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1. Conformal and Superconformal Transformations in Three Dimensions

As usual with supersymmetry it is convenient to adopt a spinorial notation. In three
dimensions the gamma matrices are expressible in terms of symmetric real 2× 2 matrices

(σa)αβ = (σa)βα , (σ̃a)αβ = εαγεβδ(σa)γδ , (1.1)

with α, β = 1, 2 and
σa σ̃b + σb σ̃a = −2ηab I , (1.2)

with ηab the 3-dimensional Minkowski metric with signature (−1, 1, 1) and I the identity

matrix. Any 3-vector xa is then equivalent to a symmetric 2×2 matrix
(
x0 + x1 x2

x2 x0 − x1

)
or, using the σ-matrices in (1.1),

xa → xαβ = (xaσa)αβ , x̃αβ = εαγεβδxγδ , (1.3)

so that
xx̃ = −x2 I , x2 = − 1

2xαβ x̃αβ = −det x . (1.4)

For xa real x = x∗, on analytic continuation to a Euclidean metric x̃ = −x∗. We also
define

∂αβ = (σa∂a)αβ , ∂̃αβ = εαγεβδ∂γδ , (1.5)

so that
∂αβ x̃γδ = −δαγδβδ − δαδδβγ . (1.6)

Conformal transformations are determined in terms of conformal Killing vectors va(x)
which, with the above notation, can be written as

ṽαβ = ãαβ − x̃γβωγα − x̃αγωγβ + λ x̃αβ + x̃αβ bγδ x̃δβ , ωγ
γ = 0 . (1.7)

For any ṽαβ of the form (1.7)[
∂αβ ,

1
2 ṽγδ∂γδ

]
= ω̂α

γ∂γβ + ω̂β
γ∂αγ − λ̂ ∂αβ , ω̂α

α = 0 , (1.8)

which defines ω̂βα = ωβ
α − bβγ x̃γα + 1

2 δβ
α bγδx̃γδ, λ̂ = λ+ bγδx̃γδ.

For a conformal primary field of spin s, Φα1...α2s(x) = Φ(α1...α2s)(x), then conformal
transformations have the form

δvΦα1...α2s =
(

1
2 ṽαβ∂αβ −∆ λ̂

)
Φα1...α2s + 2s ω̂(α1

α Φα2...α2s)α , (1.9)
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with ∆ the scale dimension. Writing the transformation (1.9) as

i δvΦα1...α2s =
[

1
2 ãαβPαβ − iλH + i ωβ

αMα
β + 1

2 bαβKαβ ,Φα1...α2s

]
, (1.10)

this gives[
Pαβ , Φα1...α2s(x)

]
= i∂αβ Φα1...α2s(x) ,[

Mα
β , Φα1...α2s(x)

]
= −

(
x̃βγ∂γα − 1

2 δα
β x̃γδ∂γδ

)
Φα1...α2s(x)

+ 2s
(
δ(α1

βΦα2...α2s)α(x)− 1
2 δα

β Φα1...α2s(x)
)
,[

H,Φα1...α2s(x)
]

=
(
− 1

2 x̃αβ∂αβ + ∆
)

Φα1...α2s(x) ,[
Kαβ , Φα1...α2s(x)

]
= i
(
x̃αγ x̃βδ ∂γδ − 2(∆− s) x̃αβ

)
Φα1...α2s(x) ,

− i 2s δ(α1
αx̃βγ Φα2...α2s)γ(x)− i 2s δ(α1

β x̃αγ Φα2...α2s)γ(x) .

(1.11)

Since [
δv2 , δv1

]
= δv′ , ṽ′ αβ = 1

2

(
ṽ1
γδ∂γδ ṽ2

αβ − ṽ2
γδ∂γδ ṽ1

αβ
)
, (1.12)

then (1.10) implies the commutation relations for the Lie algebra of the three dimensional
conformal group SO(3, 2),1[

Mα
β ,Mγ

δ
]

= δγ
βMα

δ − δαδMγ
β ,

[
Mα

β , Pγδ
]

= δγ
βPαδ + δδ

βPγα − δαβPγδ ,[
H,Pαβ

]
= Pαβ ,

[
H,Kαβ

]
= −Kαβ ,

[
H,Mα

β
]

= 0 ,[
Mα

β ,Kγδ
]

= − δαγKβδ − δαδKγβ + δα
βKγδ ,[

Pαβ ,K
γδ
]

= 4 δ(α(γMβ)
δ) + 4 δ(αγδβ)

δH ,
[
Pαβ , Pγδ

]
=
[
Kαβ ,Kγδ

]
= 0 .

(1.13)

Pαβ = Pβα is the momentum operator, Mα
β the generator of three dimensional Lorentz

transformations while H is the generator for scale transformations and Kαβ = Kβα for
special conformal transformations.

Standard quantum hermeticity conditions require

(Pαβ)† = Pαβ , (Kαβ)† = Kαβ , H† = −H , (Mα
β)† = −Mα

β . (1.14)

However for states |Φα1...α2s〉 = Φα1...α2s(0)|0〉, which are annihilated by Kαβ and
H|Φα1...α2s〉 = ∆|Φα1...α2s〉, then there is an associated scalar product defining a con-
jugation such that

(Pαβ)+ = −Kαβ , (Kαβ)+ = −Pαβ , H+ = H , (Mα
β)+ = Mβ

α . (1.15)

1 For Pαβ = (σaPa)αβ , Kαβ = (σ̃aKa)αβ and Mα
β = − 1

2
i(σaσ̃b)α

βMab, Mab = −Mba, then

Pa,Ka,Mab, H satisfy the commutation relations for the standard SO(d, 2) conformal Lie algebra

in any dimension d, with in particular [Pa,Kb] = −2iMab − 2ηabH, [Mab, Pc] = i(ηacPb − ηbcPc).
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Mα
β , H are then the generators of the maximal compact subgroup SO(3)× SO(2).

Superconformal symmetry transformations are expressed in terms of superconformal
anti-commuting Killing spinors, linear in x,

ε̂α(x) = εα + i η̄β x̃βα . (1.16)

Here ε̂α(x) is regarded as a N -component row vector, although additional indices are
suppressed. The associated column vector formed the transpose is written as

ˆ̄εα(x) = ε̂α(x)T = ε̄α + i x̃αβηβ ∈ RN . (1.17)

If Φα1...α2s(x) is a superconformal primary field belonging to a vector space VΦ then a
superconformal transformation gives

δε̂Φα1...α2s = ε̂α Ψα,α1...α2s = −Ψ̄α,α1...α2s
ˆ̄εα , (1.18)

with Ψα,α1...α2s(x) ∈ RN × VΦ. Closure of superconformal transformations requires

δε̂2δε̂1 − δε̂1δε̂2 = 2 δv + 2 δr , (1.19)

for δvΦα1...α2s defined as in (1.9) with

ṽαβ = ṽβα = i
(
ε̂1
α ˆ̄ε2β − ε̂2α ˆ̄ε1β

)
, (1.20)

and δr an infinitesimal R-symmetry transformation so that

δrΦα1...α2s = rI LIΦα1...α2s . (1.21)

The R-symmetry transformations define a group GR and then in (1.21) LI belong to a
representation of the generators of GR acting on V. For the commutator of R-symmetry
transformations

δr2δr1 − δr1δr2 = δr′ , r′I = r1Jr2K cJKI ⇔ [LI , LJ ] = cIJK LK . (1.22)

Along with [δv, δr] = 0 we also require[
δε̂, δr

]
= δε̂r , ε̂r

α = −ε̂α rIρI ⇒ [ρI , ρJ ] = cIJK ρK , (1.23)

and [
δε̂, δv

]
= δε̂′ , (1.24)
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for
ε̂′β = 1

2

(
ṽγδ∂γδ + λ̂

)
ε̂β − ε̂γ ω̂γβ , (1.25)

so that

ε′β = −εγωγβ + 1
2 λ ε

β − i η̄α ãαβ , η̄ ′α = ωα
γ η̄γ − 1

2 λ η̄α − i ε
γ bγα . (1.26)

For ṽαβ in (1.20) to be a GR singlet we must have

(ρI)T = −ρI , (1.27)

so that from (1.23)
ˆ̄εrα = rIρI ˆ̄εα . (1.28)

As a consequence of (1.27) the R-symmetry group GR ⊂ SO(N ). We also assume

cIJK = c[IJK] . (1.29)

Conformal and R-symmetry transformations are easily extended to Ψα,α1...α2s , as
defined in (1.18), by taking

δvΨα,α1...α2s =
(

1
2 ṽαβ∂αβ − (∆ + 1

2 ) λ̂
)
Ψα,α1...α2s

+ 2s ω̂(α1
α Φα2...α2s)α + ω̂α

β Ψβ,α1...α2s ,
(1.30)

and
δrΨα,α1...α2s = rI(ρI + LI)Ψα,α1...α2s . (1.31)

The required superconformal transformations have the form

δε̂Ψα,α1...α2s = ˆ̄εβ i∂βαΦα1...α2s + 2(∆− s) ηα Φα1...α2s + 4s η(α1Φα2...α2s)α

+ 2 ρIηα LIΦα1...α2s

+ a ˆ̄εβ i∂[β(α1Φα2...α2s)α]

+ ρIˆ̄εβ LI i
(
b ∂βαΦα1...α2s + 2c ∂(β(α1Φα2...α2s)α) + d ∂(α1α2Φα3...α2s)βα

)
+ Jαβ,α1...α2s

ˆ̄εβ + Fα1...α2s εαβ ˆ̄εβ . (1.32)

This is in accord with (1.19) for [δε̂2 , δε̂1 ]Φα1...α2s , where the last three lines in (1.32) do
not contribute so long as (1.27) holds and also

Jαβ,α1...α2s = Jβα,α1...α2s = −(Jαβ,α1...α2s)
T , Fα1...α2s = (Fα1...α2s)

T , (1.33)

as N ×N matrices, so that Jαβ,α1...α2s ∈ (RN ×RN )A×VΦ, Fα1...α2s ∈ (RN ×RN )S×VΦ.
Assuming (1.21) then (1.19) requires

rI = ε̂1
αρI η2α − ε̂2αρI η1α = ε1

αρI η2α − ε2αρI η1α , (1.34)
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where the terms linear in x vanish owing to (1.27).

The coefficients a, b, c, d in (1.32) are determined, from (1.24), by imposing, using (1.9)
and (1.30), [δε̂, δv]Ψα,α1...α2s − δε̂′Ψα,α1...α2s = 0, with ε̂′ given by (1.25). All terms cancel
except those those arising from ∂αβλ̂ = −2bαβ , ∂αβω̂γδ = bγα δβδ + bγβ δαδ − bαβ δγδ. For
these contributions to be compatible with (1.24) we require

a =
2s

∆− 1
, (1.35)

and b, c, d must satisfy

(∆− s)b+ c = 1 , s b+ ∆ c+ d = 0 , (2s− 1)c+ (∆ + s− 2)d = 0 . (1.36)

This gives

b+ c =
∆ + s− 1

(∆− 1)(∆ + s)
, c+ d = − s

(∆− 1)(∆ + s)
. (1.37)

With these results then from (1.32) we may obtain

δε̂Ψ1,1...1 =
1

∆ + s

(
(∆ + s)ˆ̄ε1 + ρIˆ̄ε1LI

)
i∂11Φ1...1

+
1

(∆− 1)(∆ + s)
(
(∆ + s)ˆ̄ε2 + ρIˆ̄ε2LI

)(
(∆ + s− 1) i∂21Φ1...1 − s i∂11Φ1...12

)
+ 2
(
(∆ + s)η1 + ρIη1LI

)
Φ1...1 , (1.38)

and

δε̂
(
Ψ2,1...1 −Ψ1,1...12

)
=

1
∆− 1

(
(∆− 1− s)ˆ̄ε1 + ρIˆ̄ε1LI

)(
i∂12Φ1...1 − i∂11Φ1...12

)
+

1
2(∆− 1)(∆− 1− s)

(
(∆− 1− s)ˆ̄ε2 + ρIˆ̄ε2LI

)
×
(
(2∆− 3) i∂22Φ1...1 − 2(∆ + s− 2) i∂21Φ1...12 + (2s− 1) i∂11Φ1...122

)
+ 2
(
(∆− 1− s)η2 + ρIη2LI

)
Φ1...1 − 2

(
(∆− 1− s)η1 + ρIη1LI

)
Φ1...12 . (1.39)

For s = 0 then (1.32) simplifies to

δε̂Ψα =
1
∆
(
∆ˆ̄εβ + ρIˆ̄εβLI

)
i∂βαΦ + 2

(
∆ ηα + ρIηαLI

)
Φ

+ Jαβ ˆ̄εβ + F εαβ ˆ̄εβ .
(1.40)

Superconformal transformations as in (1.18) or (1.32) are generated by the supersym-
metry charges Qα and their superpartners Sα,

δε̂Φα1...α2s =
[
εαQα + η̄αS̄

α, Φα1...α2s

]
, Q̄α = (Qα)T , Sα = (S̄α)T . (1.41)
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By virtue of (1.19) and (1.10) we have{
Qα, Q̄β

}
= 2Pαβ I ,

{
S̄α, Sβ

}
= −2Kαβ I , (1.42)

where I is the identity on RN , and{
Qα, S

β
}

= 2
(
Mα

β + δα
βH
)

I− 2 ρIRI δαβ . (1.43)

In (1.43) RI is the R-symmetry generator so that in (1.21)

δrΦα1...α2s = −rI
[
RI ,Φα1...α2s

]
,

[
RI ,Φα1...α2s

]
= −LIΦα1...α2s , (1.44)

so that RI obeys the same Lie algebra as LI in (1.22).

Using (1.24) with (1.26) we get[
Mγ

δ, Qα
]

= δα
δQγ − 1

2δγ
δ Qα ,

[
H,Qα

]
= 1

2 Qα ,[
Pγδ, Qα

]
= 0 ,

[
Kγδ, Qα

]
= −δαγ S̄δ − δαδS̄γ ,[

Mγ
δ, S̄α

]
= − δγαS̄δ + 1

2δγ
δ S̄α ,

[
H, S̄α

]
= − 1

2 S̄
α ,[

Pγδ, S̄
α
]

= − δγαQδ − δδαQγ ,
[
Pγδ, S̄

α
]

= 0 .

(1.45)

Furthermore for the R-symmetry charges defined by (1.44), (1.22) leads to[
RI , Qα

]
= −ρIQα ,

[
RI , S̄

α
]

= −ρI S̄α . (1.46)

Imposing the Jacobi identities requires that the antisymmetric matrices ρI satisfy the
completeness condition

(ρI)rs (ρI)uv = δru δsv − δrv δsu . (1.47)

This ensures that we must identify GR ' SO(N ).

As operators the hermitian conjugation in (1.14) extends to

(Qα)† = Q̄α , (S̄α)† = −Sα , RI
† = −RI , (1.48)

where the conjugation includes a RN matrix transpose and we assume with (1.27) that ρI
is real. Corresponding to (1.15) we have

(Qα)+ = Sα , (Sα)+ = Qα . (1.49)

2. Shortened Superconformal Representations

For a superconformal primary Φα1...α2s ∈ VΦ, which transforms as in (1.18) and
corresponding to a representation RΦ for the R-symmetry group SO(N ), then, for general
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∆, Ψα,α1...α2s can be decomposed into fields which transform according to all the irreducible
representations Ri which appear in the tensor product decomposition

RN ⊗RΦ ' ⊕jRj , (2.1)

where RN denotes the basic N dimensional representation, with generators ρI , defined on
RN . In addition Ψα,α1...α2s can also be decomposed into fields with spin s± 1

2 . As is well
known for particular ∆ there are truncated representations in which some representations
are absent. The critical condition is(

∆ ε+ ρIε LI) Φ /∈ UΨ ⊂ RN ⊗ VΦ , ε ∈ RN , Φ ∈ VΦ , (2.2)

where UΨ ' ⊕i∈UVi for a particular set of the representation spaces Vi associated with the
representations Ri labelled by i ∈ U . If CRi is the quadratic Casimir for the representation
Ri, defined so that for Φ ∈ VΦ, LILIΦ = −CRΦΦ, this then requires

∆ = λ = 1
2

(
CRi − CRΦ − (N − 1)

)
for all i ∈ U , (2.3)

since, from (1.47), ρIρI = −(N − 1) I. As a consequence of (1.40) for δε̂Ψα this is directly
applicable to the case of a spinless superconformal primary Φ. Subject to the absence of
contributions to Ψα belonging to Uψ there is a short superconformal representation in this
case. In (1.40) Jαβ and F are also constrained by the requirement Ψα /∈ UΨ, so that we
may decompose

(RN × RN )A × VΦ ' VJ ⊕ UJ , Jαβ ∈ VJ . (2.4)

Applying the same analysis to (1.39) then if

∆ = 1 + s+ λ , (2.5)

there are corresponding semi-short representations where Ψα,α1...α2s lacks contributions
belonging to UΨ with spin s− 1

2 ,

εαα1Ψα,α1...α2s /∈ UΨ . (2.6)

In general in both (2.3) and (2.5) unitarity requires λ ≥ 0.

