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Schedule

Vector calculus. Suffix notation. Contractions using d;; and €. Re-
minder of vector products, grad, div, curl, V? and their representations
using suffix notation. Divergence theorem and Stokes's theorem. Vector
differential operators in orthogonal curvilinear coordinates, e.g. cylindrical

and spherical polar coordinates. Jacobians. [6 lectures|

Partial differential equations. Linear second-order partial differential
equations; physical examples of occurrence, the method of separation of

variables (Cartesian coordinates only). [2]

Green'’s functions. Response to impulses, delta function (treated heuris-

tically), Green's functions for initial and boundary value problems. [3]

Fourier transform. Fourier transforms; relation to Fourier series, sim-
ple properties and examples, convolution theorem, correlation functions,

Parseval's theorem and power spectra. [2]

Matrices. N-dimensional vector spaces, matrices, scalar product, trans-
formation of basis vectors. Eigenvalues and eigenvectors of a matrix; de-
generate case, stationary property of eigenvalues. Orthogonal and unitary

transformations. Quadratic & Hermitian forms, quadric surfaces. [5]

Elementary analysis. Idea of convergence and limits. O notation.
Statement of Taylor's theorem with discussion of remainder. Convergence
of series; comparison and ratio tests. Power series of a complex variable;
circle of convergence. Analytic functions: Cauchy—Riemann equations,

rational functions and exp(z). Zeros, poles and essential singularities. [3]

Series solutions of ordinary differential equations. Homogeneous
equations; solution by series (without full discussion of logarithmic sin-
gularities), exemplified by Legendre’s equation. Classification of singular
points. Indicial equations and local behaviour of solutions near singular
points. [3]



Course websites

http://www.student-systems.admin.cam.ac.uk/moodle

NST Part IB: Mathematics

www.damtp.cam.ac.uk/user/h1278/NST

Assumed knowledge

| will assume familiarity with the following topics at the level of Course A

of Part IA Mathematics for Natural Sciences.

Algebra of complex numbers

Algebra of vectors (including scalar and vector products)
Algebra of matrices

Eigenvalues and eigenvectors of matrices

Taylor series and the geometric series

Calculus of functions of several variables

Line, surface and volume integrals

The Gaussian integral

First-order ordinary differential equations

Second-order linear ODEs with constant coefficients

Fourier series



Textbooks

The following textbooks are recommended. The first grew out of the NST

Maths course, so it will be particularly close to the lectures in places.

e K. F. Riley, M. P. Hobson and S. J. Bence (2006). Mathematical
Methods for Physics and Engineering, 3rd edition. Cambridge Univer-

sity Press

e G. Arfken and H. J. Weber (2005). Mathematical Methods for Physi-

cists, 6th edition. Academic Press

Questions
e Please ask questions in lecture, especially brief ones (typos, jargon)

e Longer questions can be e-mailed to me: h1278@cam. ac.uk. Turnaround

time: approximately 1-3 days
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1 Vector calculus

1.1 Motivation

Scientific quantities are of different kinds:

e scalars have only magnitude (and sign), e.g. mass, electric charge,
energy,

temperature

e vectors have magnitude and direction, e.g. velocity, magnetic field,

temperature gradient

A field is a quantity that depends continuously on position (and possibly

on time). Examples:

e air pressure in this room (scalar field)

e clectric field in this room (vector field)

Vector calculus is concerned with scalar and vector fields. The spatial vari-
ation of fields is described by vector differential operators, which appear

in the partial differential equations governing the fields.

Vector calculus is most easily done in Cartesian coordinates, but other
systems (curvilinear coordinates) are better suited for many problems be-

cause of symmetries or boundary conditions.

1.2 Suffix notation and Cartesian coordinates
1.2.1 Three-dimensional Euclidean space

This is a close approximation to our physical space:

e points are the elements of the space

e vectors are translatable, directed line segments
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e Euclidean means that lengths and angles obey the classical results of

geometry

Points and vectors have a geometrical existence without reference to any
coordinate system. For definite calculations, however, we must introduce

coordinates.
Cartesian coordinates:

e measured with respect to an origin O and a system of orthogonal axes

Oxyz
e points have coordinates (z,y, z) = (x1, T2, T3)

e unit vectors (e, ey, e.) = (e, es, e3) in the three coordinate direc-

~

tions, also called (2,3, k) or (z,9, 2)

The position vector of a point P is

3
W’:r:emx+eg1y+ezz:26¢xi

i=1
1.2.2 Properties of the Cartesian unit vectors

The unit vectors form a basis for the space. Any vector a belonging to

the space can be written uniquely in the form
3
a = e;a, +eya,+e.a, = g €;a;
i=1

where a; are the Cartesian components of the vector a.

The basis is orthonormal (orthogonal and normalized):

61’61262'62:63'63:1

61’62:€1°€3:€2'63:0
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and right-handed:
le1,es,e3] =e- ey x e3=+1
This means that
e X ey = e3 €y X 3 = € €3 X e] = €9

The choice of basis is not unique. Two different bases, if both orthonor-
mal and right-handed, are simply related by a rotation. The Cartesian

components of a vector are different with respect to two different bases.

1.2.3 Suffix notation

e x; for a coordinate, a; (e.g.) for a vector component, e; for a unit

vector

e in three-dimensional space the symbolic index ¢ can have the values 1,
2o0r3

e quantities (tensors) with more than one index, such as a;; or b;;i, can

also be defined
Scalar and vector products can be evaluated in the following way:

a-b= (elal + esas + 63&3) . (elbl + exby + 6353)
3

= a1b1 + a/2b2 + agbg = Z CLLbL
1=1

axb= (elal + esas + 63@3) X (elbl + €2b2 + egbg)
= el(agbg — a3b2) + 62(@3[)1 — albg) + 63(a1b2 — agbl)
€ €é2 €3

= (a1 a9 as
bi by b3
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1.2.4 Delta and epsilon

Suffix notation is made easier by defining two symbols. The Kronecker

delta symbol is

1 ifi=9
. /
0 otherwise

In detail:

011 = 099 = 033 = 1
all others, e.g. 010 =0

d;; gives the components of the unit matrix. It is symmetric:
0ji = 0ij

and has the substitution property:

3
Z%CLJ’ = q; (in matrix notation, la = a)
j=1

The Levi-Civita permutation symbol is

(
1 if (i,7,k) is an even permutation of (1,2, 3)
€k = —1 if (4,7,k) is an odd permutation of (1,2, 3)

\0 otherwise

In detail:

€193 = €931 = €312 = 1
€132 = €213 = €321 = —1

all others, e.g. €110 =0
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An even (odd) permutation is one consisting of an even (odd) number of
transpositions (interchanges of two neighbouring objects). Therefore ¢,
is totally antisymmetric: it changes sign when any two indices are inter-

changed, e.g. €ji = —¢;j%. It arises in vector products and determinants.

€;jx has three indices because the space has three dimensions. The even
permutations of (1,2,3) are (1,2,3), (2,3,1) and (3,1,2), which also
happen to be the cyclic permutations. So € = €;i; = €gij-

Then we can write

3
a-b= Z CLZ = Z Z (Syjjaibj

1.2.5 Einstein summation convention

The summation sign is conventionally omitted in expressions of this type.

It is implicit that a repeated index is to be summed over. Thus

ab:albl

and

axb= eijkeiajbk or (a X b)l = eijkajbk

The repeated index should occur exactly twice in any term. Examples of

invalid notation are:

a-a— a? (should be CLZ'CLZ')

(a . b)(c . d) = aibicidi (ShOUld be aibidej)
The repeated index is a dummy index and can be relabelled at will. Other

indices in an expression are free indices. The free indices in each term in

an equation must agree.
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Examples:
a=>b
a=bxc
la*=b-c

a=(b-c)d+exf

a; — bz
a; — EijkbjCk
a;a; = biCi = bjCj

a; = bjdei + eijkejfk

Contraction is an operation by which we set one free index equal to an-

other, so that it is summed over. For example, the contraction of a;; is

a;;. Contraction is equivalent to multiplication by a Kronecker delta:

aij0i; = a1 + ag + ass = a;

The contraction of d;; is §;; = 1+ 1+ 1 = 3 (in three dimensions).

If the summation convention is not being used, this should be noted

explicitly.

1.2.6 Matrices and suffix notation

Matrix (A) times vector (x):
y = Ax Yi = Aij%’
Matrix times matrix:
A = BC Ajj = Bi,Cy;j
Transpose of a matrix:
(AY)ij = Aji
Trace of a matrix:

Determinant of a (3 x 3) matrix:

det A = Eijk;AthQjABk‘

(or many equivalent expressions).
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1.2.7 Product of two epsilons

The general identity

O Oim 0
€ijk€lmn = |0ji Ojm 0
Okt Okm Okn
can be established by the following argument. The value of both the LHS
and the RHS:

e is 0 when any of (i, j, k) are equal or when any of (I, m,n) are equal

e is 1 when (i,7,k) = (I,m,n) = (1,2,3)

e changes sign when any of (i,j, k) are interchanged or when any of

({,m,n) are interchanged

These properties ensure that the LHS and RHS are equal for any choices
of the indices. Note that the first property is in fact implied by the third.

We contract the identity once by setting [ = 1:
0ii Oim 0
€ijk€imn — 5]" 5j 5j
Oki Okm Okn
= 0ii (0jmOkn — 0in0km) + Oim (djn0ki — 9;i0kn)
+ 0in(0i0km — 0jmOki)
+ (5jn(5k‘m - 5jm5/<;n)

= (Sjm(slm - 6jn5km
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This is the most useful form to remember:

€ijk€Cimn — djméktn - 5jn5/<:m

Given any product of two epsilons with one common index, the indices

can be permuted cyclically into this form, e.g.:
€aByEuwp = €8ya€8uw = Oypday — 0yu0ap
Further contractions of the identity:
€ijk€ijn — 5jj5kn - 5jn5kj
= Sdkn - 5kn
€ijk€ijk = 0
Example . ... ...
> Show that (a x b) - (cxd)=(a-c)(b-d)— (a-d)(b-c).
(@ xb)-(cxd)=(axb)(cxd),;
= (€jxa;br) (€itmeidm)
= €;jk€itmaibrcidy,
= (0,10km — 0jmOni)a;brcidy,
= ajbijdk — ajbkckdj
= (ajc;)(bdy) — (ajd;)(byex)
=(a-c)(b-d)—(a-d)(b-c)
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1.3 Vector differential operators
1.3.1 The gradient operator

We consider a scalar field (function of position, e.g. temperature)
P(z,y,2) = ®(r)
Taylor's theorem for a function of three variables:

O(x + 0x,y + 0y, 2 + 02) = O(z,y, 2)
0P 0P od

o o® el 2

Equivalently
O(r 4 6r) = O(r) + (V) - 6r + O(|or[*)

where the gradient of the scalar field is

0P 0P 0P
" ox Yoy 0z

also written grad ®. In suffix notation

0P
VO =e—
€ 8337

For an infinitesimal increment we can write
dd = (V) -dr

We can consider V (del, grad or nabla) as a vector differential operator

V=e g%—eg%—eg—e-i
- oz Yoy 0z 'O

which acts on ® to produce V.
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Example ... ...

> Find V f, where f(r) is a function of r = |r|. By definition

_9f of of
Vf_e'r(‘?erey@ereZ@z

By the chain rule

of _dfor
Oxr  drox

To find the latter term on the RHS we differentiate:

r2:x2+y2+22

v/ df(xy Z):dfr

1.3.2 Geometrical meaning of the gradient

The rate of change of ® with distance s in the direction of the unit vector
t, evaluated at the point 7, is
_ ) 2
lim O(r +ts) — O(r) — lim (V) - (ts) + O(s”)

s—0 S s—0 S

=t-Vo

This is known as a directional derivative.
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Notes:

e the directional derivative is maximal when ¢t || V®
e the directional derivative is zero when ¢t | V&

e the directions t 1. V& therefore lie in the plane tangent to the surface

given by ® = constant
We conclude that:

e VO is a vector field, pointing in the direction of increasing ®

e the unit vector normal to the surface & = constant is n = VO /|V |

e the rate of change of ® with arclength s along a curve is d®/ds =

t- VO, where t = dr/ds is the unit tangent vector to the curve

> Find the unit normal at the point r = (x,y, z) to the surface

d(r) =2y +yz + 22 = —*

where ¢ is a constant. Then find the points where the plane tangent to

the surface is parallel to the (z,y) plane.
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First part:

Vo= (y+z,2+2zy+1)

_ Ve y+zz+zy+a)
VO] \/2(22 + 42 + 22 + vy + 22 + y2)

n

Second part:
ni|e, when y+z=z+2=0

= 2= = z=+c

solutions: (—c, —c,¢), (¢, ¢, —c)

1.3.3 Related vector differential operators

We now consider a general vector field (e.g. electric field)
F(r)=e,F.(r) + e,y (r) + e.F.(r) = eFr)

The divergence of a vector field is the scalar field

0 0 0
V-F = (exﬁ_x + eya—y + 62$> - (e, F, + e F,+e.F,)
_ OF, N 0F, N OF,
Oz oy 0z

also written div F'. Note that the Cartesian unit vectors are independent

of position and do not need to be differentiated. In suffix notation

_OF,

B =
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The curl of a vector field is the vector field

0 0 0
V xF = (ex% + eya—y + eza) x (e, F, + e F, +e.F.,)

_ (OF. O\, _ (0F. OF.
—%\oy e ) T \ar T ar

e oF, OF,
aw 8y

e, ey e,
= |0/0x 0/0y 0/0z
F, F, F,
also written curl F'. In suffix notation
V x F = eieijk%j or (V X F)L = Euka—xj

The Laplacian of a scalar field is the scalar field

2P PP 9D 0?P
t ot =

ox?  0y? 022  Ox;0x;

The Laplacian differential operator (del squared) is

Vi =V . (VO) =

o  9* 0 o

2 p— p—
Vi Ox? - Oy? + 022  Ox;0x;

It appears very commonly in partial differential equations. The Laplacian
of a vector field can also be defined. In suffix notation

0 F;
0x;0x;

because the Cartesian unit vectors are independent of position.

V’F = ¢

The directional derivative operator is

0
=1;

0 0
t-V =t,— +ya +ta a—xz

"0

t - VO is the rate of change of ® with distance in the direction of the
unit vector t. This can be thought of either as t - (V®) or as (¢t - V).
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Example ... ...

> Find the divergence and curl of the vector field F = (x*y, y°z, 2%x).

0, 0, 4 0 5\ _
V.-F = 8x(x y) + ay(y z) + aZ(z x) =2(xy + yz + zx)
e, e, e.
V xF=10/0x 0)oy 0/0z| = (—y? —2*, —2?)

Example ... ...
> Find V?r™.
. or’™ or" or"
v = (8;1:’ dy’ 8z)
or «x
_ n—2 -z
=nr" “(z,y, 2) (recall el etc.)
= nr"
VH" =V . V" = %(nr”%) + %(nr”Qy) + %(nr”Qz)

=" 4 n(n —2)r"ta? -

= 3nr" 2 + n(n — 2)r" 2

= n(n+ 1)r" 2

1.3.4 Vector invariance

A scalar is invariant under a change of basis, while vector components

transform in a particular way under a rotation.
Fields constructed using V share these properties, e.g.:

e V& and V x F are vector fields and their components depend on the

basis

e V . F and V2® are scalar fields and are invariant under a rotation
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grad, div and V? can be defined in spaces of any dimension, but curl

(like the vector product) is a three-dimensional concept.

1.3.5 Vector differential identities

Here ® and W are arbitrary scalar fields, and F' and G are arbitrary vector
fields.

Two operators, one field:

V. (V®) =V
Vx(Ve)=0
V- (VXF)=0
Vx(VxF)=V(V.F)-V'F

)
)=(G-V)F+Gx (VXF)+ (F-V)G+ F x (V xQ)
V.(PF)=(V®)-F+®V - F
V. (FxG)=G-(VXxF)—F-(VxG)
)
)

4
K
Q
!

Vo) x F+dV x F

> Show that V - (V x F') = 0 for any (twice-differentiable) vector field
F.
0 OFy, O*Fy,
. F)= — (eip—t) = ¢t —
V- (Vo F) Ox; (Ejkax) ejk&ci@xj .

J

(since €. is antisymmetric on (4, j) while 9*Fy/dz;0x; is symmetric) .
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Example ... ...
> Show that VX (FxG) = (G-V)F-G(V-F)—(F - V)G+F(V-G).
0
V x (F X G) = eieijk—(eklmFle)
6a:j
0
= eiekijeklma_xj(Fle)
0F; oG,
— (648 — 60 . B
ez<5zl(5]m 5zm5ﬂ) (G 8:13]- + I 8:1:] )
OF; 8Fj 0G5 oG,
=eGj— —eGi~ +eFi—— —eFj—
€ Gj 833j € G (%j te 8$j € J 833j
=(G-V)F-G(V-F)+F(V-G)—(F-V)G
Notes:

e be clear about which terms to the right an operator is acting on (use

brackets if necessary)

e you cannot simply apply standard vector identities to expressions in-
volving V,eg. V- (F xG)# (VX F)-G

0
Related results:
e if a vector field F is irrotational (V x F = 0) in a region of space, it
can be written as the gradient of a scalar potential: F' =V ®. eg. a

‘conservative’ force field such as gravity

e if a vector field F' is solenoidal (V - F' = 0) in a region of space, it
can be written as the curl of a vector potential: F' =V X G. e.g. the

magnetic field
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1.4 Integral theorems

These very important results derive from the fundamental theorem of

calculus (integration is the inverse of differentiation):

bdf
| e =100 s

1.4.1 The gradient theorem

/(V@) Cdr = B(ry) — D(ry)
C

where C' is any curve from 7 to 5.

Outline proof:

/C(V(I>) -dr

[ 4

C

O(rz) — ®(1)

1.4.2 The divergence theorem (Gauss’s theorem)

/V(V-F)dV:jéF-dS

where V' is a volume bounded by the closed surface S (also called 9V).

