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The general theory developed in Part I of the present series is here applied to
axisymmetric solutions of the equations governing the magnetohydrodynamics
of ideal incompressible fluids. We first show a helpful analogy between
axisymmetric MHD flows and flows of a stratified fluid in the Boussinesq
approximation. We then construct a general Casimir as an integral of an
arbitrary function of two conserved fields, namely the vector potential of the
magnetic field and the scalar field associated with the ‘modified vorticity field”’,
the additional frozen-in field introduced in Part I. Using this Casimir, sufficient
conditions for linear stability to axisymmetric perturbations are obtained by
standard Arnold techniques. We exploit Arnold’s method to obtain sufficient
conditions for nonlinear (Lyapunov) stability of the MHD flows considered. The
appropriate norm is a sum of the magnetic and kinetic energies and the mean
square vector potential of the magnetic field.

1. Introduction

In this paper we develop the approach initiated in Part I (Vladimirov and
Moffatt 1995) and then continued in Part IT (Vladimirov et al. 1996). In Part
I new variational principles for magnetohydrodynamic (MHD) flows of an ideal
incompressible fluid were established. For such flows, the magnetic field h(x, ¢)
is frozen in the fluid, but the vorticity field w(x,?) is not frozen, since the
Lorentz force is in general rotational. However, in Part I we identified a
‘modified vorticity field” w(x,{) (see (1.8) below), which is frozen in the fluid,
and which reduces to w when h = 0. The existence of this additional frozen-in
field has consequences for the construction of Casimirs, the integral invariants
that play an essential role in the derivation of sufficient conditions for stability
(or ‘stability criteria’) for steady solutions {U(x), H(x)} of the governing
equations.

We consider here axisymmetric flows (invariant under rotations around a
fixed axis), and we demonstrate first a helpful analogy between such flows and
flows of a stratified fluid in the Boussinesq approximation (Sec. 2). Analogies
between stratified and rotating flows can be traced back to Rayleigh (1916), and
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have been placed on a firm basis by Vladimirov (1985a, b). In MHD an analogy
of the type to be considered here was already noted by Howard and Gupta
(1962), but its precise nature has not been previously revealed. In comparison
with Part I1, where the analogy between two-dimensional MHD flows and flows
of a stratified fluid in the Boussinesq approximation had the precise form of an
isomorphism, the analogy considered here is somewhat weaker, but nevertheless
it provides a useful guide in some of the calculations in Secs 3-5.

For the axisymmetric situation, the components of the fields {U, H} are
functions of » and z (in cylindrical polar coordinates (r, ¢, z)). This case is of
particular importance in the context of plasma confinement devices (e.g.
tokamak and reversed-field pinch). We first show how the presence of two frozen
fields, h and w, leads to determination of an appropriate Casimir as an integral
over the fluid domain of a function of two conserved scalar fields (associated
with h and w). Then, following the prescription of Arnold (1965a, b), we obtain
the sufficient conditions for linear stability (to axisymmetric disturbances) of
steady axisymmetric MHD flow. The linear criterion obtained in Sec. 3
(Criterion 3.1) is close to the criterion obtained by Almaguer et al. (1988). The
latter includes compressibility effects, and is obtained from the requirement
that a certain 8 x 8 matrix be positive-definite; as the authors recognize, an
improved criterion may in principle be obtained if the fluid domain is bounded.
The stability criterion 3.2 that we obtain in Sec. 3 (for the incompressible case)
is somewhat simpler, and the improvement of the criterion for the bounded
domain is explicitly realized.

A special case that is attracting attention in the context of the MHD of
accretion disks (Balbus and Hawley 1991; Ogilvie and Pringle 1996) is that in
which the velocity field is purely toroidal (and typically that corresponding to
the Keplerian angular velocity distribution). This is a case for which the
stability criterion (for axisymmetric disturbances) takes a simplified form (Sec.
3, Criterion 3.4).

In Sec. 4 we consider nonlinear stability of the steady state, i.e. Lyapunov
stability with respect to a norm based on the total energy and the mean square
vector potential of the perturbed magnetic field. We consider first the case of
‘isomagnetic’ perturbations under which the magnetic field is a ‘frozen-field’
perturbation of the steady state, and we obtain conditions (Criterion 4.1) under
which the norm of the perturbation remains bounded by a constant multiple of
its initial value for all time.

Then, in Sec. 5, we establish nonlinear stability criteria for two particular
classes of steady MHD flows, namely for the purely poloidal field and flow
(toroidal components of both the velocity and the magnetic field are absent)
and for the steady state in which all components of the magnetic field are non-
zero while the velocity field has only a toroidal component. For such steady
states, we generalize Criterion 4.1 to cover arbitrary axisymmetric perturbations
(that are not ‘isomagnetic’); the difficulty here centres on the problem of
appropriate continuation of functions describing the steady state beyond their
initial range of definition ; this difficulty is addressed in detail and is successfully
overcome.

We conclude this introduction with a statement of the governing equations.

Consider an incompressible, inviscid and perfectly conducting fluid contained
in a domain & with fixed boundary 0. Let u(x,t) be the velocity field, h(x,?)
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the magnetic field (in Alfvén velocity units), p(x,?) the pressure field (divided
by density), and j = V A h the current density in the fluid. Then the governing
equations are

Duz(%—i—u'V)u:—Vp-i-j/\h, (1.1)
LhE%—l;—V/\(u/\h)zo, (1.2)
Vou=V-h=0 (1.3)

Here D is the material derivative and L is the Lie derivative. Equation (1.2)
implies that h is frozen in the fluid; its flux through any material circuit is
conserved. We suppose that the boundary 02 is perfectly conducting, and
therefore the magnetic field h does not penetrate through ¢2. The boundary
conditions are then

nu=0, nh=0 on 0%. (1.4)

We suppose further that at ¢ = 0 the fields u and h are smooth and satisfy (1.3)
but are otherwise arbitrary.
Taking the curl of (1.1), we obtain

Lw=VA(jrh), (1.5)

where w = V Au is the vorticity field. Equation (1.5) implies that vortex lines
are not frozen in the fluid unless the right-hand side of (1.5) is identically zero
(i.e. unless the Lorentz force j A h is irrotational). However, as shown in Part I,
a ‘modified vorticity field” w may be defined as follows: let g(x,t) be an
arbitrary solenoidal field satisfying

VA(gAh) =0, (1.6)

and let m(x,?) be defined by
Im=j+g V-m=0. (1.7)

Then the field w defined by

Ww=w+VA(hAmM) (1.8)
satisfies
Lw =0, (1.9)

and provides the appropriate frozen-field generalization of w for ideal MHD.
Note that, since h and w are now two independent frozen-in fields, it follows
that V A (h Aw) is also frozen-in (Tur and Yanovsky 1993), and, by iteration,
an infinite family of such derived frozen-in fields may be constructed.

The global invariants of the system (1.1)—(1.4) are the total energy

1
G = —f (lal*+|h[?)d7, (1.10)
2Ja
the magnetic helicity

J/jwzj (h-curl*h)dr, (1.11)
9
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the cross-helicity

J{;,=j u'hd7=j(h-cur11w)d7 (1.12)

and the ‘generalized’ helicity
%WZJ w-curl 'wdr. (1.13)

By the arguments of Moffatt (1969), the three helicities are all topological in
character.

2. Analogy between axisymmetric MHD and stratified flow

Suppose that u and h are invariant under rotations around a fixed axis. It is
natural to use cylindrical polar coordinates (r, ¢, z), z being a coordinate along
the axis of the symmetry. The fluid domain is supposed to be axisymmetric. Let
2 denote the meridian section of this domain, with boundary 02 on which
n = (n,,0,n,) is the unit normal. For simplicity, we shall suppose that & is
simply connected.