As an illustration for N = 3 and GR = SO(3) then as usual representations are
labelled by r = 0, 1

2 , 1, . . .. The basic three dimensional representation R3 corresponds to
r = 1 and, with RΦ the representation labelled by r, CRΦ = r(r + 1). In this case in the
tensor product (2.1) ri = r ± 1, r. Requiring the r + 1 representation is absent then it is
easy to see that in (2.3) and (2.5) λ = r. For N = 6, GR = SO(6) then the irreducible
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representations may be labelled by Dynkin indices [r1, r2, r3] and the Casimir operator is
then

C[r1,r2,r3] = r1(r1 + 3) + r3(r3 + 3)− 1
4 (r1 − r3)2 + r2(r1 + r2 + r3 + 4) . (2.7)

The basic six dimensional representation R6 has Dynkin indices [0, 1, 0], of course from
(2.7) C[0,1,0] = 5. Assumed RΦ has Dynkin labels [r1, r2, r3] the decomposition (2.1)
becomes now

[0, 1, 0]⊗ [r1, r2, r3] ' [r1, r2+1, r3]⊕ [r1+1, r2−1, r3+1]⊕ [r1+1, r2, r3−1]

⊕ [r1−1, r2, r3+1]⊕ [r1−1, r2+1, r3−1]⊕ [r1, r2−1, r3] .
(2.8)

Requiring that the omitted representation Ri in the superconformal transformation δε̂Φ is
that labelled by [r1, r2+1, r3] then, according to (2.3), λ = 1

2 (r1 + 2r2 + r3).

For a short representation with a superconformal scalar primary ϕ ∈ Vϕ, with scale
dimension ∆ϕ constrained by (2.3), superconformal transformations, as in (1.18) with
Φ→ ϕ, are expressible in terms of ψα ∈ Vψ ' ⊕j /∈UVj , and ψ̄α = ψα

T , where

Ψα = Dψ ψα , Ψ̄α = ψ̄α
←−Dψ , (2.9)

for Dψ : Vψ → Vϕ × RN and ψ̄
←−Dψ = (Dψψ)T . Hence (1.18) becomes

δε̂ ϕ = ε̂αDψψα = −ψ̄α
←−Dψ ˆ̄εα . (2.10)

Then (1.40) shows that the associated superconformal transformations for ψα can be writ-
ten as

δε̂ ψα = Dϕ i∂αβϕ ˆ̄εβ + 2∆ϕDϕ ϕ ηα +DJJαβ ˆ̄εβ +DFF εαβ ˆ̄εβ , (2.11)

for Dϕ such that Dϕ : Vϕ × RN → Vψ, where

DψDϕ ϕ =
(
I +

1
∆ϕ

ρI LI

)
ϕ , (2.12)

and also DJ : VJ × RN → Vψ, DF : VF × RN → Vψ, where the supersymmetry algebra
requires

DψDJ = −
(
DψDJ

)
T = ρIMI , DψDF =

(
DψDF

)
T . (2.13)

Since cokerDψ ' Uψ, cokerDJ ' UJ , are non empty there are Qψ, QJ such that

QψDψ = 0 , QJDJ = 0 . (2.14)

The existence of Qψ,QJ lead to non trivial constraints in superconformal Ward identities.
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3. Ward Identities for Three Point Functions

For simplicity we first analyse the superconformal constraints for the three point func-
tion involving three scalar superconformal primary fields ϕ1, ϕ2, ϕ3, with scale dimensions
∆1,∆2,∆3 belonging to short supermultiplets. Conformal invariance determines a unique
form for the three point function in this case〈

ϕ1(x1)ϕ2(x2)ϕ3(x3)
〉

= C∆1∆2∆3(x1, x2, x3) C , (3.1)

where C ∈ (Vϕ1 × Vϕ2 × Vϕ3)sym. and we define

C∆1∆2∆3(x1, x2, x3) =
1

(x12
2)

1
2 (∆1+∆2−∆3) (x23

2)
1
2 (∆3+∆2−∆1) (x31

2)
1
2 (∆3+∆1−∆2)

. (3.2)

Superconformal Ward identities are obtained by requiring

δε̂
〈
ψrα(xr)ϕs(xs)ϕt(xt)

〉
= 0 . (3.3)

To determine 〈δε̂ψiα(xr)ϕs(xs)ϕt(xt)〉 in (3.3) as determined by (2.11) we may use

∂rαβ
1

(xrs2)λ
ˆ̄ε β(xr)− 2i λ

1
(xrs2)λ

ηα = −2λ
1

(xrs2)λ+1
xrs αβ ˆ̄ε β(xs) , (3.4)

to obtain

∂rαβ C∆1∆2∆3(x1, x2, x3) ˆ̄ε β(x1)− 2i∆r ηα C∆1∆2∆3(x1, x2, x3)

= −
(

(∆r + ∆s −∆t)
1
xrs2

xrs αβ ˆ̄ε β(xj) + (∆r + ∆t −∆s)
1
xrt2

xrt αβ ˆ̄ε β(xt)
)

× C∆1∆2∆3(x1, x2, x3) . (3.5)

By virtue of (2.11) and (2.10) other contributions to the superconformal identities are
determined in terms of〈

Jrαβ(xr)ϕs(xs)ϕt(xt)
〉

= iXr[st]αβ C∆1∆2∆3(x1, x2, x3)Kr,st , (3.6)

and 〈
ψrα(xr) ψ̄sβ(xs)ϕt(xt)

〉
= i

1
xrs2

xrsαβ C∆1∆2∆3(x1, x2, x3)Prs . (3.7)

In (3.6)

Xr[st]αβ = Xr[st]βα =
1

xrs2 xrt2
(xrsx̃stxtr)αβ =

1
xrs2

xrs αβ −
1
xrt2

xrt αβ , (3.8)
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where

Xr[st] X̃r[ts] =
xst

2

xrs2 xrt2
I . (3.9)

From the definitions (3.6) and (3.7) we must require

Kr,st = −Kr,ts , Prs = Psr
T . (3.10)

The superconformal identities arising from (3.3) are then

∆r DϕrC
( 1
xrs2

xrs αβ ˆ̄ε β(xs) +
1
xrt2

xrt αβ ˆ̄ε β(xt)
)

+
(
(∆s −∆t)DϕrC −DJrKr,st

)
Xr[st]αβ ˆ̄ε β(xr)

+ Prs
←−Dψs

1
xrs2

xrsαβ ˆ̄ε β(xs) + Prt
←−Dψt

1
xrt2

xrtαβ ˆ̄ε β(xt) = 0 . (3.11)

From this we may extract

2∆r DϕrC = − Prs
←−Dψs − Prt

←−Dψt , (3.12a)

(∆s −∆t)DϕrC = DJrKr,st − 1
2

(
Prs
←−Dψs − Prt

←−Dψt
)
. (3.12b)

Using (3.12a) with (3.10) we may obtain∑
r ∆r DψrDϕr C =

∑
r∆r

(
Dψr Dϕr C

)T
, (3.13)

or using (2.12), ∑
r Lr,I C = 0 , (3.14)

which just implies that C is a SO(N ) invariant. Combining (3.12a) and (3.12b) to give

(∆s −∆t −∆r)DψrDϕrC = DψrDJrKr,st +DψrPrt
←−Dψt , (3.15)

from we may also eliminate Prt

(∆s −∆t −∆r)
( 1

∆r
Lr,I +

1
∆t

Lt,I

)
C = Mr,IKr,st +Mt,IKt,sr . (3.16)

This gives three independent equations but one linear combination just gives (3.14) again.

If ∆r = 1 the current Jrαβ is may be conserved,

∂̃r
αβJrαβ = 0 . (3.17)

For r = 1 then

∂̃1
αβ

(
1

(x12
2 x13

2)
1
2
X1[23]αβ

)
= 0 , (3.18)

and hence from (3.6) and (3.2) ∂̃1
αβ
〈
J1αβ(x1)ϕ2(x2)ϕ3(x3)

〉
= 0 for ∆1 = 1 and also so

long as ∆2 = ∆3.
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4. Further Superconformal Identities for Three Point Functions

We here discuss the form for the superconformal Ward identity for a three point
function involving two scalar superconformal primary fields ϕ1, ϕ2, with scale dimen-
sions ∆1,∆2 belonging to short supermultiplets, and a superconformal primary with
spin s, Φα1...α2s . For notational convenience here we write, in terms of (3.8), Xαβ =
X1[23]αβ , Zαβ = X3[12]αβ

Instead of (3.1) conformal invariance now requires〈
ϕ1(x1)ϕ2(x2) Φα1...α2s(x3)

〉
= C(s)

∆1∆2 ∆,α1...α2s
(x1, x2, x3) Cϕ1ϕ2Φ , (4.1)

where we define, for s = 0, 1, 2, . . .,

C(s)
∆1∆2 ∆,α1...α2s

(x1, x2, x3) =
1

(x13
2)∆1(x23

2)∆2
(Z2)

1
2 (∆−∆1−∆2−s) Z(α1α2 . . . Zα2s−1α2s)

=
Z(α1α2 . . . Zα2s−1α2s)

(x12
2)

1
2 (∆1+∆2−∆+s) (x23

2)
1
2 (∆+∆2−∆1−s) (x31

2)
1
2 (∆+∆1−∆2−s)

. (4.2)

The conformal functions of x1, x2, x3 given by (4.2) satisfy the identities

C(s)
∆1∆2 ∆,α1...α2s

(x1, x2, x3) = (−1)s C(s)
∆2∆1 ∆,α1...α2s

(x2, x1, x3) , (4.3)

and

C(s)
∆1∆2 ∆,αα1...α2s−1

(x1, x2, x3) = x13
2 Zα(α1C

(s−1)
∆1+1 ∆2 ∆,α2...α2s−1)(x1, x2, x3) ,

(2s+ 1) C(s+1)
∆1∆2 ∆+1,αβα1...α2s

(x1, x2, x3)

= Zαβ C(s)
∆1∆2 ∆,α1...α2s

(x1, x2, x3) + 2sZα(α1C
(s)
∆1∆2 ∆,α2...α2s)β

(x1, x2, x3) ,

(4.4)

with also

Zαβ C(s)
∆1∆2 ∆,α1...α2s

(x1, x2, x3) = C(s+1)
∆1∆2 ∆+1,αβα1...α2s

(x1, x2, x3)

+
2s

2s+ 1
εα(α1εβ|α2 C

(s−1)
∆1∆2 ∆+1,α3...α2s)

(x1, x2, x3) .

(4.5)

In particular cases the conformal functions (4.2) satisfy identities. For instance using

∂1αβ Zγδ = 2
1

(x13
2)2

x13α(γx13 β|δ) , (4.6)

we may find

∂1
2C(s)

1
2 ∆2 ∆,α1...α2s

(x1, x2, x3)

= (∆−∆2 − 1
2 − s)(∆−∆2 + 1

2 + s) C(s)
5
2 ∆2 ∆,α1...α2s

(x1, x2, x3) .
(4.7)
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The relevant superconformal Ward identities are derived by requiring

δε̂
〈
ψ1α(x1)ϕ2(x2) Φα1...α2s(x3)

〉
= 0 . (4.8)

To determine 〈δε̂ψ1α(x1)ϕ2(x2) Φα1...α2s(x3)〉, with δε̂ψ1α given by (2.11), we may use (3.4)
and (4.6) to obtain

∂1αβ C
(s)
∆1∆2 ∆,α1...α2s

(x1, x2, x3) ˆ̄ε β(x1)− 2i∆1 ηα C
(s)
∆1∆2 ∆,α1...α2s

(x1, x2, x3)

= −
(

(∆1 + ∆2 −∆ + s)
1
x12

2
x12αβ ˆ̄ε β(x2) + (∆1 + ∆2 −∆ + s)

1
x13

2
x13αβ ˆ̄ε β(x3)

)
× C(s)

∆1∆2 ∆,α1...α2s
(x1, x2, x3)

+ 2s
1
x13

2
x13 α(α1

x13β|α2
ˆ̄ε β(x1) C(s−1)

∆1+1 ∆2 ∆,α3...α2s)
(x1, x2, x3) . (4.9)

The other contributions to this superconformal identity are determined in terms of〈
J1αβ(x1)ϕ2(x2) Φα1...α2s(x3)

〉
= iXαβ C

(s)
∆1∆2 ∆,α1...α2s

(x1, x2, x3)KJ1ϕ2Φ

+ i
1
x13

2
x13 α(α1

x13β|α2
C(s−1)

∆1+1 ∆2 ∆,α3...α2s)
(x1, x2, x3)LJ1ϕ2Φ ,

(4.10)

and, using (2.10) for δε̂ϕ2,〈
ψ1α(x1) ψ̄2β(x2) Φα1...α2s(x3)

〉
= i

1
x12

2
x12αβ C

(s)
∆1∆2 ∆,α1...α2s

(x1, x2, x3)Pψ1ψ̄2Φ

+ i
1
x13

2
x13α(α1

x23β|α2
C(s−1)

∆1+1 ∆2 ∆,α3...α2s)
(x1, x2, x3)Qψ1ψ̄2Φ .

(4.11)

We also require, using (1.18),〈
ψ1α(x1)ϕ2(x2) Ψ̄β,α1...α2s(x3)

〉
= i

1
x13

2
x13αβ C

(s)
∆1∆2 ∆,α1...α2s

(x1, x2, x3)Pψ1ϕ2Ψ̄

+ i
1
x13

2
x13α(α1

C(s)
∆1∆2 ∆,α2...α2s) β

(x1, x2, x3)Qψ1ϕ2Ψ̄ .

(4.12)

If we define

Pψ1ϕ2Ψ̄+ = Pψ1ϕ2Ψ̄ +Qψ1ϕ2Ψ̄ , Pψ1ϕ2Ψ̄− = 2s Pψ1ϕ2Ψ̄ −Qψ1ϕ2Ψ̄ , (4.13)

then Pψ1ϕ2Ψ̄± correspond to Ψ̄ having spin s± 1
2 .
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Combining the different contributions the superconformal identity (4.8) then becomes{
∆1Dϕ1Cϕ1ϕ2Φ

( 1
x12

2
x12αβ ˆ̄ε β(x2) +

1
x13

2
x13αβ ˆ̄ε β(x3)

)
+
(
(∆2 −∆ + s)Dϕ1Cϕ1ϕ2Φ −DJ1KJ1ϕ2Φ

)
Xαβ ˆ̄ε β(x1)

}
C(s)

∆1∆2 ∆,α1...α2s
(x1, x2, x3)

−
(
2sDϕ1Cϕ1ϕ2Φ +DJ1LJ1ϕ2Φ

) 1
x13

2
x13α(α1

x13β|α2
ˆ̄ε β(x1) C(s−1)

∆1+1 ∆2 ∆,α3...α2s)
(x1, x2, x3)

+ Pψ1ψ̄2Φ
←−Dψ2

1
x12

2
x12αβ

ˆ̄ε β(x2) C(s)
∆1∆2 ∆,α1...α2s

(x1, x2, x3)

+Qψ1ψ̄2Φ
←−Dψ2

1
x23

2
x13α(α1

x23β|α2
ˆ̄ε β(x2) C(s−1)

∆1+1 ∆2 ∆,α3...α2s)
(x1, x2, x3)

+ Pψ1ϕ2Ψ̄

1
x13

2
x13αβ

ˆ̄ε β(x3) C(s)
∆1∆2 ∆,α1...α2s

(x1, x2, x3)

+Qψ1ϕ2Ψ̄

1
x13

2
x13(α1|β

ˆ̄ε β(x3) C(s)
∆1∆2 ∆,α2...α2s)α

(x1, x2, x3)

= 0 . (4.14)

From this we may extract

2∆1Dϕ1Cϕ1ϕ2Φ = − Pψ1ψ̄2Φ
←−Dψ2 − Pψ1ϕ2Ψ̄ ,

0 = Qψ1ψ̄2Φ
←−Dψ2 +Qψ1ϕ2Ψ̄ ,

(4.15)

and also
(∆−∆1 −∆2 − s)Dϕ1Cϕ1ϕ2Φ = −DJ1KJ1ϕ2Φ + Pψ1ψ̄2Φ

←−Dψ2 ,

2sDϕ1Cϕ1ϕ2Φ = −DJ1LJ1ϕ2Φ +Qψ1ψ̄2Φ
←−Dψ2 .

