Michaelmas Term 2008, Mathematical Tripos Part I1I Hugh Osborn

Symmetry and Particle Physics, 4

1. The generators of the Lie algebra of SU(3) are E;+ fori = 1,2,3 and Hy, Hy where [Hy, Hy] = 0,
[Ery,Eoy] = B3y, [E1y,F3,] = [Eay,F3.] = 0 and E;_ = E;,'. E;y, H; obey, for each i, the
SU(2) algebra [F4,E_] = H,[H,Ey] = +2F, if H3 = H; + Hy. Also we have [Hy, Eao1] =
Fhot, [Hy, Er1x] = FE1+.

A state [¢) has weight [r1, 7] if Hy|t)) = r1|ep), Ha|tb) = r2|t)). |n1,ma)nw is a highest weight
state with weight [ny,ns| satisfying F;i|n1, no)nw = 0. Let

) = (B ) (By ) = (Ba) |, ) -

Show that these all have weight [ny +k — 21, no — 2k +1]. If [ > k explain why, in order to construct
a basis, it is necessary to restrict ¢ =0, ...,k except if £ > no when ¢t =k — no,..., k.
For SU(2) generators Ey, H obtain

([Bay (EZ)"] = n(B_)""'(H —n +1).

From the SU(3) commutators [Esy, E1_] = —FEay, [Esy,Ey_| = Eiy, [Eoy,E3_] = Eq_ and
[Eoy, Fy1_] = [E14, Fs—] = 0 obtain also
(B, (B1)' " = = (= )(B1-)" " Bayy [Bay, (B2 )* '] = (k= 4)(Ba- )M Eny
(B, (Bs-)'| =i Ev-(E3-)'"", (B (B1-) '] =0.

Hence obtain

E3+|¢§lvk)> = i(nl + ng — k—1l+i+ 1)|17[}Z(l7_117k—1)> o (l - ’L)(k‘ o Z)(ng —k4i+ 1)’¢£l—1,k—1)> :

B [0y = Br_ (o) (k= ) (ng — ki 4+ DY)

Use this to show that {|w§l’k)>,i = 0,...k} are linearly independent, i.e. there is no non trivial
solution of Zf:o cih/)gl’k)> =0, if {\wgl_l’k_l)%i =0,...k — 1} are linearly independent, so long as
k < ng.

2. A Lie algebra has a Cartan subalgebra H = (Hj, ..., H,) and the remaining generators are E,,
corresponding to roots a, where [H, E,| = a E,. Assume [E,, E_,] = H, = 2a- H/a?. For a root

B, Eg satisfies

[Ea, Egl =0, [Ha,Egl=nEg, [E_a[...[E_a,Egl..]]=Egra.

T

Show that
[Ega Eﬁ—rg] = T(n —r+ 1) EIQ—(T’—UQ‘

For n an integer show that we may assume FEg_(,,11)q = 0.

3. A Lie algebra has simple roots a1, ...a,. The fundamental weights satisfy
2W .a .
L =55
Q-

Show that c; = >_; K;jw; where [Kj;] is the Cartan matrix.

A rank two Lie algebra has simple roots a; = (1,0) and ay = (—1,1). What is the Cartan
matrix? Assuming any other positive roots are equal in length to either one of the simple roots,
show that a3 = a1 + a2 and ay = 21 + a2 are the other positive roots. Draw the root diagram,
and show that the dimension of the Lie algebra is ten.

Construct the fundamental weights wi, wo. How is the highest weight of the representation
whose weights coincide with the roots of the Lie algebra related to the fundamental weights?



4. The Lie algebra of U(n) may be represented by a basis consisting first of the n? —n off diagonal
matrices (E;;)k = d;x0;; for i # j and also the n diagonal matrices (h;)g = 0;50k;, n0o sum on k,
where 4, j, k,l =1,...n. For SU(n) it is necessary to restrict to traceless matrices given by h; — h;
for some %, j. The n — 1 independent h; — h; correspond to the Cartan subalgebra. Show that

(hi, Eji] = (0i — 0i) Eji: [Eij, Eji] = h; — hj, no summation convention .

Let e; be orthogonal n-dimensional unit vectors, (e;); = d;;. Show that E;; is associated with the
root vector e; — e; while Ej; corresponds to the root vector e; — e;. Hence show that there are
n(n — 1) root vectors belonging to the n — 1 dimensional hyperplane orthogonal to ), e;. Verify
that we may take as simple roots

a1 — e —ey, Oy =€y —e3, ..., O; =€; — €41, ..., Op_1=€p_1 — €,

by showing that all roots may be expressed in terms of the c; with either positive or negative integer
coefficients. Determine the Cartan matrix and write down the corresponding Dynkin diagram.

5. The Lie algebra for SO(n) is given by real antisymmetric n x n matrices. Show that the
dimension is %n(n —1). A basis for the Lie algebra is given by matrices L;; = —Lj;, i,j =1,...n,

where (Lij)mn = —6im0jn + 0inljm. Show that
[Lij, Lii] = 6irLji — 0yt Lji — 85 Lit + 651 Lig, -
For n = 2r or n = 2r 4+ 1 verify that a maximal set of commuting hermitian matrices is given by
iL12, iL3a, ..., ilor_19r,

so that the rank is r in both cases.
Define
E’H7 = L13 + i6L23 + in(L14 + i6L24) y €, = +1 5

and verify the commutators
[iLi2, Eep) = €Eey [iL34, Eey] = NEey, [iL2i—12i, Eey] =0, i=3,...7,

so that E, corresponds to a root vector (e,7,0,...,0). Using the notation of the previous question
where e; are orthogonal unit vectors in a r-dimensional space show that +e; £ e; for all 4,j =
1,...7, 1 # j give in general 2r(r — 1) root vectors.

For n = 2r choose as simple roots

o) =€ —€, OQy=€;—€3, ..., Q] =€_]—€, O =€_] +€.

Show that e; — e;, for 7 < j, and e; + e; may be expressed as linear combinations of these simple
roots with positive or zero integer coefficients. Show also that the other roots are given by negative
linear combinations. Work out the Cartan matrix and determine the Dynkin diagram.

For n = 2r + 1 verify that

[iL12, E41) = £F41, [ilgi—12i, E11]=0,i=2,...7, Eii =Liop41 £iloorta,

corresponding to roots (+1,0,...,0). Hence show that there are 2r additional roots in this case
+e;, 1 =1,...,r. In a similar fashion as previously show that in this case we may take as simple
roots

] — €] —eg, Qg —€2 —€3, ..., Op_1 —=€p_1 — €., O —€p.

Hence obtain the Cartan matrix and determine the Dynkin diagram.

6. For the Lie algebra of G the simple roots are a; = (1,0) and as = % (—3,1/3). Determine the
fundamental weights wq and wy. Let |q1,g2) be a state corresponding to the weight ¢;wy + gaws.
Assuming F;1, H; are the SU(2) generators associated with the roots a; construct a basis for the
representation space starting from a highest weight vector (7) |1,0) and (i) |0,1) by the successive
action of E£1_ and F3_ on the highest weight state. Show that the dimensions of the space are
respectively 7 and 14 (in the second case there are two independent states with ¢ = g2 = 0).
Construct the weight diagram and in the 14 dimensional case show that it coincides with the root
diagram.