We now decompose u and h into poloidal and toroidal parts:

1 1
h(r,z,t) =b+rp,e,, b= Lap 2——8—’0e,.,
ror r 0z @.1)
_ il _Loy, 1oy '
u(r,z,t)y =v+ " €, V= "3 €, s €,.
Then the poloidal parts of (1.1) and (1.2) may be written in the form
DV = —Vj—(p,) VO, — (p,)* Vb, — pV, (2.2)
Dp =0, (2.3)
where D =0/0t+v-V, V = (0/0r,0/0z) and
O, = 277, D=t P = pt () D, —pO, (2.4)
5 s, 1010 107 o =
The toroidal parts of (1.1) and (1.2) become
1 2
Dpy=—1p.r"ps}, (2.6)
Dpy = +{p. 28 2.7)
2 » > 7'2 ’
where now {a, b} = d(a,b)/0(r,z). The boundary conditions (1.4) become
v-n=0, p=-const on 0Z. (2.8)

Equations (2.2)-(2.7) admit the following physical interpretation. The term
—(p,)? VO, in (2.2) represents the centrifugal force associated with the swirl



General transformations and variational principles for ideal MHD 93

(toroidal) velocity (p,/r)e,: —(p,)* V@, represents the analogous “hoop stress’
of the toroidal magnetic field acting in the inward radial direction; and —pV®
represents the Lorentz force associated with the ¢ component of j and the
poloidal field bf. The equation Dp = 0 reflects the frozen-in character of the
poloidal field b: equation (2.6) for Dp, represents generation of swirl by the ¢
component of j A h; and equation (2.7) for Dp, represents generation of toroidal
field by differential rotation acting on b.

Equations (2.2)—(2.8) admit an alternative interpretation as the equations of
the flow of an analogue Boussinesq fluid endowed with three densities p?, p3 and
p influenced by force fields with potentials ®,, ®, and ® respectively. Note,
however, that source terms are present in (2.6) and (2.7) for p, and p,. The
analogy may therefore seem somewhat strained, but nevertheless it provides a
useful guide in some of manipulations that follow.

3. Stability of axisymmetric MHD flows
Consider now a steady solution of (2.2), (2.3) and (2.6)—(2.8) in the form

v=V(rz) = la—lFeZ—la—lFer, P =P(r,z), (3.1a)
r or r 0z
104 104

b=B(r.z) = ?Wez_;aew p1=Ri(r.z),  py=Ry(r.2), (3.1b)

Capital letters will be used throughout for properties of the steady state whose
stability is to be investigated. In this state, (2.3) reduces to

vova =Ly ay o
.

This in turn implies a functional dependence V' = W(4), and therefore
av

V=1(4)B. W)= (3.2)

Equations (2.6) and (2.7) simplify to the equations

1 , 1 , R
;{A’T(A)Rl_}”z}{z}:o’ y{A’IF(A)Rz_r;}:Q
so that

=G (4), Y(A)R,—rR, = Gy(4) (3.3)

for some functions (,(4) and (/,(4). The toroidal component of the curl of (2.2)
gives, after use of (3.2) and (3.3),

1
AN A) QT =G Ri— G R+ VA R RY = 0. (34
where . j
Q=—K¥Y, J=-—-KA. (3.5)

1 This term has already been identified for two-dimensional flow in Part 11, but here ® is
modified to take account of the coordinate system.
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Hence we have the generalized Grad—Shafranov equation
— WAV KV + KA —G(A) R, — Gy(A)Ry+ W' (A R, R, = G(4),  (3.6)

for some function G(4).

Consider now (1.6)—(1.9). Again, we decompose the solenoidal fields m and g
(defined by (1.6) and (1.7)) into poloidal and toroidal parts
10y 10y
m(r,z,t) =m,+re, m,= o Z—;ger, (3.7a)
B _10¢ 10¢
g(r.z,t) =g,+rue, g,= 75% ;Eer, (3.70)

so that x(r,z,t) and {(r,z,t) are axisymmetric ‘flux functions’ for the poloidal
components of the fields m and g.
Equation (1.6) is satisfied by taking

{=4p), pn=p,¢p)+ygp), (3.8)

where {(p) and g(p) are arbitrary functions. The toroidal part of (1.7) then takes
the form

i
Dy =;{x,%}+®+g<p)+p2§/(p), (3.94)

while the poloidal part simplifies to the equation

Dy = r*py,+&(p). (3.90)

Equations (2.6) and (3.96) have the consequence that

1
D(m—/m&d) = 0. (3.10)

This equation is in fact equivalent to the poloidal part of (1.9) governing the
evolution of the ‘generalized vorticity’ (1.8); the quantity p, —» {p, y} is the
axisymmetric ‘flux function’ for poloidal components of the ‘modified
vorticity” w. Equation (3.10) has an obvious particular solution:

1
p1=;{p,x}+0(p), (3.11)

with arbitrary C(p). According to (3.10), if (3.11) is satisfied at the initial instant
t = 0 then it will remain true for all t > 0. (Note that (3.11) does not impose any
restriction on the class of admissible motions. It only implies a special choice of
initial data for the field y.) Therefore (2.6) is no longer needed. Using (3.11), we
can eliminate p, from (2.2) and (2.7) and consider (3.11) as a replacement for
(2.6).

The toroidal component w; of the ‘modified vorticity field” is given by

wy =g+ plHix.p}. = —Ky. (3.12)
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and satisfies the equation
) 1 1 p
(L) =2, —Z¢ . r 3.13
(7") 7A{Iol T{IO/X}:rz}: ( )

which represents the toroidal part of (1.9). (Note that rq is the toroidal
component of the vorticity w = VAu.)
Let (3.11) be satisfied. Then, using (3.11) and (3.13), it may be shown that

DA =0, (3.14)
where

w ,, 1 1 ” -
Az—f—c (P)py =gt 1. P} + A X. Pa} = C"(p) Py (3.15)

(The validity of (3.14) may also be verified by straightforward calculation,
without any reference to the ‘modified vorticity field.)
In the steady state (3.1),

y=X(r,z), n=DN(z), (3.16)
and, from (3.90), X(r, z) satisfies

%{‘F,X} = 2R, +{(A). (3.17)

In order to ensure the single-valuedness of the function X(r, z) in &, the function
{(A4) is chosen in the following way. If & is bounded then the streamlines V' =
const. are closed curves in 4, and we define

YAY)) = _3€ V|1 2R, dl / % V|t dl. (3.18)
Y'=const. Y'=const.

If & is unbounded then on any streamlines that are not closed we simply choose
¢ so that {(A4) is smooth function of A (for example, if no streamlines are closed,
we simply take { = 0). From (3.9a), N(r, z) satisfies

%{‘F,N} = %{X,%}+J+g(A)+R2§’(A). (3.19)

Here the function {(4) has already been defined. Now we choose an arbitrary
function g(4) similarly to the choice of {(4): we take

gA(T)) = — § |V|1[1{X71%}+J +R2§’<A>]dl / § VI dl
w=const. r r w=const.

(3.20)
for closed streamlines and make a smooth continuation of g(A(YV)) for all
streamlines that are not closed. With this choice of g(4), the function N(r, z) is
always single-valued in Z.

For the steady state, (3.11) reduces to

1
Ry = (4. X +0(). (3.21)
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The function C(A4) is related to (/,(4), (3.3b), by the equality
Gy(4) = LA)+V'(4)C(A), (3.22)

which may be deduced from (3.17) and (3.21).
Equation (3.14) implies that in the steady state, A = A(4), where

W(A)A(A) = W(A) Q—J — Gi(A) R, — Gy A) R,
FW(A) R, Ry+ C(A) G (A)—g(A) (3.23)

(this last equation is obtained by simple manipulations with (3.15), (3.19) and
(3.21)). Comparison of (3.23) with (3.6) shows that

W(A) A(A) — O(4) G5(4) +g(4) = G(A), (3.24)

and this is an axisymmetric counterpart of (3.10) of Part II.
Under general unsteady evolution, the fields p and A are conserved (Dp =
DA = 0); therefore the appropriate Casimir invariant is given by

€ = j F(p,A)dr, (3.25)
g

where dr = rdrdz, and F(p,A) is an arbitrary function of p and A.
Now consider the conserved functional

R p,pas XN = E+C+ Ay, (3.26)
where
1 1
& = QJ [|V|Z+W(Vp)2+pf O, +p3 @2] dr (3.27)
)627

is the conserved energy of the system and

g = J S(p) podr (3.28)
7

is the conserved ‘generalized” magnetic helicity (cf. (1.11)), with an arbitrary
function S(p). The dependence of Z on y and 5 enters through both A and p,.
Let 0y, dp, dp,, oy and &y be independent variations, and let

_ Loy 1oy

- e
ror ° r 0z "

ov 8q = — Koy (3.29)
From (3.11) and (3.15), the first and second variations of p, and A are

: (3.30a)

1 1
8y = —{d, Oy} +—10p, X} + () 6p
1 1
O = 8 +—{N. dp} +— {0y, 4}
r

1 1 ” 2l ¢
0N B} 41X, dpu} = C(A) Ry 0p— C'(4) 3p, (3.300)
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1 L, .
0%py = —19p. Ox}+5,C"(4) (9p)*, (3.30¢)

1 1 1 " D 214 P’
0*A = {07, 0p} + 10X, Opa} — 50" (A) By(8p)* — € (A) 0pdpy. (3.30d)
The first variation of # calculated at the steady solution (3.1) is
1 1
OR = —QV‘If-V61//+ﬁVA'V6p+2R1 D, 5'p,
ol

2R, D+ S(A)| 8py+ [ Fy+8'(A) R, | 8p+F, 81/1] dr, (3.31)

where F,=0F(A,A)/0A and F, =0F(4,A)/0A. From here on, F and its
derivatives are always evaluated at p = 4 and A = A.