(4.16)

The result (4.16) provides a constraint on three point functions in that if the repre-
sentation RΦ ∈ Rϕ1 ⊗Rϕ2 but RΦ /∈ RJ1 ⊗Rϕ2 , Rψ1 ⊗Rψ2 then Cϕ1ϕ2Φ 6= 0 is possible
only if

∆ = ∆1 + ∆2 , s = 0 . (4.17)

When ∆1 = 1 we may impose the additional condition (3.17) for r = 1. Using

∂̃1
αβ
(
Xαβ C

(s)
1 ∆2 ∆,α1...α2s

(x1, x2, x3)
)

= 2(∆2 −∆) C(s)
3 ∆2 ∆,α1...α2s

(x1, x2, x3) ,

∂̃1
αβ
( 1
x13

2
x13 α(α1

x13β|α2
C(s−1)

2 ∆2 ∆,α3...α2s)
(x1, x2, x3)

)
= (∆2 −∆ + s+ 1) C(s)

3 ∆2 ∆,α1...α2s
(x1, x2, x3) ,

(4.18)

in (4.10), (3.17) requires

2(∆−∆2)KJ1ϕ2Φ + (∆−∆2 − s− 1)LJ1ϕ2Φ = 0 . (4.19)
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Combining (4.19) with (4.15), (4.16) gives

2(∆−∆2 + s+ 1)(∆−∆2 − s)Dϕ1Cϕ1ϕ2Φ

= − 2(∆−∆2)Pψ1ϕ2Ψ̄ − (∆−∆2 − s− 1)Qψ1ϕ2Ψ̄ .
(4.20)

Further relations for the three point function in (4.1) obtained from considering the
superconformal transformations of Φα1...α2s , starting from the identity

δε̂
〈
ϕ1(x1)ϕ2(x2) Ψ̄α,α1...α2s(x3)

〉
= 0 . (4.21)

To evaluate 〈ϕ1(x1)ϕ2(x2) δε̂Ψ̄α,α1...α2s(x3)〉 we use, from (1.32) and (1.27),

δε̂Ψ̄α,α1...α2s = ε̂β i∂βαΦα1...α2s + 2(∆− s) η̄α Φα1...α2s + 4s η̄(α1Φα2...α2s)α

− 2 η̄α ρILIΦα1...α2s

+ a ε̂β i∂[β(α1Φα2...α2s)α]

− ε̂β ρILI i
(
b ∂βαΦα1...α2s + 2c ∂(β(α1Φα2...α2s)α) + d ∂(α1α2Φα3...α2s)βα

)
+ ε̂β Jαβ,α1...α2s − ε̂βεβα Fα1...α2s . (4.22)

With the aid of

∂3αβ Zγδ = 2R(α(γZδ)β) , Rαβ =
1
x23

2
x23αβ +

1
x13

2
x13αβ , (4.23)

the action of the derivatives on the three point function (4.1) is given by, for a given by
(1.35),

∂3βαC
(s)
∆1∆2 ∆,α1...α2s

(x1, x2, x3) + a ∂3[β(α1
C(s)

∆1∆2 ∆,α2...α2s)α](x1, x2, x3)

= −(∆1 −∆2)Zαβ C
(s)
∆1∆2 ∆,α1...α2s

(x1, x2, x3)

+ (∆− s)Rαβ C
(s)
∆1∆2 ∆,α1...α2s

(x1, x2, x3) + 2sRβ(α1
C(s)

∆1∆2 ∆,α2...α2s)α
(x1, x2, x3) ,

(4.24)
and also, with b, c, d satisfying (1.37),

b ∂3βαC
(s)
∆1∆2 ∆,α1...α2s

(x1, x2, x3) + 2c ∂3(β(α1
C(s)

∆1∆2 ∆,α2...α2s)α)(x1, x2, x3)

+ d ∂3(α1α2
C(s)

∆1∆2 ∆,α1...α2s)βα
(x1, x2, x3)

= − (∆1 −∆2)
1

∆− s− 1
Zβα C

(s)
∆1∆2 ∆,α1...α2s

(x1, x2, x3)

+ (∆1 −∆2)
2s+ 1

(∆− s− 1)(∆ + s)
C(s+1)

∆1∆2 ∆,βαα1...α2s
(x1, x2, x3)

+Rβα C
(s)
∆1∆2 ∆,α1...α2s

(x1, x2, x3) .

(4.25)
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Defining

ε̂β(x3)Rβα − 2i η̄α =
1
x23

2
ε̂β(x2) x2βα +

1
x13

2
ε̂β(x1) x13βα = eα , (4.26)

we then find〈
ϕ1(x1)ϕ2(x2) δε̂Ψ̄α,α1...α2s(x3)

〉
= − i(∆1 −∆2) ε̂β(x3)

(
I− 1

∆− s− 1
ρILΦ,I

)
Cϕ1ϕ2Φ ZβαC(s)

∆1∆2 ∆,α1...α2s
(x1, x2, x3)

− i(∆1 −∆2)
2s+ 1

(∆− s− 1)(∆ + s)
ε̂β(x3) ρILΦ,I Cϕ1ϕ2Φ

× C(s+1)
∆1∆2 ∆+1,βαα1...α2s

(x1, x2, x3)

+ i eα
(
(∆− s) I− ρILΦ,I

)
Cϕ1ϕ2Φ C(s)

∆1∆2 ∆,α1...α2s
(x1, x2, x3)

+ i 2s Cϕ1ϕ2Φ e(α1 C
(s)
∆1∆2 ∆,α2...α2s)α

(x1, x2, x3)

+ ε̂β(x3)
〈
ϕ1(x1)ϕ2(x2) Jαβ,α1...α2s(x3)

〉
− ε̂β(x3)εβα

〈
ϕ1(x1)ϕ2(x2)Fα1...α2s(x3)

〉
.

(4.27)
In (4.27) conformal invariance requires〈
ϕ1(x1)ϕ2(x2) Jαβ,α1...α2s(x3)

〉
= i C(s+1)

∆1∆2 ∆+1,αβα1...α2s
(x1, x2, x3) Cϕ1ϕ2J+

+ i εα(α1εβ|α2 C
(s−1)
∆1∆2 ∆+1,α3...α2s)

(x1, x2, x3) Cϕ1ϕ2J−〈
ϕ1(x1)ϕ2(x2)Fα1...α2s(x3)

〉
= i C(s)

∆1∆2 ∆+1,α1...α2s
(x1, x2, x3) Cϕ1ϕ2F . (4.28)

The superconformal identity arising from (4.21) also requires, assuming (2.10), con-
tributions from 〈ψ1β(x1)ϕ2(x2) Ψ̄α,α1...α2s(x3)〉, which is given by (4.12), and also
〈ϕ1(x1)ψ2β(x2) Ψ̄α,α1...α2s(x3)〉, which has a corresponding definition in terms of Pϕ1ψ2Ψ̄

and Qϕ1ψ2Ψ̄. Since

ε̂β(x3)Zβα =
1
x23

2
ε̂β(x2) x23βα −

1
x13

2
ε̂β(x1) x13βα , (4.29)

and with the definition (4.26) the superconformal identity implies, with notation as in
(4.13),

2
(
(∆ + s) I− ρILΦ,I

)
Cϕ1ϕ2Φ = −Dψ1Pψ1ϕ2Ψ̄+ −Dψ2Pϕ1ψ2Ψ̄+ , (4.30)

and, for s > 0,

4s
(
(∆− s− 1) I− ρILΦ,I

)
Cϕ1ϕ2Φ = −Dψ1Pψ1ϕ2Ψ̄− −Dψ2Pϕ1ψ2Ψ̄− , (4.31)

together with

2Cϕ1ϕ2J+ = 2(∆1 −∆2)
(
I− 1

∆ + s
ρILΦ,I

)
Cϕ1ϕ2Φ +Dψ1Pψ1ϕ2Ψ̄+ −Dψ2Pϕ1ψ2Ψ̄+

(4.32)
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and

2(2s+ 1)Cϕ1ϕ2J− = 4s (∆1 −∆2)
(
I− 1

∆− s− 1
ρILΦ,I

)
Cϕ1ϕ2Φ

+Dψ1Pψ1ϕ2Ψ̄− −Dψ2Pϕ1ψ2Ψ̄− .
(4.33)

Together (4.30) and (4.31) give

− 2(∆− 1)
(
Dψ1Pψ1ϕ2Ψ̄ +Dψ2Pϕ1ψ2Ψ̄

)
− (∆− s− 2)

(
Dψ1Qψ1ϕ2Ψ̄ +Dψ2Qϕ1ψ2Ψ̄

)
= − 1

2s+ 1

(
2(s+ 1)(∆− s− 1)

(
Dψ1Pψ1ϕ2Ψ̄+ +Dψ2Pϕ1ψ2Ψ̄+

)
+ (∆ + s)

(
Dψ1Pψ1ϕ2Ψ̄− +Dψ2Pϕ1ψ2Ψ̄−

))
= 4
(
(∆ + s)(∆− s− 1) I− (∆− 1) ρILΦ,I

)
Cϕ1ϕ2Φ . (4.34)

Assuming both ∆1 = ∆2 = 1 and using (4.20) together with the corresponding equation
for Dϕ2Cϕ1ϕ2Φ then leads to

(∆ + s)(∆− s− 1)
(
Dψ1Dϕ1 +Dψ2Dϕ2

)
Cϕ1ϕ2Φ

= 2
(
(∆ + s)(∆− s− 1) I− (∆− 1) ρILΦ,I

)
Cϕ1ϕ2Φ .

(4.35)

(2.12) then implies

(∆ + s)(∆− s− 1)
(
L1,I + L2,I

)
Cϕ1ϕ2Φ = −2(∆− 1)LΦ,I Cϕ1ϕ2Φ , (4.36)

or, since (L1,I + L2,I + LΦ,I)Cϕ1ϕ2Φ = 0,

(∆ + s− 1)(∆− s− 2)LΦ,I Cϕ1ϕ2Φ = 0 . (4.37)

Unless LΦ,I Cϕ1ϕ2Φ = 0 and Φ is a singlet this implies that ∆ = s + 2 or ∆ = 1, s = 0,
assuming unitarity constraints on ∆.

5. Ward Identities for Four Point Functions

There are also corresponding superconformal Ward identities for higher point func-
tions. Here we consider the application of such identities to a four point function
〈ϕ1(x1)ϕ2(x2)ϕ3(x3)ϕ4(x4)〉 for superconformal primary fields ϕr belonging to short su-
permultiplets such that (2.10) and (2.11) give the associated superconformal transforma-
tions.
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The superconformal transformations δε̂
〈
ψ1α(x1)ϕ2(x2)ϕ3(x3)ϕ4(x4)

〉
= 0 lead to a

basic Ward identity for the four point function of the form

i∂1αβ Dϕ1

〈
ϕ1(x1)ϕ2(x2)ϕ3(x3)ϕ4(x4)

〉
ˆ̄ε β(x1)

+ 2∆1Dϕ1

〈
ϕ1(x1)ϕ2(x2)ϕ3(x3)ϕ4(x4)

〉
ηα

= −DJ1

〈
J1αβ(x1)ϕ2(x2)ϕ3(x3)ϕ4(x4)

〉
ˆ̄ε β(x1)

+
〈
ψ1α(x1) ψ̄2β(x2)ϕ3(x3)ϕ4(x4)

〉←−Dψ2
ˆ̄εβ(x2)

+
〈
ψ1α(x1)ϕ2(x2) ψ̄3β(x3)ϕ4(x4)

〉←−Dψ3
ˆ̄εβ(x3)

+
〈
ψ1α(x1)ϕ2(x2)ϕ3(x3) ψ̄4β(x4)

〉←−Dψ4
ˆ̄εβ(x4) .

(5.1)

By virtue of conformal invariance〈
ϕ1(x1)ϕ2(x2)ϕ3(x3)ϕ4(x4)

〉
= C∆1∆2∆3∆4(x1, x2, x3, x4)F (u, v) , (5.2)

where u, v are conformal invariants

u =
x12

2 x34
2

x13
2 x24

2
, v =

x23
2 x14

2

x13
2 x24

2
, xrs = xr − xs . (5.3)

The choice for C∆1∆2∆3∆4 , depending on xrs
2, in (5.2) is arbitrary so long as it has the

required conformal weight at each xr, for convenience we assume here

C∆1∆2∆3∆4(x1, x2, x3, x4) =
(x23

2)E−∆3 (x24
2)E−∆4

(x12
2)∆1 (x34

2)E
, (5.4)

with
E = 1

2 (∆1 + ∆3 + ∆4 −∆2) , (5.5)

Using (3.4) and noting that

ˆ̄ε α(x3) =
1
x12

2
(x̃32x21)αβ ˆ̄ε β(x1) +

1
x12

2
(x̃31x12)αβ ˆ̄ε β(x2) , (5.6)

with a similar result for x3 → x4, then, taking ˆ̄ε(x1) and ˆ̄ε(x2) as linearly independent,
(5.1) reduces to

C∆1∆2∆3∆4(x1, x2, x3, x4) i∂1αβ Dϕ1F (u, v)

= − x12
2DJ1

〈
J1αβ(x1)ϕ2(x2)ϕ3(x3)ϕ4(x4)

〉
+
〈
ψ1α(x1)ϕ2(x2) ψ̄3γ(x3)ϕ4(x4)

〉←−Dψ3 (x̃32x21)γβ

+
〈
ψ1α(x1)ϕ2(x2)ϕ3(x3) ψ̄4γ(x4)

〉←−Dψ4 (x̃42x21)γβ ,

(5.7)
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and

− C∆1∆2∆3∆4(x1, x2, x3, x4) 2∆1 ix12αβ Dϕ1F (u, v)

= x12
2
〈
ψ1α(x1) ψ̄2β(x2)ϕ3(x3)ϕ4(x4)

〉←−Dψ2

+
〈
ψ1α(x1)ϕ2(x2) ψ̄γ(x3)ϕ4(x4)

〉←−Dψ3 (x̃31x12)γβ

+
〈
ψ1,α(x1)ϕ2(x2)ϕ3(x3) ψ̄4γ(x4)

〉←−Dψ4 (x̃41x12)γβ .

(5.8)

To analyse (5.7) and (5.8) we use conformal invariance to write〈
ψrα(xr) ψ̄sβ(xs)ϕt(xt)ϕu(xu)

〉
= C∆1∆2∆3∆4(x1, x2, x3, x4)

(
1
xrs2

ixrsαβ Rrs(u, v) +
1

xrt2 xsu2
i(xrtx̃tuxus)αβ Srs(u, v)

)
,

r < s , (r, s, t, u) = (1, 2, 3, 4), (1, 3, 4, 2), (1, 4, 3, 2), (2, 3, 4, 1), (2, 4, 1, 3), (3, 4, 1, 2) ,

r > s , (r, s, t, u) = (2, 1, 4, 3), (3, 1, 2, 4), (4, 1, 2, 3), (3, 2, 1, 4), (4, 2, 3, 1), (4, 3, 2, 1) , (5.9)

and 〈
Jrαβ(xr)ϕs(xs)ϕt(xt)ϕu(xu)

〉
= C∆1∆2∆3∆4(x1, x2, x3, x4)

(
iXr[st]αβ Ir(u, v) + iXr[tu]αβ Jr(u, v)

)
,

(r, s, t, u) = (1, 2, 3, 4), (2, 3, 4, 1), (3, 4, 1, 2), (4, 1, 2, 3) .

(5.10)

With the prescription in (5.9)

Rrs = Rsr
T , Srs = Ssr

T . (5.11)

In (5.9) the choices given for r, s, t, u are sufficient by virtue of the identity

xrt x̃tu xus + xru x̃ut xts = xtu
2xrs . (5.12)

Similarly (5.10) is sufficient given

Xr[st] = −Xr[ts] , Xr[st] + Xr[tu] + Xr[us] = 0 . (5.13)

The superconformal identity (5.1) reduces to two 2× 2 equations. First from (5.8)

−2∆1 I Dϕ1F (u, v) =
(

IR12(u, v) + XS12(u, v)
)←−Dψ2

+
(

IR13(u, v) + ( I−X)−1 S13(u, v)
)←−Dψ3

+
(

IR14(u, v) + ( I−X)S14(u, v)
)←−Dψ4 ,

(5.14)
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for
X =

1
x13

2 x24
2

x13x̃34x42x̃21 = I− 1
x13

2 x24
2

x13x̃32x24x̃41 . (5.15)

Secondly from (5.7)

2
(

X1[23] u
∂

∂u
+ X1[43] v

∂

∂v

)
Dϕ1F (u, v) = −DJ1

(
X1[23] I1(u, v) + X1[34] J1(u, v)

)
+
(

X1[32]R13(u, v) + X1[42] S13(u, v)
)←−Dψ3

+
(

X1[42]R14(u, v) + X1[32] S14(u, v)
)←−Dψ4 .