The right-hand side is the flux of F' through the surface S. The vector

surface element is d.S = n d.S, where n is the outward unit normal vector.
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Outline proof: first prove for a cuboid:

Y2
Z1 Y1 82
Y2
:/ / [Fx(l'Q,y,Z) - Fx(xluyJ Z)] dydz
21 1

+ two similar terms

- [F.as
S

18
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An arbitrary volume V' can be subdivided into small cuboids to any desired
accuracy. When the integrals are added together, the fluxes through

internal surfaces cancel out, leaving only the flux through S.

A simply connected volume (e.g. a ball) is one with no holes. It has only
an outer surface. A multiply connected volume (e.g. a spherical shell)

may have more than one surface; all the surfaces must be considered.
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Related results:

/V(Vcb)dV:jl{SCDdS

/V(VXF)dV:j{gdSXF

The rule is to replace V in the volume integral with n in the surface
integral, and dV with dS' (note that dS = n dS).
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Example ... ...

> A submerged body is acted on by a hydrostatic pressure p = —pgz,
where p is the density of the fluid, g is the gravitational acceleration and
z Is the vertical coordinate. Find a simplified expression for the pressure

force acting on the body.

F:—%pdS
S

FZ:ez-F:j{(—ezp)-dS
s

[ enar

0
— /V @(pg@ dv

:pg/ dV
v

= Mgy (M is the mass of fluid displaced by the body)
Similarly
F, = / 2(,092) dV' =0
v Ox
F,=0
F=e Mg

Archimedes’ principle: buoyancy force equals weight of displaced fluid
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1.4.3 The curl theorem (Stokes’s theorem)

/S(VXF)-dS:jéF-dr

where S'is an open surface bounded by the closed curve C' (also called

0S). The right-hand side is the circulation of F' around the curve C.

Whichever way the unit normal n is defined on S, the line integral follows

the direction of a right-handed screw around n.

Special case: for a planar surface in the (x,y) plane, we have Green'’s

theorem in the plane:

OF, OF,
T %) edy = | (Fudx+ F,d
//A<5‘w @y> vy /c< v+ £y dy)

where A is a region of the plane bounded by the curve C', and the line

integral follows a positive sense.
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Outline proof: first prove Green's theorem for a rectangle:
/(VXF -dS = /yz/ <88i
:/y [Fy (2, y) — Fy(x1,y)] dy
- [ - B d

) Y2
=/ Fx(x,y1)dx+/ Fy(w2,y) dy
Xy Y1
Z1 Y1
+ [ Fw e / Fy(e1,) dy

€2 Y2

) dx dy

An arbitrary surface S can be subdivided into small planar rectangles
to any desired accuracy. When the integrals are added together, the
circulations along internal curve segments cancel out, leaving only the

circulation around C.
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Notes:

e in Stokes's theorem S is an open surface, while in Gauss's theorem it

is closed

e many different surfaces are bounded by the same closed curve, while

only one volume is bounded by a closed surface

e a multiply connected surface (e.g. an annulus) may have more than

one bounding curve

1.4.4 Geometrical definitions of grad, div and curl

The integral theorems can be used to assign coordinate-independent mean-

ings to grad, div and curl.

Apply the gradient theorem to an arbitrarily small line segment 6r = tds
in the direction of any unit vector t. Since the variation of V& and ¢

along the line segment is negligible,
(V) -tds =~ id
and so

£ (99) = i 5

This definition can be used to determine the component of V& in any

desired direction.
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Similarly, by applying the divergence theorem to an arbitrarily small volume
0V bounded by a surface 0.5, we find that

v F_éll}gloﬁ/ F-ds

Finally, by applying the curl theorem to an arbitrarily small open surface

0S with unit normal vector . and bounded by a curve 6C, we find that

_ 1
n.(VXF):égr—I}OE 60F-dr

The gradient therefore describes the rate of change of a scalar field with
distance. The divergence describes the net source or efflux of a vector
field per unit volume. The curl describes the circulation or rotation of a

vector field per unit area.

1.5 Orthogonal curvilinear coordinates

Cartesian coordinates can be replaced with any independent set of co-
ordinates qi(x1, o, x3), q2(x1, T2, 73), q3(x1, T, 73), €.g. cylindrical or

spherical polar coordinates.

Curvilinear (as opposed to rectilinear) means that the coordinate ‘axes’ are
curves. Curvilinear coordinates are useful for solving problems in curved
geometry (e.g. geophysics).

1.5.1 Line element

The infinitesimal /ine element in Cartesian coordinates is

dr =e,dxr +e,dy +e.dz

In general curvilinear coordinates we have

dr = h1 dq1 + h2 dQQ + h3 dQ3
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where

_8r

h; = eh; = —
© dq

(no sum)

determines the displacement associated with an increment of the coordi-
nate ¢;.

h; = |h;| is the scale factor (or metric coefficient) associated with the
coordinate ¢;. It converts a coordinate increment into a length. Any point
at which h; = 0 is a coordinate singularity at which the coordinate system

breaks down.

e; is the corresponding unit vector. This notation generalizes the use of
e; for a Cartesian unit vector. For Cartesian coordinates, h; = 1 and e;
are constant, but in general both h; and e; depend on position.

The Einstein summation convention does not work well with orthogonal

curvilinear coordinates.

1.5.2 The Jacobian
The Jacobian of (x,y, z) with respect to (¢, g2, q3) is defined as

Ox/0q1 0x/0qy Ox/0qs

d(zx,y, 2)
00 ds) dy/Oq1 0y/dqs dy/0qs
o 02/0q1 0z/0qs 0z/gs

J:

This is the determinant of the Jacobian matrix of the transformation from
coordinates (x1, x9,3) to (q1,q2,q3). The columns of the above matrix
are the vectors h; defined above. Therefore the Jacobian is equal to the

scalar triple product
J = [h1, ho, hs] = hy - hy X hs

Given a point with curvilinear coordinates (¢, g2, g3), consider three small

displacements 0r; = hidq, 0r9 = hydqo and dr3 = hsdqs along the
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three coordinate directions. They span a parallelepiped of volume
oV = ‘[5’!"1, 5’)"2, 5’)“3” = ‘J| (5(]1 5QQ (5(]3
Hence the volume element in a general curvilinear coordinate system is

o(z,y,2)
a(Qla q2, 613)

dV = ‘ dq; dgo dgs

The Jacobian therefore appears whenever changing variables in a multiple

integral:

Joterav = [[f wassas= [ o 50

The limits on the integrals also need to be conS|dered. Note that if

dch dgo dgs

|.J| = 0 anywhere in the range of variables, the coordinate transformation

is invalid.

Jacobians are defined similarly for transformations in any number of di-
mensions. If curvilinear coordinates (q1,¢2) are introduced in the (z,y)-

plane, the area element is
- |J‘ dg; dgo
with

O(x,y) _ |07/9q1 dx/0q
Naqi,q2)  |0y/Oq1 Oy/0ga

The equivalent rule for a one-dimensional integral is

[ f@yar= [ st

The modulus sign appears here if the integrals are carried out over a

J =

positive range (the upper limits are greater than the lower limits).
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1.5.3 Properties of Jacobians

Consider now three sets of variables «;, 3; and ~;, with 1 < i < n, none
of which need be Cartesian coordinates. According to the chain rule of

partial differentiation,

80@- o i 8041- 66%;
O = 0P 0
(Under the summation convention we may omit the X sign.) The left-hand
side is the 75-component of the Jacobian matrix of the transformation
from «; to ;. The equation states that this matrix is the product of the
Jacobian matrices of the transformations from «; to 3; and from j3; to ;.
Taking the determinant of this matrix equation, we find

Aan, -, an) _ Aar, -+ ,an) 0B, -, B)

Oyt sm) OB+, Bn) O, )

This is the chain rule for Jacobians: the Jacobian matrix of a composite

transformation is the product of the Jacobian matrices of the transforma-
tions of which it is composed.
In the special case in which 7; = «; for all 4, the left-hand side is 1 (the
determinant of the unit matrix) and we obtain

dar, - a,)  [0(Br,-,B) -1

8(517 o HBTL) B [8(&1, U 70‘”)]

The Jacobian of an inverse transformation is therefore the reciprocal of

that of the forward transformation. This is a multidimensional general-
ization of the result dz/dy = (dy/dz)~.
1.5.4 Orthogonality of coordinates

Calculus in general curvilinear coordinates is difficult. We can make things

easier by choosing the coordinates to be orthogonal:

€; -ej = (SLJ
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and right-handed:
e X ey = e3

The squared line element is then

|dr|? = |e; hidq) + e hydgo + es hs dgs|
= hidqi + h3dg; + b3 dg3

There are no cross terms such as dg; dgs.
When oriented along the coordinate directions:

e line element dr = e; h dgy
e surface element d.S = ez hihs dg; dgs,

e volume element AV = hihohs d(h dQQ dQ3

Note that, for orthogonal coordinates, J = h; + hy X hy = hihohs

29
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1.5.5 Commonly used orthogonal coordinate systems

Cartesian coordinates (x,vy, z):

—00 < T < 00, —00 <y < 00, —00 < 2 < 00
r=(z,y,2)

or
h, = 2L —(1,0,0

5 ( )

or
h,=—=1(0.1.0
Y ay (7 ) )

or
h.= 25 — (0,01

o ( )
hy =1, e, =(1,0,0)
hy =1, e, = (0,1,0)
h. =1, e. = (0,0,1)

rT=re;,tye,+ze,
dV =dxrdydz

Orthogonal. No singularities.
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Cylindrical polar coordinates (p, ¢, z):

0<p< oo, 0< o< 2m, —00 < 2 <00

r = (x’y’z) = (pCOS¢,pSin¢7z)

h, = g—; = (cos ¢, sin ¢, 0)

or ,
h, = 96 (—psin ¢, pcos ¢, 0)

or
h, = Frie (0,0,1)
h,=1, e, = (cos ¢,sin ¢, 0)
hy = p, e, = (—sing, cos ¢,0)
hz = 1, €, = (0707 1)

T=pe,t+ze,
dV = pdpdedz

Orthogonal. Singular on the axis p = 0.

Warning 1. Many authors use r for p and 6 for ¢. This is confusing
because r and 0 then have different meanings in cylindrical and spher-
ical polar coordinates. Instead of p, which is useful for other things,

some authors use R, s or w.
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Spherical polar coordinates (r, 0, ¢):

0<r<oo, 0<bd<m, 0< <2

r = (z,y,z) = (rsinf cos ¢, rsin 0 sin ¢, r cos )

h, = ? = (sin 6 cos ¢, sin 6 sin ¢, cos )
r

or . :
hy = 90 = (r cos 6 cos ¢, r cos O sin ¢, —rsin 0)

or . : :
hy, = — = (—rsinfsin ¢, rsinf cos ¢, 0)

O¢
h, =1, e, = (sin# cos ¢, sin 6 sin ¢, cos 0)
hy =, ey = (cos b cos ¢, cossin ¢, — sin )
hy = rsind, e, = (—sin g, cos ¢,0)
r=re,

dV = r’sinfdrdfde
Orthogonal. Singular on the axis 7 =0, # =0 and 6 = 7.
Notes:
e cylindrical and spherical are related by p = rsinf, z = rcos#f

e plane polar coordinates are the restriction of cylindrical coordinates to

a plane z = constant
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1.5.6 Vector calculus in orthogonal coordinates

A scalar field ®(7) can be regarded as function of (q1, ¢, g3):

0P 0P 0P

dd = —d d d
86]1 Q1+6q2 C]2+83 q3

. (61 od L& (&) od I 638@)
hi0q  hydqga  hsdgs

- (e1 h1dq; + ex ho dga + €3 hg dgs)

= (Vo). dr
We identify
VO~ i et i
Thus
Vg = % (no sum)

We now consider a vector field in orthogonal coordinates:
F = €1F1 + 82F2 + €3F3

Finding the divergence and curl are non-trivial because both F; and e;

depend on position. First, consider

62 63 61

V x (2Vg) = (V) x (Vg3) = ho h3 hahs

which implies

€1
V- =0
<h2h3)

as well as cyclic permutations of this result. Second, we have

V x (%) =V x(Vg) =0, etc.
1
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Now, to work out V - F', write

F

°1 (hohsFy) + - - - cyclic permutations
hohs

€1
N (hoha F
<h2h3> V (hahsFy) +

€ € 0 €9 0
o | ——=——(hohsF}) + ——=——(hohs3 F’
<h2h3> hlaéh( 2haf) h28q2( 2ha )
Lo 0
hs Oqs3

_ 19
hihaohs Oqq

V.F

(thgFl)] TE

(hohsFYy) + - - - cyclic permutations
Similarly, to work out V x F', write

F = (%) (h1F1) + - - - cyclic permutations
1

V x F =V (hFy) x (2>—|—---

hq
€1 a €9 8 €3 8
[h13q1( 1 1)+h28q2( 1 1>+h38q3( 1 1)]
(2 .
hy
€2 0 €3 0 _ _
= |— 5 (Mlf1) — —5—(F | tat

The appearance of the scale factors inside the derivatives can be under-

stood with reference to the geometrical definitions of grad, div and curl:

. 0D
PV =S

) 1
V.F_alx}gloﬁ/(;SF.dS

, 1
n~(V><F):5I§LnOE/50F-dr
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To summarize:

618@_{_628@_}_638@
hi0q1  heOga  h30gs
1 0 0 0
hohsFy) + —(hsh{ F5) + —
hihahs laql( 2ha 1) aCJ2( shiF2) 0qs
0 0
ha F:
8612( ’ 3) dq3
62 '8 0 |
hiF}) — —(hs F:
h3h1 8q3( 1 F1) 5 1( 3 3)_
63 8 0

hoF5) — —(h{ F°
h1h2 8q1( ’ 2) 52( ! 1)

hie; hoey hses
9/9q1 9/9q> 0/0qs
hiFy  hoby 3k
5 1 0 ([ hohs 0P 0 ([ hshy 0P
Ve = hihahs L‘?ql ( hy 8611) " dq2 ( ha 5%)
n 0 (h1h2 8(1))]
dgs \ hs Ogs

For the vector Laplacian, we can use the following definition along with

Vo =

V.F= (hihaF3)

VXxF=— il [

ho F.
hohs 5, 12 F2)

~ hahahy

the expressions above

V:F = V(V-F)-V x(VxF)

> Determine the Laplacian operator in spherical polar coordinates.

h,=1, ho =, hg = rsint

1 0 0P 0 0P 0 1 09
20 g Z | gingZ= -
Vb= r2sin 0 [87“ (T Sme@r) i 06 (51119 ) ¢ (sin98¢>]

_ 10,00\ 1 0 (. 00\ 1 0
~ r20r or 2snfoo \" 90 2 sin? § 02
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1.5.7 Grad, div, curl and V? in cylindrical and spherical

polar coordinates

Cylindrical polar coordinates:

00 e, 00 0P

b=e, + 2 o

\Y4 ep8p+p8¢+eaz
10 10F, OF.

F =" (pF)4+ -2

. e, pe, e
V xF = p d/0p 0/0¢p 0/0z
F, pF, F,
10 0P 10?0  0°0®
Qq) — - el el el
v pOp <p3p>+p28¢2+8z2
Spherical polar coordinates:

0P €y 0P €y 0P

d—e.— + Y
Ve =e g a0 T s do

19, i 1 OF,
Ve F = S+ a0 )+ e ae

e, rey rsinbe,
d/0r 0/00  0/0¢
F, rFy rsinfFy

r2sin 6

5 _ig 5 0P 1 3 0D 1
Vb= Tar +r281n080 31n089 +

r2sin? 6 O¢?
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Example ... ...

> Evaluate V - v, V x r and V*r" using spherical polar coordinates.

r=er
1 2
V r:ﬁ—T(r T’):B
e, reyp rsinfey
er:ﬂsine d/or 9/00 0/dp | =0

T 0 0
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2 Partial differential equations

2.1 Motivation

The variation in space and time of scientific quantities is usually described
by differential equations. If the quantities depend on space and time, or
on more than one spatial coordinate, then the governing equations are

partial differential equations (PDEs).

Many of the most important PDEs are /inear and classical methods of
analysis can be applied. The techniques developed for linear equations

are also useful in the study of nonlinear PDEs.

2.2 Linear PDEs of second order
2.2.1 Definition

We consider an unknown function u(x,y) (the dependent variable) of
two independent variables x and y. A partial differential equation is any
equation of the form

Fu@ﬁ_uéyu 0’u  0*u . _0
"0z’ Oy’ 0x? 0x0y’ Oy’ V)=

involving v and any of its derivatives evaluated at the same point.

e the order of the equation is the highest order of derivative that appears

e the equation is linear if ' depends linearly on u and its derivatives

A linear PDE of second order has the general form
Lu=f

where L is a differential operator such that

Lu—a82u+b Ou —|—082u+d@—|—e%—|— U
022 020y Oy? ox dy g
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where a, b, c,d, e, f, g are functions of x and y.

e if f =0 the equation is said to be homogeneous

e ifa,b,c,d, e, g are independent of x and y the equation is said to have

constant coefficients

These ideas can be generalized to more than two independent variables,
or to systems of PDEs with more than one dependent variable.
2.2.2 Principle of superposition
L defined above is an example of a linear operator:
L(au) = alu
and
L(u+v) = Lu+ Lv

where u and v any functions of x and y, and « is any constant.
The principle of superposition:

e if u and v satisfy the homogeneous equation Lu = 0, then au and

u + v also satisfy the homogeneous equation

e similarly, any linear combination of solutions of the homogeneous equa-

tion is also a solution

o if the particular integral u, satisfies the inhomogeneous equation Lu =
f and the complementary function u. satisfies the homogeneous equa-

tion Lu = 0, then wu, + uc also satisfies the inhomogeneous equation:

L(up+uc) = Luy+ Luc = f+0=f

The same principle applies to any other type of linear equation (e.g. al-

gebraic, ordinary differential, integral).
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2.2.3 Classic examples
Laplace's equation:

Vu =0
Diffusion equation (heat equation):

T AV, A = diffusion coefficient (or diffusivity)

Wave equation:

0%u

2 = AV?u, ¢ = wave speed

All involve the vector-invariant operator V2, the form of which depends

on the number of active dimensions.