Since the streamfunction ¥ is defined (by (3.1)) up to a constant and the
domain Z is simply connected, we take

¥Y=0 on 09. (3.32)
For dp, we take the boundary condition
op=0 on 02, (3.33)

which is consistent with (2.8).
After simple manipulations using (3.30), (3.32) and (3.33) and the identity
(A 1) of Appendix A, (3.31) becomes

1
o = [ |y (or e+ bin x-nc o,

R}) S+ (AR

572

1 1
+({RZ,F,\}—{A
r r

1 1 R R
+ (FA +J+8R, +;{FA,N} +T{X, V;} —C"F\R, +721 C’) (Sp] dr

—|—§ F,(8yVR,—6p, VX)-dl. (3.34)
07
From (3.34), the sufficient conditions for 6% = 0 are
F,.=—-% SA)=—rR,+F, 67”—1{E\,X},
r

1

1 R R
FA+J+S’R2+;{E\,N}+;{X, V—;}—O”E\Rﬁ

—1r =0, in 2,

r

1 1 1 R
_{AaE\}ZOa _{R27F\}__{A’_21}=0
r r r r

F,=0 on 09.
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It may be shown that all these conditions are satisfied if we choose arbitrary
functions F(4, A) and S(4) such that

F\(4,A) = —W(4), (3.35a)
F (A, A) = g(A)+C"(4) G, (A), (3.35b)
S(4) = ¢A)—W(A4) C"(A). (3.35¢)

These equations do not determine F(p,A) uniquely, since in the steady state
(3.1) the functions A(r,z) and A(r,z) are dependent. The remaining freedom in
F(p, A) will be used later. Note that, by differentiating (3.35a, b) with respect to
A, we obtain

FoA,NNA)+F, A, A) =—-1"(4), (3.36a)
Fa(A A +F (A A) N (A) = g/(4) +[6G,(A) C/(A)]. (3.360)

Now consider the second variation 622 evaluated at the steady solution (3.1).
It is given by

. 1 1 o1 1
SR = EL [7—2 (Voyr)® +ﬁ (Vop)* +ﬁ (0%p1)* +12(dp,)?
+ (Fy 4 +8"Ry) (0p)* +2F, 4 0p S'A+F (8" A)?

2
+28' 8p dp,+ 5 Ry 0%, + 28, 32/\] dr. (3.37)

After standard transformations (see Appendix A), this may be expressed in the
form

0 = %f [12 V(O — o 0p) P+ (1 — ) (Vop)?

r 7

1
+5(8'p1)* +1%(9py)* = 200", Opy + 21, 0p ' py + 21, 0p Op,

FIOP 8= A 0P . (3.39)
where
o ='(4), (3.380)
_oVA-VR,—VA-V(R,/r*) 7
Si= V) , (3.380)
_oVA-VR,—VA V(R .
Jo = (V) (3.38¢)
_VYVQ-VA-VJ . [VA-VR +[,VA VR, ‘
f,= V) + Ko AP (3.384)

The quantities f;, f, and f; defined by (3.38b-d) are functions of r and z in Z.
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Note that, by using (3.3) and (3.6), the functions f;, f, and f; may be expressed
in terms of G(4), G,(4) and G,(4):

Ji=G(A)=RW(A), [y = G(A) =R (A),

; 3.39
f,=0Ko—¥"(A)Q+ G (A)—W"(A) R, R, + R, };’(A)+R20’2’(A)} (3-39)

According to the general theory of Arnold (1965«, b), if the quadratic form 2%
is definite in sign for all admissible variations (8, dp, dp,, dy,dn) then the
system considered is linearly stable. Here 0% is positive-definite provided that

2 .\ 2
Fa0, o<t f—(é) UREIR (3.40)

throughout . We satisfy the first of these by using the remaining freedom in
the choice of F/(4,A). Let

F(A.A) = Fy(A) + AF(A) + Fy(4), (3.41)
where F, I, and F, are smooth functions such that

FoA) =20, F(d)=-Y—-FiA), Fyd)=g)+C"(4)G,(A)—AF(4).
(3.42)

Then (3.35a, b) are satisfied. We thus obtain the following stability criterion.

Criterion 3.1. The steady state (3.1) is linearly stable provided that
W(A)P<1  (or, equivalently, |V| < |B]), (3.43)

I,+1, =20, (3.44)
throughout &, where

:v‘F-VQ—VA-VJjL@k@
o (VA)? d4 " dA’

CKVAVR ASVAVR, f2 (ifitof/r)?

I
! (VA)? r 1—o?

the functions f, and f, being given by (3.38b, c).

The condition (3.43) means that the poloidal flow must be sub-Alfvénic; (3.44)
involves both poloidal and toroidal components of the velocity and the
magnetic field, and its physical interpretation will be discussed later.

Previously the stability criterion for axisymmetric MHD flow was obtained
by Almaguer et al. (1988). Their criterion includes compressibility effects, and
is obtained from the requirement that a certain 8 x8 matrix be positive-
definite; as they recognize, an improved criterion may in principle be obtained
if the fluid domain is bounded. We shall explicitly realize this improvement for
the incompressible case considered here.
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Suppose that the domain & is bounded. Then an improvement of Criterion
3.1 may be achieved by using the Poincaré-type inequality

J;(V&p)'z(h}(jf %(ap)wf, (3.46)

where €' is some constant depending on the domain Z. (Actually, similar
inequalities may also be obtained for some classes of unbounded domains, see
e.g. Appendix B.) Indeed, consider the eigenvalue problem

0 [1 (1—@“2)%]+6[(1—\?'2)645]“% =0 in 2, (3.47a)

Yorlr 0z 0z
¢=0 on 09 (3.470)
and let A% be the least eigenvalue. Then it may be shown that
oy A 1 .
j (1 =" = (Vop)*dr = /\ij — (0p)*dr. (3.48)
P r o

Hence 622 is positive-definite provided that (3.43) and the inequality
Ay /ri+1,+1,=20 (3.49)

are satisfied. Thus we obtain the following stability criterion.

Criterion 3.2. The steady state (3.1) is linearly stable provided that
P(A)P<1  (or, equivalently, |V| < |B]), (3.50)
A2/, 41, =0 (3.51)
throughout &, where I, and 1, are given by (3.45) and A5, is the least eigenvalue of

the problem (3.47).

We conclude this section by formulating the stability criteria for two
particular classes of axisymmetric MHD flows that may help to clarify the
conditions (3.43) and (3.44).

3.1. Purely poloidal field and flow
Suppose that in the steady state (3.1),
V=%(4)B, R, =R,=0. (3.52)
Then /; entering the inequality (3.44) vanishes and Criterion 3.1 simplifies to
the following.
Criterion 3.3. The steady state (3.52) is linearly stable provided that
P(A)P<1  (or, equivalently, |V| < |B]), (3.53)

VY-VQ—VA-VJ d¥ .d¥
4—K—>
(VA)? dA " dA

(3.54)

throughout 9.
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The conditions (3.53) and (3.54) represent the axisymmetric counterpart of
Criterion 3.1 of Part II, and the second is much simpler than (3.44); it places
a constraint on the degree of misalignment of the fields (¥, ) and (4, .J). Note
that if the unperturbed state is magnetostatic (i.e. ¥' = 0) then (3.54) reduces
to

d.J
-~ <0.
dA 0

Returning to interpretation of the condition (3.44), we conclude that /;
appearing in the inequality (3.44) is related to the stability of the purely
poloidal unperturbed state, while the term /, imposes an additional constraint
due to the presence of the toroidal components of the velocity and the magnetic
field.

