Lent Term 2010 Mathematical Tripos Part 111 Hugh Osborn

The Standard Model 3, Weak Interactions and Weinberg Salam Model

(1) In the p decay process,
po(p) — e (k) +ve(q) + vuld)

suppose the initial y is polarised. The spin polarisation may be represented by a 4-vector s*, with
s.p = 0, where in the muon rest frame s* = (0, s), and the corresponding Dirac spinor then satisfies
u, (p)u,u(p) = (v.p + mu) i (1 + v57.s). Show that if M is the matrix element of Ly (0) for this
process then

Z IM|? =64G 2 ¢k q.(p — mys) .

spins e,ve,vy,

Hence obtain, neglecting the electron mass, for the differential decay rate in the u rest frame for
the final electron of energy FE. emitted into a solid angle dQ(k) about the direction k

dI' =

Gﬁmi .2 R .
21@m) (3—22— (2 — 1) k.s) dzdQ(k) .

where x = 2FE./m,, 0 <z < 1. Explain why this decay distribution is a direct indication of the
breakdown of parity invariance.

(2) If Apayis(x) is AS = AQ = 1 weak hadronic current then Fg is defined by

(0] Aqati5(0)|[ K~ (p)) = iV2Fkpa -

Calculate the decay rate

. 2 2
G2F2sin?6q m
K P mk =R

PK‘—>#_+§” = Ar “w

(3)* The differential cross section for scattering of two particles, with momenta p;, ps, in an initial
state |i) producing a final state |f) is

1 . .
do = fdpf(Pi) IMpil?, (fIS)i) =85 +i(2n)* 64 (P — P)My;, Py =p1+pa,

where dpy(P) is the differential phase space for states f with total momentum P, if 3 . [f)(f[ =1
then Y, (2m)*6*(Pr — P)|f)(f| = [dps(P)|f) fHP _p» and with standard normalisations the flux
F = 4p°p v for v the relative speed of the particles initially.

Using the current-current form of the weak interaction show that the cross-section for the process,
v, (q) + e (p) — p~ (k) + ve(q'), neglecting all masses, is

do 72GF2
dkp) 7w

Show that the total cross section is oio; = 2GF2 q.p/m.
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(4)* For the decay of a neutron, n(p1) — p(p2) + e~ (k) + 7e(q) , the matrix elements of the vector
and axial currents appearing in the weak interaction Ly can be approximated if both the neutron
and proton are slowly moving (neglecting v/c corrections) by

(P(p252)|Viyi2(0)[n(p1s1)) = gv 2Mu(sz) u(s1) ,
(p(p252)|A11i2(0)|n(p1s1)) = ga 2Mu(sa) ou(s)
where u(s) are non relativistic two-component spinors, o are the Pauli spin matrices and M is the
nucleon mass (M,, ~ M,). The isospin raising operator I, = f d3z Viti2(x) and isospin symmetry

requires I |n(ps)) = |p(ps)). Assuming isospin invariance show that gy = 1. Show that the
differential decay rate for a neutron at rest, neglecting 1/M corrections, becomes

2G 2 cos® Oc

()

for E. the energy of the emitted electron. Hence obtain

dr = (1 +3¢2) (M, — M, — E.)*d®k ,

4G 2 cos? 0o md
Fn—>p+6_+ve - (1 + 393) £ (27_[_)3 f(WO) ) WO =

Nl=

zdx .

Wo
F(Wo) = / (W — 2)*(a? — 1)

Assuming isospin invariance, so that I, |7~ (p)) = v2|7°(p)), show that the matrix element of
the vector current (m°(p)|V{,,5(0)|7~(p)) = 2v2p" and also, using parity and Lorentz invariance
(m%(p2)| AL ;5(0)|7~ (p1)) = 0. Find the analogous formula for the decay rate for m - —mo < mq

G2 cos® 0o m?
F7r——>7r0+e_+§c - u f(WO) ) WO ==
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(5)* Use the interaction Ly = —G p/+/2 Jhadronst g~ (1 — 45)7 to show that the total decay rate
for 7~ — v, 4 hadrons is

G2m3 ma o \2 20
FT*—WT—&-hadrons = 3271'2 0 do <1 - W) (PO(U) + (1 + mg)ﬂl(a)) )

where

> @m)*ot(Px — k)OI 2 [ X) (X [T 52N0) = kakspo(k?) + (—gagh® + kakg)pr ().
X

If X is restricted to the 7~ show that po(c) = 47 F2 cos? cd(c — m?2) and hence find T', -, .

(6) Show that the interaction of the Z boson with a lepton field ¢ can be written as

g —
L= —T— W (v—ay)lZ, ,
g 2 cos Oy 7 75)6 2
where for the electron v = 2sin? Oy — %, a= —% while for v, then v =a = % Calculate the decay
rate ', 7 neglecting the lepton mass.