Inhomogeneous versions of these equations are also found. The inhomo-
geneous term usually represents a ‘source’ or ‘force’ that generates or

drives the quantity wu.

2.3 Physical examples of occurrence

2.3.1 Examples of Laplace’s (or Poisson’s) equation

Gravitational acceleration is related to gravitational potential by
g=-—-Vo

The source (divergence) of the gravitational field is mass:
V.g=—-4nGp

where GG is Newton's constant and p is the mass density. Combine:

V20 = 47Gp



2 PARTIAL DIFFERENTIAL EQUATIONS 41

External to the mass distribution, we have Laplace's equation V2® = 0.
With the source term the inhomogeneous equation is called Poisson’s

equation.

Analogously, in electrostatics, the electric field is related to the electro-

static potential by
E=-Vo
The source of the electric field is electric charge:

V-E=E

€0

where p is the charge density and ¢; is the permittivity of free space.

Combine to obtain Poisson's equation:

vip =L

€0

The vector field (g or E) is said to be generated by the potential ®. A
scalar potential is easier to work with because it does not have multiple
components and its value is independent of the coordinate system. The

potential is also directly related to the energy of the system.

2.3.2 Examples of the diffusion equation

A conserved quantity with density (amount per unit volume) @ and flux

density (flux per unit area) F' satisfies the conservation equation:

Q)
- F =
at+V 0

This is more easily understood when integrated over the volume V' bounded

by any (fixed) surface S:

g/an/:/—clv— /V Fdv = — /F ds
at J,
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The amount of () in the volume V' changes only as the result of a net
flux through S.

Often the flux of @) is directed down the gradient of () through the linear

relation (Fick's law)
F =-)\VQ

Combine to obtain the diffusion equation (if A is independent of r):

0Q
E_)\VQ

In a steady state () satisfies Laplace's equation.
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Example ... ...

> Heat conduction in a solid. Conserved quantity: energy. Heat per unit
volume: CT (C'is heat capacity per unit volume, 7" is temperature). Heat
flux density: —K'VT (K is thermal conductivity). Thus

)
SCT) +V - (=KVT) =0

or

oT K
— = \VT A= —
or VL C

e.g. copper: A~ lem?s™ b

Further example: concentration of a contaminantinagas. A ~ 0.2cm?s™!
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2.3.3 Examples of the wave equation

Waves on a string. The string has uniform mass per unit length p
and uniform tension 7. The transverse displacement y(x,t) is small

(|0y/0x| < 1) and satisfies Newton's second law for an element ¢s of

the string:
0%y OF,
(pds)—= o2 =0F, ~ 8;51’
Now,

F, = Ts1n9~Ttan0NTg— and also ds ~ 0z
T

where 6 is the small angle between the x-axis and the tangent to the

string. Combine to obtain the one-dimensional wave equation

O’y 0% T
o2 ox? P

-1 1

e.g. violin (D-)string: T~ 40N, p~1lgm™: ¢~ 200ms~

Electromagnetic waves. Maxwell's equations for the electromagnetic field

in a vacuum:
V-E=0
V-B=J0
oB
VxFE+—=0
B
oF
—VXB—E() =0

o ot
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where FE is electric field, B is magnetic field, po is the permeability of

free space and ¢ is the permittivity of free space. Eliminate E:
0*B OFE 1
8t2 6’t o€
Now use the identity V x (V x B) = V(V - B) — V2B and Maxwell's

equation V - B = 0 to obtain the (vector) wave equation

PB 1
—— —*V’B =4/ —
o~ € ’ ‘ Ho€o

E obeys the same equation. c is the speed of light. c ~ 3 x 10¥ms™!

Further example: sound waves in a gas. ¢ ~ 300 ms™!

2.3.4 Examples of other second-order linear PDEs

Schrodinger’s equation (quantum-mechanical wavefunction of a particle

of mass m in a potential V):

oy R,
iho = —5 VA V(r)y

Helmholtz equation (arises in wave problems):
Vi + k*u =0

Klein—Gordon equation (arises in relativistic quantum mechanics):

2
% = *(V*u — m?u)

2.3.5 Examples of nonlinear PDEs

Burgers' equation (describes shock waves):

ou  Ou 9
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Nonlinear Schrodinger equation (describes solitons, e.g. in optical fibre

communication):

06y
i = =V — 4y

These equations require different methods of analysis.

2.4 Separation of variables (Cartesian coordinates)
2.4.1 Diffusion equation

We consider the one-dimensional diffusion equation (e.g. conduction of
heat along a metal bar):

ou 0u

e
The bar could be considered finite (having two ends), semi-infinite (having
one end) or infinite (having no end). Typical boundary conditions at an

end are:

e u is specified (Dirichlet boundary condition)

e Ou/Ox is specified (Neumann boundary condition)

If a boundary is removed to infinity, we usually require instead that u be
bounded (i.e. remain finite) as * — +oc. This condition is needed to

eliminate unphysical solutions.
To determine the solution fully we also require initial conditions. For the
diffusion equation this means specifying u as a function of x at some
initial time (usually ¢ = 0).
Try a solution in which the variables appear in separate factors:

u(x,t) = X(x)T'(t)

Substitute this into the PDE:

X(2)T'(t) = AX"(2)T(t)
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(recall that a prime denotes differentiation of a function with respect to

its argument). Divide through by AXT to separate the variables:

"y _ X'(z)

NT() X (2)

The LHS depends only on ¢, while the RHS depends only on x. Both
must therefore equal a constant, which we call —k? (for later convenience
here — at this stage the constant could still be positive or negative). The

PDE is separated into two ordinary differential equations (ODEs)
T + \*T =0

X"+ KX =0

with general solutions
T = Aexp(—M\k*t)

X = Bsin(kx) + C cos(kx)

Finite bar: suppose the Neumann boundary conditions du/0z = 0 (i.e.
zero heat flux) apply at the two ends x = 0, L. Then the admissible

solutions of the X equation are

X = Ccos(kz), k:%, n=20,12,...
These boundary conditions rule out solutions with negative k2. Combine
the factors to obtain the elementary solution (let C' =1 WLOG)

A nwx n2mi )\t
u = Acos <T> exp | — 73

Each elementary solution represents a ‘decay mode' of the bar. The
decay rate is proportional to n2. The n = 0 mode represents a uniform

temperature distribution and does not decay.
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The principle of superposition allows us to construct a general solution as

a linear combination of elementary solutions:

u(zx,t) = iA" cos (?) exp (_n2zz/\t>
n=0

The coefficients A,, can be determined from the initial conditions. If the

temperature at time ¢ = 0 is specified, then

u(z,0) = i A, cos (?)
n=0

is known. The coefficients A,, are just the Fourier coefficients of the initial

temperature distribution.

Semi-infinite bar: The solution X o cos(kx) is valid for any real value
of k so that u is bounded as x+ — oco. We may assume k£ > 0 WLOG.
The solution decays in time unless £ = 0. The general solution is a linear

combination in the form of an integral:
u = / A(k) cos(kz) exp(—AEk*t) dk
0

This is an example of a Fourier integral, studied in section 4.
Notes:

e separation of variables doesn't work for all linear equations, by any

means, but it does for some of the most important examples

e it is not supposed to be obvious that the most general solution can be

written as a linear combination of separated solutions

2.4.2 Wave equation (example)

Ou 0%

—_— = —
ot? Ox?’
Boundary conditions:

O<x< L

u =0 atx =0, L
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Initial conditions:

0
u, a—? specified at t = 0

Trial solution:

u(x,t) = X(x)T'(t)

X(0)T"(t) = X" ()T (1)
) _X"(@) _ 2 L dictate 12
FT() - X(n) ¢ e desed

T"+ kT =0

X"+ kX =0
T = Asin(ckt) + B cos(ckt)

nim

X = Csin(kx), k= 7 n=123,...

Elementary solution:

. nmct nmct . nmTx
U = [Asm( 7 ) +Bcos( 7 )] sin (T)

General solution:

- t t
u = Z [An sin (m;c ) + B,, cos (m;c )} sin (?)

n=1

At t =0:

u = Z B, sin (n_za:)
n=1

o 5 () Ao ()

The Fourier series for the initial conditions determine all the coefficients
A,, B,.
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2.4.3 Helmholtz equation (example)
A three-dimensional example in a cube:
Vu + k=0, O<z,y,z<L
Boundary conditions:
u=>0 on the boundaries

Trial solution:

u(z,y,z) = X(2)Y (y)Z(2)

X"(@)Y (1) Z(2) + X (2)Y"(y) Z(2) + X (2)Y () 2" (2)
+E*X(2)Y (y)Z(2) =0

X'@) Y'y)  Z'(2) o,
X)) Yy 2 70

The variables are separated: each term must equal a constant. Call the

constants —k2, —k;, —k?Z, since exponentials, the solutions with positive

constants, cannot satisfy the boundary conditions:

X"+ kKX =0
Y'+ kY =0
7"+ k27 =0

K=k 4 k) + k2

X o sin(k,x), k, = 7 n, =1,2,3,...
Y o sin(kyy), k, = nyTW, n,=1,2,3,...
n.m

Z x sin(k,z), k, =
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Elementary solution:

u = Asin (nirx) sin <nyl7_jy) sin <nf2)

The solution is possible only if k2 is one of the discrete values

2 2 2 2 i
ke = (nw—l—ny+nz)ﬁ

These are the eigenvalues of the problem.

ol
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3 Green’s functions

3.1 Impulses and the delta function
3.1.1 Physical motivation

Newton's second law for a particle of mass m moving in one dimension

subject to a force F'(t) is

dp
_p
dt
where
dx
f— ’]’)’[/—
P=" 4

is the momentum. Suppose that the force is applied only in the time

interval 0 < ¢t < 0t. The total change in momentum is

ot
5p:/ Ft)dt=1
0

and is called the impulse.

We may wish to represent mathematically a situation in which the momen-
tum is changed instantaneously, e.g. if the particle experiences a collision.
To achieve this, I’ must tend to infinity while 6t tends to zero, in such a
way that its integral I is finite and non-zero.

In other applications we may wish to represent an idealized point charge
or point mass, or a localized source of heat, waves, etc. Here we need
a mathematical object of infinite density and zero spatial extension but

having a non-zero integral effect.

The delta function is introduced to meet these requirements.
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3.1.2 Step function and delta function

We start by defining the Heaviside unit step function

0, <0
H(x) =
1, >0

The value of H(0) does not matter for most purposes. It is sometimes

taken to be 1/2. An alternative notation for H(x) is 6(x).

H(x) can be used to construct other discontinuous functions. Consider
the particular ‘top-hat’ function
/e, 0<z<e
Oc() =

0, otherwise

where € is a positive parameter. This function can also be written as

H(x) — H(x —¢)

€

56@) -

The area under the curve is equal to one. In the limit ¢ — 0, we obtain a
‘spike’ of infinite height, vanishing width and unit area localized at x = 0.

This limit is the Dirac delta function, §(z).
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The indefinite integral of §.(x) is

) 0, <0
/ 5.(6)dE = ufe. 0<w<e
1, T =€

In the limit € — 0, we obtain

/ " 5(6)de = Hia)

—0o0

or, equivalently,

0(x) = H'(x)

Our idealized impulsive force (section 3.1.1) can be represented as
F(t)=16(t)

which represents a spike of strength [ localized at t = 0. If the particle

is at rest before the impulse, the solution for its momentum is
p=1H().

In other physical applications §(x) is used to represent an idealized point
charge or localized source. It can be placed anywhere: g d(x—¢&) represents

a ‘spike’ of strength ¢ located at x = &.

3.2 Other definitions
We might think of defining the delta function as

oo, =10

0, x#0

d(x) =

but this is not specific enough to describe it. It is not a function in the

usual sense but a ‘generalized function’ or ‘distribution’.
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Instead, the defining property of d(x) can be taken to be

/mfuwwazﬂm

where f(x) is any continuous function. So we should think of §(z) as a
mapping between a function f and a number. Specifically, the unit spike
‘picks out’ the value of the function f at the location of the spike. It also

follows that

/ﬁf@ﬁ@—@dx:ﬂa

Since §(z — &) = 0 for = # &, the integral can be taken over any interval

that includes the point x = £.

One way to justify this ‘sampling’ property is as follows. Consider a
continuous function f(z) with indefinite integral g(x), i.e. f(x) = ¢'(z).
Then

00 E+e
| st —gar= [ s
DR

From the definition of the derivative,

ﬂamg[xﬂ@&w—5Mx:¢@>

e—0

as required.

This result (the boxed formula above) is equivalent to the substitution

property of the Kronecker delta:

ajcsij = a;

NE

j=1
The Dirac delta function can be understood as the equivalent of the

Kronecker delta symbol for functions of a continuous variable.
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d(x) can also be seen as the limit of localized functions other than our

top-hat example. Alternative, smooth choices for .(x) include

€
m(x? + €2)

56<37) -
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3.3 More on generalized functions

Derivatives of the delta function can also be defined as the limits of
sequences of functions. The generating functions for ¢’(z) are the deriva-
tives of (smooth) functions (e.g. Gaussians) that generate §(z), and have
both positive and negative ‘spikes’ localized at + = 0. The defining

property of ¢'(z) can be taken to be

/ " H@) (e — ) de = — / " P@)s(e — &) de = —f(€)

where f(x) is any differentiable function. This follows from an integration

by parts before the limit is taken.

20

10F

—10F

—20°F

1 1 1 |
-1.0 -0.5 0.0 0.5 1.0
z

Not all operations are permitted on generalized functions. In particular,
two generalized functions of the same variable cannot be multiplied to-
gether. e.g. H(x)d(z) is meaningless. However §(x)d(y) is permissible

and represents a point source in a two-dimensional space.

3.4 Differential equations containing delta func-
tions
If a differential equation involves a step function or delta function, this

generally implies a lack of smoothness in the solution. The equation can

be solved separately on either side of the discontinuity and the two parts of
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the solution connected by applying the appropriate matching conditions.

Consider, as an example, the linear second-order ODE

d2y
12 +y=0(x) (1)

If = represents time, this equation could represent the behaviour of a
simple harmonic oscillator in response to an impulsive force.

In each of the regions x < 0 and & > 0 separately, the right-hand side
vanishes and the general solution is a linear combination of cosz and

sinx. We may write

Acosz + Bsinz, x <0
’y:
Ccosr+ Dsinz, x>0

Since the general solution of a second-order ODE should contain only two

arbitrary constants, it must be possible to relate C' and D to A and B.

What is the nature of the non-smoothness in y?
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Consider integrating equation (1) from z = —c to x = ¢

/_F@der/_iy(x)dx = /_ig(x)dx

€

() - y(—e>+/y<x>dx 1

€

and letting ¢ — 0. If we assume ¥ is bounded the integral term makes no

contribution and we get

dy dy
lim —1
[dx] €_>0 [dx] =—¢

Since y is continuous, the jump conditions are

d
ly] =0, [dz] 1 atx =0

Applying these, we obtain

C—-—A=0
and
D—-—B=1

and so the general solution is

Acosx + Bsinz, x <0
y =
Acosz+ (B+1)sinz, >0
In particular, if the oscillator is at rest before the impulse occurs, then

A = B =0 and the solution is y = H(x)sinx.
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3.5 Inhomogeneous linear second-order ODEs
3.5.1 Complementary functions and particular integral

The general linear second-order ODE with constant coefficients has the

form

y'(x) +py'(z) + qy(z) = flx) or  Ly=f
where L is a linear operator such that Ly = v" + py' + qy.

The equation is homogeneous (unforced) if f = 0, otherwise it is inho-

mogeneous (forced).

The principle of superposition applies to linear ODEs as to all linear equa-

tions.

Suppose that y;(z) and y2(x) are linearly independent solutions of the
homogeneous equation, i.e. Ly; = Ly, = 0 and 5 is not simply a constant
multiple of y;. Then the general solution of the homogeneous equation

IS Ayl + Byz

If y,(x) is any solution of the inhomogeneous equation, i.e. Ly, = f,

then the general solution of the inhomogeneous equation is
y = Ay + By + yp

since
Ly = ALy, + BLy> + Ly,
=040+ f

Here y; and y, are known as complementary functions and y, as a par-

ticular integral.

3.5.2 Initial-value and boundary-value problems

Two boundary conditions (BCs) must be specified to determine fully the

solution of a second-order ODE. A boundary condition is usually an equa-
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tion relating the values of y and 3’ at one point. (The ODE allows 3"

and higher derivatives to be expressed in terms of y and 7/.)

The general form of a linear BC at a point x = a is

a1y (a) + asy(a) = as

where o, as, a3 are constants and «q, oo are not both zero. If a3 = 0

the BC is homogeneous.

If both BCs are specified at the same point we have an initial-value prob-

lem, e.g. to solve

d%z d
m@—F() for t > Osubjecttox—d—f:Oatt:O

If the BCs are specified at different points we have a two-point boundary-

value problem, e.g. to solve

y'(x) +y(z) = f(z) for a < x < b subject to y(a) =y(b) =0

3.5.3 Green’s function for an initial-value problem

Suppose we want to solve the inhomogeneous ODE

y"'(x) + py'(v) + qy(x) = f(x) foraz >0 (1)

subject to the homogeneous BCs

Green's function G(z, &) for this problem is the solution of

0*G oG
82+pa—+qG—5(l’—f) (3)
subject to the homogeneous BCs
oG
G(0,6) = =2(0,6) = 0 g

Notes:



3 GREEN’S FUNCTIONS 62

o G(z,&) is defined for x >0 and £ > 0

o G(x,&) satisfies the same equation and boundary conditions with re-

spect to x as y does

e however, it is the response to forcing that is localized at a point x = £,
rather than a distributed forcing f(x)

If Green's function can be found, the solution of equation (1) is then

y(z) = /0 G, 0)f(6) de (5)

To verify this, let L be the differential operator

=2l
~9x2 Por T
Then equations (1) and (3) read Ly = f and LG = §(x — &) respectively.