(5.16)
or using X1[34]X1[23]

−1 = X (I−X)−1, X1[42]X1[23]
−1 = −(I−X)−1

2
(
u
∂

∂u
−X (I−X)−1 v

∂

∂v

)
Dϕ1F (u, v) = −DJ1

(
I1(u, v) + X(I−X)−1 J1(u, v)

)
−
(
R13(u, v) + (I−X)−1 S13(u, v)

)←−Dψ3

−
(
(I−X)−1R14(u, v) + S14(u, v)

)←−Dψ4 .

(5.17)

If X is diagonalised, with eigenvalues x, x̄, so that from (5.3) and (5.15)2

u = det X = xx̄ , v = det( I−X) = (1− x)(1− x̄) , (5.18)

then
1
x
u
∂

∂u
− 1

1− x
v
∂

∂v
=

∂

∂x
. (5.19)

Defining
T12(x, x̄) = R12(u, v) + xS12(u, v) ,

T13(x, x̄) = R13(u, v) + (1− x)−1S13(u, v) ,

T14(x, x̄) = R14(u, v) + (1− x)S14(u, v) .

(5.20)

(5.14) becomes
−2∆1Dϕ1F = T12

←−Dψ2 + T13
←−Dψ3 + T14

←−Dψ4 . (5.21)

Using (5.19) with

K1(x, x̄) =
1
x
I1(u, v) +

1
1− x

J1(u, v) , (5.22)

2 By using a conformal transformation we may take

x1 →
(
x 0
0 x̄

)
, x2 → 0 , x3 →∞ , x4 → I .

In this case X→
(
x̄ 0
0 x

)
whereas X1[32] →

(
1
x̄

0

0 1
x

)
and X1[43] →

(
1

1−x̄ 0

0 1
1−x

)
.
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(5.16) becomes

−2
∂

∂x
Dϕ1F = DJ1K1 +

1
x
T13
←−Dψ3 +

1
x(1− x)

T14
←−Dψ4 , (5.23)

For both (5.21) and (5.23) there are associated conjugate equations obtained by x↔ x̄.

The identities (5.21) and (5.23) may be extended by using, from (5.4),

C∆1∆2∆3∆4(x1, x2, x3, x4) = u−∆1vΣ−∆3 C∆2∆3∆4∆1(x2, x3, x4, x1)

= (v/u)Σ−∆2−∆3 C∆3∆4∆1∆3(x3, x4, x1, x2)

= u∆2−Σv∆4 C∆4∆1∆2∆3(x4, x1, x2, x3) .

(5.24)

Following the same derivation as before (5.21) generalises to

−2∆r DϕrF =
∑
s6=rTrs

←−Dψs (5.25)

where in addition to (5.20) for r < s

T23(x, x̄) = R23(u, v) + (1− x)S23(u, v) ,

T24(x, x̄) = R24(u, v) + x−1S24(u, v) ,

T34(x, x̄) = R34(u, v) + xS34(u, v) ,

(5.26)

and, using (5.11),
Ts r = Trs

T . (5.27)

Furthermore in addition to (5.23) we have

2
(
∂

∂x
+

∆2 −∆1

x
+

∆2 + ∆3 − Σ
1− x

)
Dϕ2F = DJ2K2 −

1
x(1− x)

T23
←−Dψ3 −

1
x
T24
←−Dψ4 ,

−2
(
∂

∂x
+

∆2 + ∆3 − Σ
x(1− x)

)
Dϕ3F = DJ3K3 +

1
x
T31
←−Dψ1 +

1
x(1− x)

T32
←−Dψ2 ,

2
(
∂

∂x
+

∆2 + ∆4 − Σ
x

)
Dϕ4F = DJ4K4 −

1
x(1− x)

T41
←−Dψ1 −

1
x
T42
←−Dψ2 ,

(5.28)
for

K3(x, x̄) =
1
x
I3(u, v) +

1
1− x

J3(u, v) ,

Kr(x, x̄) =
1

1− x
Ir(u, v) +

1
x
Jr(u, v) , r = 2, 4 .

(5.29)

By considering
∑
r DψrDφrF and using (5.25) with (2.12) then it is easy to see that

we must have ∑
rLr,I F = 0 , (5.30)
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as a consistency condition, in a similar fashion to the three point case.

Applying the conservation condition (3.17) for r = 1 and using

∂̃1
αβ

(
1
x12

2
X1[23]αβ

)
=

2x23
2

(x12
2)2 x13

2
, ∂̃1

αβ

(
1
x12

2
X1[43]αβ

)
=

2x23
2

(x12
2)2 x13

2

(
1− 1

v

)
,

(5.31)
gives in this case

2
∂

∂u
I1 −

1
u

(1− u− v)
∂

∂v
I1 − 2

∂

∂v
J1 +

1
v

(1− u− v)
∂

∂u
J1 −

1
u
I1 +

1
u

(
1− 1

v

)
J1 = 0 .

(5.32)
Equivalently from (5.22), and with K̄1(x, x̄) = K1(x̄, x),

∂

∂x

(K̄1

u

)
+

∂

∂x̄

(K1

u

)
=

1
x− x̄

(K1

u
− K̄1

u

)
. (5.33)

6. N = 3 Superconformal Algebra

For N = 3 we may use the isomorphism SO(3) ' SU(2)/Z2 to write the six super-
charges as Qαij = Qαji, i, j = 1, 2 and for their superconformal partners Sαij = Sαji. In
this case we define

Q̄α
ij = εikεjlQαkl , S̄αij = εikεjl S

αkl . (6.1)

The commutation relations (1.42) are equivalent to the algebra{
Qαij , Qβkl

}
= (εik εjl + εil εjk)Pαβ ,{

Sαij , Sβkl
}

= −
(
εik εjl + εil εjk

)
Kαβ .

(6.2)

and (1.43) becomes{
Qαij , S

βkl
}

= 2 δi(kδjl)
(
Mα

β + δα
βH
)
− 2 δαβ R(i

(kδj)
l) , (6.3)

with Ri
j , Rii = 0, the SU(2) R-symmetry generators[

Ri
j , Rk

l
]

= δk
jRi

l − δilRkj . (6.4)

The supercharges form the three dimensional vector representation so that (1.46) in this
case becomes[
Ri

j , Qαkl
]

= δk
jQαil + δl

jQαki − δijQαkl ,
[
Ri

j , Sαkl
]

= −δikSαjl − δilSαkj + δi
jSαkl .

(6.5)
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In terms of the usual SU(2) or SO(3) generators

[
Ri

j
]

=
(
R3 R+

R− −R3

)
, (6.6)

and (Rij)† = Rj
i = −εikεjlRkl.

In a quantum field theory context we require unitary representations in which H

has a positive real spectrum but the operators are unitary with respect to a modified
scalar product than that implicit in (1.14). Such representations can be constructed by
using as a representation space the Verma module for which a basis is given by the action
of the generators (Pαβ)nαβ (M2

1)nM (R−)nR (Qαij)mαij with a definite ordering and for
n11, n12, n22, nM , nR = 0, 1, 2, . . ., mαij = 0, 1, i ≤ j, on a highest weight state |∆, s, r〉hw

satisfying

H|∆, s, r〉hw = ∆|∆, s, r〉hw ,

R3|∆, s, r〉hw = r|∆, s, r〉hw , M1
1|∆, s, r〉hw = s|∆, s, r〉hw ,

Sαij |∆, s, r〉hw = R+|∆, s, r〉hw = M1
2|∆, s, r〉hw = 0 ,

(6.7)

where unitarity requires r, s = 0, 1
2 , 1, . . ., s labels the finite dimensional representations of

Sl(2,R)spin with generators Mα
β . The condition involving Sαij implies also that |∆, s, r〉hw

is annihilated by Kαβ . In general states satisfying Kαβ |ψ〉 = 0 are conformal primary.
The states formed by the action of R−,M2

1 on |∆, s, r〉hw form the superconformal primary
states and have dimension (2s+ 1)(2r+ 1), the supercharges Qαij acting on this generate
26(2s+ 1)(2r + 1) conformal primary states.

Except in special cases when |∆, s, r〉hw satisfies additional constraints, unitarity re-
quires also ∆ ≥ 1+s+r. Truncated representations are formed when some Qαij annihilate
the highest weight state. For the case of interest here we require

Qα11|∆, s, r〉hw = 0 , (6.8)

where the anti-commutator (6.3) then requires

∆ = r , s = 0 . (6.9)

In this case there remain four supercharges Qα12, Qα22 generating the Verma module.
Denoting representations of SU(2)R × Sl(2,R)spin by rs the action of the supercharges on
the highest weight state generate representations formed from conformal primary states
according to,

r0
Q−→

r 1
2

(r − 1) 1
2

Q2

−→ r0, (r − 1)0, (r − 2)0

(r − 1)1

Q3

−→
(r − 1) 1

2

(r − 2) 1
2

Q4

−→ (r − 2)0 , (6.10)
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where there are both 16r − 8 boson and fermion states. When r = 1
2 if we use the

Racah-Speiser algorithm so that in a decomposition in terms of SU(2)R representations
(−r) ' −(r − 1) then (6.10) becomes

1
2 0

Q−→ 1
2 1

2

Q2

−→ φ
Q3

−→ − 1
2 1

2

Q4

−→ − 1
2 0
. (6.11)

For r = 1 with a similar use of the Racah-Speiser algorithm

10
Q−→ 1 1

2
, 0 1

2

Q2

−→ 10, 01
Q3

−→ φ
Q4

−→ − 00 . (6.12)

In (6.11) and (6.12) φ denotes that there are no contributing representations, the negative
contributions reflect that is necessary to impose derivative constraints on the antecedent
representations. Hence (6.11) describes the fundamental hypermultiplet which is formed
by conformal primary states |ϕi〉, |ψαi〉, which have ∆ = 1

2 , 1, such that

Qαij |ϕk〉 = 1
2

(
εik |ψαj〉+ εjk |ψαi〉

)
, Qαij |ψβk〉 = −εikPαβ |ϕj〉 − εjkPαβ |ϕi〉 , (6.13)

where we require also
P̃αβPαβ |ϕi〉 = 0 , P̃αβ |ψβi〉 = 0 , (6.14)

which ensure the absence of the negatively contributing representations in (6.11). For
the supermultiplet with r = 1 described by (6.12) there is a SU(2)R singlet vector state
|Jαβ〉 = |Jβα〉, with ∆ = 2, satisfying the condition

P̃αβ |Jαβ〉 = 0 . (6.15)

(6.14) are just the dynamical equations for free hypermultiplet fields while (6.15) corre-
sponds to a conserved current.

7. Superconformal field transformations for N = 3

We here consider the Ward identities for N = 3 superconformal symmetry involv-
ing superconformal primary fields belonging to the truncated supermultiplet described by
(6.10). The superconformal primary fields for r = 1

2n are symmetric rank n SU(2) tensors
which are expressible in terms of homogeneous functions of SU(2) spinors ti, i = 1, 2, of
degree n according to

ϕi1...in(x)→ ϕ(n)(x, t) = ϕi1...in(x) ti1 . . . tin , ϕ(n)(x, λt) = λnϕ(n)(x, t) . (7.1)

For superconformal transformations then, following (6.10) and ensuring homogeneity in t

is preserved,
δε̂ϕ

(n)(t) = ε̂α ij t̃i∂jψ
(n)
α (t) + ε̂α ij t̃it̃j χ

(n−2)
α (t) , (7.2)
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where we define
t̃i = εij t

j , ∂̃i = εij∂j , (7.3)

and the Killing spinor in (1.16) is now

ε̂α ij(x) = εα ij + i η̄β
ij x̃βα . (7.4)

The corresponding transformations for the spinor fields ψ, χ, generated by the action of
the supercharges, are then from (6.10)

δε̂ψ
(n)
α (t) = ε̂β kl

(
a t̃k∂l i∂αβϕ

(n)(t) + t̃k t̃l J
(n−2)
αβ (t)

)
+ na η̄α

kl t̃k∂l ϕ
(n)(t)

+ εαβ ε̂
β kl
(
(n− 1) t̃k∂lf (n)(t) + (n− 2) t̃k t̃lf (n−2)(t)

)
,

δε̂χ
(n−2)
α (t) = − ε̂β kl

(
a ∂k∂l i∂αβϕ

(n)(t) + t̃k∂l J
(n−2)
αβ (t)

)
− na η̄αkl∂k∂l ϕ(n)(t)

+ εαβ ε̂
β kl
(
∂k∂lf

(n)(t) + (n+ 2) t̃k∂lf (n−2)(t) + t̃k t̃lf
(n−4)(t)

)
.

(7.5)

The coefficients in (7.5) are determined by requiring closure of the algebra which determines
∆ = 1

2n. In general we have

(δε̂2δε̂1 − δε̂1δε̂2)ϕ(n)(t) = Uαβ,ij,kl fαβ,ij,kl(t) + V ij,kl gij,kl(t) +W ij,kl hij,kl(t) , (7.6)

where
Uαβ,ij,kl = ε̂

(α ij
1 ε̂

β) kl
2 − ε̂ (α ij

2 ε̂
β) kl
1 = Uαβ,kl,ij ,

V ij,kl = εαβ
(
ε̂α ij1 ε̂ β kl2 − ε̂α ij2 ε̂ β kl1

)
= −V kl,ij ,

W ij,kl = ε̂α ij1 η̄ kl2α − ε̂
α ij
2 η̄ kl1α .

(7.7)

With the identity
2 t̃[j ∂k] = εjk t

m∂m , (7.8)

we have, using the symmetry conditions in (7.7), for the individual contributions to (7.6)

V ij,kl
(
(n− 1) t̃i∂j t̃k∂l + t̃it̃j ∂k∂l

)
f (n)(t)

= V ij,kl
(
−(n− 1) εjk t̃i∂l + 2 t̃i t̃[j∂k]∂l

)
f (n)(t) = 0 ,

V ij,kl
(
(n− 2) t̃i∂j t̃k t̃l + (n+ 2) t̃it̃j t̃k∂l

)
f (n−2)(t)

= V ij,kl
(
−2(n− 2) εjl t̃i∂k + 4 t̃it̃k t̃[j∂l]

)
f (n−2)(t) = 0 ,

Uαβ,ij,kl
(
t̃i∂j t̃k∂l − t̃it̃j ∂k∂l

)
∂αβϕ

(n)(t)

= −Uαβ,ij,kl
(
εjk t̃i∂l + εjk t̃i t

m∂m ∂l
)
∂αβϕ

(n)(t) = − 1
2n

2 Uαβ,ij,klεjkεil ∂αβϕ
(n)(t) ,

Uαβ,ij,kl
(
t̃i∂j t̃k t̃l − t̃it̃j t̃k∂l

)
J

(n−2)
αβ (t) = 0 ,

W ij,kl
(
t̃i∂j t̃k∂l − t̃it̃j ∂k∂l

)
ϕ(n)(t) = −nW ij,klεjk t̃i∂l ϕ

(n)(t) . (7.9)
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Choosing a = −2/n2 we have

(δε̂2δε̂1 − δε̂1δε̂2)ϕ(n)(x, t) = vαβ(x) i∂αβϕ(n)(x, t)− 2wji(x)
(
tj∂i − n δij

)
ϕ(n)(x, t) ,

vαβ = εikεjl
(
ε̂α ij1 ε̂ β kl2 − ε̂α ij2 ε̂ β kl1

)
, wj

i = ε̂α ik1 η2α jk − ε̂α ik2 η1α jk .