Example 3.1: parallel flow and field inside a circular cylinder of radius «.
Suppose that

B=2DB(re,, V=TV(r)e, forr<a, —oo <z< 0.
Then the conditions (3.53) and (3.54) reduce to
B*= 12

72

I P T

rBdr B*)rdr
for 0 < r < a. These conditions may be considerably strengthened by noting
that, under a Gallilean transformation 2’ = z—V ¢, t' = t, V transforms to V-1V
while B is invariant. If the state (V(r), B(r)) is stable in any reference frame then
it is stable in all frames related by such Gallilean transformations. Hence the
state is stable if there exists a value of Vj such that the inequalities

min [B2—(V—="T,)*] >0,

o<y<L

. 1 d (V=1,)>\1dB
S B [P A VA P >
Ogjzh{rBdV [( B? rdr 0
are both satisfied.

If the magnetic field is homogeneous, i.e. B = const, then the second of these
inequalities is satisfied identically, and the stability condition reduces to the
first only. Thus any parallel flow inside a circular cylinder is stable if it is sub-
Alfvénic in some inertial reference frame, a result first obtained by Howard and
Gupta (1962).

(3.55)

3.2. Arbitrary magnetic field and purely toroidal flow
A special case of the steady axisymmetric state with no poloidal components of

the velocity is attracting attention in the context of the MHD of accretion disks
(Balbus and Hawley 1991; Ogilvie and Pringle 1996). In this state,

Y =const, p,=R(r.2), p,=LR,rz), p=A(rz2) (3.56)
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and (3.3) and (3.6) become

R 4 4
71(4) = _7;= Gy(A) = —72}327 GA) =—J—=G(A) R, —GL(A) R,.
(3.57)
Criterion 3.2 reduces to the single inequality
JVA-V(KA)  0AVA V(R/rY)—1r VA V(R
A+rt———— L 2>0. 3.5
T war T (VA 0. (358

Thus we obtain the following stability criterion.

Criterion 3.4. The steady state (3.56 ) is linearly stable provided that the inequality
(3.58) s satisfied throughout &.

The inequality (3.58) may be expressed in terms of the velocity and the
magnetic field in the undisturbed state. Let Q = R,/7* (i.e. Q is the angular
velocity of the toroidal flow) and let H; denote the toroidal component of the
magnetic field (i.e. H, =rR,). Then (3.58) takes the form

3o 4,2 KUBE) V-1 '(B-¥) By

2|BJ* IBJ?
J2 B, 1 . o
—|§‘|%+f"|B|4[DB(QZ>—V403(WH;)] >0, (3.59)
where J, = 0B,/0z—0B,/0r is the toroidal current and
0 0
DB = Bza_Br&

Example 3.2: stability of steady MHD flow inside a circular cylinder of
radius a. Suppose that

B=2B(re, Hy,=Hyr), Q=Q) forr<a, —o<z<ow. (3.60)

In this example the domain & extends to infinity in the z direction; therefore
we have to restrict the class of admissible variations ov, dp,, dp, and Jp to such
variations that are either vanishing at infinity or periodic in z, in the latter case
all integrals over & being replaced by integrals over the period. In both cases
it is possible to establish inequalities similar to (3.46).

Jonsider the situation where dv, dp,, dp, and dp are vanishing sufficiently
rapidly as |z| = c0. Then it may be shown (see Appendix B) that

1 ) A1 2 .
— (Vop)rdr = — | —(0p)*dr, (3.61)
o7 at ),

where A, is the first zero of the Bessel function of the first order J,(x): J,(A,) = 0.
Hence the sufficient condition for stability (3.59) becomes

A2 1 dftd 1 (dB\*> 1 [d ., 1d
— —|——(B?)|— — — = () —=—(2H%) | = 0. (3.62
72a2+27”B2d7[7” dr( )] 7‘2B2(d7> +VB2 [dr( ) 7"4d7"(7 95)] 0. (3.62)
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If the magnetic field along the z axis is homogeneous (B = const) and the
toroidal magnetic field is absent (H; = 0) then the stability condition (3.62)
reduces to
A2 B2 1d
= —

g 2 Vdr@) (3.63)

which is similar to Chandrasekhar’s stability criterion (see Chandrasekhar 1961,
p- 388). From (3.63), we conclude that instability may possibly occur only if the
angular velocity Q(r) decreases with » and the magnetic field is sufficiently small
that the condition (3.63) is not satisfied. Note that, according to (3.62), the
presence of the toroidal magnetic field may either make the situation ‘more
unstable’ (if d(rH )*/dr > 0) or stabilize it (if d(rH )*/dr <0).

4. Nonlinear stability criterion

Now consider a finite-amplitude perturbation of the steady solution (3.1), given
by

Y(r oz ) =W 2)+ (. z.t), v(rzt) = V(rz2)+v(r. 2 1),
p(r,z,t) = A(r,2)+p(r,z,t), b(r,zt)=B(r,z)+ (1 z,t),

with

} (r,2)eZ, (4.1)

v'n=0, p=0 on 09, (4.2)

so that the constant value of p on 02 is unchanged by the perturbation. Let
A” =min,A(r,z) and A" = max, A(r,z), and let o/ be the closed interval
[A7,A"]. Let us introduce the notation

10y 1oy 10p 10p . ~ .
w 11& IO p pl7 p2> (43)

v = (1), Vg, Vs, V4, Vs, Vi, Vs =
(V1 Vg, Vs Vs V5 Vg V2) = (767 Tororro

To measure the deviation of the perturbed solution (4.1) from the unperturbed
one (3.1), we shall exploit the norm (or, more accurately, the seminorm) given
by

1
||v||QEJ VZ-VZ-dTZJ [ (Vi))2+ Vp +p° + P+ pz]dT (4.4)
9 9

We adopt the standard Lyapunov definition of stability : the steady state (3.1)
is stable if for any ¢ > 0 there exists a 6 > 0 such that |v(0)]| <= ||v(t)| <e.
For the subsequent analysis, it is convenient to define the following
functions:
gla) =V (a), o'(a)=Y"(a), o’(a)=YVY"a), aeA, 4.5a)

a(r,z;a) = =Q(r.z)o'(a) + G'(a) + R, (r. 2) Gy (a)

+Ry(r.2) Gyla)— Ry (r.2) Ry(r.2) 0 (a), (4.50)
, , (r,2)eP,aed, (4.5¢)
/))(’/',Z;(l)E—RQ(V,Z)O'(Q)-FGI(Q), (45d)
y(r.zia) = —Ry(r,z) o' (a) + Gya),
1—
(g, o) = : uo(E o) = : (4.5¢)

=g e
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with ¢/,(4), (,(4) and (/(4) given by (3.3) and (3.6). (Note that comparison
of o, # and y with the functions f,, f, and f; given by (3.39) shows that f(r,z;
A(r2) = filr.2), y(r2:A(r2) = folr2) and a(r,z:A(r.2)) = fy(r.2) = VEE)
It is also useful to introduce the notation, related to these functions,

o~ (r,z) = minfe(r,z;a)}, o (r,z) = max{a(r,z;a)}, (4.60)
ae.o/ aedd ’
v (r,2)e,
Bolr.7) = max|Br.z:a)l. yy(r.2) = max|y(r.z:a) (4.6b)
aeod ae.d
oo = max [V (a), o= max|¥V"(a). (4.6¢)
aedd aesd

Isomagnetic perturbations. Consider a particular class of finite-amplitude
perturbations with general initial data for the streamfunction y/(r, z, 0) and with
initial data for the flux function (density) p(r,z,0) such that

A=< p(r,z,0)=A(r,2)+p(r,z,0) < A*. (4.7)
Note that if (4.7) is satisfied then, according to (2.3),
A=< p(r.z,t)=A(r,2)+p(r,z,t) < A

for all ¢t > 0. Such perturbations may be imagined as obtained at the initial
instant ¢ =0 by displacement of fluid particles from their position in the
unperturbed state (3.1), the value of the flux function p for each fluid particle
being unchanged. For this class of perturbations, we shall obtain the following
nonlinear stability criterion.

Criterion 4.1. Suppose that

(i) the function a(A) = dWV'/dA is a twice continuously differentiable function for
all Ae o ;

(i) the functions G (A), G4(4) and G(A) defined by (3.3) and (3.6) are such that
G(A) is continuously differentiable, and G (A) and G,(A) are twice
continuously differentiable for all A e of ;

(1it) there exist constants ¢~ and ¢t such that, for a€ o/ and (r,2)€ D,

0<e <1, €€ >2—¢, [V()<l—c¢, (4.8a)
2

a” >e +pe,0y) <062 B*+ 72/6)(2)4'?;_-3) +2p5(€7, ) Bo Vo (4.80)
2

at < et u (et o) (0‘62 B2+7n2ﬂ3+1§’>—2ﬂ2(e+, 7o) Lo Vo (4.8¢)

where o, a*, B, and y, are functions of v and z defined by (4.6a,b).