Applying L to equation (5) gives

Ly(x) = /O T LG (e de = /O 5o — €)f(€)dé = f(a)

as required. It also follows from equation (4) that y satisfies the boundary

conditions (2) as required.

The meaning of equation (5) is that the response to distributed forcing
(i.e. the solution of Ly = f) is obtained by summing the responses to
forcing at individual points, weighted by the force distribution. This works

because the ODE is linear and the BCs are homogeneous.

To find Green's function, note that equation (3) is just an ODE involving a
delta function, in which & appears as a parameter. To satisfy this equation,
GG must be continuous but have a discontinuous first derivative. The jump
conditions can be found by integrating equation (3) from =z = £ — € to
xr =&+ € and letting € — O:

[8G] , [8G] =t
—| =lim | — =1
ox

r=E—¢€
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Since p 0G /Ox and ¢G are bounded they make no contribution under this
procedure. Since (G is continuous, the jump conditions are
laG

%]:1 atx =¢ (6)

Suppose that two complementary functions ¥, o are known. The Wron-
skian W (x) of two solutions y;(x) and y,(z) of a second-order ODE is

the determinant of the Wronskian matrix:

yr Yo

/

, = 1Y — YY)
Y1 Y2

Wiy, ye] =

The Wronskian is non-zero unless y; and y» are linearly dependent (one

is a constant multiple of the other).

Since the right-hand side of equation (3) vanishes for < £ and x > ¢

separately, the solution must be of the form

A yi(z) + B(&)ya(r), 0<a <
C&yi(x) + D(E)ya(z), =>¢

To determine A, B,C, D we apply the boundary conditions (4) and the

G(:U7€> -

jump conditions (6).

Boundary conditions at z = 0:
A(E)y1(0) + B(&)y2(0) = 0

A(§)1(0) + B(&)ya(0) =0
A(¢)

In matrix form:
[0]
B (5) 0

y1(0) 2(0)
1(0) %5(0)

Since the determinant W (0) of the matrix is non-zero the only solution

s A(€) = B(S) = 0.
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Jump conditions at z = ¢
C()y1(&) + D(&)y2(€) =0
C(Eu (&) + D(€)a(§) =1

In matrix form:

[w(@ w©)] [C@] _ H

%€ w©] [DE)] |1

Solution:
@) _ 1 [ 43() w(@] H _ [w(a/ma
D(¢) () yi(&) w6 | |1 y1(§)/W (&)

Green's function is therefore

mx@{ 0, 0<a<¢
’ Tl (©p() —n@m©)],  v=¢

64
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Example ... ... . . .

> Find Green's function for the initial-value problem

y'(v) +y(r) = f(z),  y(0)=y'(0)=0

Complementary functions y; = cosx, yo = sin .

Wronskian

2

W = 1195 — y2u1 = cos’x +sin’z =1

Now
y1(&)y2(x) — y1(2)y2(€) = cosEsine — cosxsin € = sin(z — &)

Thus
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3.5.4 Green’s function for a boundary-value problem

We now consider a similar equation
Ly=f

for a < x < b, subject to the two-point homogeneous BCs
a1y (a) + azy(a) =0
By (b) + Bay(b) = 0

Green's function G(x, &) for this problem is the solution of
LG =6(x — &)

subject to the homogeneous BCs

&12—5(@,5) + OéQG(CL,f) =0

oG
B (0,6) + BG(b,€) = 0
and is defined fora < x < band a <& < b.

66

By a similar argument, the solution of Ly = f subject to the BCs (1) and

(2) is then

y(z) = / G, €)1(€) de

a

We find Green's function by a similar method. Let y,(x) be a com-

plementary function satisfying the left-hand BC (1), and let y,(z) be a

complementary function satisfying the right-hand BC (2). (These can al-

ways be found as linear combinations of y; and y».) Since the right-hand

side of equation (3) vanishes for x < £ and « > ¢ separately, the solution

must be of the form

G(SL’,f) -
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satisfying the BCs (4) and (5). To determine A, B we apply the jump
conditions [G] = 0 and [0G/0x] =1 at = = &:

B(&)y(§) — A(&)ya(§) = 0
B(&)yy(§) — A(§)ya(§) =1

In matrix form:

[ya@) w(©)] [-4©)] _ H

(&) w©] | BEO | |1

Solution:
—A(¢) _L[y,@@) —yb<§>] H _ [—yb@)/mf)]
Be) | WO |-u© w1 | v©/we

Green's function is therefore

G(x,§) = {%[%(@yb(f)], a<r<E
T Wa©m(@)], §<z<h

X

This method fails if the Wronskian W {y,, y;] vanishes. This happens if
Y, 1s proportional to y;, i.e. if there is a complementary function that
happens to satisfy both homogeneous BCs. In this (exceptional) case the
equation Ly = f may not have a solution satisfying the BCs; if it does,

the solution will not be unique.
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Example ... ...

> Find Green's function for the two-point boundary-value problem

y'() +y(r) = f(z),  y(0)=y(1)=0

Complementary functions y, = sinx, y, = sin(x — 1) satisfying left and

right BCs respectively.

Wronskian
W = yay;, — ypy,, = sinz cos(x — 1) — sin(x — 1) cosx = sin 1
Thus

Ola.€) = sinzsin(§ —1)/sinl, 0< <f

sin€sin(x — 1)/sinl, ¢ <z <

So
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3.6 Unlectured remarks

1. Note that the solution y to a 2nd order differential equation of the
form Ly(x) = 0(x — ) is continuous because of the properties of the
Dirac d-function, specifically because its integral is finite (assuming the

limits of integration include x).

2. So far we only considered problems with homogeneous boundary condi-
tions. One can also use Green's functions to solve problems with inho-
mogeneous boundary conditions. The trick is to solve the homogenous
equation Ly, = 0 for a function y, which satisfies the inhomoge-
nous boundary condtions. Then solve the inhomogeneous equation
Ly, = f, perhaps using the Green's function method discussed in this
chapter, imposing homogenous boundary conditions on y,. Then lin-
earity means that y, + y, satisfies the inhomogenous equation with

inhomogenous boundary conditions.
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4 The Fourier transform

4.1 Motivation

A periodic signal can be analysed into its harmonic components by cal-
culating its Fourier series. If the period is P, then the harmonics have

frequencies n/P where n is an integer.

s M kN
T

Rt g
TR WO iw-wl

. T— .

JoLd L]

The Fourier transform generalizes this idea to functions that are not pe-

riodic. The ‘harmonics’ can then have any frequency.

The Fourier transform provides a complementary way of looking at a
function. Certain operations on a function are more easily computed ‘in
the Fourier domain’. This idea is particularly useful in solving certain

kinds of differential equation.
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Furthermore, the Fourier transform has innumerable applications in diverse
fields such as astronomy, optics, signal processing, data analysis, statistics

and number theory.

4.2 Fourier series

A function f(x) has period P if f(z + P) = f(z) for all . It can then

be written as a Fourier series
1 0 0 -
f(x) = a0+ Z a, cos(k,x) + Z by, sin(k,x)
n=1 n=1
where

2mn
by, — ——
P

is the wavenumber of the nth harmonic.

Such a series is also used to write any function that is defined only on an
interval of length P, e.g. —P/2 < x < P/2. The Fourier series gives the

extension of the function by periodic repetition.

The Fourier coefficients are found from

9 P/2

a, = — f(x) cos(k,z)dx
P J_p
9 P2

by, = — f(z)sin(k,x) dz

P J ps
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Define

(

(a—p +1ib-p)/2, n <0
Cn = § ao/2, n=20
| (an —iby)/2, n >0

Then the same result can be expressed more simply and compactly in the

notation of the complex Fourier series

00
— E : ch e1kn,a:

where, after multiplying the preceding equation by exp(—ik,,x) and inte-
grating we find (recall k,, = 2mm/P)
1 [P

Cm = — f(x) e Fm® dy
/o (z)

This expression for ¢, (equivalently ¢,, relabelling m — n) can be verified
using the orthogonality relation

P/2
_ k km

P/2

dz = 0,

which follows from an elementary integration.

4.3 Approaching the Fourier transform

Let P — oo so that the function f(x) above is defined on the entire real
line without any periodicity. The discrete wavenumbers k,, = 27n /P are
replaced by a continuous variable k, because

2T

Ak = knt =k =5 = 0.

Consider the definition of the Fourier series

oo

f(x) = Z ¢, et = % i Pe, eF AL,

n=—oo n=—oo
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In the limit of P — oo this looks like the Riemann definition of an integral

over k.
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In this limit, P — oo

P/2

Pec, = (z) e *n? dg — /OO f(x)e *de = f(k)
—P/2 —00

And thus

fa) > g [ Fweran

We therefore have the forward Fourier transform (Fourier analysis)

F) = [ et da

and the inverse Fourier transform (Fourier synthesis)

fla) =5 [ Ty ar

74
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Notes:

e the Fourier transform operation is sometimes denoted by
fk) = Flf@)],  flz)=F[f (k)]

e the variables are often called ¢ and w rather than z and £ (time <«

angular frequency vs. position <> wavenumber)
e it is sometimes useful to consider complex values of £

e for a rigorous proof, certain technical conditions on f(x) are required:

A necessary condition for f(k) to exist for all real values of k (in the sense
of an ordinary function) is that f(z) — 0 as x — £o00. Otherwise the
Fourier integral does not converge (e.g. for k = 0).

A set of sufficient conditions for f(k) to exist is that f(z) have ‘bounded
variation’, have a finite number of discontinuities and be ‘absolutely inte-

grable’, i.e.

| @i <o

(0.9]

However, we will see that Fourier transforms can be assigned in a wider

sense to some functions that do not satisfy all of these conditions, e.g.

f(z)=1.

Warning 2. Several different definitions of the Fourier transform are
in use. They differ in the placement of the 27 factor and in the signs
of the exponents. The definition used here is probably the most con-

ventional.

How to remember this convention:

e the sign of the exponent is different in the forward and inverse trans-

forms
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e the inverse transform means that the function f(x) is synthesized from

a linear combination of basis functions e'**

e the division by 27 always accompanies integration with respect to &
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4.4 Examples

Example (1): top-hat function:
c, a<zxr<hb
0, otherwise

r ’ ik ic . .
f(k) = / Ceflkl dr = E (eﬂkb o eﬂlm>

eg.ifa=—-1,b=1and c=1:

- i . . 2sin k
R = 4 (o - o) = 290
1.5 ! ! ! 3
1.0r
< o5y =
0.0
705 L L L 71
—2 —1 0 1 2 —20 —10 0 10 20
x k
Example (2):
flz)=el
f(k’) — / exeflkx dr + / e*éL’eflk'ilf dr
00 0
1 70 1 L 700
_ (111@1} B [ (1%/@;}
1— ik [e e 14k L 0
1 N 1
C1—ik 14k

2
14 k2
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Example (3): Gaussian function (normal distribution):

flw) = (2r) 2 exp (—20>

f(k?) = (2703)71/2 /OC exp <— ;22 — ik::c) dz

©¢) 0-17

Change variable to

x
2= — +1io.k

Oy
so that
22 x? o2k?
T T g M
Then
f(k) = (2mo?)~1/2 /OC exp <——2) dz o, exp (—0‘%2k2>
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10 705 % S o B S = L B S
o4l 1ol
o8l
0.3
& < ggh
= =
0.2
04f
0.1 0.2
0.0 0.0L.
6 -4 -2 0 2 4 6 6 -4 -2 0 2 4 6
x k

00 2,2
/ exp <—§> dz = (2m)Y/?

Actually there is a slight cheat here because z has an imaginary part. This

will be explained next term.
The result is proportional to a standard Gaussian function of k:

i o (orod) e (5 )

20%
of width (standard deviation) oy, related to o, by

1
O — —
Oz

This illustrates a property of the Fourier transform: the narrower the

function of x, the wider the function of k.
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4.5 Basic properties of the Fourier transform

Linearity:
g9(x) = af (x) & g(k) = af (k)
h(z) = f(x) + g(z) & h(k) = f(k) + g(k)

Rescaling (for real «):

g(x) = f(ax) & k) = =7 (E)

Shift/exponential (for real «):
g9(x) = flz — ) N g(k) = e f(k)

g(z) = e f(z) N g(k) = f(k - a)
Differentiation /multiplication:

g(x) = f'(x) N g(k) = ikf (k)

g(x) = zf(z) N g(k) = if'(k)
Duality:

9(x) = f(2) N g(k) = 2m f(=F)

i.e. transforming twice returns (almost) the same function

Complex conjugation and parity inversion (for real = and k):

g(x) = f(=)]" & g(k) = [f(=k)]"

Symmetry:

f(=2) = +f(z) N f(=F) = £f (k)

80

(10)
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Sample derivations: property (3):

= (o)
= /Z flox)e ™ dy

— sgn (a) / fy)e toe %

‘/ k/aydy
B 1
" \a

Property (4):

9(x) = flz — )
g(k) :/ flz —a)e ™ dx

[ e

= )

Property (6):

/ f'(x) e ™ da
— [f(x)e ] / o

= ikf(k)

Qz

—ikx dr

81

The integrated part vanishes because f(z) must tend to zero as © — +00

in order to possess a Fourier transform.
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Property (7):

82
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4.6 The delta function and the Fourier transform

Consider the Gaussian function of example (3):

2
— (9rg2)L/2 T
f(z) = (2m0,)" /" exp 207
~ o2k?
f(k) = exp (— 5 )
The Gaussian is normalized such that

/_Zf(az)dle

As the width o, tends to zero, the Gaussian becomes taller and narrower,

but the area under the curve remains the same. The value of f(z) tends
to zero for any non-zero value of z. At the same time, the value of f(k)

tends to unity for any finite value of .

127777

1.0k
08l
Zé; 0.67
04h

0.2r

T VN TS 0.0 " .
-1.0 -0.5 0.0 0.5 1.0 -10
x

In this limit f approaches the Dirac delta function, 6(z).

The substitution property allows us to verify the Fourier transform of the

delta function:

o(k) = / S(z)e M dy =e M =1

o0

Now formally apply the inverse transform:

5(x) ! / 1™ dk

:% .
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Relabel the variables and rearrange (the exponent can have either sign):

/ e da = 278 (k)

o0

Therefore the Fourier transform of a unit constant (1) is 2rd(k). Note
that a constant function does not satisfy the necessary condition for the
existence of a (regular) Fourier transform. But it does have a Fourier

transform in the space of generalized functions.

4.7 The convolution theorem
4.7.1 Definition of convolution

The convolution of two functions, h = f % g, is defined by

= /OC f(y)g(x —y)dy

Note that the sum of the arguments of f and ¢ is the argument of h.

Convolution is a symmetric operation:

g+ /) >—/°O 9(y)f (@ —y)dy

/ f(2)gle - 2)dz

= [f * g)(x)

4.7.2 Interpretation and examples

In statistics, a continuous random variable = (e.g. the height of a person
drawn at random from the population) has a probability distribution (or
density) function f(x). The probability of = lying in the range xg < x <
xo + 0z is f(xg)dx, in the limit of small dx.
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If x and y are independent random variables with distribution functions
f(x) and g(y), then let the distribution function of their sum, z = z + v,
be h(z). (E.g. let y be the height of a pair of shoes drawn at random.
Then z is the height of a random person while wearing a random pair of

shoes.)

Now, for any given value of x, the probability that z lies in the range
20 < 2 < 29+ 0z

is just the probability that y lies in the range
20—r<y<z-—T+0z

which is g(z9 — x)dz. That's for a fixed x. But the probability that z lies

in this same range for all x is then
h(z9)0z = /OO f(x)g(z0 — x)dzdx
which implies
h=fxg

The effect of measuring, observing or processing scientific data can often

be described as a convolution of the data with a certain function.

e.g. when a point source is observed by a telescope, a broadened image
is seen, known as the point spread function of the telescope. When an
extended source is observed, the image that is seen is the convolution of

the source with the point spread function.

In this sense convolution corresponds to a broadening or distortion of the

original data.

A point mass M at position R gives rise to a gravitational potential
®,(r) = —GM/|r — R|. A continuous mass density p(r) can be thought
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of as a sum of infinitely many point masses p(R)d*R at positions R.

The resulting gravitational potential is

O(r) = —G/ |rp(_R1)%‘ BR

which is the (3D) convolution of the mass density p(7) with the potential

of a unit point charge at the origin, —G/|r|.

4.7.3 The convolution theorem

The Fourier transform of a convolution is

= [ [ / " el —v) dy} o

) —ikx dr dy

88

o
y)g(z)e e dzdy (z=z—y)

/_oo

f(y)

o kY dy/ g(z) e dz

(F)

I
I
8

I
:’22\\\

N
N—
N}

Similarly, the Fourier transform of f(x)g(z) is o= [f * g](k).
This means that:

e convolution is an operation best carried out as a multiplication in the

Fourier domain
e the Fourier transform of a product is a complicated object

e convolution can be undone (deconvolution) by a division in the Fourier
domain. If g is known and f * g is measured, then f can be obtained,

in principle.
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4.7.4 Correlation

The correlation of two functions, h = f ® g, is defined by

) = [ TV e+ ) dy

o0

Now the argument of A is the shift between the arguments of f and g¢.

Correlation is a way of quantifying the relationship between two (typically
oscillatory) functions. If two signals (oscillating about an average value of
zero) oscillate in phase with each other, their correlation will be positive.
If they are out of phase, the correlation will be negative. If they are

completely unrelated, their correlation will be zero.

For example, consider an array of microphones that if fed a signal f(y)
outputs a signal g(y) that is identical to f except for a small unknown
time delay . By computing the correlation i(z) we can find out what

the time delay is.

Let f(y) be the real part of the localised signal ¢*¥~¥". The correlation

is then

h(x) = Re /OC e—ik‘y—y2eik(y—aﬂ)—(y—aﬂ)Qdy’

o0

— Re olfla—2)—(a—z)? /oo 6*2?/2+(a*37)ydy’

e.¢]

[SSINN

= cos [k(x — a)]e” (z=a)?,

The maximum of h occurs when z = a..
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The Fourier transform of a correlation is

=/ | / gl o) dy| s

/ / glx +y) e dxdy
/ / ) e e 7% 2 dy (z=z+y)
[ ] e

()

This result (or the special case g = f) is the Wiener—Khinchin theorem.