(7.10)
This result is in accord with (6.2) and (6.3), where the action of Pαβ ,Mα

β , H,Kαβ is just
as in (1.11) with ∆ = 1

2n, and[
Ri

j , ϕ(n)(x, t)
]

= −Lijϕ(n)(x, t) , (7.11)

for

Li
jϕ(n)(t) = (−tj∂i + 1

2n δi
j)ϕ(n)(t) , Li

jLj
iϕ(n)(t) = 1

2n(n+ 2)ϕ(n)(t) . (7.12)

These results for N = 3 superconformal transformations can be expressed in the
general form described in section 2 by taking ϕ→ ϕ(n)(x, t) and the fermion fields ψα are
then given by a column vector formed by the two SU(2) representation appearing in (7.2),

ψα(x, t) =
(

ψ
(n)
α (x, t)

χ
(n−2)
α (x, t)

)
, ψ̄α(x, t) = ψα(x, t)T , (7.13)

with also corresponding results the vector and scalar fields Jαβ and F ,

J
(n−2)
αβ (x, t) , F (x, t) =

 f (n)(x, t)
f (n−2)(x, t)
f (n−4)(x, t)

 . (7.14)

The superconformal transformation (7.2) is then in the form (2.10) if

Dψ,ijψα(x, t) =
(
t̃(i∂j) t̃i t̃j

)
ψα(x, t) , (7.15)

and (7.5) may also be expressed as in (2.11) with the definitions

Dϕ,ijϕ(n)(x, t) =
2
n2

(
t̃(i∂j)
−∂i ∂j

)
ϕ(n)(x, t) ,

DJ,ijJ (n−2)
αβ (x, t) =

(
t̃i t̃j
−t̃(i∂j)

)
J

(n−2)
αβ (x, t) ,

(7.16)

and

DF,ijF (x, t) =
(

(n− 1) t̃(i∂j) (n− 2) t̃i t̃j 0
∂i ∂j (n+ 2) t̃(i∂j) t̃i t̃j

)
F (x, t) . (7.17)
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Using (7.16) and (7.15) we get

Dψ,ijD̄ϕklϕ(n)(t) =
(
δ(i
kδj)

l +
2
n
δ(i

(kLj)
l)
)
ϕ(n)(t) , D̄ϕkl = εkmεlnDϕ,mn , (7.18)

as required by (2.12). Also, with D̄Jkl = εkmεlnDJ,mn,

Dψ,ijD̄JklJ (n−2)(t) = δ(i
(kMj)

l)J (n−2)(t) , Mj
lJ (n−2)(t) = −n t̃jtlJ (n−2)(t) , (7.19)

in accord with (2.13). The conditions (2.14) satisfied by taking

QJi =
(

1
2 (n− 2)∂̃ i (n+ 1)ti

)
, Qψij = titj , (7.20)

where QJiDJ,ij J (n−2)(t) = 0.

8. Ward Identities for N = 3

The preceding results can be used to obtain Ward identities for N = 3 superconformal
symmetry in three and four point functions where ϕr(xr)→ ϕ(nr)(xr, tr), ∆r = 1

2nr. For
the two point function then SU(2) invariance dictates

〈
ϕ(n)(x1, t1)ϕ(n)(x2, t2)

〉
=
(

(t1t̃2)2

x12
2

)1
2n

, (8.1)

letting t1t̃2 = −t2t̃1 = t1
it̃2i. The three point function corresponding to (4.1), with Φ(n)

belonging to the 1
2n SU(2) representation and ∆1,2 = 1

2n1,2, becomes〈
ϕ(n1)(x1, t1)ϕ(n2)(x2, t2) Φ(n)

α1...α2s
(x3, t3)

〉
= C12,Φ C(s)

∆1∆2 ∆,α1...α2s
(x1, x2, x3) fn1n2n(t1, t2, t3) ,

(8.2)

with fn1n2n3(t1, t2, t3) homogeneous of degree nr in tr. SU(2) invariance requires

fn1n2n3(t1, t2, t3) = (t1t̃2)
1
2 (n1+n2−n3)(t2t̃3)

1
2 (n2+n3−n1)(t3t̃1)

1
2 (n3+n1−n2)

|n1 − n2| ≤ n3 ≤ n1 + n2 .
(8.3)

This satisfies

fn1n2n3(t1, t2, t3) = (−1)
1
2 (n1+n2+n3)fn2n1n3(t2, t1, t3) = fn3n1n2(t3, t1, t2) , (8.4)

in accord with standard results for SU(2) 3j-symbols, and

L1,i
jfn1n2n3(t1, t2, t3) = 1

2n1 t̃2,it2
jfn1 n2−2n3(t1, t2, t3)− 1

2n1 t̃3,it3
jfn1n2 n3−2(t1, t2, t3)

+ 1
2 (n2 − n3) t̃1,it1jfn1−2n2n3(t1, t2, t3) . (8.5)
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For four point functions, as in (5.2), then the scalar F (u, v, t1, t2, t3, t4) now becomes
a homogeneous function of degree n1, n2, n3, n4 in t1, t2, t3, t4 in addition to depending on
u, v. Using (7.15) and (7.16), (5.21) becomes

− 2
n1

(
t̃1(i∂1j)

−∂1i ∂1j

)
F =

4∑
r=2

T1r

(←−
∂r(it̃rj)

t̃r i t̃rj

)
, (8.6)

where T1r are 2× 2 matrices since ψα as in (6.14) has two components. Also from (5.23)

− 4
n1

2

(
t̃1(i∂1j)

−∂1i ∂1j

)
∂

∂x
F =

(
t̃1i t̃1j
−t̃1(i∂1j)

)
K1

+
1
x
T13

(←−
∂3(it̃3j)

t̃3i t̃3j

)
+

1
x(1− x)

T14

(←−
∂4(it̃4j)

t̃4i t̃4j

)
.

(8.7)

Since t1t̃2 t3t̃4 + t3t̃1 t2t̃4 + t2t̃3 t1t̃4 = 0, there is one invariant which is homogeneous
of degree zero in all four tr,

α =
t3t̃1 t2t̃4

t2t̃1 t3t̃4
= 1− t2t̃3 t1t̃4

t2t̃1 t3t̃4
. (8.8)

Defining
fn1n2n3n4(t1, t2, t3, t4) = (t1t̃2)n1(t2t̃3)n3−e(t4t̃2)n4−e(t3t̃4)e , (8.9)

for
e = 1

2 (n1 + n3 + n4 − n2) = 0, 1, 2, . . . , (8.10)

we may then write

F (u, v, t1, t2, t3, t4) = fn1 n2 n3 n4(t1, t2, t3, t4)F(x, x̄, α) ,

K1(x, x̄, t1, t2, t3, t4) = fn1−2n2 n3 n4(t1, t2, t3, t4)K(x, x̄, α) ,
(8.11)

where, assuming e ≤ n3, n4, F(x, x̄, α) is a polynomial in α of degree min(e, n1), K(x, x̄, α)
similarly has degree min(e−1, n1−2). Similarly, T13, T14 may also be expressed as

T13 =
(

fn1 n2 n3 n4(t1, t2, t3, t4)A3 fn1 n2 n3−2n4(t1, t2, t3, t4)B3

fn1−2n2 n3 n4(t1, t2, t3, t4) C3 fn1−2n2 n3−2n4(t1, t2, t3, t4)D3

)
,

T14 =
(

fn1 n2 n3 n4(t1, t2, t3, t4)A4 fn1 n2 n3 n4−2(t1, t2, t3, t4)B4

fn1−2n2 n3 n4(t1, t2, t3, t4) C4 fn1−2n2 n3 n4−2(t1, t2, t3, t4)D4

)
,

(8.12)

with A3,A4 polynomials of degree min(e, n1), B3,B4 of degree min(e−1, n1), C3, C4 of
degree min(e−1, n1−2) and D3,D4 of degree min(e−2, n1−2).
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The various i, j components in (8.7) give three independent equations which may be
obtained by contracting with the basis formed by t2it2j , t1(it2j) and t1

it1
j . Using

t1 · ∂3 α = − t1t̃2

t3t̃2
α(1− α) , t2 · ∂3 α = − t4t̃2

t3t̃4
(1− α) ,

t1 · ∂4 α =
t1t̃2

t4t̃2
α(1− α) , t2 · ∂4 α = − t3t̃2

t3t̃4
α ,

(8.13)

then (8.7) reduces to
4
n1

2

∂

∂x
F ′ = K +

1
x
Y3 +

1
x(1− x)

Y4 ,

2
n1

∂

∂x
F =

1
x

(
− 1

2n3A3 + αY3

)
− 1
x(1− x)

(
1
2n4A4 + (1− α)Y4

)
,

0 =
α

x

(
− n3A3 + αY3

)
+

1− α
x(1− x)

(
n4A4 + (1− α)Y4

)
,

(8.14)

and
4
n1

2

∂

∂x
F ′′ = K′ + 1

x
Z3 +

1
x(1− x)

Z4 ,

4
n1

2
(n1 − 1)

∂

∂x
F ′ = 1

2 (n1 − 2)K

+
1
x

(
− 1

2n3 C3 + αZ3

)
− 1
x(1− x)

(
1
2n4 C4 + (1− α)Z4

)
,

4
n1

(n1 − 1)
∂

∂x
F =

α

x

(
− n3 C3 + αZ3

)
+

1− α
x(1− x)

(
n4 C4 + (1− α)Z4

)
, (8.15)

with primes denoting differentiation with respect to α and where

Y3 = eA3 + (1− α)A3
′ + B3 , Y4 = −eA4 + αA4

′ + B4 ,

Z3 = (e− 1) C3 + (1− α) C3′ +D3 , Z4 = −(e− 1) C4 + α C4′ +D4 .
(8.16)

Furthermore by contracting (8.6) with t2
it2
j , which eliminates T2, we get

2
n1
F ′ = Y3 + Y4 ,

2
n1
F ′′ = Z3 + Z4 . (8.17)

The remaining four equations obtained by contracting (8.6) with t1(it2j), t1it1j should serve
to determine the four components in T2. It is easy to see that by combining (8.17) with
(8.14) and (8.15) that we must have

Y3
′ = Z3 , Y4

′ = Z4 . (8.18)

In addition to (8.14), (8.15) and (8.17) there are corresponding equations for x→ x̄.

In the extremal case, e = 0, then F ′ = 0 and in (8.14) and (8.15) only A3,A4, as well
as F , are non zero. In consequence ∂

∂xF = 0 and with the corresponding equation when
x → x̄ F is just a constant which is given in terms of the three point functions given in
(8.2) by

F = Cn1n2 n2−n1 Cn3n4 n3+n4 . (8.19)
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9. N = 6 Superconformal Algebra

For N = 6, with R-symmetry SO(6) ' SU(4)/Z2, the superconformal algebra can
be written in a very similar form to the N = 3 case given in section 4 except that the 12
supercharges and their conformal partners are now

Qαij = −Qαji , Sαij = −Sαji , i, j = 1, 2, 3, 4 . (9.1)

Replacing (1.42) we now have{
Qαij , Qβkl

}
= εijkl Pαβ ,

{
Sαij , Sβkl

}
= −εijklKαβ , (9.2)

and, instead of (6.3), reflecting the antisymmetry in (9.1),{
Qαij , S

βkl
}

= 2 δi[kδjl]
(
Mα

β + δα
βH
)
− 4 δαβ R[i

[kδj]
l] . (9.3)

The other commutation relations are unchanged in form except that, with Rij now gener-
ators for SU(4) satisfying (6.4),[

Ri
j , Qαkl

]
= δk

jQαil + δl
jQαki − 1

2δi
jQαkl ,[

Ri
j , Sαkl

]
= − δikSαjl − δilSαkj + 1

2δi
jSαkl ,

(9.4)

and, instead of (6.1),

Q̄α
ij = 1

2 ε
ijklQαkl , S̄αij = 1

2 εijkl S
αkl . (9.5)

The construction of unitary positive energy representations is similar to the N = 3
case although the highest weight states are now labelled

∣∣∆, s, [r1, r2, r3]
〉

hw
where we

require Rij
∣∣∆, s, [r1, r2, r3]

〉
hw

= 0 for j > i and

Hi

∣∣∆, s, [r1, r2, r3]
〉

hw
= ri

∣∣∆, s, [r1, r2, r3]
〉

hw
, (9.6)

with Hi a basis for the SU(4) Cartan generators so that ri are integers and [r1, r2, r3] are
then the Dynkin labels for the corresponding SU(4) representation. Here

R1
1 = 1

4 (3H1 + 2H2 +H3) , R2
2 = 1

4 (−H1 + 2H2 +H3) ,

R3
3 = − 1

4 (H1 + 2H2 −H3) , R4
4 = − 1

4 (H1 + 2H2 + 3H3) .
(9.7)

Acting on
∣∣∆, s, [r1, r2, r3]

〉
hw

Ri
j for j < i generates superconformal primary states form-

ing a basis for the associated SU(4) representation space of dimension d(r1, r2, r3) =
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1
12 (r1 + 1)(r2 + 1)(r3 + 1)(r1 + r2 + 2)(r2 + r3 + 2)(r1 + r2 + r3 + 3). The 12 supercharges
Qαij then generate conformal primary states with dimension 212(2s+ 1)d(r1, r2, r3).

When the highest weight state is annihilated by one or more supercharges truncated
representations are obtained. For s = 0, so that Mα

β
∣∣∆, 0, [r1, r2, r3]

〉
hw

= 0, here we
consider

Qα12

∣∣∆, 0, [r1, r2, r3]
〉

hw
= 0 ⇒

(
H −R1

1 −R2
2
)∣∣∆, 0, [r1, r2, r3]

〉
hw

= 0 ,

Qα13

∣∣∆, 0, [r1, r2, r3]
〉

hw
= 0 ⇒

(
H −R1

1 −R3
3
)∣∣∆, 0, [r1, r2, r3]

〉
hw

= 0 ,
(9.8)

where the constraints arise from (9.3). Together the two BPS conditions in (9.8) require

∆ = 1
2 (r1 + r3) , r2 = 0 . (9.9)

We may also impose in addition the further conditions Qα14

∣∣∆, 0, [r1, r2, r3]
〉

hw
= 0 or

Qα23

∣∣∆, 0, [r1, r2, r3]
〉

hw
= 0 which imply respectively r3 = 0 or r1 = 0. Labelling confor-

mal primary multiplets by [r1, r2, r3]s the action of the remaining supercharges on super-
conformal primary states satisfying (9.8) give

[q, 0, r]0
Q−→ [q+1,0,r−1] 1

2
,[q−1,0,r+1] 1

2

[q−1,1,r−1] 1
2

Q2

−→ [q,0,r]1,0,[q,1,r−2]1,0,[q−2,1,r]1,0,[q−1,0,r−1]1

[q+2,0,r−2]0,[q−2,0,r+2]0,[q−2,2,r−2]0

Q3

−→ (9.10)

[q, 0, r] SU(4) representations may be defined in terms of the representation space
formed by symmetric traceless (q, r) tensors, T j1...jri1...iq

= T
(j1...jr)
(i1...iq)

, T j1...jr−1 i
i1...iq−1 i

= 0. Equiva-

lently we may consider scalar homogeneous functions T (q,r)(t, t̄), of degree (q, r), of con-
travariant and covariant 4-vectors ti and t̄j , satisfying tit̄i = 0, so that

T (q,r)(λ t, µ t̄) = λqµrT (q,r)(t, t̄) . (9.11)

Acting on T (q,r)(t, t̄) derivatives ∂i, ∂̄i are defined to give homogeneous functions of degree
(q−1, r), (q, r−1). A precise definition, taking into account the constraint tit̄i = 0, is given
in appendix C. Applied to T (q,r)(t, t̄) = T j1...jri1...iq

ti1 . . . tiq t̄j1 . . . t̄jr , with T j1...jri1...iq
symmetric

and traceless, ∂i, ∂̄i are defined just as expected without considering the condition tit̄i = 0
but in general, without the traceless condition on T j1...jri1...iq

, there are additional contributions
which are proportional to t̄i, ti respectively. Using the definition given in appendix C then,
for arbitrary homogeneous functions T (q,r)(t, t̄), derivatives have the properties[

∂i, ∂j
]
T (q,r)(t, t̄) =

[
∂i, ∂̄

j
]
T (q,r)(t, t̄) =

[
∂̄i, ∂̄j

]
T (q,r)(t, t̄) = 0 ,

∂̄i∂iT
(q,r)(t, t̄) = 0 , ti∂iT

(q,r)(t, t̄) = q T (q,r)(t, t̄) , t̄i∂̄
iT (q,r)(t, t̄) = r T (q,r)(t, t̄) .

(9.12)

30



General SU(4) representations with Dynkin labels [q, p, r] are also be expressible in a
similar fashion in terms of homogeneous functions which are covariant symmetric tensors
of rank p,

T
(q+p,r)
i1...ip

(t, t̄) = T
(q+p,r)
(i1...ip) (t, t̄) , (9.13)

subject to the conditions3

tiT
(q+p,r)
i i1...ip−1

(t, t̄) = ∂̄iT
(q+p,r)
i i1...ip−1

(t, t̄) = 0 . (9.14)

Of course [q, p, r] representations may be equivalently defined in terms of symmetric con-
travariant tensors T (q,r+p)i1...ip(t, t̄) satisfying the analogous conditions to (9.14). For p = 1
the connection between the contravariant and covariant expressions is given by

(q + 2)T (q,r+1)i(t, t̄) = εijklt̄j∂kTl
(q+1,r)(t, t̄) . (9.15)

It is easy to see that this satisfies t̄iT (q,r+1)i(t, t̄) = ∂iT
(q,r+1)i(t, t̄) = 0 and also, subject

to the conditions (9.14), εijkltj ∂̄kT (q,r+1)l(t, t̄) = (r + 2)Ti(q+1,r)(t, t̄).