Then the steady state (3.1) is nonlinearly stable to perturbations with initial
data satisfying (4.7). Moreover, the following a priori estimate holds :

e [v) < €*llv0)]l. (4.9)
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Proof. We shall prove this theorem following Arnold’s (1965a) technique.

Consider the conserved functional # = & +% + #,, + A, + %, where & and
Ay, are given by (3.27) and (3.28), A is the conserved ‘generalized’ cross-
helicity (cf. (1.12))

A, zf Ni(p) (V' b+p,p,)dr, (4.10)

& is the conserved ‘generalized’ angular momentum

,f:J‘L(p)pldT (4.11)

and € is the ‘reduced’ version of the functional % (cf. (3.25)),

€ = f N,(p)dr. (4.12)
9

The functions N,(p), Ny(p) and L(p) are arbitrary. In comparison with the
functional £ introduced in Sec. 3, # { involves two new integral invariants J,
and . and the Casimir invariant ¢ (given by (3.25)) is replaced by its
‘reduced’ version 4. It may be shown, however, that the sum 4, +% is in fact
equivalent to ¥ with some special choice of function F(p,A). (The precise
connection between the functionals # and Z is discussed in Appendix C.) The
reasons for using # (rather than ) here are as follows:

(i) the subsequent calculations become simpler;

(ii) the auxiliary fields # and y (which are somewhat artificial and have no
obvious physical meaning) do not appear in &, and this allows us to
eliminate 5 and y from consideration.

Following the prescription of Arnold (1965a), we decompose # in the form
F = Fo+ F+ T, (4.13)
with

Ut

(V)*  (V4)?  RY
7, = 222
0 L[ 22 T 22 a2t

1
+N,(4) (F VY VA+R, Rz) +N,(A)+L(A) R, +S(A) RZ] dr, (4.14)

bl

1 ~ 1 R
7= [ |Fvrvie kva vps g g,
9

|7

1
+N(4) (7—2 VY VA 4R, Rz)ﬁ

1 1 >
+N,(4) (ﬁV‘F‘Vﬁ‘I‘T—QVA Vi + R, p, +R2:51)

FINYA)+L (AR, +S(A) R, p+L(A) p, +S(A) ,52] dr, (4.15)

T A functional similar to & was used by Almaguer et al. (1988) to obtain sufficient
conditions for linear stability of compressible MHD flows.
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(V)2 (VR 33 75 (VV-VA ,

VY-Vj VA VY
+( 2 ,0+ 72 ¢+R1ﬁ2+R2f31)A1N1+R1A2L+R2AQS

A V2% /B N o~ .
+A2A2+( ?#7,2 p+/71/’2>*7\1(‘4+P)+P1A1L+P2A1S]7 (4.16)

where we have used the notation

Af=fld+p) =), Ayf=fld+p)=fld)=[(4)p. (4.17)

The functions N;(p), Ny(p), S(p) and L(p) are still arbitrary. Now we choose them
in such a way that % = 0. It may be shown that an appropriate choice is given
by

Ny(A) = =¥"(4), S(A)=Y(4)R,—rR, L()= 1F/(A)Rf%, s
NyA) =V A)Q—J+V' (AR, R,— S (A)R,— L' (A)R,.
Comparing these equations with (3.3) and (3.6), we find that

S(A) = Gy(4), LA) =Gy (A), NyA)=G(A). (4.19)

Since %, does not depend on time, # = 0 and # is the conserved functional, we
conclude that %, is an invariant of the exact nonlinear problem (2.2), (2.3),
(2.6)—(2.8).

Let us now transform %, to a form that is convenient for the subsequent
stability analysis. It may be shown that

VY- VA VY-Vp
1= J ( AN+ p A1Nl> dr
7 r

7,.2

1 N , N 1 .

= j ﬁV‘If'V[Fl(A +p)—F(A)—F(A)pldr = j ﬁV‘If'V(AZFI)dt, (4.20)
2 2

where the function F,(a) is such that F(a) = N,(a). (Note that, according to

(4.18), I (a) = —Y¥(a) for all a € o7.) Integrating (4.20) by parts and using (4.20),

we find that

I= —j KYA,F dr = j QAP dr.
2 7
Substitution of this into (4.16) results in

F :J [(Vﬁ)g (Vﬁ)zﬂ“ﬁﬂﬂﬁ—%
9

202 202 22 2

QA P+ A, N, + Ry Ry AN + Ry A, L+ R, AL S)

VYV .\ VAV
+( v p+p1p2)¢\a<A+p>+ AN,

+p~1(R2A1ZV1+A1L)+/32(R1A11V1+A18)]d7- (4.21)
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Using Taylor’s formula with remainder in Lagrange’s form, we obtain
NA+p) =—o(a,), AN, =—0"(ay)p,
QA F,+AN,+R R, AN +R A L+R,AS =La(r, z;a,) p?, (4.22)
RyAN+A L= f(r.ziag)p. By AN +AS =y(r.z:a,)p,
where
agy=A+p., a;=A+0,p (i=1,234), (4.23)

and we use the definitions (4.5a—d) and the fact that, according to (4.18) and
(4.19),

Ni(@)=—o'(a). Ni(a)=—0"(a), Nila)=G(a). }
S(a)=Gya),  S'a)=Gya). L'(a)=Gia). L'(a)=Ga),

for all ae.o/. In (4.23), 0

(4.24)

(t=1,2,3,4) are functions of 4 and p such that

0<6,<1.

i

Note that for perturbations with initial data in the range (4.7), a,,a,€.«. By
using (4.22) and the notation (4.3), (4.21) may be written in the form

27, = J Fv,v.dr, (4.25a)

where £, are elements of the symmetric 7 x 7 matrix given by

1 0 —o 0 —dd,/r 0 0
0 1 0 —o —0dd,/r 0 0
-0 0 1 0 0 0 0
F= 0 —0 0 1 0 0o o |. (4.25b)
—d’4,./r —o'4,/r O 0 o rp oy
0 0 0 0 rp 1 —0
0 0 0 0 v/r —o 1

If the positive constants ¢~ and €' in the conditions (4.8) are such that
e‘j v v dr < 2, < e+f v; v, dT (4.26)

then the a priori estimate (4.9) and hence the nonlinear stability of (3.1) follow
immediately from the fact that %, is an invariant of the exact nonlinear
problem (2.2), (2.3), (2.6)—(2.8). The stability analysis therefore reduces to
obtaining upper and lower bounds on %, Obviously, the inequalities (4.26) are
satisfied provided that the two quadratic forms

nl — +
(Fip—€ i) vy and (€70, —Fy)v; vy
are positive-definite. The necessary and sufficient conditions for this are

<1, o< (l—e) (4.27a)

2
o> € +u, (e, 0) (()‘”ZB2 + 722 +7/_2) +2u,(e”, 0) fy (4.270)
,
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and

et>1, o*<(1—¢€")? (4.28a)

2

o <€ +u (et o) (t7’2|B|2 + 22 —i—?;fz) +2u,(¢t, ) fy (4.28b)
for all (r,2)eZ and a,,a,,a,,a,,a,€.o/. (Recall that, according to (4.22), the
functions o(a), o'(a), a(r,z;a), p(r,z;a) and +y(r,z;a) appearing in the
inequalities (4.27) and (4.28) are taken at a = a,, a = a,, a = a,, a = a; and
a = a, respectively.)

We now show that (4.27) and (4.28) are satisfied under the conditions (4.8).

First, we take ¢ and ¢~ such that

0<e <l—0, 2—€6 <e" <. (4.29)

Then the inequalities (4.27a) and (4.28a) are satisfied. Secondly, according to
the definitions (4.5¢) and (4.6), we have

2 2

pte o) (o B+ L) < e B o+ 1)

r r (4.30a)
fale, O‘)ﬂV < Uyl€, 0y) ﬂo Yo>

y? Ya
(6T, 0) (0'/2|B|2 + 22 +—2> = (e, o) (()‘{,2|B|2 + 2[5 +—;> ,

r r (4.300)
ﬂ2(6+: O')ﬁ’)/ = _M2(€+> O'o)ﬂo Yo-

Thirdly, we suppose that there exist ¢~ and €' satisfying (4.29) such that

2
€ +u e, 0y) (0'(/)2|B|2 +r*f+ VO) +2u,5(67,04) foye <o, (4.31a)

7,2

2

€ (et o) (062|B|2+7’2ﬁ’3+7;20>—2ﬂz(6+, C) faye >t (4310)

where o, a*, f§, and y, are functions of r and z defined by (4.6a, b). If (4.31a, b)
are satisfied then, in view of the inequalities (4.30a, b), the conditions (4.275)
and (4.280) are satisfied too. Hence we have shown that the conditions (4.29)
and (4.31) are in fact sufficient for all six inequalities (4.27) and (4.28) to be
satisfied.