(7) The Lagrangian density for the Weinberg-Salam theory with gauge fields A, B,,, a complex
scalar field ¢ and fermion fields ¥ may be written as

L= —F"F,, — 1B" By, +(D"¢)'Dyg — 1M 916 — 50°) + i Dy,
— (Y20 3(1 + v5)th2 + ¥T16° 3(1 + ¥5)1b1 + hermitian conjugate) ,
where, with 7 the usual Pauli matrices,

F, =0,A, —-0,A,+9A,xA,, B, =0,B,-0,B,,
sz <z;> ) ¢: <z;> ) ¢C:i7_2¢*7 D#¢:8#¢—Z(9AH%T+QIB“Y)¢,
Dy =0, — z'(gA#é‘r + g'B#y)%(l —5) —ig'Bu(y + YTS)%(l +75)9.
Identify the gauge group of £ and show how each term in L is gauge invariant (note that Y only
enters in the product ¢'Y so that its value is essentially arbitrary). Show that a mass term for the
gauge fields of the form
mg WHW, + tmZ2"2,

is produced where W, = % (A1, —iAy,) and Z,, = cosby Az, — sinfy B, for a suitable choice
of the angle 0. How is mz/my related to 0y 7 Explain why it is impossible to introduce mass

terms for the fermion fields into £ compatible with gauge invariance. What are the fermion charges
which give the coupling to the photon?

(8) Calculate the decay rate of a Higgs boson to a ¢/ pair in the form, if mg > 2my,
GF m2 3
r = —— L (m2, — 4m?)z .
NGV m%( H 7)
(9)* Show that the coupling of the W to the electromagnetic field A is described by
KW,A _ %FWMVTFW#V +ie W“W”TF#V ’
Y =d W, —d,W,, d,=0,—ieA,, F. =0,A, —0d,A, .

Determine the contribution of the W field to the electromagnetic current j*. Show that if |pe)
denotes a W particle, with p> = m3, and spin described by the polarisation vector €, show that

<p262\j“’p161> = —62*-61(]?2“ -I-pl“) + 2(62“*61'/ - 61”62V*)QV )
where ¢ = py — p1. Verify that g, (pae2|j*|p1e1) = 0.

(10) For two generations of quarks show that if the quark mass matrices for the charge %, —% quarks

are respectively, taking £, = —(q+m+%(1 +v5)q+ +G-m_ %(1 + 75)q— + hermitian conjugate),

0 a 0 c
m+:(a* b)’ mz(c* d>’ b,d real.

cosf — sinf define 64 by R(64) < 0 “ZD R(04)"! = <W(L)u —?n ) 1o s

—sinf cosé lal
similarly defined verify that the Cabbibo angle is given by

m m m
0c=0_—0, =tan"',[—% —tan~? LAPR M
\ ms Ve ) ms

where mg, mgs, my, m. are the d, s, u, c quark masses.

It R(9) =




(11)* Show that including the Z as well as the photon the differential cross section for e~et — £/
where ¢ = e, u, 7 has the form, neglecting lepton masses,

d 2
d—g 4042 {(1 + cos® 0) (1 +2v°D + (v? + a®)*D?) + 4 cos0(a’*D + 2v2a2D2)} ,
1 1 GF 21 2 2 .
where v = 2sin? yy — 2,0 = —sand D= — . For ¢ = m 7 the total cross section
V2 2—mz/ ¢

behaves like
Pzee-etly g

(2 =mz)24+mzT?’

o ~ 127

e—et—tl
where I is the total decay width. Show that the formula for the differential cross section is com-
patible with the result for I, .
(12)* If V' denotes the CKM matrix show that the low energy lagrangian for AS = 1 processes can
be written as Ly25=! = —2V/2GF Zq,’q:u’c’t Vg d Vys dry*q' Gyusr. Show that there is a second
order contribution to the S operator which describes AS = 2 processes of the form

S® = 3(2v2Gr)? / dzd*s’ dp (e S(x — ')y sp(2') du(2' )7 S (@' — 2)yusp(x)
where S(z) = Zq:u’at EgSr(x,my), & = Vyd Vys, with Sp the fermion propagator,

1 —ipx YP+M
S — d4 ip-T q9 )
F (@) (2m)4 / pe p? —mg + ie

At low energies the fields may be regarded as slowly varying so that sr(z’) and dr(z') may be
expanded about z. Neglecting derivatives the essential integral in the second order expression for
S then becomes

/d%S(—x) x S(z) =i(3K1 7" x 72+ Ka1x 1) .

Show that after a rotation to Euclidean space, pg — ips and p> — —p E2 then

1 / 4 2 quq’
Ki=——— | d*pzp .
T (2 pPE D (pg +m)(pg +mg?)

q',q=u,c,t
Using d*p,, — 72dp2 p2 and Zq &g = 0, from the unitarity of the matrix V, evaluate the integral

to obtain ,
_ mq mq mq/
1= e (Seime + e m ).

Hence verify that
5(2) ~ iGF2K1 /d4$dL’7'u’Y>\’YV5L E%/Y)\’YHSL :

Using y#q Y = ghryY 4 gMah — gty — it Py s and €4 e, 0, = —66% show that, neglecting
the u quark contribution since m,, is very small, there is an effective AS = 2 interaction at low
energies given by

_ 1 mc2m2 me’
ﬁeHAsfz _ _E (50 me _|_€t me +2§c§t ' _In mt )dL’Y SL dL’YASL .

—md2