For application to the truncated supermultiplets given in (9.10) we therefore consider
superconformal primary fields

ϕ(q,r)(x, t, t̄) , ∆ = 1
2 (q + r) , (9.16)

and, at the first level, fermion fields

χ(q+1,r−1)
α (x, t, t̄) , χ̄(q−1,r+1)

α (x, t, t̄) , ψ
(q,r−1)
α,i (x, t, t̄) , ∆ = 1

2 (q + r + 1) , (9.17)

satisfying, from (9.14) for p = 1,

tiψ
(q,r−1)
α,i (t, t̄) = ∂̄iψ

(q,r−1)
α,i (t, t̄) = 0 , (9.18)

as required for the representation with Dynkin labels [q−1, 1, r−1]. Equivalently we may
take, as related by (9.15), ψ(q,r−1)

α,i (t, t̄) → ψ̄
(q−1,r)i
α (t, t̄) satisfying the corresponding con-

ditions to (9.18). Superconformal transformations on ϕ(q,r) then take the form

δϕ(q,r)(t, t̄) = ε̂α ij t̄i∂jχ
(q+1,r−1)
α (t, t̄) + ˆ̄εαij t

i∂̄ jχ̄(q−1,r+1)
α (t, t̄)

+ ε̂α ij t̄i ψ
(q,r−1)
α,j (t, t̄) .

(9.19)

3 The dimension formula follows from

d(q, p, r) = 1
6
(p+ 1)(p+ 2)(p+ 3) d(q + p, 0, r)

− 1
6
p(p+ 1)(p+ 2) (d(q + p+ 1, 0, r) + d(q + p, 0, r − 1))

+ 1
6
(p− 1)p(p+ 1) d(q + p+ 1, 0, r − 1) ,

where the second and third terms correspond to the constraint conditions and the last term

removes overcounting.
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The corresponding superconformal transformations of the fermion fields involving ϕ(q,r)

are then

δχ(q+1,r−1)
α (t, t̄) = a ˆ̄ε βkl tk∂̄ l i∂βαϕ(q,r)(t, t̄) + a(q + r) ηαkl tk∂̄ l ϕ(q,r)(t, t̄) ,

δχ̄(q−1,r+1)
α (t, t̄) = b ε̂ β kl t̄k∂l i∂βαϕ

(q,r)(t, t̄) + b(q + r) η̄αkl t̄k∂l ϕ(q,r)(t, t̄) ,

δψ
(q,r−1)
α,j (t, t̄) = c ˆ̄ε βkl

(
q δj

k − tk∂j
)
∂̄ l i∂βαϕ

(q,r)(t, t̄)
+ c(q + r) ηαkl

(
q δj

k − tk∂j
)
∂̄ l ϕ(q,r)(t, t̄) ,

(9.20)

where the form of δψ(q,r−1)
α,j is dictated by the requirement that it satisfy (9.18). In (9.19)

and (9.20)
ˆ̄εαij = 1

2 εijkl ε̂
αkl , η̄α

kl = 1
2 ε

klij ηα ij . (9.21)

In (9.20) a, b, c are coefficients which are determined by requiring consistency with the
superconformal algebra. If we consider the commutator of two transformations then from
(9.19) and (9.20)

(δ2δ1 − δ1δ2)ϕ(q,r)(t, t̄) = Uαβ,ijkl
(
(a− c) t̄i∂j tk∂̄ l + b tk∂̄ l t̄i∂j

+ (q + 1)c δjk t̄i∂̄ l
)
i∂βαϕ

(q,r)(t, t̄)

+ (q + r)W ij
kl

(
(a− c) t̄i∂j tk∂̄ l + (q + 1)c δjk t̄i∂̄ l

)
ϕ(q,r)(t, t̄)

+ (q + r)Wkl
ij b tk∂̄ l t̄i∂j ϕ

(q,r)(t, t̄) , (9.22)

where we have used the definitions (7.7) with

Uαβ,ijkl = 1
2εklmn U

αβ,ij,mn , W ij
kl = 1

2εklmnW
ij,kl , Wkl

ij = 1
2εklmnW

mn,kl . (9.23)

These satisfy the critical identities

Uαβ,ikjk = 1
4 δj

i Uαβ,klkl , (9.24)

which depends on the symmetry relation for Uαβ,ij,mn in (7.7), and

Wkl
ij = 1

4 ε
ijmnεklpqW

mn
pq = W ij

kl − 4 δ[l[jW i]m
k]m + δ[k

iδl]
jWmn

mn . (9.25)

With the aid of (9.25) and taking

c = a+ b , (9.26)

we may use [
t̄[i∂j], t

[k∂̄l]
]

= −δ[j[l t̄i]∂̄k] + δ[j
[l tk]∂i] , (9.27)
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to obtain

(δ2δ1 − δ1δ2)ϕ(q,r)(t, t̄) = − Uαβ,ilkl
(
(qc+ a) t̄i∂̄k + b tk∂i

)
i∂βαϕ

(q,r)(t, t̄)

− (q + r)W il
kl

(
(qc+ a) t̄i∂̄k + b tk∂i

)
ϕ(q,r)(t, t̄)

− 4(q + r)bW il
kl t

[k∂̄j] t̄[i∂j] ϕ
(q,r)(t, t̄)

+ 1
2 (q + r)bW kl

kl t
[i∂̄j] t̄[i∂j]ϕ

(q,r)(t, t̄) .

(9.28)

Since

4t[k∂̄j] t̄[i∂j] ϕ(q,r)(t, t̄) = −q t̄i∂̄kϕ(q,r)(t, t̄)−(r+2) tk∂iϕ(q,r)(t, t̄)−q δik ϕ(q,r)(t, t̄) , (9.29)

and using (9.24) we may obtain the final result

(δ2δ1 − δ1δ2)ϕ(q,r)(t, t̄)

= − 1
4

(
(q + 1)ra+ q(r + 1)b

)(
Uαβ,klkl i∂βαϕ

(q,r)(t, t̄) + (q + r)W kl
kl ϕ

(q,r)(t, t̄)
)

− (q + r)W il
kl

(
(q + 1)a

(
t̄i∂̄

k − 1
4r δi

k
)
− (r + 1)b

(
tk∂i − 1

4q δi
k
))
ϕ(q,r)(t, t̄) .

(9.30)

For (9.30) to be compatible with closure of the superconformal algebra we require
(q + 1)a = (r + 1)b. Assuming

a = − 4
(q + 1)(q + r)

, b = − 4
(r + 1)(q + r)

, (9.31)

then (9.30) takes the form

(δ2δ1 − δ1δ2)ϕ(q,r)(t, t̄) = vαβ i∂αβϕ
(q,r)(t, t̄) + 4wji

(
Li
j + 1

4 (q + r) δij
)
ϕ(q,r)(t, t̄) ,

vαβ = ε̂α ij1
ˆ̄ε2αij − ε̂ β ij2

ˆ̄ε1βij , wj
i = ε̂α ik1 η2α jk − ε̂α ik2 η1α jk , (9.32)

for
Li
jϕ(q,r)(t, t̄) = −

(
tj∂i − t̄i∂̄j − 1

4 (q − r) δij
)
ϕ(q,r)(t, t̄) . (9.33)

This is in accord with (9.2) and (9.3) but now[
Ri

j , ϕ(q,r)(x, t, t̄)
]

= −Lij ϕ(q,r)(x, t, t̄) . (9.34)

The transformation of the fermion fields also include at the next level contributions
from vector fields Jαβ = Jβα which in accordance with the representations required in
(9.10) are expressible in terms of the following homogeneous functions of t, t̄,

J
(q,r)
αβ (t, t̄) , J

(q−1,r−1)
αβ (t, t̄) , V

(q+1,r−2)
αβ,i (t, t̄) , V

(q−1,r)
αβ,i (t, t̄) , ∆ = 1

2 (q + r + 2) ,
(9.35)
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satisfying

tiV
(q+1,r−2)
αβ,i (t, t̄) = ∂̄iV

(q+1,r−2)
αβ,i (t, t̄) = tiV

(q−1,r)
αβ,i (t, t̄) = ∂̄iV

(q−1,r)
αβ,i (t, t̄) = 0 . (9.36)

For q = r = 1 V (q+1,r−2)
αβ,i , V

(q−1,r)
αβ,i are absent. The additional terms in the superconformal

transformations involving the vector fields in (9.35) then have the form

δ′χ(q+1,r−1)
α (t, t̄) = a ˆ̄ε βkl tk∂̄ l J

(q,r)
βα (t, t̄) + a′ ε̂ β kl t̄k V

(q+1,r−2)
βα,l (t, t̄) ,

δ′χ̄(q−1,r+1)
α (t, t̄) = b ε̂ β kl t̄k∂l J

(q,r)
βα (t, t̄) + ε̂ β kl t̄k V

(q−1,r)
βα,l (t, t̄) ,

δ′ψ
(q,r−1)
α,j (t, t̄) = c ˆ̄ε βkl

(
q δj

k − tk∂j
)
∂̄ l J

(q,r)
βα (t, t̄)

+ ˆ̄ε βkl
(
(r + 1) δjktl + t̄jt

k∂̄ l
)
J

(q−1,r−1)
βα (t, t̄)

+ ε̂ β kl
(
(q + 1)(r + 1) t̄k∂lV

(q+1,r−2)
βα,j (t, t̄) + q t̄j∂k V

(q+1,r−2)
βα,l (t, t̄)

+ (r + 1) t̄k∂j V
(q+1,r−2)
βα,l (t, t̄)

)
− ˆ̄ε βkl tk∂̄ l V

(q−1,r)
βα,j (t, t̄) . (9.37)

The detailed form in the expression for δ′ψ(q,r−1)
α,j is determined by compatibility with

(9.18). For the commutator calculated using (9.37) there are contributions involving the
vector fields in (9.35),

(δ2′δ1 − δ1′δ2)ϕ(q,r)(t, t̄) = Uαβ,ijkl
(
(a− c) t̄i∂j tk∂̄ l + b tk∂̄ l t̄i∂j

+ (q + 1)c δjk t̄i∂̄ l
)
J

(q,r)
βα (t, t̄)

+ (r + 1)Uαβ,ijjl t̄it
l J

(q−1,r−1)
βα (t, t̄)

+ Uαβ,ijkl
(
tk∂̄ l t̄i − t̄i tk∂̄ l

)
V

(q−1,r)
βα,j (t, t̄)

+
(
a′ + (q + 2)(r + 1)

)
Uαβ,ij,kl t̄it̄k∂jV

(q+1,r−2)
βα,l (t, t̄) ,

(9.38)

in the last line using the symmetry in (7.7). The superconformal algebra requires that this
is zero. Using (9.24) this is easily achieved by taking

a = q(r + 1) , b = −(q + 1)r , c = q − r , a′ = −(q + 2)(r + 1) . (9.39)

These results for N = 6 superconformal symmetry transformations starting from a
superconformal primary ϕ(q,r) can be recast in terms of the general formalism of section
three by writing the fermion fields in (9.17) as a vector

ψα(x, t, t̄) =

χ
(q+1,r−1)
α (x, t, t̄)
χ̄

(q−1,r+1)
α (x, t, t̄)
ψ

(q,r−1)
α,m (x, t, t̄)

 , (9.40)
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and for the vector fields in (9.35)

Jαβ(x, t, t̄) =


J

(q,r)
αβ (x, t, t̄)

J
(q−1,r−1)
αβ (x, t, t̄)

V
(q−1,r)
αβ,n (x, t, t̄)

V
(q+1,r−2)
αβ,n (x, t, t̄)

 . (9.41)

With the notation in (9.40) and (9.41) then for (2.10) and (2.11) we require

Dψ,ijψα(t, t̄) =
(
t̄[i∂j]

1
2εijkl t

k∂̄l t̄[iδj]
m
)
ψα(t, t̄) , (9.42)

and

Dϕ,ijϕ(q,r)(t, t̄)

= − 4
(q + 1)(r + 1)(q + r)

 (r + 1) 1
2εijklt

k∂̄l

(q + 1) t̄[i∂j]
(q + r + 2) 1

2εijkl
(
q δm

k − tk∂m
)
∂̄l

ϕ(q,r)(t, t̄) ,
(9.43)

and also

DJ,ijJαβ(t, t̄)

=

 q(r + 1) 1
2εijklt

k∂̄l 0
−(q + 1)r t̄[i∂j] 0

(q − r) 1
2εijkl

(
q δm

k − tk∂m
)
∂̄l 1

2εijkl
(
(r + 1) δmktl + t̄mt

k∂̄l
)

0 −(q + 2)(r + 1) t̄[iδj]n

t̄[iδj]
n 0

− 1
2εijklt

k∂̄l δm
n (q + 1)(r + 1) t̄[i∂j]δmn + q t̄m∂[iδj]

n + (r + 1) t̄[iδj]n∂m

 Jαβ(t, t̄) .

(9.44)
With these definitions and

D̄ϕkl = 1
2 ε

klmnDϕ,mn , D̄Jkl = 1
2 ε

klmnDJ,mn , (9.45)

using (9.33),

Dψ,ijD̄ϕklϕ(q,r)(t, t̄) =
(
δ[i
kδj]

l +
4

q + r
δ[i

[kLj]
l]
)
ϕ(q,r)(t, t̄) , (9.46)

as required by (2.12), and furthermore

Dψ,ijD̄JklJαβ(t, t̄) = 2 δ[i[kMj]
l]Jαβ(t, t̄) , (9.47)

where
Mj

l = 1
2 (r + 1)

(
− (q + 1)

(
q t̄j ∂̄

l + r tl∂j − 1
2rq δj

l
)
− t̄jtl

δj
ntl (q + 1) εlnpq t̄j t̄p∂q

)
.

(9.48)
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10. Ward Identities for N = 6

The basic two point function for the superconformal primary fields is now

〈
ϕ(q,r)(x1, t1, t̄1)ϕ(r,q)(x2, t2, t̄2)

〉
=

(t1 · t̄2)q (t2 · t̄1)r

(x12
2)

1
2 (q+r)

. (10.1)

The three point function in general is of the form〈
ϕ(q1,r1)(x1, t1, t̄1)ϕ(q2,r2)(x2, t2, t̄2)ϕ(q3,r3)(x3, t3, t̄3)

〉
=

C

(x12
2)

1
2 (q1+q2−r3) (x23

2)
1
2 (q2+q3−r1) (x13

2)
1
2 (q1+q3−r2)

,
(10.2)

where this is non zero only if

q1 + q2 + q3 = r1 + r2 + r3 , (10.3)

and then in general

C = (t1 · t̄2)q1(t2 · t̄1)q2−r3(t2 · t̄3)r3(t3 · t̄2)r2−q1(t3 · t̄1)r1+r3−q2C(λ)

λ =
t2 · t̄1 t1 · t̄3 t3 · t̄2
t1 · t̄2 t2 · t̄3 t3 · t̄1

, (10.4)

with C(λ) of the form

C(λ) =
∑

0,r3−q2,q1−r2≤n≤q1,r3,r1+r3−q2

cn λ
n . (10.5)

The sum over n reflects the multiplicity N[q,0,r] of representations with Dynkin labels
[q, 0, r] that may appear in the tensor product [q1, 0, r1]⊗ [q2, 0, r2]. For a non zero result
in (10.5) it is necessary that q1 +q2−r3, q1 +q3−r2, q2 +q3−r1 ≥ 0 and, with q−r = q1 +
q2−r1−r2, we have then N[q,0,r] = min(q1, q2, q, r1, r2, r, q1+q2−q, r+q1−r2, r+q2−r1)+1.