Finally, comparing (4.29) and (4.31) with (4.8), we see that they coincide.
Criterion 4.1 is thus established. O]

Remark on general perturbations. The inequalities (4.8) give sufficient conditions
for nonlinear stability of (3.1) only with respect to perturbations with initial
data satisfying (4.7). For arbitrary perturbations, however, the quantities a,,
a,, a,, a; and a,, defined by (4.23), may be outside .&/ In this situation, the
stability analysis involves an appropriate extension of the definition of the
functions N, (a), N,(a), S(a) and L(a) (defined only for a .o/ by (4.18)) to all real
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a, and becomes very complicated. We shall not consider the general situation
here. Instead, in the next section we shall obtain the sufficient conditions for
nonlinear stability to arbitrary axisymmetric perturbations for two simpler
particular problems.

5. Nonlinear stability criteria for two particular problems
5.1. Purely poloidal field and flow

Consider a particular case of the steady state (3.1), when the toroidal
components of both the magnetic field and the velocity are zero:

V=%(4)B, R, =R,=0. (5.1)
The functions ,(4), G,(4) and G(4) (given by (3.3) and (3.6)) are then

GA)=Y"AA)Q—J, G(4)=0G,(A)=0. (5.2)
The conditions (4.8) reduce to
0<e <1, € >2—¢, [W()<l-—¢, (5.3a)
o (r2) > ¢ (e o) o BI(r.2). (5.30)
ot (r.2) < 6t (et o) o[BI (1. 2). (5.3¢)

where the functions a™(r,z) and o*(r,z) are now given by

a”(r,z) = min[a(r,z;a)] = min [ —Q(r,z) V" (a)+ G'(4)],

ae.dd aedd

at(r,z) = max [a(r,z;a)] = max[—Q(r,z) V" (a)+ G (4)].
aeod aedd

The inequalities (5.3) give the sufficient conditions for nonlinear stability of
(5.1) to perturbations with initial data satisfying (4.7).

Now consider a general situation when the perturbations are quite arbitrary
(without restriction (4.7) on the initial data) Let «, and o be the minimum and
maximum values of the function a(r,z;a) for all (r,2)eZ and ae ., i.e.

a, = min  a(r,z;a) = min o (r,z),
(r,2)e%,aed (r,z2)eo
(5.5)
af = max  a(r,z;a) = max a’(r,z).
(r,2)e%,ae.dd (r,2)eo

We shall obtain the following nonlinear stability criterion.

Criterion 5.1. Suppose that

(i) the function Y(A4) defined by (5.1) is a twice continuously differentiable
SJunction for all Ae .o/ ;

(it) the function G(A) defined by (5.2) is continuously differentiable for all A € o/ ;

(tit) there exist constants €=, € and €* such that, for a€ o/ and (r,z)eD,
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0<e <e*<l, €€ >2—¢, |¥()<l—e¢* (5.6a)
oy > € +p e, 1—e*) o2 B (r,2), (5.60)
oaf < et u et 1—e*) a2 B2 (r,2). (5.6¢)

Then the a priori estimate (4.9) holds, and the steady state (5.1) is stable to
arbitrary finite-amplitude perturbations.

Proof. To prove this proposition, it is sufficient to show that the inequalities
(4.27) and (4.28) hold provided that the conditions (5.6) are satisfied. For
arbitrary perturbations, however, the quantities a,, @,, a,, @, and a, defined by
(4.23) may be outside 7. The inequalities (4.27) and (4.28) must therefore be
satisfied for all real a,, a,, a,, a, and a,.

For the steady state (5.1), the functions g and v in (4.27) and (4.28) are
identically zero; the functions a(r,z;a) and o(a) are now considered as defined
by

(@) =—Ny(a),  a(r,z:a) = Ni(@) Q(r,2) +Ni(a), (5.7)

so that, according to (4.18) and (4.19), for ae ./, the new definitions coincide
with the old ones (4.5a, b). Initially, N,(a) and N,(a) were arbitrary, and then
were defined only for ae.o/ by (4.18). Hence N,(a) and N,(a) are still arbitrary
for a¢ o/. We can therefore extend the definitions of N,(a) and N,(a) to all real
a in any way we need, and then extend the definitions of «(r, z; @) and o(a) using
(5.7).

We shall continue NV, () and N,(a) to all ¢ .o/ in such a way that, first, N,(a)
remains continuously differentiable and NV,(a) twice continuously differentiable,
and, secondly, the inequalities

ay <ar,z,a)=Qr,z)N(a)+Nj(a) < af, (5.8a)

o (@) = IV} (@) < max ¥ (p)] = o, (5.85)
neod

lo(@)] = [N, (a)] < 1—¢* (5.8¢)

\

hold for all a¢.Z. If such a continuation is possible then the proof of Criterion
5.1 reduces effectively to the proof of Criterion 4.1.

Extension of the definition of the functions N (a) and N,(a). It will be sufficient
to construct explicitly a continuation of N,(a) and N,(a) to all a> A*.
Continuation to all @ < 4~ can be achieved in a similar way.

Three different situations are possible: (i) N7(4*%) > 0, (ii) N (4*) < 0 or (iii)
Nid*) =0.

(i) If Ny(A*) > 0 then we define N,(a) for @ > A" such that

2
1+, 2

Ny(a) = Ny(A")+N{(4") (5.9a)

where

J/Y/ +
r=a—A", 1,&151 M)

)y 5.9
e, (5.96)
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It is easy to see that, with this definition, V,(a) is continuously differentiable for
all @ = A" and satisfies (5.8¢). Note that

L
(L4, 2)?

for all @ = A". Hence (5.8b) is also satisfied.

With N,(a) given by (5.9a), we choose the function Ny(a) for @ > A™ in such
a way that (5.8a) is satisfied. Before doing this, let us introduce functions & («)
and &*(a) such that

N(a) = N(4) <N|(A4%) < o (5.10)

4 (@) = min a(r,z;a), 4&*(a) = max a(r,z;a), (5.11)
(r,2)eg (r,2)eo

where a(r,z;a) is given by (5.7). It is obvious from (5.5) and (5.11) that
oy <A (a) < a(r,z;a) < af(a) < of. (5.12)
Also, it follows from the definitions of & (a) and a*(a) that

Ni(a)minQ(r,z) if Ni(a) >0,

a (@) =Nja)+ {0 if Ni(a) =0, (5.13a)

Ni(@)max Q(r,z) if Nij(a) <0

and
Ni(a)max Q(r,z) if Ni(a) >0,

at(a) =Nja)+ { 0 if Ni(a) =0, (5.13b)
Ni(@)minQ(r,z) if Ni(a) <0

Since in our case Ni(a) > 0 for a = A", we have

& (@) = Nj(a)+Ni(a) min Q(r,z), & (a)=DNj(a)+Ni(a) max Q(r,z).

(r,2)eo (r,2)eg
(5.14)
Now, for all @ > A", we take N,(a) such that
Nj(a) =a (A")—Nj(a) min Q(r,z), (5.15)

(r,2)eo

where N,(a) is given by (5.9a). With this choice, N,(a) is twice continuously
differentiable for all @ > A%, and, from (5.14),

a(a)=a (A" =a,, a=A". (5.16)
Also, from (5.14), we obtain

at(a) =& (A1) +Nj(a) [ max Q(r,z)— min Q(r,z)]. (5.17)

(r,2)eg (r,2)eZ

From (5.17), we have

at(AT)—a (A7) = Ny(A") [ max Q(r,z)— min Q(r,z)]. (5.18)
(r,2)es (r,2)es
Eliminating &= (A*) from (5.17) and (5.18), we find
at(a) =at(A")—[Ny(A")—Ni(a)][ max Q(r,z)— min Q(r,z)]. (5.19)

(r,2)eo (r,2)eo
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Sf(©0)

Figure 1

Finally, since N(A%) = Ni(a) for all a = A*, we obtain
G (a) < aHAT) < o (5.20)

The inequalities (5.16) and (5.20) are valid for all @ > A* and coincide with
(5.8a), so that our continuation satisfies all the conditions (5.8).

