective’ Coulomb friction parameter u, somewhat less than the instantaneous
value of u that holds during the periods of continuous contact.
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