For simplicity we consider here the three point function (10.2) for the case q1 = r1 = 1
when

C =


c t1 · t̄2 t2 · t̄1 (t2 · t̄3)q2−1(t3 · t̄2)r2−1 , q3 = r2 − 1 , r3 = q2 − 1 ,

c t1 · t̄2 t3 · t̄1 (t2 · t̄3)q2(t3 · t̄2)r2−1

+ c̃ t1 · t̄3 t2 · t̄1 (t2 · t̄3)q2−1(t3 · t̄2)r2 , q3 = r2 , r3 = q2 ,

c t1 · t̄3 t3 · t̄1 (t2 · t̄3)q2(t3 · t̄2)r2 , q3 = r2 + 1 , r3 = q2 + 1 ,

(10.6)

and q2 + q3 = r2 + r3. We focus then on the superconformal identities obtained by
considering

δ
〈
ψ(1,0)
m ϕ(q2,r2) ϕ(q3,r3)

〉
= 0 , (10.7)
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which leads to, by combining (3.12a, b) with the result (9.16) for ∆,

(1 + q2 − r3) D̄ ij
ϕ1,mC = D̄ ij

J1,m
K1,23 − P12,m

←−̄
D ij
ψ2
. (10.8)

In this case from (9.43) and (10.6)

D̄ ij
ϕ1,mC = −2(δm[i − t1[i∂1m)∂̄1

j] C

=



−4c δ[m[i t2
j] t̄2,k] t1

k (t2 · t̄3)q2−1(t3 · t̄2)r2−1 , q3 = r2 − 1 , r3 = q2 − 1 ,

−4c δ[m[i t3
j] t̄2,k] t1

k (t2 · t̄3)q2(t3 · t̄2)r2−1

− 4c̃ δ[m[i t2
j] t̄3,k] t1

k (t2 · t̄3)q2−1(t3 · t̄2)r2

+ (c+ c̃) δm[i t1
j] (t2 · t̄3)q2(t3 · t̄2)r2 , q3 = r2 , r3 = q2 ,

−4c δ[m[i t3
j] t̄3,k] t1

k (t2 · t̄3)q2(t3 · t̄2)r2 , q3 = r2 + 1 , r3 = q2 + 1 .

(10.9)

With the restriction to q1 = r1 = 1 only J (0,0)
αβ contributes so that in (10.8)

K1,23 = κ (t2 · t̄3)q2(t3 · t̄2)r2 , q3 = r2 , r3 = q2 , (10.10)

and from (9.44)
D̄ ij
J1,m

K1,23 = 2κ δm[i t1
j] (t2 · t̄3)q2(t3 · t̄2)r2 . (10.11)

Finally writing

P12,m =
(
〈ψ(1,0)
m χ(q2+1,r2−1)ϕ(q3,r3)〉 〈ψ(1,0)

m χ̄(q2−1,r2+1)ϕ(q3,r3)〉
〈ψ(1,0)
m ψ̄(q2−1,r2)nϕ(q3,r3)〉

)
,

(10.12)

then

P12,m

←−̄
D ijψ2

= 1
2ε
ijklt̄2,k∂2,l 〈ψ(1,0)

m χ(q2+1,r2−1)ϕ(q3,r3)〉
+ t2

[i∂̄2
j]〈ψ(1,0)

m χ̄(q2−1,r2+1)ϕ(q3,r3)〉+ t2
[i〈ψ(1,0)

m ψ̄(q2−1,r2)j]ϕ(q3,r3)〉 .
(10.13)

Requiring t2mP12,m = 0, the non zero contributions in (10.12) arise for

〈ψ(1,0)
m χ(q2+1,r2−1)ϕ(r2,q2)〉 = α 1

2εmnkl t1
nt2

kt3
l (t2 · t̄3)q2(t3 · t̄2)r2−1 ,

〈ψ(1,0)
m χ̄(q2−1,r2+1)ϕ(r2,q2)〉 = α̃ t̄2,[mt̄3,k] t1

k (t2 · t̄3)q2−1(t3 · t̄2)r2 ,
(10.14)

and

〈ψ(1,0)
m ψ̄(q2−1,r2)nϕ(r2−1,q2−1)〉 = γ

(
δ[m

n t̄2,k] t1
k (t2 · t̄3)q2−1(t3 · t̄2)r2−1

− q2 − 1
q2 + 1

t2
n t̄3,[m t̄2,k] t1

k (t2 · t̄3)q2−2(t3 · t̄2)r2−1
)
,

〈ψ(1,0)
m ψ̄(q2−1,r2)nϕ(r2,q2)〉 = γ δ[m

[n t̄3,k] t3
l] t̄2,l t1

k (t2 · t̄3)q2−1(t3 · t̄2)r2−1 . (10.15)
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satisfying also t̄2,n〈ψ(1,0)
m ψ̄(q2−1,r2)nϕ(q3,r3)〉 = ∂2,n〈ψ(1,0)

m ψ̄(q2−1,r2)nϕ(q3,r3)〉 = 0. In
(10.13) with the explicit expressions in (10.14)

1
2ε
ijklt̄2,k∂2,l 〈ψ(1,0)

m χ(q2+1,r2−1)ϕ(r2,q2)〉
= αq2

(
t2

[it3
j] t̄2,[mt̄3,k] t1

k (t2 · t̄3)q2−1(t3 · t̄2)r2−1 + δ[m
[it2

j] t̄3,k] t1
k (t2 · t̄3)q2−1(t3 · t̄2)r2

)
+ α(q2 + 1)

(
δ[m

[i t3
j] t̄2,k] t1

k (t2 · t̄3)q2(t3 · t̄2)r2−1 − 1
2 δm

[i t1
j] (t2 · t̄3)q2(t3 · t̄2)r2

)
,

t2
[i∂̄2

j]〈ψ(1,0)
m χ̄(q2−1,r2+1)ϕ(r2,q2)〉

= α̃
(
q3 t2

[it3
j] t̄2,[mt̄3,k] t1

k (t2 · t̄3)q2−1(t3 · t̄2)r2−1− δ[m[it2
j] t̄3,k] t1

k (t2 · t̄3)q2−1(t3 · t̄2)r2
)
.

(10.16)

The superconformal identity (10.8) is trivial when r3 = q2 + 1 in that both sides are
zero. When r3 = q2 − 1 the identity just gives 8c = γ. For r3 = q2 we get

(q2 + 1)α = 4c , (q3 + 1)α̃ = −4c̃ , γ =
8q2 c

q2 + 1
− 8q3 c̃

q3 + 1
, 2κ = c̃− c . (10.17)

To extend the discussion to four point functions we consider the simplest case where
qr = rr = 1, so that ∆r = 1, for each r = 1, 2, 3, 4. The invariant function F appearing in
(5.2) is conveniently written in the form

F (u, v; t, t̄) =
∑

r,s=2,3,4

frs(u, v) t1 · t̄r ts · t̄1 Frs(t, t̄) ,

F22 = t3 · t̄4 t4 · t̄3 , F33 = t2 · t̄4 t4 · t̄2 , F23 = t2 · t̄4 t4 · t̄3 , F32 = t3 · t̄4 t4 · t̄3 , etc. .
(10.18)

In a similar fashion to (10.12) T12(x, x̄; t, t̄), given by (5.20), is expressed as

T12,m =
(
〈ψ(1,0)
m χ(2,0)ϕ(1,1)ϕ(1,1)〉 〈ψ(1,0)

m χ̄(0,2)ϕ(1,1)ϕ(1,1)〉 〈ψ(1,0)
m ψ̄(0,1))nϕ(1,1)ϕ(1,1)〉

)
,

(10.19)
where

〈ψ(1,0)
m χ̄(0,2)ϕ(1,1)ϕ(1,1)〉 =

∑
2≤r<s≤4

a2,rs t̄r,[mt̄s,n]t1
nA2,rs ,

A2,34 = t4 · t̄2 t3 · t̄2 , A2,24 = t4 · t̄3 t3 · t̄2 , A2,23 = t3 · t̄4 t4 · t̄2 ,
(10.20)

and

〈ψ(1,0)
m χ(2,0)ϕ(1,1)ϕ(1,1)〉 = 1

2

∑
2≤r<s≤4

b2,rs εmnkltr
kts

l t1
nB2,rs ,

B2,34 = t2 · t̄3 t2 · t̄4 , B2,24 = t3 · t̄4 t2 · t̄3 , B2,23 = t4 · t̄3 t2 · t̄4 ,
(10.21)
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and

〈ψ(1,0)
m ψ̄(0,1)nϕ(1,1)ϕ(1,1)〉 = 2d2 δ[m

[nt̄3,k]t4
l] t1

k t̄2,l t4 · t̄3 + 2d̃2 δ[m
[nt̄4,k]t3

l] t1
k t̄2,l t3 · t̄4

+ c2 δ[m
nt̄2,k] t1

k t3 · t̄4 t4 · t̄3 + 2e2 t̄3,[mt̄4,k] t3
[nt4

l] t1
k t̄2,l .

(10.22)
The remaining contribution to the Ward identities arises from K1(x, x̄; t, t̄) which is here
written as

K1 = k1 t3 · t̄2 t2 · t̄4 t4 · t̄3 + k̃1 t2 · t̄3 t3 · t̄4 t4 · t̄2 . (10.23)

For expansion of the Ward identities it is convenient to define the basis

(Drs)ijm = δ[m
[it̄r,n]ts

j] t1
n Frs , (Ersu)ijm = tr

[its
j] t̄r,[mt̄u,n]t1

n tu · t̄s , r, s, u = 2, 3, 4 ,

U ijm = δ[m
[iδn]

j] t1
n t3 · t̄2 t2 · t̄4 t4 · t̄3 , Ũ ijm = δ[m

[iδn]
j] t1

n t2 · t̄3 t3 · t̄4 t4 · t̄2 . (10.24)

These are not independent since4∑
r 6=s6=u

Ersu +
∑
r 6=s

Drs −
∑
r

Drr − 1
2 (U + Ũ) = 0 . (10.25)

In terms of the basis in (10.24) then

D̄ϕ1F = −4
∑
r,s

frsDrs + f U + f̃ Ũ , f = f23 + f34 + f42 , f̃ = f32 + f43 + f24 , (10.26)

and
D̄J1K = 2k1 U + 2k̃1 Ũ . (10.27)

For the fermion contributions arising from (10.20), (10.21) and (10.22)

D̄χ̄2〈ψ(1,0)
m χ̄(0,2)ϕ(1,1)ϕ(1,1)〉

= a2,23(−D32 + E243) + a2,24(−D42 + E234) + a2,34(E423 − E234) ,

D̄χ2〈ψ(1,0)
m χ(2,0)ϕ(1,1)ϕ(1,1)〉

= b2,23(2D23 +D42 −D22 + E234 − U) + b2,24(2D24 +D32 −D22 + E243 − Ũ)

+ b2,34(−D23 +D24 −D34 +D43 +D33 −D44 − E342 + E432 + 1
2 (U − Ũ)) ,

D̄ψ2,n〈ψ(1,0)
m ψ̄(0,1)nϕ(1,1)ϕ(1,1)〉

= − c2D22 − d2(D32 + E243)− d̃2(D42 + E234)− e2(E324 + E423) . (10.28)

4 Define Xijk = εrsu tr
its
jtu

k, for r, s, u = 2, 3, 4 and ε234 = 1, and X̄ijk = εrsu t̄r,it̄s,j t̄u,k.

Then 0 = 10 δm
[iδn

j Xklp] X̄klp = δm
[iδn

j] Xklp X̄klp − 6 δ[m
[iXj]kl X̄n]kl + 3XijkX̄mnk where

XijkX̄mnkt1
n = −4

∑
r 6=s 6=t(Ersu)ijm, δ[m

[iXj]klX̄n]klt1
n = −2

∑
r
(Drr)

ij
m + 2

∑
r 6=s(Drs)

ij
m and

δm
[iδn

j] Xklp X̄klp t1
n = 6(U + Ũ)ijm.
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The sum of the three contributions in (10.28) then corresponds to T12
←−̄
Dψ2 for T12 as in

(10.19). The results for T13
←−̄
Dψ3 and T14

←−̄
Dψ4 are obtained by cyclic permutation of 2,3,4.

These results may then be applied to the two four point Ward identity equations (5.21)
and (5.23). For each T1r, r = 2, 3, 4, there are 10 independent coefficients and each Ward
identity has 17 terms given by the basis (10.24). To handle the constraint (10.25) in each
identity it is natural to introduce an associated Lagrange multiplier. The identity (5.23)
then can be taken as determining T12 with 6 additional relations involving the coefficients
in T13 and T14. The 17 additional equations, depending on a Lagrange multiplier, arising
from (5.23) for T13 and T14 form in fact a linearly dependent set and so there is a necessary
constraint on the frs for a solution. To write this in a succinct form it is convenient to
define

a =
1
u

(
f22 + 1

2 (f23 + f32 + f42 + f24 − f34 − f43)
)
,

b =
1
u

(
f33 + 1

2 (f34 + f43 + f23 + f32 − f24 − f42)
)
,

c =
1
u

(
f44 + 1

2 (f42 + f24 + f34 + f43 − f23 − f32)
)
,

(10.29)

and then we must require

x
∂

∂x
(x a) +

∂

∂x
b+ (1− x)

∂

∂x

(
(1− x) c

)
= 0 . (10.30)

Of course there is also the conjugate equation obtained for x → x̄. The Ward identities
further give

1
2u

(k1 − k̃1) =
∂

∂x

(
x a− (1− x) c

)
(10.31)

but k1 + k2 is undetermined.
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Appendix A. Superconformal Group in Three Dimensions

The three dimensional conformal generators Pαβ ,Mα
β , H,Kαβ can be assembled as

a 4× 4 matrix

MA
B =

(
Mα

β + δα
βH Pαβ′

Kα′β −Mβ′
α′ − δβ′α

′
H

)
, A = (α, α′) , B = (β, β′) , (A.1)

which satisfies

JBCMC
DJDA =MA

B , JAB =
(

0 δβ′
α

−δα′β 0

)
, JAB =

(
0 δα

β′

−δβα
′

0

)
. (A.2)

The commutation relations (1.13) are equivalent to[
MA

B ,MC
D
]

= δC
BMA

D − δADMC
B − JAC JBEME

D − JBDMA
EJEC , (A.3)

which is just the Lie algebra for Sp(4).

Defining

QA =
(

Qα
−S̄α′

)
, Q̄B =

(
Sβ Q̄β′

)
= (QA)TJAB , (A.4)

then (1.42) and (1.43) are equivalent to{
QA, Q̄B} = 2MA

B I− 2 δAB ρIRI . (A.5)

Furthermore (1.45) becomes[
MA

B ,QC
]

= δC
B QA − JACJBDQD . (A.6)

With RI a generator for SO(N ) the full three dimensional superconformal algebra becomes
OSp(N|4).

Appendix B. Action of Derivatives

Here we specify more precisely derivatives with respect to d-vectors ti and t̄i which
are compatible with the condition tit̄i = 0. For the case of interest in the text d = 4. For
a collection of arbitrary vectors am,i and ānj a basis of homogeneous functions is given by

T (q,r)(t, t̄) =
∏
m(am · t)qm

∏
n(ān · t̄)rn . (B.1)

where
q =

∑
mqm , r =

∑
nrn . (B.2)
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Acting on this basis derivatives are defined by

∂i

(∏
m(am · t)qm

∏
n(ān · t̄)rn

)
=
∑
p

ap,i qp (ap · t)qp−1∏
m6=p(am · t)

qm
∏
n(ān · t̄)rn

− t̄i
1

q + r + d− 2

∑
p,q

qprq ap · āq (ap · t)qp−1(āq · t̄)rq−1∏
m6=p(am · t)

qm
∏
n 6=q(ān · t̄)

rn ,

∂̄i
(∏

m(am · t)qm
∏
n(ān · t̄)rn

)
=
∑
q

āq
i rq (āq · t)rq−1∏

m(am · t)qm
∏
n 6=q(ān · t̄)

rn

− ti 1
q + r + d− 2

∑
p,q

qprq ap · āq (ap · t)qp−1(āq · t̄)rq−1∏
m 6=p(am · t)

qm
∏
n 6=q(ān · t̄)

rn .

(B.3)
It is straightforward to verify that these definitions imply (9.12). In (B.3) the second term
in the results for ∂i or ∂̄i is necessary to account for tit̄i = 0, it is of course absent when
ap · āq = 0. For t̄[i∂j] and t[i∂̄ j] only the first term in (B.3) contributes which is the result
expected naively.

With the definitions (B.3) we have

[
∂i, t̄j

]
T (q,r)(t, t̄) = − 1

q + r + d− 1
t̄i∂jT

(q,r)(t, t̄) ,

[
∂i, t

j
]
T (q,r)(t, t̄) =

(
δi
j − 1

q + r + d− 1
t̄i∂̄

j

)
T (q,r)(t, t̄) .

(B.4)

together with corresponding results for t ↔ t̄, ∂ ↔ ∂̄. Since ti∂iT (q,r)(t, t̄) = q T (q,r)(t, t̄)
and t̄i∂̄

iT (q,r)(t, t̄) = r T (q,r)(t, t̄) as a consequence of (B.4),

∂i
(
tiT (q,r)(t, t̄)

)
=

(q + d− 1)(q + r + d)
q + r + d− 1

T (q,r)(t, t̄) ,

∂̄i
(
t̄iT

(q,r)(t, t̄)
)

=
(r + d− 1)(q + r + d)

q + r + d− 1
T (q,r)(t, t̄) .