The autoconvolution and autocorrelation of f are fx f and f® f. Their

Fourier transforms are f2 and | f|?, respectively.

4.8 Parseval’s theorem

If we apply the inverse transform to the WK theorem we find

[ttty = o [ )@ ar

(0.9]

Now set x = 0 and relabel y — x to obtain Parseval’s theorem

| @ra@ e = [ Feraax

o 2T

The special case used most frequently is when g = f:

o0

| ir@rar= o= [ (iwprar

Note that division by 27 accompanies the integration with respect to k.

Parseval's theorem means that the Fourier transform is a ‘unitary trans-
formation’ that preserves the ‘inner product’ between two functions (see

later!), in the same way that a rotation preserves lengths and angles.
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Alternative derivation using the delta function:

I

8

) g(x) da

00 1 0o 0 *1 oo~ ) " )
T ikx T k 1 xdkd
[%/ f(k)e dk} 2W/_oog< )e's K da

iK'=k 4 dk’ dk

I
\

K 2ms(K — k) dk dk

89
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4.9 Power spectra

The quantity

(k) = |f (k)

appearing in the Wiener—Khinchin theorem and Parseval’s theorem is the
(power) spectrum or (power) spectral density of the function f(x). The
WK theorem states that the FT of the autocorrelation function is the

power spectrum.

This concept is often used to quantify the spectral content (as a function
of angular frequency w) of a signal f(t).

The spectrum of a perfectly periodic signal consists of a series of delta
functions at the principal frequency and its harmonics, if present. Its
autocorrelation function does not decay as ¢t — oo.

White noise is an ideal random signal with autocorrelation function pro-
portional to d(¢): the signal is perfectly decorrelated. It therefore has a
flat spectrum (® = constant).

Less idealized signals may have spectra that are peaked at certain fre-

quencies but also contain a general noise component.

0
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* Mercury lines
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5 Matrices and linear algebra

5.1 Motivation

Many scientific quantities are vectors. A linear relationship between two

vectors is described by a matrix. This could be either

e a physical relationship, e.g. that between the angular velocity and an-

gular momentum vectors of a rotating body

e a relationship between the components of (physically) the same vector

in different coordinate systems

Linear algebra deals with the addition and multiplication of scalars, vectors

and matrices.

Eigenvalues and eigenvectors are the characteristic numbers and direc-
tions associated with matrices, which allow them to be expressed in the
simplest form. The matrices that occur in scientific applications usually
have special symmetries that impose conditions on their eigenvalues and

eigenvectors.

Vectors do not necessarily live in physical space. In some applications
(notably quantum mechanics) we have to deal with complex spaces of

various dimensions.

5.2 Vector spaces
5.2.1 Abstract definition of scalars and vectors

We are used to thinking of scalars as numbers, and vectors as directed
line segments. For many purposes it is useful to define scalars and vectors

in a more general (and abstract) way.
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Scalars are the elements of a number field, of which the most important

examples are:

e R, the set of real numbers

e C, the set of complex numbers

A number field F":

e is a set of elements on which the operations of addition and multiplica-
tion are defined and satisfy the usual laws of arithmetic (commutative,

associative and distributive)
e is closed under addition and multiplication

e includes identity elements (the numbers 0 and 1) for addition and

multiplication

e includes inverses (negatives and reciprocals) for addition and multipli-

cation for every element, except that 0 has no reciprocal

Vectors are the elements of a vector space (or linear space) defined over

a number field F.
A vector space V:

e is a set of elements on which the operations of vector addition and

scalar multiplication are defined and satisfy certain axioms
e is closed under these operations

e includes an identity element (the vector 0) for vector addition
We will write vectors in bold italic face (or underlined in handwriting).

Scalar multiplication means multiplying a vector @ by a scalar « to obtain

the vector aaz. Note that O = 0 and 1l = x.
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The basic example of a vector space is . An element of F" is a list of
n scalars, (z1,...,x,), where z; € F'. This is called an n-tuple. Vector

addition and scalar multiplication are defined componentwise:

(5517'--;3371,)+<y17--~7yn) — ($1+yl,~--,$n+yn)

alzy, ..., x) = (axy,. .., axy,)
Hence we have R"™ and C".
Notes:

e vector multiplication is not defined in general
e R? is not quite the same as C because C has a rule for multiplication

e RR3 is not quite the same as physical space because physical space has
a rule for the distance between two points (i.e. Pythagoras's theorem,

if physical space is approximated as Euclidean)

The formal axioms of number fields and vector spaces can be found in

books on linear algebra.

5.2.2 Span and linear dependence

Let S ={ey,es,...,€e,} be asubset of vectors in V.

A linear combination of S is any vector of the form e;z1 + esxs + -+ - +

€nTm, Where x1,x9,...,x,, are scalars.

The span of S is the set of all vectors that are linear combinations of S

If the span of S is the entire vector space V, then S is said to span V.

The vectors of S are said to be linearly independent if no non-trivial linear

combination of S equals zero, i.e. if
eir1+exs+---+eur,, =0 implies r1=29=---=2,=0

If, on the other hand, the vectors are linearly dependent, then such an

equation holds for some non-trivial values of the coefficients x4, ..., x,,.
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Suppose that xj; is one of the non-zero coefficients. Then e; can be

expressed as a linear combination of the other vectors:

€ — — E e, —
; Tk

1#k
Linear independence therefore means that none of the vectors is a linear

combination of the others.
Notes:

e if an additional vector is included in a spanning set, it remains a span-

ning set

e if a vector is removed from a linearly independent set, the set remains

linearly independent

5.2.3 Basis and dimension

A basis for a vector space V is a subset of vectors {ej, e, ..., e,} that
spans V' and is linearly independent. The properties of bases (proved in

books on linear algebra) are:

e all bases of V have the same number of elements, n, which is called

the dimension of V'
e any n linearly independent vectors in V' form a basis for V'

e any vector x € V' can be written in a unique way as
r=er + - +er,
and the scalars x; are called the components of & with respect to the
basis {e1,es,...,€e,}

Vector spaces can have infinite dimension, e.g. the set of functions defined

on the interval 0 < x < 27 and having Fourier series

f(l‘) _ Z f’n einm

n—=—oo
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Here f(x) is the ‘vector’ and f, are its ‘components’ with respect to
the ‘basis’ of functions €"*. Functional analysis deals with such infinite-

dimensional vector spaces.

5.2.4 Examples

> Example (1): three-dimensional real space, R:
vectors: triples (z,y, z) of real numbers

possible basis: {(1,0,0),(0,1,0),(0,0,1)}

($7 y’ Z) — (17 0’ O)'I: —|— (07 ]‘7 O)y + (07 07 1)Z
> Example (2): the complex plane, C:
vectors: complex numbers z

EITHER (a) a one-dimensional vector space over C

possible basis: {1}
z=1-2

OR (b) a two-dimensional vector space over R (supplemented by a mul-

tiplication rule)

possible basis: {1,i}
z=1-x+4+1-y

> Example (3): real 2 x 2 symmetric matrices:

vectors: matrices of the form

x
[ y]’ x,y,z2 € R
Yy z

three-dimensional vector space over R
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possible basis:
10 01 00
00[ |1 0] |01

x Yy 10 01 00
- Y+ z
Yy z 00 10 01

5.2.5 Change of basis

T -+

The same vector has different components with respect to different bases.

Consider two bases {e;} and {e’}. Since they are bases, we can write the
vectors of one set in terms of the other, using the summation convention

(sum over i from 1 to n):

D— / ..

The n x n array of numbers R;; is the transformation matrix between the
two bases. R;; is the ith component of the vector e; with respect to the

primed basis.

The representation of a vector x in the two bases is
o e — oA
where x; and 2 are the components. Thus
/ / E— . . — / .. .
e;r; = e;jxr; = e Rz,

from which we deduce the transformation law for vector components:

Note that the transformation laws for basis vectors and vector components

are ‘opposite’ so that the vector x is unchanged by the transformation.
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Example: in R3, two bases are {e;} = {(1,0,0),(0,1,0),(0,0,1)} and
{e!} = {(0,1,0),(0,0,1), (1,0,0)}. Then

010
Rij=10 0 1
100

There is no need for a basis to be either orthogonal or normalized. In

fact, we have not yet defined what these terms mean.

5.3 Matrices

5.3.1 Array viewpoint

A matrix can be regarded simply as a rectangular array of numbers:

An A o An
po | A
_Aml AmQ e Amn_

This viewpoint is equivalent to thinking of a vector as an n-tuple, or, more

correctly, as either a column matrix or a row matrix:

X1

I9 T
) X :{331 g =+ Ip

Ln

The superscript ‘T’ denotes the transpose. In the typed notes, we will
use sans serif fonts (A, x) to denote matrices, to distinguish them from
linear operators and vectors (see next subsection) which we will denote
with bold fonts (A, ). In handwritten notes, | will do my best to draw

a distinction where one is necessary.
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The transformation matrix R;; described above is an example of a square
matrix (m = n).
Using the suffix notation and the summation convention, the familiar rules

for multiplying a matrix by a vector on the right or left are

(Ax); = Ajjz; (x'A); = zi Ay

and the rules for matrix addition and multiplication are

(A+B)ij = Aij + Bij (AB)ij = AirBy;

The transpose of an m X n matrix is the n X m matrix

(AY)i; = Aji

5.3.2 Linear operators

A linear operator A on a vector space V' acts on elements of V' to produce
other elements of /. The action of A on x is written A(x) or just Az.

The property of linearity means:
A(ax) = aAx for scalar «

Alx +y)=Az + Ay

Notes:

e a linear operator has an existence without reference to any basis

e the operation can be thought of as a linear transformation or mapping
of the space V' (a simple example is a rotation of three-dimensional

space)

e a more general idea, not considered here, is that a linear operator can
act on vectors of one space V' to produce vectors of another space V',

possibly of a different dimension
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The components of A with respect to a basis {e;} are defined by the

action of A on those basis vectors:
Aej p— e/I;Aij

The components form a square matrix. We write (A);; = A;; and (xz); =
ZT;.
Since A is a linear operator, a knowledge of its action on a basis is

sufficient to determine its action on any vector x:
Az = Alejr;) = vj(Aej) = 1j(e;dij) = eidijz;
or
(Ax); = Aij;

This corresponds to the rule for multiplying a matrix by a vector.

The sum of two linear operators is defined by
(A+B)x=Ax + Bz =e,(4;; + Bij)z;

The product, or composition, of two linear operators has the action
(AB)x = A(Bx) = A(e;Bijzj) = (Aey)Byjr; = €A Byjx;

The components therefore satisfy the rules of matrix addition and multi-

plication:
(A +B)ij = Ajj + Byj (AB)i; = AiBy;

Recall that matrix multiplication is not commutative, so BA # AB in
general.

Therefore a matrix can be thought of as the components of a linear
operator with respect to a given basis, just as a column matrix or n-tuple
can be thought of as the components of a vector with respect to a given

basis.



5 MATRICES AND LINEAR ALGEBRA 101

5.3.3 Change of basis again

When changing basis, we wrote one set of basis vectors in terms of the

other:
/
ej = e;lt;
We could equally have written
/
6]- = eZ-SZ-j

where S is the matrix of the inverse transformation. Substituting one

relation into the other (and relabelling indices where required), we obtain

e = €} R Si;
e; = e;SLiRij

This can only be true if
RyiSij = Skilij = O

or, in matrix notation,

RS=SR=1

Therefore R and S are inverses: R=S"1!and S=R!.

The transformation law for vector components, z;, = Ri;x;, can be written

in matrix notation as

x' = Rx

with the inverse relation
x = R71¥
How do the components of a linear operator A transform under a change

of basis? We require, for any vector ,

f— . . . e , / /
Az = eAjjx; = e; A
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Using e; = e R;; and relabelling indices, we find
eﬁngiAija:j ekAkj j

RkZAZJxJ — Ak}] j
RA(R™'X) = A'X

Since this is true for any x/, we have

A’ = RAR™!

These transformation laws are consistent, e.g.
A’ = RAR'Rx = RAx = (Ax)’

A'B’ = RAR'RBR™' = RABR™' = (AB)

5.4 Inner product (scalar product)

This is used to give a meaning to lengths and angles in a vector space.

5.4.1 Definition

An inner product (or scalar product) is a scalar function (x|y) of two
vectors  and y. Other common notations are (x,y), (z,y) and x - y.

An inner product must:

e be linear in the second argument:
(x|ay) = alx|y) for scalar «
(xly + 2) = (z|y) + (x]2)

e have Hermitian symmetry:

(ylz) = (z|y)"
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e be positive definite:
(x|x) >0 with equality if and only if x = 0
Notes:
e an inner product has an existence without reference to any basis
e the star is needed to ensure that (x|x) is real
e the star is not needed in a real vector space

e it follows that the inner product is antilinear in the first argument:

(ax|y) = o™ (x|y) for scalar «
(@ +ylz) = (z]z) + (y|2)
The standard (Euclidean) inner product on R" is the ‘dot product’
(xly) =z -y = ziy;

which is generalized to C" as

The star is needed for Hermitian symmetry. We will see later that any
other inner product on R" or C" can be reduced to this one by a suitable

choice of basis.

(z|)/? is the ‘length’ or ‘norm’ of the vector x, written |z| or ||z|. In
one dimension this agrees with the meaning of ‘absolute value' if we are

using the dot product.

5.4.2 The Cauchy—Schwarz inequality

(z|y)|” < (z|z)(yly)
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or equivalently

(z|y)| < |z||y]

with equality if and only if © = ay (i.e. the vectors are parallel or an-

tiparallel).
Proof: We assume that  # 0 and y # 0, otherwise the inequality is

trivial. We consider the non-negative quantity

(z — aylz — ay) = (z — ay|z) — oz — ayly)
= (z[z) — o’ (y|z) — a(z]y) + aa’(yly)
= (z[z) + aa’(yly) — alz|y) — o’ (z|y)”
= [&[* + |a*|y|* — 2Re (a(z|y))

This result holds for any scalar a.. First choose the phase of o such that

a(x|y) is real and non-negative and therefore equal to |«||(x|y)|. Then
@* + lal|y|* — 2|o]|(z[y)] > 0

2
(Il = lally])” + 2[alz]ly| = 2|a|[(z|y)| = 0

Now choose the modulus of « such that |a| = |z|/|y|, which is finite

and non-zero. Then divide the inequality by 2|«| to obtain

1z||y| — [(x|y)| =0

as required.

In a real vector space, the Cauchy—Schwarz inequality allows us to define

the angle 6 between two vectors through
(x|y) = |||y| cos b

If (x|y)=0 (in any vector space) the vectors are said to be orthogonal.
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5.4.3 Inner product and bases

The inner product is bilinear: it is antilinear in the first argument and

linear in the second argument.

Warning 3. This is the usual convention in physics and applied math-

ematics. In pure mathematics it is usually the other way around.

A knowledge of the inner product of the basis vectors is therefore sufficient

to determine the inner product of any two vectors « and y. Let
(eilej) = Gij

Then
(xly) = (eiilejy;) = z7y;(eile;) = Giyziy;

The n x n array of numbers G;; are the metric coefficients of the basis

{e;}. The Hermitian symmetry of the inner product implies that
(ylz) = Gijy;x;

is equal to
(xly))" = Gijriy; = Gy,

(in the last step we exchanged the summation indices i <> j) for all

vectors & and vy, and therefore
Gji = GZ}

We say that the matrix G is Hermitian.

An orthonormal basis is one for which

(eilej) = 0y
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in which case the inner product is the standard one

(xly) = 27y,

We will see later that it is possible to transform any basis into an or-

thonormal one.

5.5 Hermitian conjugate
5.5.1 Definition and simple properties

We define the Hermitian conjugate of a matrix to be the complex conju-

gate of its transpose:

Al = (AT)* (AT);; = A,

This applies to general rectangular matrices, e.g.

t A Al

A A An Lo
= | A, A

A9 A Ao . .
Ay Asg

The Hermitian conjugate of a column matrix is

-t
Xy
T ) * * *i|
X' = ] —= xl x2 gjn
_:Cn_
Note that
(A = A

The Hermitian conjugate of a product of matrices is

(AB)! = BTAT




5 MATRICES AND LINEAR ALGEBRA 107

because
[(AB)'];; = [(AB);i]*
= (AjiBr)" = (A3Bf;) = BiAj, = (BN)(A"); = (BIAT);
Note the reversal of the order of the product, as also occurs with the

transpose or inverse of a product of matrices. This result extends to

arbitrary products of matrices and vectors, e.g.
(ABCx)" = x'CBTAT
(x'Ay)" = y!Alx

In the latter example, if x and y are vectors, each side of the equation is
a scalar (a complex number). The Hermitian conjugate of a scalar is just

the complex conjugate.

5.5.2 Relationship with inner product
We have seen that the inner product of two vectors is
(xly) = Gijzjy; = 2;Gijy;
where G;; are the metric coefficients. This can also be written
(zly) = X Gy
and the Hermitian conjugate of this equation is
(xly)* = y'G'x
Similarly
(ylz) = y'Gx

The Hermitian symmetry of the inner product requires (y|x) = (x|y)*,

i.e.

y'Gx = y'G'x
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which is satisfied for all vectors x and y provided that G is an Hermitian

matrix:
Gl =G

If the basis is orthonormal, then G;; = ¢;; and we have simply

t

(z]y) = x"y

5.5.3 Adjoint operator

A further relationship between the Hermitian conjugate and the inner

product is as follows.