(ii) If N7(4*%) < 0 then we define N,(a) for a > A" such that

2
T+y,2

Ny(a) = Ny (A7) +Ni(47) (5.21a)

where
N'(A™)

,=—— ), 5.21
Vo= o w,an Y (5.210)

It is easy to verify that, with this choice, N;(a) is continuously differentiable and
satisfies (5.85, ¢). In the case under consideration N;(4*%) < 0, and hence, from
(5.13), we have

a (@) = Ny(a)+Nij(a) max Q(r,z), a"(a)=DNjy(a)+Ni(a) min Q(r,z).

(r,2)es (r,2)ez
(5.22)
We choose the function N,(a) for @ > A" such that
Nj(a) =a (A")—Nj(a) max Q(r,z), (5.23)

(r,z)eg

where N,(a) and & (a) are given by (5.21a) and (5.22) respectively. It may be
shown that N,(a) defined by (5.23) is twice continuously differentiable for all
a = A" and that the inequalities (5.8a) are satisfied.

(iii) If Nj(4") =0 then we take N,(a) for a > A* such that N (a) = N,(47)
and N,(a) such that Nj(a) = Nj(4"), so that (5.8) are satisfied.
Thus we have shown that a smooth continuation of the functions N, (a) and

N,(a) to all aeR such that the conditions (5.8) remain satisfied can be
constructed. The rest of the proof is the same as for Criterion 4.1. O
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Let us now discuss the existence of constants ¢7, ¢* and e* satisfying the
conditions (5.6) of Criterion 5.1. It is convenient to rewrite the inequalities
(5.60, ¢) in the form

a > fle) af < fle), (5.24)
1—e

where fle) = 6+(1—6)2—(1—6*)2 o2|BJ2. (5.25)

The graph of f(e) (see Fig. 1) consists of three branches, denoted by I, IT and III.
It follows from (5.6a) that

0<e <e* e >2—¢* (5.26)
so that ¢ lies on I and ¢* on III. The condition (5.24a) is satisfied for any
¢ <e¢,,and (5.240) is valid for ¢ > ¢, where ¢, and ¢ are the points on the first
and third branches of the graph corresponding to f(e;) = o~ and f(ef) = a*
respectively. Figure 1 also shows that a constant ¢~ satisfying the conditions
(5.6) does exist provided that

7y’ B|?(r,z) for all (r,z)e2, (5.27)

oy > f(0) :ﬁ

while a constant et always exists for any given ¢~ and o*. Let 6 = 1 —¢*. Then
we can formulate the following corollary.

Corollary. The steady state (5.1) is nonlinearly stable to arbitrary axisymmetric
perturbations provided that there exists a constant & such that

2
0<d<1, $|V|2 (r,z) < |B]*(r,z) < 10_—,2805(]. (5.28)
0

The criterion in this form admits comparison with the linear stability criterion
3.3 involving the inequalities (3.53) and (3.54).

5.2. Arbitrary field and purely toroidal flow

Consider another particular situation when in the steady state (3.1) the poloidal
velocity is identically zero. The steady state whose stability is to be investigated
is given by (3.56). The functions «, £ and y defined by (4.56-d) reduce to

a(r,z;a) = G'(a)+ R, (r,2) G{(a)+ Ry(r, 2) G5 (a), (5.29)
Bla) = Gi(a).  y(a) = Gya), (5.30)

with (;(4), (,(4) and (/(4) given by (3.57). Note that the functions f and vy
depend only on a (in contrast with (4.5¢, d), where  and v are functions of r,
z and a). The conditions of Criterion 4.1 take a simplified form:

0<e <1, €">1, (5.31a)

a(r2)>e (Zﬁo z) (5.31b)

oat(r,z) > e" ~|—1 ( B2+ ) (5.31¢)
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where o*, 8, and 7y, are given by (4.6a, b), with o(r,z;a), f(a) and y(a) defined
by (5.29) and (5.30).

The inequalities (5.31) give the sufficient conditions for nonlinear stability of
(3.56) to perturbations with inmitial data satisfying (4.7).

As in Sec. 5.1, this result may be generalized to the case of arbitrary
perturbations (without the restriction (4.7) on the initial data). The following
stability criterion may be obtained.

Criterion 5.2. Suppose that

(i) the functions G(A), G,(4) and G(A) defined by (3.57) are such that G(A4) is
continuously differentiable, and G, (4A) and G,(4) are twice continuously
differentiable for all A€ of ;

(i) there exist constants €, €t and €* such that, for (r,z)€ D,

0<e <1, e">1, (5.32a)
1

w > e‘+(1t€( 242 4 ) (5.320)
1

o < ot 4 0TV 1+6 ( 242 4 ) (5.32¢)

Then the a priori estimate (4.9) holds, and the steady state (3.56) is stable to
arbitrary axisymmetric finite-amplitude perturbations.

Proof. Asin Sec. 5.1, to prove this proposition, it is sufficient to show that the
inequalities (4.27) and (4.28), which simplify here to

0<e <1, €">1, (5.33a)
o> € +1 ( 254 ) (5.33D)
o>er +1 ( B2+ ) (5.33¢)

are satisfied for all a,, ag, a4e[R (A(oording to (4 22), (5.29) and (5.30), in the
inequalities (5.33) a = a(r,z;a,), f = fla, v(a,).) We therefore need to
continue N,(a), L(a) and S(a ) to all real @ in smh a way that these functions
remain smooth enough and the inequalities

ay S afr,z,a) < af,
(@) < ol +6%), [8/(@)] < o1 +e¥) (5.34)

with some e* > 0 hold true for all aeR.T Such a continuation can be made
similarly to that for Criterion 5.1. The rest of the proof is the same as for
Criterion 4.1. O

T In general, it is impossible to continue the functions L(a) and S(a) so that (i) they remain
sufficiently smooth, (ii) |L'(a)| < g, and (iii) [S"(a)| < vy, (to see this, it is sufficient to consider
the situation when g, = |L’(47)| and L”(4%) % 0). However, it is always possible to continue
these functions, keeping (5.34b, ¢) satisfied for some (arbitrarily small) e*.
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Similarly to Sec. 5.1, the analysis of the existence of positive constants e*, ¢~
and e* satisfying the conditions (5.32) shows that ¢ and ¢~ always exist for a
given e* provided that

2
w > (1 +e*)2(7»2ﬂ3+%> (5.35)

throughout . We may thus conclude that the steady state (3.56) is stable to
arbitrary finite-amplitude perturbations if there exists a constant €* such that the
inequality (5.35) s satisfied.

6. Conclusions

In this paper we have used the general theory developed in Part I (Vladimirov
and Moffatt 1995) to obtain linear and nonlinear stability criteria for steady
axisymmetric MHD flows of an ideal incompressible fluid (with respect to
axisymmetric perturbations). In the unperturbed state both velocity and
magnetic field are non-zero and have in general both poloidal and toroidal
components. Stability properties of such a steady state is of particular
importance in the context of plasma confinement devices (e.g. tokamak or
reversed-field pinch).

We have shown that the frozen-in ‘modified vorticity field’ introduced in
Part I was useful in constructing of an appropriate Casimir. This has been used
in Sec. 3 to obtain linear stability criteria. We note that in the particular case
of circular geometry Howard and Gupta (1962) succeeded (through the use of
normal-mode techniques) in obtaining stability criteria for the situation in
which at least one of U,(r), U,(r), Hy(r) and H,(r) is identically zero. However,
they were unable to deal with the situation in which all four field components
are non-zero. The energy—Casimir technique adopted in this paper is in this
respect more powerful, but the stability criteria obtained may possibly be
weaker (in the sense that the energy—Casimir method gives only sufficient (but
not necessary) conditions for stability) than those obtained in special cases by
normal-mode techniques.

In Sec. 4 we have used Arnold’s (1965a, b) theory to obtain nonlinear
stability criteria. We have considered first ‘isomagnetic’ perturbations, i.e.
perturbations from the steady state under which the magnetic field is frozen,
and the vector potential of a material fluid particle is therefore conserved. This
resulted in Criterion 4.1, which gives sufficient conditions for nonlinear stability
to ‘isomagnetic’ perturbations. We then considered two particular situations:
(i) when in the steady state only the poloidal parts of both velocity and
magnetic field are non-zero (Sec. 5.1) and (ii) when in the steady state all
components of the magnetic field are non-zero, while the velocity field has only
a toroidal component (Sec. 5.2). For both situations, we succeeded in obtaining
sufficient conditions for nonlinear stability with respect to arbitrary initial
perturbations (unconstrained by the isomagnetic condition).