(B.5)

Using (B.4) with (9.12) we have

∂̄j t[k∂j ∂̄
l]T (q,r)(t, t̄) = 0 , ∂j t̄[k∂̄

j∂l]T
(q,r)(t, t̄) = 0 , (B.6)

which is used in obtaining (9.20).
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Further results that are relevant in (9.37), when d = 4, are

∂̄j
(
t̄jt

[k∂̄ l]T (q−1,r−1)(t, t̄)
)

= (r + 1)
(

1 +
1

q + r + 1

)
t[k∂̄l]T (q−1,r−1)(t, t̄) ,

∂̄j
(
δj

[ktl]T (q−1,r−1)(t, t̄)
)

= −
(

1 +
1

q + r + 1

)
t[k∂̄ l]T (q−1,r−1)(t, t̄) ,

∂̄j t[k∂̄ l]Tj
(q−1,r)(t, t̄) = t[k∂̄ l] ∂̄jTj

(q−1,r)(t, t̄) ,

tj t[k∂̄ l]Tj
(q−1,r)(t, t̄) = t[k∂̄ l]

(
tjTj

(q−1,r)(t, t̄)
)
,

tj t̄[k∂l]Tj
(q+1,r−2)(t, t̄) = t̄[k∂l]

(
tjTj

(q+1,r−2)(t, t̄)
)
− t̄[kTl](q+1,r−2)(t, t̄) ,

∂̄j
(
t̄[k∂l]Tj

(q+1,r−2)(t, t̄)
)

= t̄[k∂l]
(
∂̄jTj

(q+1,r−2)(t, t̄)
)
− ∂[kTl]

(q+1,r−2)(t, t̄) ,

∂̄j
(
t̄j∂[kTl]

(q+1,r−2)(t, t̄)
)

= (r + 1)
(

1 +
1

q + r + 1

)
∂[kTl]

(q+1,r−2)(t, t̄) ,

∂̄j
(
t̄[k∂jTl]

(q+1,r−2)(t, t̄)
)

=
(

1− q

q + r + 1

)
∂[kTl]

(q+1,r−2)(t, t̄) .

(B.7)

Generators for SU(d) acting on these homogeneous tensors are given by

Li
jT (q,r)(t, t̄) = −

(
tj∂i − t̄i∂̄j −

1
d

(q − r) δij
)
T (q,r)(t, t̄) , (B.8)

which reduces to (9.33) for d = 4. The commutation relations are[
Li
j , Lk

l
]

= δk
jLi

l − δilLkj , (B.9)

and for the Casimir operator

Lj
iLi

jT (q,r)(t, t̄) =
(
q(q + d− 1) + r(r + d− 1)− 1

d
(q − r)2

)
T (q,r)(t, t̄) . (B.10)

For d = 4 this agrees with (2.7) if r2 = 0.

As an illustration of these results we may construct a vector Ti(q+1,r)(t, t̄) satisfying
(9.14) for p = 1,

Ti
(q+1,r)(t, t̄) = V

(q,r)
ij (t, t̄) tj − 1

r + d− 2
t̄i t

j ∂̄kV
(q,r)
kj (t, t̄) , V

(p,q)
ij = −V (p,q)

ji . (B.11)

This trivially satisfies tiTi(q+1,r)(t, t̄) = 0 while ∂̄iTi(q+1,r)(t, t̄) = 0 follows from (B.4) and
(B.5) for any V

(q,r)
ij (t, t̄). For T (q,r)(t, t̄) given by (B.1) then a natural choice is to take

V
(q,r)
ij (t, t̄) = ap,[iaq,j] T

(q,r)(t, t̄) for any p < q. If V (q,r)
ij (t, t̄) = ap,[it̄j] T

(q,r−1)(t, t̄) then
Ti

(q+1,r)(t, t̄) = 0. There is a similar construction for the conjugate vector

T (q,r+1)i(t, t̄) = V̄ (q,r)ij(t, t̄) t̄j −
1

q + d− 2
ti t̄j∂kV̄

(q,r)kj(t, t̄) . (B.12)
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For d = 4 (B.12) and (B.11) are related as in (9.15) if

V̄ (q,r)ij(t, t̄) = − 1
2ε
ijklV

(q,r)
kl (t, t̄) . (B.13)

Appendix C. Four Dimensional Superconformal Ward Identities

In many respects the analysis of superconformal Ward identities in three dimensions
is similar to that in four dimensions. Here we outline a simplified discussion of previous
results obtained earlier for N = 2 and N = 4 four dimensional theories.

For N = 2, with SU(2) R-symmetry, there are supercharges Qαi and Q̄α̇
i and asso-

ciated superconformal Killing spinors ε̂αi(x) = εαi − i η̄α̇ix̃α̇α, ˆ̄ε α̇i(x) = ε̄ α̇i + i x̃α̇αηαi, for
i = 1, 2. As in section 6, in (7.1), we introduce auxiliary spinor variables ti, and then
the relevant superconformal transformations of a general 1

2 -BPS superconformal primary
ϕ(n)(t) can be expressed as

δε̂ϕ
(n)(t) = ε̂αi t

i ψα
(n−1)(t) + ψ̄α̇

(n−1)(t) t̃i ˆ̄ε α̇i ,

δε̂ψ
(n−1)
α (t) =

1
n

∂

∂ti
i∂αα̇ϕ

(n)(t) ˆ̄ε α̇i + 2
∂

∂ti
ϕ(n)(t) ηαi + Jαα̇

(n−2)(t) t̃i ˆ̄ε α̇i .
(C.1)

with definitions as in (7.3) and ∆ϕ = n. Following a similar discussion to that in section 4,
with analogous definitions, the superconformal Ward identies for a four point function for
four 1

2 -BPS fields take the form, from the corresponding equations to (5.21) and (5.23),

∂

∂t1i
F = T2 t̃2i + T3 t̃3i + T4 t̃4i ,

1
n1

∂

∂t1i
∂

∂x
F = −K t̃1i +

1
x
T3 t̃3i +

1
x(1− x)

T4 t̃4i ,

(C.2)

with also an associated equation for ∂
∂x̄F . By contracting these with t2i and t1i respectively

we may easily obtain(
x
∂

∂x
− t1t̃3

t2t̃3
t2
i ∂

∂t1i

)
F =

(
1

1− x
+

α

1− α

)
t1t̃4 T4 , (C.3)

with α defined as in (8.8). Using also (8.9) we may write

F (u, v, t1, t2, t3, t4) = fn1n2n3n4(t1, t2, t3, t4)F(x, x̄, α) ,

t1t̃4 T4(x, x̄, t1, t2, t3, t4) = fn1n2n3n4(t1, t2, t3, t4) T4(x, x̄, α) ,
(C.4)

where F(x, x̄, α) = F(x̄, x, α). Then (C.3) requires(
x
∂

∂x
− α ∂

∂α

)
F(x, x̄, α) =

1− αx
(1− x)(1− α)

T4(x, x̄, α) . (C.5)
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There is also a corresponding conjugate equation with x ↔ x̄. The non trivial content of
(C.5) is the factor 1−αx on the right hand side, with T4(x, x̄, α) also required to contain a
factor 1− α. The solution of the supconformal identities for F(x, x̄, α) is straightforward,
since (C.5) and its conjugate imply

F(x, x̄, 1/x) = f(x̄) , F(x, x̄, 1/x̄) = f(x) , (C.6)

where we impose symmetry under x ↔ x̄. This ensures that F(x, x̄, α) can be expressed
in terms of the single variable function f up to terms which vanish as either αx = 1 or
αx̄ = 1 giving,

F(x, x̄, α) = xx̄
(α− 1/x)f(x)− (α− 1/x̄)f(x̄)

x− x̄
+ (αx− 1)(αx̄− 1)H(x, x̄, α) , (C.7)

with H(x, x̄, α) a polynomial in α with degree reduced by two. If e = 1, since F is then
just linear in α, H = 0.

The discussion for N = 4 in four dimensions is similar but more intricate. The
supercharges and superconformal spinors are just as in the N = 2 case but with indices
i = 1, 2, 3, 4. In this case for 1

2 -BPS operators whose superconformal primaries belong to
[0, p, 0] representations of the SU(4) R-symmetry group it is natural to introduce auxiliary
six vectors tr which are null, t2 = 0. The superconformal primary field is then expressible in
terms of homogenous functions ϕ(p)(x, t) and ∆ = p. The superconformal transformations
which extend (1.18) to N = 4 are then

δϕ(p)(x, t) = − ε̂(x) γ · t ψ (p−1)(x, t) + ψ̄ (p−1)(x, t) γ̄ · t ˆ̄ε(x) ,

δψα
(p−1)(x, t) =

1
p
γ̄ · ∂

∂t
i∂αα̇ϕ

(p)(x, t) ˆ̄ε α̇(x) + 2 γ̄ · ∂
∂t
ϕ(p)(x, t) ηα

+
(

1 +
1

2p+ 2
γ̄ · t γ · ∂

∂t

)
Jαα̇ r

(p−1)(x, t) γ̄r ˆ̄ε α̇(x) .

(C.8)

The descendant fields ψαi(p−1)(x, t), ψ̄α̇i (p−1)(x, t) and Jαα̇ r
(p−1)(x, t) in (C.8) satisfy the

constraints

γ · ∂
∂t
ψα

(p−1)(x, t) = 0 , ψ̄α̇
(p−1)(x, t) γ̄ ·

←−
∂

∂t
= 0 ,

trJαα̇ r
(p−1)(x, t) = 0 ,

∂

∂tr
Jαα̇ r

(p−1)(x, t) = 0 ,
(C.9)

which ensure they belong to the representation spaces for the [0, p− 1, 1], [1, p− 1, 0] and
[1, p−1, 1] SU(4) representations. In (C.8) and (C.9) γr, γ̄r, r = 1, 2, . . . 6, are 4×4 SO(6)
gamma matrices satisfying

γr
ij = −γrji , γ̄r ij = 1

2 εijklγr
kl , γrγ̄s + γsγ̄r = −2 δrs1 . (C.10)
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In consequence γr forms a basis for 4 × 4 antisymmetric matrices, a basis for symmetric
matrices is given by γ[rγ̄sγt] = 1

6 i εrstuvwγuγ̄vγw = (γ[rγ̄sγt])T Since tr is a null vectors
derivatives with respect to t, as in (C.8) and (C.9), require special care along the lines of
appendix C.

For the four point function for four 1
2 -BPS fields the corresponding expression to (C.2)

for the superconformal Ward identities becomes

γ̄ · ∂
∂t1

F = T2 γ̄ · t2 + T3 γ̄ · t3 + T4 γ̄ · t4 , (C.11a)

1
p1
γ̄ · ∂

∂t1

∂

∂x
F = −

(
1 +

1
2p1 + 2

γ̄ · t1 γ ·
∂

∂t1

)
γ̄ ·K

+
1
x
T3 γ̄ · t3 +

1
x(1− x)

T4 γ̄ · t4 , (C.11b)

To analyse these equations we note that, using (C.10) and the rules for differentiation with
respect to a null vector t, for any homogeneous f (p−1)(t),

2(p+ 2) f (p−1)(t) = −γ̄ · ∂
∂t

(
γ · t f (p−1)(t)

)
− p+ 2
p+ 1

γ̄ · t γ · ∂
∂t
f (p−1)(t) . (C.12)

Since γ̄ · ∂
∂t1
Tn = 0, n = 2, 3, 4, then

Tn γ̄ · tn = − 1
2(p1 + 2)

γ · ∂
∂t1

(
γ · t1 Tn γ̄ · tn

)
, (C.13)

and this allows us to write

Tn γ̄ · tn = T̂n +
1

2(p1 + 1)
γ̄ · t1 γ ·

∂

∂t1
T̂n , n = 2, 3, 4 , (C.14)

where
T̂2 = V2 γ̄ · t2 +W2 γ̄ · t3 γ · t4 γ̄ · t2 ,
T̂3 = V3 γ̄ · t3 +W3 γ̄ · t4 γ · t2 γ̄ · t3 ,
T̂4 = V4 γ̄ · t4 +W4 γ̄ · t2 γ · t3 γ̄ · t4 .

(C.15)

There are also similar expressions for the other terms in (C.11a, b),

γ̄ · ∂
∂t1

F = F̂ +
1

2(p1 + 1)
γ̄ · t1 γ ·

∂

∂t1
F̂ ,(

1 +
1

2p1 + 2
γ̄ · t1 γ ·

∂

∂t1

)
γ̄ ·K = K̂ +

1
2(p1 + 1)

γ̄ · t1 γ ·
∂

∂t1
K̂ ,

(C.16)

where
F̂ = F2 γ̄ · t2 + F3 γ̄ · t3 + F4 γ̄ · t4 ,
K̂ = K2 γ̄ · t2 +K3 γ̄ · t3 +K4 γ̄ · t4 .

(C.17)
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By considering the trace of (C.16) with γ · t1 we must have

p1 F = t1 · t2 F2 + t1 · t3 F3 + t1 · t4 F4 , t1 · t2K2 + t1 · t3K3 + t1 · t4K4 = 0 , (C.18)

since t1rKr = 0. By using (C.14) and (C.16) in (C.11a, b) the identities reduce to

F̂ = T̂2 + T̂3 + T̂4 , (C.19a)
1
p1

∂

∂x
F̂ = − K̂ +

1
x
T̂3 +

1
x(1− x)

T̂4 . (C.19b)

Hence we must have, to ensure that the symmetric terms in (C.19a, b) cancel,

W2 +W3 +W4 = 0 , W3 +
1

1− x
W4 = 0 . (C.20)

We then have from (C.19a)

F2 = V2 + 2 t3 · t4W3 , F3 = V3 + 2 t2 · t4W4 , F4 = V4 + 2 t2 · t3W2 , (C.21)

and from (C.19b), or (C.11b),

x
∂

∂x
F =

(
t1 · t3 V3 − (t1 · t4 t2 · t3 + t1 · t3 t2 · t4 − t1 · t2 t3 · t4)W3

)
+

1
1− x

(
t1 · t4 V4 − (t1 · t2 t3 · t4 + t1 · t4 t2 · t3 − t1 · t3 t2 · t4)W4

)
.

(C.22)

Writing now, analogous to (C.4),

F (u, v, t1, t2, t3, t4) = fp1p2p3p4(t1, t2, t3, t4) F(x, x̄, σ, τ) , (C.23)

with the definitions

fp1p2p3p4(t1, t2, t3, t4) = (t1 · t2)p1 (t3 · t4)e (t2 · t3)p3−e (t2 · t4)p4−e ,

e = 1
2 (p1 + p3 + p4 − p2) , σ =

t1 · t3 t2 · t4
t1 · t2 t3 · t4

, τ =
t1 · t4 t2 · t3
t1 · t2 t3 · t4

.
(C.24)

Also if, for n = 2, 3, 4,

t1 · tn Fn = fp1p2p3p4(t1, t2, t3, t4) Fn , (C.25)

then (C.16) and (C.17) require

F3 = σ
∂

∂σ
F , F4 = τ

∂

∂τ
F , F2 + F3 + F4 = p1 F . (C.26)
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Defining Vn → Vn in a similar fashion to (C.25) and also

t1 · t2 t3 · t4 Wn = fp1p2p3p4(t1, t2, t3, t4)Wn , (C.27)

then from (C.20), (C.21) and (C.22) we may obtain

σ
∂

∂σ
F = V3 + 2σW4 , τ

∂

∂τ
F = V4 − 2τ (W3 +W4) , W3 +

1
1− x

W4 = 0 ,

x
∂

∂x
F = V3 − (σ + τ − 1)W3 +

1
1− x

(
V4 − (1 + τ − σ)W4

)
. (C.28)

To analyse these equations we introduce new variables, in a similar fashion to (5.18),

σ = αᾱ , τ = (1− α)(1− ᾱ) , (C.29)

so that
α
∂

∂α
= σ

∂

∂σ
− α

1− α
τ
∂

∂τ
. (C.30)

Hence from (C.28) we may obtain(
x
∂

∂x
− α ∂

∂α

)
F =

1− αx
1− x

( 1
1− α

V4 − 2W4

)
, (C.31)

together with corresponding equations for α → ᾱ and also x → x̄. Apart from terms
involving single variable functions the solution of (C.31) and associated equations requires
F(x, x̄, σ, τ) = (αx − 1)(αx̄ − 1)(ᾱx − 1)(ᾱx̄ − 1)H(x, x̄, α, ᾱ) where H(x, x̄, α, ᾱ) is a
symmetric polynomial in α, ᾱ with degree reduced by four.

48