The adjoint of a linear operator A with respect to a given inner product

is a linear operator A satisfying
(Alz|y) = (z|Ay)
for all vectors « and y. With the standard inner product this implies
[(AN)ija;] " yi = 27 Ay,
(AT)fjx;yi = Aji$§yi
(AN = Aji
(A1) = A3
The components of the operator A with respect to a basis are given by a

square matrix A. The components of the adjoint operator (with respect to

the standard inner product) are given by the Hermitian conjugate matrix
AT,
5.5.4 Special square matrices

The following types of special matrices arise commonly in scientific appli-

cations.
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A symmetric matrix is equal to its transpose:
AY=A or A=Ay,

An antisymmetric (or skew-symmetric) matrix satisfies
AT =—-A  or A=A,

An orthogonal matrix is one whose transpose is equal to its inverse:
AT=A"1 o AAT=ATA=1

These ideas generalize to a complex vector space as follows.

An Hermitian matrix is equal to its Hermitian conjugate:
A]L =A or Ajz = AU
An anti-Hermitian (or skew-Hermitian) matrix satisfies
A unitary matrix is one whose Hermitian conjugate is equal to its inverse:

Al = A! or AAT=AIA=1

In addition, a normal matrix is one that commutes with its Hermitian

conjugate:
AAT = ATA

It is easy to verify that Hermitian, anti-Hermitian and unitary matrices

are all normal.

5.6 Eigenvalues and eigenvectors
5.6.1 Basic properties

An eigenvector of a linear operator A is a non-zero vector x satisfying

Ax = \x
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for some scalar A, the corresponding eigenvalue.

The equivalent statement in a matrix representation is

Ax = Ax or (A—=Al)x=0

where A is an n X n square matrix.
This equation states that a non-trivial linear combination of the columns
of the matrix (A — A1) is equal to zero, i.e. that the columns of the matrix

are linearly dependent. This is equivalent to the statement

det(A — A1) =0

which is the characteristic equation of the matrix A.

To compute the eigenvalues and eigenvectors, we first solve the charac-
teristic equation. This is a polynomial equation of degree n in A and
therefore has n roots, although not necessarily distinct. These are the
eigenvalues of A, and are complex in general. The corresponding eigen-
vectors are obtained by solving the simultaneous equations found in the

rows of Ax = A\x.

If the n roots are distinct, then there are n linearly independent eigenvec-
tors, each of which is determined uniquely up to an arbitrary multiplicative
constant.

If the roots are not all distinct, the repeated eigenvalues are said to be
degenerate. If an eigenvalue X\ occurs m times, there may be any number
between 1 and m of linearly independent eigenvectors corresponding to
it. Any linear combination of these is also an eigenvector and the space

spanned by such vectors is called an eigenspace.

Example (1):
00
00
0—XA 0

characteristic equation =X =0
0 0—AX
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eigenvalues 0,0

_ 0—x 0 |z 0 o] o
eigenvectors: = = =
0 0-X\ |y 0 0] |0

1
two linearly independent eigenvectors, e.g. [O] :

two-dimensional eigenspace corresponding to eigenvalue 0

Example (2):
01
00

. . 0—Xx 1
characteristic equation

0 0—A

= =0

eigenvalues 0,0

e [0

1
only one linearly independent eigenvector [O]

one-dimensional eigenspace corresponding to eigenvalue 0

5.6.2 Eigenvalues and eigenvectors of Hermitian matrices

The matrices most often encountered in physical applications are real
symmetric or, more generally, Hermitian matrices satisfying AT = A. In
quantum mechanics, Hermitian matrices (or operators) represent observ-

able quantities.
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We consider two eigenvectors x and y corresponding to eigenvalues A\ and
%
Ax = Ax (1)
Ay = py (2)
The Hermitian conjugate of equation (2) is (since Al = A)
y'A =yl (3)
Using equations (1) and (3) we can construct two expressions for y'Ax:
yIAx = \y'x = py'x

(A= i )yx = 0 (4)
First suppose that x and y are the same eigenvector. Then y = x and
[t = A\, so equation (4) becomes

(A= X)x'x =0

Since x # 0, x'x # 0 and so \* = \. Therefore the eigenvalues of an

Hermitian matrix are real.

Equation (4) simplifies to

(A= ny'x=0

If x and y are now different eigenvectors, we deduce that y'x = 0, pro-
vided that 1 # A. Therefore the eigenvectors of an Hermitian matrix
corresponding to distinct eigenvalues are orthogonal (in the standard in-

ner product on C").

5.6.3 Related results

Normal matrices (including all Hermitian, anti-Hermitian and unitary ma-

trices) satisfy AAT = ATA. It can be shown that:
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e the eigenvectors of normal matrices corresponding to distinct eigenval-

ues are orthogonal

e the eigenvalues of Hermitian, anti-Hermitian and unitary matrices are

real, imaginary and of unit modulus, respectively

These results can all be proved in a similar way.

> Show that the eigenvalues of a unitary matrix are of unit modulus and

the eigenvectors corresponding to distinct eigenvalues are orthogonal.

Let A be a unitary matrix: Al = A1

Ax = \x
Ay = py
yIAl =yl

yIATAX = 1 Ay'x

("X = 1)y'x =0

y =X: M?*—1=0 since x # 0
= A =1

A
y # X (——1>yTx:O

]
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Note that:

e real symmetric matrices are Hermitian
e real antisymmetric matrices are anti-Hermitian

e real orthogonal matrices are unitary

Note also that a 1 x 1 matrix is just a number, A, which is the eigenvalue

of the matrix. To be Hermitian, anti-Hermitian or unitary A\ must satisfy
o=\, N=—=X  or AN=)1
respectively. Hermitian, anti-Hermitian and unitary matrices therefore

correspond to real, imaginary and unit-modulus numbers, respectively.

There are direct correspondences between Hermitian, anti-Hermitian and

unitary matrices:

e if A is Hermitian then iA is anti-Hermitian (and vice versa)

e if A is Hermitian then

o0 .A n
exp(iA) = Z (1n') is unitary

n=0
[Compare the following two statements: If z is a real number then iz is
imaginary (and vice versa). If z is a real number then exp(iz) is of unit

modulus.]

5.6.4 The degenerate case

Suppose we have an n by n matrix A. If a repeated eigenvalue \ occurs
m times, it can be shown (with some difficulty) that there are exactly m

corresponding linearly independent eigenvectors if A is normal.

It is always possible to construct an orthogonal basis within this m-
dimensional eigenspace (e.g. by the Gram—Schmidt procedure: see Ex-
ample Sheet 3, Question 2). Therefore, even if the eigenvalues are de-

generate, it is always possible to find n mutually orthogonal eigenvectors,



5 MATRICES AND LINEAR ALGEBRA 115

which form a basis for the vector space. In fact, this is possible if and
only if the matrix is normal.

Orthogonal eigenvectors can be normalized (divide by their norm) to make
them orthonormal. Therefore an orthonormal basis can always be con-
structed from the eigenvectors of a normal matrix. This is called an
eigenvector basis.

Example . . ...

> Find an orthonormal set of eigenvectors of the Hermitian matrix

0 10
-1 0 0
0 01

Characteristic equation:

(M =1)(1-X) =0
A=1,-1,1

Eigenvector for A = —1:

1 1 0f |x 0
—1 1 0| |y| =10
0 0 2| |z 0

r+iy=0, z=0
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Eigenvectors for A = 1:

-1 i 0f |z 0

-1 =1 0| (y| = |0

0 0 0f |z 0
—r+iy=0

Normalized eigenvectors:

5.7 Diagonalization of a matrix
5.7.1 Similarity

We have seen that the matrices A and A’ representing a linear operator

in two different bases are related by
A’ =RAR™'  orequivalenty A=RAR

where R is the transformation matrix between the two bases.

Two square matrices A and B are said to be similar if they are related by
B=S"!'AS (1)

where S is some invertible matrix. This means that A and B are repre-
sentations of the same linear operator in different bases. The relation (1)
is called a similarity transformation. S is called the similarity matrix.

A square matrix A is said to be diagonalizable if it is similar to a diagonal

matrix, i.e. if

STIAS = A
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for some invertible matrix S and some diagonal matrix

(A, 0 - 0]
0 Ao --- 0
0 0 - A,

5.7.2 Diagonalization

An n X n matrix A can be diagonalized if and only if it has n linearly
independent eigenvectors. The columns of the similarity matrix S are just
the eigenvectors of A, denoted x\/). The diagonal entries of the matrix A

are just the eigenvalues of A, A;:

(ST'AS);; = (57" )ik AreSe;
= (S Ar ()
= (SN (x),  no sum on j
= \;(SHirSk; = Ajd; no sum on j

The meaning of diagonalization is that the matrix is expressed in its sim-

plest form by transforming it to its eigenvector basis.

5.7.3 Diagonalization of a normal matrix

An n xn normal matrix always has n linearly independent eigenvectors and
is therefore diagonalizable. Furthermore, the eigenvectors can be chosen
to be orthonormal. In this case the similarity matrix is unitary, because

a unitary matrix is precisely one whose columns are orthonormal vectors
(consider UTU = 1):

(S'S)ij = (SNik(S)kj = SpiSky = (X (x)), = (X)) = 6,



5 MATRICES AND LINEAR ALGEBRA 118

Therefore a normal matrix can be diagonalized by a unitary transforma-

tion:

UTAU = A

where U is a unitary matrix whose columns are the orthonormal eigenvec-

tors of A, and A is a diagonal matrix whose entries are the eigenvalues of
A.

In particular, this result applies to the important cases of real symmetric

and, more generally, Hermitian matrices.
Example . ... ... . . .

> Diagonalize the Hermitian matrix

0 10
-1 0 0
0 01

Using the previously obtained eigenvalues and eigenvectors,

1/v/2 —i/v2 0l |0 i 0] |1/vV/2 1/v/2 0 -1 00
1/v/2 i/v/2 of |-i 0 0] |i/v2 —i/¥V2 0| =]0 10
0 0 1/]0 01 0 0 1 0 01

5.7.4 Orthogonal and unitary transformations

The transformation matrix between two bases {e;} and {e!} has compo-
nents R;; defined by

—_— l ..
e; = &Ry

The condition for the first basis {e;} to be orthonormal is

T — S,
e;ej = 0jj
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CRBIC T
Ri;Rijele] = 6
(In going from the second to the third line, note Ry; is a number, so

R!. = R;..) If the second basis is also orthonormal, then e/'e/ = &;; and

the condition becomes
Ry Rij = 0y
RIR =1

Therefore the transformation between orthonormal bases is described by

a unitary matrix.

In a real vector space, an orthogonal matrix performs this task. In R? or

R3 an orthogonal matrix corresponds to a rotation and/or reflection.

A real symmetric matrix is normal and has real eigenvalues and real orthog-
onal eigenvectors. Therefore a real symmetric matrix can be diagonalized

by a real orthogonal transformation.

Note that this is not generally true of real antisymmetric or orthogonal
matrices because their eigenvalues and eigenvectors are not generally real.
They can, however, be diagonalized by complex unitary transformations.

5.7.5 Uses of diagonalization

Certain operations on (diagonalizable) matrices are more easily carried

out using the representation
STIAS = A or A =SAS™H
Examples:
A™ = (SAS™") (SAS™!) -+ (SAS™) = SA™"'S™!

det(A) = det (SAS™") = det(S) det(A) det(S™") = det(A)
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tr(A) = tr (SAS™') = tr (AS™'S) = tr(A)
tr(A™) = tr (SA"S™!) = tr (N"S7'S) = tr(A")
Here we use the properties of the determinant and trace:
det(AB) = det(A) det(B)
tr(AB) = (AB);; = A;;B;; = Bj;Ai; = (BA),; = tr(BA)

Note that diagonal matrices are multiplied very easily (i.e. component-
wise). Also the determinant and trace of a diagonal matrix are just the

product and sum, respectively, of its elements. Therefore

det(A) = H A
=1

tI‘(A) = i )\2
1=1

In fact these two statements are true for all matrices (whether or not they
are diagonalizable), as follows from the product and sum of roots in the

characteristic equation

det(A — A1) = det(A) + - + tr(A)(=A)""' + (=\)" =0

5.8 Quadratic and Hermitian forms

5.8.1 Quadratic form

The quadratic form associated with a real symmetric matrix A is
Q(x) = x"Ax = xiAijr; = A,

() is a homogeneous quadratic function of (z1,z9,...,x,), i.e. Q(ax) =

a?Q(x). In fact, any homogeneous quadratic function is the quadratic
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form of a symmetric matrix, e.g.

o 5 2 2| |x
Q =2x" +4xy + 5y” = [ZC y} [2 5] [y]

The zy term is split equally between the off-diagonal matrix elements.

A can be diagonalized by a real orthogonal transformation:
S'TAS=A  with S'=5"

The vector x transforms according to x = Sx/, so
Q = x"Ax = (XTST)(SAST)(SX) = XTAX

The quadratic form is therefore reduced to a sum of squares,

Q= z”: )\z‘iUf
i=1

Example . .. ... .. . .

> Diagonalize the quadratic form ) = 2x* + 4xy + 5y

Q= [x y] E i] [j = xTAx

The eigenvalues of A are 1 and 6 and the corresponding normalized eigen-

vectors are

all ik

(calculation omitted). The diagonalization of A is STAS = A with

2/vV/5 1/V5 A |10
~1/v5 2/V5|’ 106

Therefore

Q=2"+6y? = [ (2:U—y)r+6[ (:U—|—2y)r

Sl
Sl
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The eigenvectors of A define the principal axes of the quadratic form. In
diagonalizing A by transforming to its eigenvector basis, we are rotating

the coordinates to reduce the quadratic form to its simplest form.

A positive definite matrix is one for which all the eigenvalues are positive
(A > 0). Similarly:

e negative definite means \ < (
e positive (negative) semi-definite means A > 0 (A < 0)

e definite means positive definite or negative definite

In the above example, the diagonalization shows that Q(x) > 0 for all

x # 0, and we say that the quadratic form is positive definite.

5.8.2 Quadratic surfaces

The quadratic surfaces (or quadrics) associated with a real quadratic form

in three dimensions are the family of surfaces
Q)(x) = k = constant

In the eigenvector basis this equation simplifies to
M+ Aoz + gz =k

The equivalent equation in two dimensions is related to the standard form

for a conic section, i.e. an ellipse (if A;A2 > 0)
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The semi-axes (distances of the curve from the origin along the principal

axes) are a = \/|k/ M| and b = \/|k/ .

Notes:

e the scale of the ellipse (e.g.) is determined by the constant &
e the shape of the ellipse is determined by the eigenvalues

e the orientation of the ellipse is determined by the eigenvectors

In three dimensions, the quadratic surfaces are ellipsoids (if the eigenval-

ues all have the same sign) of standard form

2 2 12
x Y z
2tttz
a C

or hyperboloids (if the eigenvalues differ in sign) of standard form

The quadrics of a definite quadratic form are therefore ellipsoids.
Some special cases:

e if \{ = Ay = A3 we have a sphere
e if (e.g.) A1 = A2 we have a surface of revolution about the z’-axis

o if (e.g.) A3 = 0 we have the translation of a conic section along the
2'-axis (an elliptic or hyperbolic cylinder)

Conic sections and quadric surfaces

n
[\v]

ellipse . g—j =1 hyperbola

a?

Dml )
|
@l@
I
—
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/™ ‘\\

ot

ellipsoid hyperboloid of one sheet
2 2
Zigeg- £ig 2=
hyperboloid of two sheets 2—; + ‘g—j — i—; =—1

Example:

Let V(7) be a potential with a stationary point at the origin » = 0. Then

its Taylor expansion has the form
V(T) = V(O) + V;jx,-xj + 0(2133)

where

1 0*V
2 (9%833]

Vi =
r=0

The equipotential surfaces near the origin are therefore given approxi-
mately by the quadrics Vj;z;x; = constant. These are ellipsoids or hy-
perboloids with principal axes given by the eigenvectors of the symmetric

matrix V;;.
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5.8.3 Hermitian form

In a complex vector space, the Hermitian form associated with an Hermi-

tian matrix A is
H(x) = x'Ax = 2} Aj;x;

H is a real scalar because
H* = (xX'Ax)" = x'Alx = x'Ax = H

We have seen that A can be diagonalized by a unitary transformation:
UAU=A  with UT=U"

and so

H = xI(UAUT)x = (UTx)TA(UTx) = XTAX = \ifaf]”

=1
5.9 Stationary property of the eigenvalues

The Rayleigh quotient associated with an Hermitian matrix A is the nor-

malized Hermitian form

TA
Ax) = xTAx

xx
Notes:

e \(x) is a real scalar
e \ax) = A(x)

e if x is an eigenvector of A, then A(x) is the corresponding eigenvalue

In fact, the eigenvalues of A are the stationary values of the function A(x).

This is the Rayleigh—Ritz variational principle.
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Proof:

O\ =

A(x 4 0x) — A(x)
(x 4+ 0x)TA(x + 6x)

a (x+ 0x)T(x + 0x) A)

xTAX + (0x)TAx 4+ xTA(6x) + O(6x3)

xTx + (6x)Tx + xT(6x) + O(6x?) — A(x)

(6%)TAX 4+ xTA(6x) — A(X)[(6%)Tx + xT(6x)] + O(5x?)

xIx + (6x)Tx + xT(dx) + O(6x?)
(6%)T[Ax — A(x)x] + [xTA — A(x)xT](6%)

+ O(6x%)

xTx

(6%)T[AX — A(x)x]

2
i + c.c. + O(6x%)

where ‘c.c.” denotes the complex conjugate. Therefore the first-order

variation

of A(x) vanishes for all perturbations dx if and only if Ax =

A(x)x. In that case x is an eigenvector of A, and the value of A(x) is the

corresponding eigenvalue.
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6 Elementary analysis

6.1 Motivation

Analysis is the careful study of infinite processes such as limits, conver-
gence, continuity, differential and integral calculus, and is one of the foun-
dations of mathematics. This section covers some of the basic concepts
including the important problem of the convergence of infinite series. It
also introduces the remarkable properties of analytic functions of a com-

plex variable.

6.2 Sequences
6.2.1 Limits of sequences

We first consider a sequence of real or complex numbers f,,, defined for

all integers n > ng. Possible behaviours as n increases are:

e f, tends towards a particular value
e f, does not tend to any value but remains limited in magnitude

e f, is unlimited in magnitude

Definition 1. The sequence f, converges to the limit L as n — oo if,

for any positive number €, |f, — L| < € for sufficiently large n.