The a priori estimate (4.9) gives a global upper bound for perturbations of
arbitrary amplitude, provided that the conditions of the stability criteria 5.1 (or
5.2) are satisfied. This is a stronger result than merely Lyapunov stability. On
the other hand, the linear stability criteria 3.1-3.4, which ensure stability to
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infinitesimal perturbations, evidently cover a much wider class of steady states
than their nonlinear counterparts. The important question that remains open
is whether the linear stability criteria obtained in Sec. 3 give sufficient
conditions for stability to perturbations of small but finite amplitude.
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Appendix A. Derivation of (3.38)
Using (3.35a), the last two terms in (3.37) may be written as

J = zJ (1;182[)1—‘{”(14)82/\) dr.
9

Substituting the expressions (3.30¢) and (3.30d) for §%p, and 62A into this
formula and then using the identity

j fl{g,h}dT =j gL f}dﬁLJ fgVh-dl, (A1)
g T g T 09
we find

= j [Rl((7"(5p)2+g{5pa 5)&)
P r

L
2 2 " 2 %
-V ;{677,6p}+;{6x,8p2}—0 R,y(p)*—2C"0p dp, | |dT
~ [ ez an®{on ) v a2 a0y
gl T r r r

+4 6/02%{8)(, AY+TCO"R,(8p)2+2WC" 8p 8p2] dr. (A 2)

Here we have used the boundary conditions (3.32) and (3.33). From (3.305), we
have

1 1 1 1
;{A, Oy = —0"A+4dq —|—;{N, op} +;{3)(,R2} +; {X,0py} —C"R, 6p—C" Op,.
After substitution of this expression into (A 2) and some algebra, we obtain

S = J [qu’ 0p SN — 297 8p g+ ¢,(0p)2 + 2(V"C+ W'’ + WO —¥"R,) 3p dp,
g

1 1 1
+2W'6p2;{x,ap}r—zq”&pz;{A,6x}+2<G1—LF”R2>6p;{A,6x}]d7, (A3)
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where

(y// R \F//

¢, = + (PO +297C") R, — {‘P‘ Ny

From (3.30a), we have
1 1 ,
—{A, 8y} = 0'p, ——{p, X} — C" dp.
r r
By substituting this into (A 3), # can be transformed into
g = J [29 0p 8'A — 2 8p 6q + ¢,(dp)?
7

+2d, 6p dp,+2(G1—Y"R,) 8p 0'p — 2" §'p, 0p, ] dT,

where

ey = 0, —2G — V"R, ' — (G —¥"R,)— {X,A}—i—‘}f’”l{X,Rz},
.
d, =W0+29 0"+ V0" — V'R,

Substitution of (A 5) into (3.37) results in

Szﬁzlj [1 (V)2 + L V&p) 2?”6p6q+l2(
2 ), r

— 27 8, 8py + (cat Flyu +S7R,) (8p)2+2(8 +d,) 3p Op,
F2G,—R,) Op 8 p, + F\ (8'A)2 4+ 2(F +¥7) 8p 8'A] dr.

0'p1)*+1*(0p,)?

From (3.36a), we have
Fo +Y =—=N(A)F,,.

Hence

= [ Iren 2 0
9

= f [FA [0 A= A"(A) 0p ]2 — Fy [N (A) [ (9p)*] d.

JZEJ [ (Vo )2+ 1 V(?p) 2‘F”6p6q}d7.
o L7
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(A5)

(A 6)

(A7)

(A8)

After integration by parts of the last term in this integral (using the fact that,

according to (3.29), dq = —K oY) and simple algebra, we find

g = H V(Y Sp) I+ (1) (Vi) (K ><6p>]d7

(A9)
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Substituting (A 8) and (A 9) into (A 7), we obtain

0*R = lf [lz [V(oy —Y¥ 8p)]2+12(1 —¥"%)(Vép)?
2) 417 r

1
+ﬁ (01p1)* +7%(0py)* =27 0'p, Opy + F, (9TA— A dp)*

20,008, + 2,30 dp.+op dr (A 10)
where
v R, d (R,
fo= =Ry = dA( ) (A 11)
fy= S dd, = 8 WO+ 28 C WO — YR, (A 12)
fy = P B (N A () g+ SR, (A 13)

It is easy to see that (A 11) coincides with (3.380).

Using (3.35¢), (3.3a) and (3.22), it may be shown that (A 12) reduces to
(3.38¢).

From (3.36a, b),

Fya=F\ A2 = N(A)Y(A)+g'(A) +[G1(4) C/(A)]".
After substitution of this into (A 13) and some manipulations using (3.3), (3.23),

(3.35¢) and (A 6), we find that (A 13) coincides with (3.38d).
Finally, comparison of (A 10) with (3.38) shows that they coincide.

Appendix B. Derivation of the inequality (3.61)
Let p(r, k) be the Fourier transform of dp:

plr k) = J iz op(r,z)dz.

—0o0

[mars=L (28
-f 28

On the other hand, it may be shown that

sl L

where A, is the first zero of the Bessel function of the first order J;(x):J;(A,) =
0. The inequality (3.61) follows directly from (B 1) and (B 2).

Then we have

G |>rdrd1:

rdrdk. (B 1)

2 2
rdrdl > A f f—| |2rdrdk—/\—gf %(5/))%, (B 2)
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Appendix C. Relation between the conserved functionals # and %

We shall show here that the functional £, (3.26), after a special choice of the
function F(p,A) (appearing in Z through %), may be transformed so that the
relation between # and & becomes

=R+L—pul, (c1)
where

FE§ vg~dl=§ (V+pVy+p,Vy)-dl (C2)
o7 o7

is the conserved circulation of the poloidal part v, of the ‘generalized velocity
field” u, and y is a constant. (The field u, is related to the ‘modified vorticity
field” w by the equation w = V Au,. (‘oniervatlon of the circulation of u, round
any closed material curve is a consequence of the fact that the field w is froaen
in the fluid.)

First, we choose the function F(p,A) such that

F(p,A) = AFy(p) +Fy(p), (€3)

so that, in contrast with (3.41), we take F(A) = 0 here. With this choice and
using the definition (3.15) of A, we have

1 1
t = f [qFl(ﬂ)Jer(p)JrE(p)y{n,p}+F1(p)y{x,m}—Fl(p)C’(p)pz} dr. (C4)
9

Using the identity (A 1) of Appendix A and the boundary condition (2.8), we
find that

1 1
| Btipran = | alomonar e Bl g wea=o. ©5)

09

| Bortipia = Fiopdivai-rlg puxa ©o
After eliminating {p, xy} from (C 6) using (3.11), we obtain
J@Fl(p)%{x,pz}ch = Jz LE5(p) prpe—F1(p) C(p) poldT —Fi(p) Iff P2 Vy-dl.
Also, integrating the first term in (C 4) by parts, we find

f qF1<p>dr=f F;<p>v-de—F1<p>|M§ vedl. (©8)

It follows from (C 5), (C 7) and (C 8) that the functional ¥ may be written in the
form

% = L[ "1(P) (VD pypo) + Ey(p) = [Fi(p) Clp)] py]dr

—Fi(p) |0€/j€ (V+p, Vy)-dl. (C9)
0

Finally, substitution of (C9) into £ results in
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2 V 2 -
9?=f [M L VP, oy zp2+F (p )(V'b+P1P2)+F2(P)+S(P)P2]dT—MF,
7

2 2092 2p?
(C10)
where
S(p) =S(p)=[F(p) C(P). 1t =F\(p)loo- (C11)

)=
Here the functions Fi(p), F,(p) and S(p) (and hence S’(p) too) are arbitrary, as
well as the functions N,(p), N,(p) and S(p) appearing in the functional % . In
view of (3.28), (4.10) and (4.12), it follows that, up to the change of notation,

R=E+Hy+Ho+EC—pl.

Finally, comparing this with & (# = & + #,, + A+ % + L), we arrive at (C 1).
If we now take W' = 0 and p = 0 on 07 (as we did in Sec. 4) then the constant
/¢ vanishes, and the difference between # and # reduces to the functional &
only.
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