In other words the members of the sequence are eventually contained

within an arbitrarily small disk centred on L. \We write this as

lim f, = L or fo— L asn— oo

n—oo

Note that L here is a finite number.

To say that a property holds for sufficiently large n means that there exists

an integer N such that the property is true for all n > N.
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Example:
lim n ¢ =0 for any a > 0
n—0o0
Proof:
In™®—0] <e  holds forall  n>e /e

If f,, does not tend to a limit it may nevertheless be bounded.

Definition 2. The sequence f,, is bounded as n — oo if there exists a

positive number K such that | f,| < K for sufficiently large n.
Example:

n+1Y\ . _
(—) e is bounded as n — oo for any real number «
n

Proof:

‘(TL—F 1) ina
(&
n

6.2.2 Cauchy’s principle of convergence

1
:TH_ <2 foralln=>2
n

A necessary and sufficient condition for the sequence f, to converge is
that, for any positive number €, |f,. . — fn| < € for all positive integers
m, for sufficiently large n. Note that this condition does not require a

knowledge of the value of the limit L.
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6.3 Convergence of series
6.3.1 Meaning of convergence

What is the meaning of an infinite series such as
(0.0}
> un
n=no

involving the addition of an infinite number of terms?

We define the partial sum

The infinite series ) _ u,, is said to converge if the sequence of partial sums
Sy tends to a limit S as N — oo. The value of the series is then S.

Otherwise the series diverges.

Note that whether a series converges or diverges does not depend on the
value of ng (i.e. on when the series begins) but only on the behaviour of

the terms for large n.

According to Cauchy's principle of convergence, a necessary and sufficient

condition for > u, to converge is that, for any positive number e,
‘SN—Q—m - SN| = ‘UN—H +Uunqo + -+ UN—i—m‘ <€

for all positive integers m, for sufficiently large V.

6.3.2 Classic examples

The geometric series > 2" has the partial sum

1—ZN+1

N . —, 2#1
>
n=0 N+1, z=1
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Therefore > 2" converges if |z| < 1, and the sumis 1/(1 —2z). If |z| > 1

the series diverges.

The harmonic series " n~! diverges. Consider the partial sum

N+1 dr

N
1
n=1

Therefore Sy increases without bound and does not tend to a limit as

N — 0.

6.3.3 Absolute and conditional convergence

If > |un| converges, then > u, also converges. > u, is said to converge

absolutely.

If > |u,| diverges, then > w, may or may not converge. If it does, it is

said to converge conditionally.

[Proof of the first statement above: If > |u,| converges then, for any

positive number e,
[una| + |unpa| + -+ Junim| <e
for all positive integers m, for sufficiently large N. But then

lun1 +unso + - Funem| < luvet| + luvse| + o+ | un ]

<€

and so > u,, also converges.]



6 ELEMENTARY ANALYSIS 131

6.3.4 Necessary condition for convergence

A necessary condition for Y u, to converge is that u, — 0 as n — oo.

Formally, this can be shown by noting that
Up = Sp — Sp_1

If the series converges then
limsS,, =limS,,_1 =95

and therefore lim u,, = 0.

This condition is not sufficient for convergence, as exemplified by the

harmonic series.

6.3.5 The comparison test

This refers to series of non-negative real numbers. We write these as
|u,,| because the comparison test is most often applied in assessing the

absolute convergence of a series of real or complex numbers.

If > |v,| converges and
lu,| < |v,|  foralln

then > |u,| also converges. This follows from the fact that

N N
Z |un| < Z |vn]

n=ngo n=ngo

and each partial sum is a non-decreasing sequence, which must either

tend to a limit or increase without bound.

More generally, if > |v,| converges and
|un| < K|v,|

for sufficiently large n, where K is a constant, then > |u,,| also converges.
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Conversely, if > |v,| diverges and
|un| = K|vy|

for sufficiently large n, where K is a positive constant, then > |u,| also

diverges.

In particular, if > |v,| converges (diverges) and
|un|/|va|  tends to a non-zero limit as n — oo

then > |u,| also converges (diverges).

6.3.6 D’Alembert’s ratio test

This uses a comparison between a given series > u, of complex terms

and a geometric series >_ v, = >_r", where r > 0.

The absolute ratio of successive terms is

Unp+1
Up

Tn:

Suppose that r, tends to a limit 7 as n — oo. Then

e if r <1, ) w, converges absolutely
o if r >1, > wu, diverges (u, does not tend to zero)

e if r =1, a different test is required

Even if ,, does not tend to a limit, if r,, < r for sufficiently large n, where

r < 1is a constant, then > u,, converges absolutely.

Example: for the harmonic series n1

n
n+1

r, = —1 asn— o0

A different test is required, such as the integral comparison test used

above.
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The ratio test is useless for series in which some of the terms are zero.
However, it can easily be adapted by relabelling the series to remove the

vanishing terms.

6.3.7 Cauchy’s root test

The same conclusions as for the ratio test apply when instead
1/n
Ty = ‘un‘ /n

This result also follows from a comparison with a geometric series. It is

more powerful than the ratio test but usually harder to apply.

6.4 Functions of a continuous variable
6.4.1 Limits and continuity

We now consider how a real or complex function f(z) of a real or complex

variable z behaves near a point z.

Definition 3. The function f(z) tends to the limit L as z — 2y if, for
any positive number €, there exists a positive number 0, depending on
€, such that |f(z) — L| < € for all z such that |z — 2| < 9.

We write this as

lim f(z) =L or f(z) > L asz— 2

Z—20

The value of L would normally be f(zp). However, cases such as

sin z

lim =1
z—0 Z

must be expressed as limits because sin0/0 = 0/0 is indeterminate.

Definition 4. The function f(z) is continuous at the point z = zy if

f(z) = f(20) as z — zo.
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Definition 5. The function f(z) is bounded as z — zy if there ex-
ist positive numbers K and 6 such that |f(2)| < K for all z with
|z — 2] < 9.

Definition 6. The function f(z) tends to the limit L as z — oo if,
for any positive number €, there exists a positive number R, depending
on €, such that |f(z) — L| < € for all z with |z| > R.

We write this as

lim f(z) =L or f(z) =L asz— o0

Z—00

Definition 7. The function f(z) is bounded as z — oo if there exist
positive numbers K and R such that |f(z)| < K for all z with |z| > R.

There are different ways in which z can approach zy or oo, especially in the
complex plane. Sometimes the limit or bound applies only if approached

in a particular way.

For example, consider tanh(z) as |z| — oo

lim tanhz =1, lim tanhz = —1
Z—r+00 Z—r—00

This notation implies that z is approaching positive or negative real infinity
along the real axis. But if z approaches infinity along the imaginary axis,

i.e. 2 — Zioo, the limit of tanh is not even defined.

In the context of real variables x — oo usually means specifically z —
+00. A related notation for one-sided limits is exemplified by

i P00, 20

=1
z—0t || =0~ ||
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6.4.2 The O notation

The useful symbols O, 0 and ~ are used to compare the rates of growth

or decay of different functions.

e f(2) =0(g(z)) as z — zy means that

M is bounded as z — 2
9(2)

e f(z) =o0(g(2)) as z = zy means that
f(z) —0 asz— 2
9(2)

o f(2) ~g(z) as z — zy means that
f(2) —1 asz— 2z
9(2)

If f(2) ~ g(z) we say that f is asymptotically equal to g. This should
not be written as f(z) — ¢g(2).
Notes:

e these definitions also apply when zy = oo
e f(z) = 0O(1) means that f(z) is bounded
o either f(2) = o(g(2)) or f(z) ~ g(z) implies f(z) = O(g(z))

e only f(z) ~ g(z) is a symmetric relation

Examples:

Acosz=0(1) asz—0
Asinz=0(z) =0(1) asz—0
Inz =o(x) asz — 400

1 X
coshxwae as r — +0oo



6 ELEMENTARY ANALYSIS 136

6.5 Taylor’s theorem for functions of a real vari-

able

Let f(z) be a (real or complex) function of a real variable z, which is

differentiable at least n times in the interval 2o < x < 2o+ h. Then

2
f(x() + h) :f(l'()> + hf/(l'()) + %f//(:BO) 4+ ...

hn—l
. (n—1) R
i (n—l)!f (20) +
where
To+h (1.0 +h— x)n—l
— ") () d

is the remainder after n terms of the Taylor series.
[Proof: integrate R,, by parts n times.]
The remainder term can be expressed in various ways. Lagrange's expres-
sion for the remainder is
n
_ W

ol

R, (€)

where £ is an unknown number in the interval o < & < zg+ h. So
R, = O(h")

If f(x) is infinitely differentiable in zp < = < x9 + h (it is a smooth

function) we can write an infinite Taylor series

flzo+h) = Z %f(m(%)
n=0

which converges for sufficiently small h (as discussed below).
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6.6 Analytic functions of a complex variable
6.6.1 Complex differentiability

Definition 8. The derivative of the function f(z) at the point z = z,

(&)

f/<ZO> — lim f(Z) _ f(ZO)

220 Z— 20

If this exists, the function f(z) is differentiable at z = 2.

Another way to write this is

4 '(2) = lim fz+02) = f(2)

dz 520 0z

Requiring a function of a complex variable to be differentiable is a sur-
prisingly strong constraint. The limit must be the same when 6z — 0 in

any direction in the complex plane.

6.6.2 The Cauchy—Riemann equations

Separate f = u +iv and z = x + iy into their real and imaginary parts:

f(2) = u(z,y) +iv(z,y)

If f/(z) exists we can calculate it by assuming that dz = dz + idy ap-

proaches 0 along the real axis, so dy = O:

. flz+0z) — f(2)
e\
fz) = lim 5
— lim uw(z + 0z, y) +iv(z + dz,y) — u(z,y) —iv(z,y)
o d0x—0 (51’
i MEtmy) —ulry) L v+ e y) - v(ey)
dx—0 (556 dx—0 (5.%

8u+,8v
= — 1 —
ox ox
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The derivative should have the same value if 0z approaches 0 along the

imaginary axis, so dx = 0:

fz+1dy) — f(2)

/ . .
fz) = fim, Doy
_u(w,y +oy) +iv(z,y + oy) — u(z,y) —iv(z,y)
= lim -
oy—0 1(53/
5y—0 oy S5y—0 0y
Ou N ov
_ a9
dy 0Oy

Comparing the real and imaginary parts of these expressions, we deduce

the Cauchy—Riemann equations

ou B ov v ou

dr  dy  dr Oy

These are necessary conditions for f(z) to have a complex derivative.
They are also sufficient conditions, provided that the partial derivatives

are also continuous.

6.6.3 Analytic functions

If a function f(z) has a complex derivative at every point z in a region R
of the complex plane, it is said to be analytic in R. To be analytic at a
point z = 2y, f(2) must be differentiable throughout some neighbourhood
|z — 20| < € of that point.

Examples of functions that are analytic in the whole complex plane (known

as entire functions):

e f(z) =c, a complex constant

e f(z) = z, for which u = x and v = ¥y, and we easily verify the CR

equations

e f(z) = z", where n is a positive integer
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o f(2) = P(2) = 2" + ¢y 12" 1+ -+ + ¢y, a general polynomial

function with complex coefficients

o f(z) = exp(2)

In the case of the exponential function we have
f(z) =e¢* =e"e? =e"cosy +ie"siny = u + iv

The CR equations are satisfied for all z and y:

ou ov

— =e’cosy = —

O Y7 oy

ov _ ou

— =e'siny = ——

Ox Y 0y

The derivative of the exponential function is
0 0 /

f'(z) = 8_Z +i(9—:: =e"cosy +ie’siny = ¢

as expected.
Sums, products and compositions of analytic functions are also analytic,

e.g.
f(2) = zexp(iz?) + 2°

The usual product, quotient and chain rules apply to complex derivatives

of analytic functions. Familiar relations such as

d d . d :
—22"=nz""", —sinz = cos 2, — cosh z = sinh 2
dz dz dz

apply as usual.
Many complex functions are analytic everywhere in the complex plane ex-
cept at isolated points, which are called the singular points or singularities

of the function.
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Examples:

o f(z) = P(2)/Q(z), where P(z) and Q(z) are polynomials. This is
called a rational function and is analytic except at points where Q(z) =
0.

e f(z) = 2z where c is a complex constant, is analytic except at z = 0

(unless ¢ is a non-negative integer)

e f(z) =Inz is also analytic except at z =0

The last two examples are in fact multiple-valued functions, which require

special treatment (see next term).
Examples of non-analytic functions:

e f(z) = Re(z), for which u = x and v = 0, so the CR equations are

not satisfied anywhere
e f(z)=z* for whichu=x and v = —y

, for which u = (2% 4+ 4*)"/? and v = 0

o f(2) =1z
o flz) =1z

In the last case the CR equations are satisfied only at + = y = 0 and

2 for which u = 902—|—y2 and v =0

we can say that f/(0) = 0. However, f(z) is not analytic even at z = 0
because it is not differentiable throughout any neighbourhood |z| < € of
0.

6.6.4 Consequences of the Cauchy—Riemann equations

If we know the real part of an analytic function in some region, we can find
its imaginary part (or vice versa) up to an additive constant by integrating

the CR equations.

Example:

u(z,y) =2 —y°
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ov  Ou

9 0% r = v=2xy+g(x)

ov ou

P — 2 / e 2 ! e
o o y+4d(@x) =2y = ¢(x)=0

Therefore v(x,y) = 2xy + ¢, where ¢ is a real constant, and we recognize
f2) =2 — P +i(2zy+¢) = (z +1y)’ +ic = 22 +ic

The real and imaginary parts of an analytic function satisfy Laplace's

equation (they are harmonic functions):
Pu G _ 0 (), 0 (o
ox?  Oy?  Ox \Ox Oy \ dy
o (o, 0 o
- 0z \ Oy Jy Ox
=0

The proof that V?v = 0 is similar. This provides a useful method for

solving Laplace's equation in two dimensions. Furthermore,

oudv Oudv

VU- VU = %% + a—ya—y
_voeouvdw
 Oydxr Oz 0y

and so the curves of constant u and those of constant v intersect at right

angles. u and v are said to be conjugate harmonic functions.

6.7 Taylor series for analytic functions

If a function of a complex variable is analytic in a region R of the complex
plane, not only is it differentiable everywhere in R, it is also differentiable

any number of times. If f(z) is analytic at z = zy, it has an infinite Taylor
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series
_ - n o f(n)(zo)
f(z) = ,,?0 an(z — 29)", ay, = -

which converges within some neighbourhood of z; (as discussed below).

In fact this can be taken as a definition of analyticity.

6.8 Zeros, poles and essential singularities
6.8.1 Zeros of complex functions

The zeros of f(z) are the points z = 2 in the complex plane where
f(z0) = 0. A zero is of order N if

f(z0) = f(z0) = f"(z0) = -+ = fN D(z) =0  but fPN(z)#0

The first non-zero term in the Taylor series of f(z) about z = z; is then

proportional to (z — 2p)"V. Indeed

f(2) ~an(z — 2)V as  z — 2o

A simple zero is a zero of order 1. A double zero is one of order 2, etc.
Examples:

e f(z) = z has a simple zero at z = 0
e f(2) = (2 —1i)? has a double zero at z =i

o f(2)=22—1=(2—1)(2+ 1) has simple zeros at z = +1
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Example ... ... .

> Find and classify the zeros of f(z) = sinh z.

1
0 =sinhz = §(€Z —e7)

eZ — e—Z

e =1

22 = 2nmi

2z = nmi, n e 7

f'(2) = cosh z = cos(nw) # 0 at these points

= all simple zeros

6.8.2 Poles

Suppose g(z) is analytic and non-zero at z = 2. Consider the function

f(z) = (2 = 2) " g(2)

Obviously, f(z) is not analytic at z = z;. We say that f(z) has a pole of
order N. Note that

f(2) ~ g(z0)(z — 20) Y as 2z — 2.

A simple pole is a pole of order 1. A double pole is one of order 2, etc.
The behaviour of f(z) near z = z; can be explored through an expansion
of the following type. Because g(z) is analytic

00

g(z) = Z by(z — z0)" with by # 0

n=0
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Then

f(2)=(z=20)Ng(z) = )Y aulz—z0)"

n=—N
with a,, = b, n and so a_y # 0. This is not a Taylor series because it
includes negative powers of z — zj, and f(z) is not analytic at z = 2.
Notes:

e if f(2) has a zero of order N at z = 2, then 1/f(z) has a pole of

order N there, and vice versa

e if f(z) is analytic and non-zero at z = z; and ¢(z) has a zero of order
N there, then f(z)/g(z) has a pole of order N there

Example:
2z
1&) = ey
has a simple pole at z = —1 and a double pole at z = i (as well as

a simple zero at z = 0). The expansion about the double pole can be

carried out by letting z =i+ w and expanding in w:

2(1+w)

(i+w+ w?
2i(1 — iw)
i+1) 14501 —iw] w?

2i

- A [1- J - du+0w?)

fz) =

— (i) [1 St 0(w2)]

=(1+i)(z—1) 2 —i(z—1)"+O(1) as z—i
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6.8.3 Laurent series

It can be shown that any function that is analytic (and single-valued)
throughout an annulus a < |z — 25| < b centred on a point z = 2, has a
unique Laurent series

(0.9]

f(z) = Z an(z — 2)"

n=—00
which converges for all values of z within the annulus.

If @ = 0, then f(2) is analytic throughout the disk |z — 25| < b except
possibly at z = zj itself, and the Laurent series determines the behaviour
of f(2) near z = zy. There are three possibilities:

e if the first non-zero term in the Laurent series has n > 0, then f(z) is

analytic at z = z; and the series is just a Taylor series

e if the first non-zero term in the Laurent series has n = —N < 0, then

f(z) has a pole of order N at z = z

e otherwise, if the Laurent series involves an infinite number of terms

with n < 0, then f(z) has an essential singularity at z = 2

A classic example of an essential singularity is f(z) = el/% at z = 0. Here

we can generate the Laurent series from a Taylor series in 1/z:

V4 - 1 1 ! 0 1 n
o :ZH(E) =2 o

n=0 n=—o0

The behaviour of a function near an essential singularity is remarkably
complicated. Picard’s theorem states that, in any neighbourhood of an es-
sential singularity, the function takes all possible complex values (possibly
with one exception) at infinitely many points. (In the case of f(z) = e!/?,

the exceptional value 0 is never attained.)
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6.8.4 Behaviour at infinity

We can examine the behaviour of a function f(z) as z — oo by defining
a new variable ( = 1/z and a new function ¢g(¢) = f(z). Then z = ¢
maps to a single point ( = 0, the point at infinity.

If g(¢) has a zero, pole or essential singularity at ¢ = 0, then we can say

that f(z) has the corresponding property at z = oo.

Examples:
filz) =& =e" = g1(0)

has an essential singularity at z = oc.
fa(z) = 22 =1/ = g2(¢)

has a double pole at z = 0.
f3(z) = e'* = = g3(¢)

is analytic at z = oc.

6.9 Convergence of power series
6.9.1 Circle of convergence

If the power series

f(z) = Z an(z — 29)"

converges for z = 21, then the series converges absolutely for all z such
that |z — 2o| < |21 — 20].

[Proof: The necessary condition for convergence,

lim a,(z1 — 29)" =0
n—0o0
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implies that
lan (21 — 20)"| < €
for sufficiently large n, for any € > 0. Therefore
la,(z — 20)"| < er”
for sufficiently large n, with

r=|(z—z2)/(z1 —2) <1

By comparison with the geometric series > 7", > |a, (2—20)" | converges.]
It follows that, if the power series diverges for z = 25, then it diverges for
all z such that |z — 29| > |22 — 20].

Therefore there must exist a real, non-negative number R such that the
series converges for |z — 2| < R and diverges for |z — 2| > R. Ris
called the radius of convergence and may be zero (exceptionally), positive

or infinite.

|z — 29| = R is the circle of convergence. The series converges inside it

and diverges outside. On the circle, it may either converge or diverge.

6.9.2 Determination of the radius of convergence

The absolute ratio of successive terms in a power series is

An+1
an

Tn = 2 — 20

Suppose that |a,+1/a,| — L as n — oo. Then r, — r = L|z — 2.
According to the ratio test, the series converges for L|z — zp| < 1 and

diverges for L|z — zy| > 1. The radius of convergence is R = 1/L.

The same result, R = 1/L, follows from Cauchy’s root test if instead

la,|"/™ — L as n — oo.
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The radius of convergence of the Taylor series of a function f(z) about
the point z = z; is equal to the distance of the nearest singular point
of the function f(z) from zj. Since a convergent power series defines an

analytic function, no singularity can lie inside the circle of convergence.

6.9.3 Examples

The following examples are generated from familiar Taylor series.

Here |a,11/a,] = n/(n+1) — 1 asn — oo, so R = 1. The series
converges for |z| < 1 and diverges for |z| > 1. (In fact, on the circle
|z| = 1, the series converges except at the point z = 1.) The function

has a singularity at z = 1 that limits the radius of convergence.

; 23 n A . - 1 ( 2>n
arctanz =z — —+ — — —+ - =2 —z
3 5 7 2n+1
n=0
Thought of as a power series in (—2z%), this has |a,1/a,] = (2n +

1)/(2n +3) — 1 as n — oo. Therefore R = 1 in terms of (—2?%). But
since | — 22| = 1 is equivalent to |z| = 1, the series converges for |z| < 1

and diverges for |z| > 1.

2 3 X n

zZ zZ ya
21 s = ~
e trt S gn!

Here |a,.1/a,| = 1/(n+1) — 0 as n — oo, so R = oo. The series

converges for all z; this is an entire function.
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7 Ordinary differential equations

7.1 Motivation

Very many scientific problems are described by differential equations. Even
if these are partial differential equations, they can often be reduced to
ordinary differential equations (ODEs), e.g. by the method of separation

of variables.

The ODEs encountered most frequently are linear and of either first or
second order. In particular, second-order equations describe oscillatory

phenomena.

Part IA dealt with first-order ODEs and also with linear second-order ODEs

with constant coefficients. Here we deal with general linear second-order
ODEs.

The general linear inhomogeneous first-order ODE

y (@) +p(@)y(z) = f(z)

can be solved using the integrating factor

g= eXp/p(fE) da

to obtain the general solution

1
yz—/gfdx
g

Provided that the integrals can be evaluated, the problem is completely
solved. An equivalent method does not exist for second-order ODEs, but

an extensive theory can still be developed.

7.2 Classification

The general second-order ODE is an equation of the form

Fi" v, y,x2)=0
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for an unknown function y(z), where 3y = dy/dxz and " = d?y/dz?.

The general linear second-order ODE has the form
Ly=f

where L is a linear operator such that
Ly =ay" + by + cy

where a, b, ¢, f are functions of .

The equation is homogeneous (unforced) if f = 0, otherwise it is inho-

mogeneous (forced).

The principle of superposition applies to linear ODEs as to all linear equa-

tions.

Although the solution may be of interest only for real z, it is often infor-

mative to analyse the solution in the complex domain.

7.3 Homogeneous linear second-order ODEs
7.3.1 Linearly independent solutions

Divide through by the coefficient of 3" to obtain a standard form

y" () + p(x)y' () + q(x)y(z) =0

Suppose that yi(x) and yo(x) are two solutions of this equation. They

are linearly independent if
Ayy(x) + Bys(z) =0 (for all x) implies A=B =0

i.e. if one is not simply a constant multiple of the other.

If y1(x) and yo(x) are linearly independent solutions, then the general
solution of the ODE is

y(x) = Ayi(x) + Bya(x)
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where A and B are arbitrary constants. There are two arbitrary constants

because the equation is of second order.

7.3.2 The Wronskian

The Wronskian W (x) of two solutions y;(x) and y»(x) of a second-order
ODE is the determinant of the Wronskian matrix:

Y1 Yo

YL Yo

Wiy, y2) = = Y1y — Yo

Suppose that Ay;(z) + Bya(x) = 0 in some interval of x. Then also
Ayy(z) + Byh(z) = 0, and so

y1 Y| |A 0
Y1 Y 0

B
If this is satisfied for non-trivial A, B then W = 0 (in that interval of x).

Therefore the solutions are linearly independent if W' £ 0.

7.3.3 Calculation of the Wronskian

Consider
W' = y1ys — yay|
= y1(—=pys — qy2) — y2(—pi — a)
= —pW
since both y; and 1 solve the ODE. This first-order ODE for W has the

solution

-

This expression involves an indefinite integral and could be written as

W(z) = exp [— [ v df]
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Notes:

e the indefinite integral involves an arbitrary additive constant, so W

involves an arbitrary multiplicative constant
e apart from that, W is the same for any two solutions y; and -
e W is therefore an intrinsic property of the ODE

e if W =£ 0 for one value of x (and p is integrable) then W £ 0 for all

x, so linear independence need be checked at only one value of z

7.3.4 Finding a second solution

Suppose that one solution y;(x) is known. Then a second solution ys(x)

can be found as follows.

First find W as described above. The definition of W then provides a

first-order linear ODE for the unknown s:

Z/lyé - yQ?Ji =W

v oy W

T T

d (42 _K
dz N
y2—y1/—dl’

Again, this result involves an indefinite integral and could be written as

e
yo(2) = 11 (1) / e
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Notes:

e the indefinite integral involves an arbitrary additive constant, since any

amount of y; can be added to y»

e IV involves an arbitrary multiplicative constant, since y, can be multi-

plied by any constant

e this expression for g, therefore provides the general solution of the ODE
Example . .. ... . . .
> Given that y = x" is a solution of x*y" — (2n — 1)xy’ + n*y = 0, find

the general solution. Standard form

on — 1 n?
- () () o
T T
Wronskian

W = exp (—/pdx> :exp/ (2”;1> dz

= exp [(2n — 1) Inz + constant]

— A.CC2n_1

Second solution

%4
Y2 :y1/—2dx =" (/Ax_ldx>
Y
= Az"Inxz + Bx"

The same result can be obtained by writing ys(x) = y;(z)u(x) and ob-
taining a first-order linear ODE for /. This method applies to higher-order
linear ODEs and is reminiscent of the factorization of polynomial equa-

tions.
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7.4 Series solutions
7.4.1 Ordinary and singular points

We consider a homogeneous linear second-order ODE in standard form:
y'(@) + p(x)y'(z) + q(x)y(z) =0

A point x = xg is an ordinary point of the ODE if:
p(z) and g(x) are both analytic at z = x

Otherwise it is a singular point.

A singular point x = xg is regular if:

(z — zo)p(z) and (z — x¢)?*q(x) are both analytic at = = =
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Example ... ... .

> Identify the singular points of Legendre’s equation
(1 —ab)y" — 22y + (L + 1)y =0
where ( is a constant, and determine their nature. Divide through by

(1 — 2%) to obtain the standard form with

2 ((l+1)

p(x) = 12 q(z) = 1_ 2

Both p(x) and ¢(z) are analytic for all x except = +1. These are the

singular points. They are both regular:

(o= Dple) = s (o Pt =+ ) (1)

1+2x +x

are both analytic at x = 1, and similarly forx = —1. .................

7.4.2 Series solutions about an ordinary point

Wherever p(z) and ¢(x) are analytic, the ODE has two linearly indepen-
dent solutions that are also analytic. If x = z( is an ordinary point, the

ODE has two linearly independent solutions of the form

00
§ an L _'xO

n=0

The coefficients a,, can be determined by substituting the series into the
ODE and comparing powers of (x — ). The radius of convergence of the
series solutions is the distance to the nearest singular point of the ODE

in the complex plane.
Since p(z) and ¢(x) are analytic at = = x,

o0 o0

p(e) =Y palr—m0)",  q(@) = qu(z — )"

n=0 n=0
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inside some circle centred on z = x(. Let

Y = Z an(x — )"

n=0
y = Z na,(r — )" = Z(n + Dap1(z — x0)"
n=0 n=0
' = Z n(n — Da,(z — x0)" = Z(n +2)(n 4 Dayro(z — x0)"
n=0 n=0

Note the following rule for multiplying power series:

(0. ¢]

B:iAg(x—:co Z m(z — x0)"
(=0

- Z Z An—rBr (ﬂf - xO)n
n=0 Lr=0
Thus
py/ = Z [Z pn—r(r + 1)@,»4_1] (37 - xO)n
n=0 Lr=0

- Z [Z Qnrar] (l’ - xO)n

The coefficient of (x — x¢)" in the ODE y" + py/' + qy = 0 is therefore

r=0 r=0
This is a recurrence relation that determines a,, .o (for n > 0) in terms of
the preceding coefficients ag, a1, ...,a,+1. The first two coefficients a
and a; are not determined: they are the two arbitrary constants in the

general solution.

The above procedure is rarely followed in practice!!
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If p and ¢ are rational functions (i.e. ratios of polynomials) it is a much
better idea to multiply the ODE through by a suitable factor to clear

denominators before substituting in the power series for y, 3/ and 3",
Example . ... ... . .

> Find series solutions about x = 0 of Legendre’s equation
(1—a2®)y" =22y + (L + 1)y =0

x = 0 is an ordinary point, so let

O o0 o0
y = g ax”, Yy = E napx” 1ty = E n(n — 1)a,z" >
n=0 n=0 n=0

Substitute these expressions into the ODE to obtain

Z n(n — 1a,z" * + Z [—n(n—1) —2n+(({+ 1)]az™ =0
n=0 n=0
Rewriting
Z n(n — a,z"? = Z n(n — a,z"*
n=0 n=2

[
K

(n+2)(n+ 1)ay 02"

3
I
=

we can see that the coefficient of 2™ (for n > 0) is
(n+1)(n+2)apio + [—n(n+ 1)+l +1)]a, =0

The recurrence relation is therefore

nn+1)—Ll+1)  (n—=0)n+L+1)
(n+1)(n+2) = (n+1)(n+2)

py2 =

n

ag and a; are the arbitrary constants. The other coefficients follow from

the recurrence relation. ... .. . .

Notes:
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e an even solution is obtained by choosing ap =1 and a; =0
e an odd solution is obtained by choosing ay =0 and a; = 1

e these solutions are obviously linearly independent since one is not a

constant multiple of the other

e since |a,2/a,| — 1 as n — oo, the even and odd series converge for

2% < 1, i.e. for 2] < 1

e the radius of convergence is the distance to the singular points of

Legendre's equation at z = +1

e if /> 0 is an even integer, then a, 5 and all subsequent even coeffi-
cients vanish, so the even solution is a polynomial (terminating power

series) of degree ¢

e if / > 1isan odd integer, then ay. - and all subsequent odd coefficients
vanish, so the odd solution is a polynomial of degree /¢
The polynomial solutions are called Legendre polynomials, P;(x). They

are conventionally normalized (i.e. ag or a; is chosen) such that Py(1) = 1,

e.g.
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7.4.3 Series solutions about a regular singular point

If © = x( is a regular singular point, Fuchs’s theorem guarantees that the

ODE has at least one solution of the form

Y= Zan(l’ — SU(])HJFU, on) 7& 0

n=0

i.e. a Taylor series multiplied by a power (z — x)?, where the index o is

a (generally complex) number to be determined.
Notes:

e this is a Taylor series only if o is a non-negative integer
e there may be one or two solutions of this form (see below)

e the condition ag # 0 is required to define o uniquely

To understand in simple terms why the solutions behave in this way, recall
that

Qz) = (z — z0)’q(2) = ) Qulz — )"

are analytic at the regular singular point x = xy. Near x = x(, the ODE

can be approximated using the leading approximations to p and ¢:

P /
y//+ 0Y + QOy - ~ 0
r—1x9 (x—x)

The exact solutions of this approximate equation are of the form y =

(x — x)?, where o satisfies the indicial equation
olc—1)+ Po+Qy=0

with two (generally complex) roots.
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[If the roots are equal, the solutions are (z—x¢)? and (x—z()? In(x—xy).]
[t is reasonable that the solutions of the full ODE should resemble the

solutions of the approximate ODE near the singular point.

Frobenius’'s method is used to find the series solutions about a regular

singular point. This is best demonstrated by example.
Example . ... ...

> Find series solutions about x = 0 of Bessel's equation

SL‘2y” +a:y’ + (SL‘Q o 1/2)y =0

where v is a constant. x = ( is a regular singular point because p = 1/x
2 2

and ¢ = 1 — v?/2? are singular there but zp = 1 and 2%¢q = 2% — v? are
both analytic there.
Seek a solution of the form
y = Z a7, ap # 0
n=0
Then
y/ _ Z(n + O_)ananrJfl,
n=0
o0
' = Z(n +0)(n+ o —1a,z" 72
n=0
Bessel's equation requires
Z (n+o)n+o—1)+(n+o0)—rv’]a,a" + Z apx" T =0
n=0 n=0
Now compare powers of 2"1:
n=20: [02—V2]a0:0 (1)

n=1: (1+0)*—v*] a1 =0 (2)
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n>=2: (n+0)—v*] a,+ay,2=0 (3)

Since ag # 0 by assumption, equation (1) provides the indicial equation
o> — 12 =0

with roots ¢ = 4wv. Equation (2) then requires that a; = 0 (except
possibly in the case v = i%, but even then a; can be chosen to be 0).
Equation (3) provides the recurrence relation

Up—2

= n(n+ 20)

Since a; = 0, all the odd coefficients vanish. Since |a,/a,_o| — 0 as

n — 00, the radius of convergence of the series is infinite.

For most values of v we therefore obtain two linearly independent solutions

(choosing ag = 1):

po=a [1_ 4(136;) +32(1-|—f;(2—l—1/) +]
= [1_ 4(1xi V) +32(1—f;(2—u) +]

However, if v = 0 there is clearly only one solution of this form. Further-
more, if v is a non-zero integer one of the recurrence relations will fail
at some point and the corresponding series is invalid. In these cases the

second solution is of a different form (see below). ....................
A general analysis shows that:

e [f the roots of the indicial equation are equal, there is only one solution
of the form > a,(z — xo)"™7

e if the roots differ by an integer, there is generally only one solution
of this form because the recurrence relation for the smaller value of

Re(o) will usually (but not always) fail

e otherwise, there are two solutions of the form " a,(z — x¢)"*°
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e the radius of convergence of the series is the distance from the point

of expansion to the nearest singular point of the ODE

If the roots o1, 09 of the indicial equation are equal or differ by an integer,

one solution is of the form

Yy = Z an(x — x0)" 7, Re(o1) = Re(o2)
n=0

and the other is of the form

o0
Yo = Z bo(z — 20)" 7 + cy; In(x — x0)
n=0

The coefficients b, and ¢ can be determined (with some difficulty) by
substituting this form into the ODE and comparing coefficients of (z—x)"
and (z — )" In(z — x¢). In exceptional cases ¢ may vanish.

Alternatively, y» can be found (also with some difficulty) using the Wron-

skian method (section 7.3.4).

Example: Bessel's equation of order v = 0:

.5U2 .CC4
T
9 L e
| +x2 3x4+
) n:l; RS — o o 0
2701 4 128

Example: Bessel's equation of order v = 1:

.1‘3 $5
A ST R
| 2+3x3Jr
= nr — — _—
Y2 =1 . 32

These examples illustrate a feature that is commonly encountered in sci-
entific applications: one solution is regular (i.e. analytic) and the other is
singular. Usually only the regular solution is an acceptable solution of the

scientific problem.
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7.4.4 Irregular singular points

If either (z — x¢)p(z) or (z—x¢)q(x) is not analytic at the point x = ,
it is an irregular singular point of the ODE. The solutions can have worse

kinds of singular behaviour there.

Example: the equation x*y” 4222y —y = 0 has an irregular singular point

at x = 0. Its solutions are exp(£z 1), both of which have an essential
singularity at =z = 0.

In fact this example is just the familiar equation d*y/dz? = y with the
substitution z = 1/z. Even this simple ODE has an irregular singular

point at z = 00.



