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and calculations of the various new counterterms required by this analysis are under-
taken to two loops. Although positivity of the metric on the space of couplings is not
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quartic scalar field and Yukawa interactions. The form of the 3 function for the Yukawa
coupling is shown to be constrained by the c-theorem demonstrated in this paper at two
loops, in accord with previously calculated results.
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1. Introduction

Ever since 't Hooft showed the essential renormalisability of gauge field theories [1]
there has been much detailed discussion of the formalism of renormalisation and also
detailed calculations at two and more loops of the various renormalisation group g func-
tions [2]. Nevertheless additional insight has recently been gained as a consequence of
the intensive investigations of two dimensional conformal field theories. In particular
Zamolodchikov’s c-theorem [3] has provided an understanding of how conformal field
theories under perturbation by some relevant operator may flow, as required by solving
the renormalisation group, for increasing length scales towards some infra-red stable fixed
point defining a new conformal field theory with reduced degrees of freedom. Zamolod-
chikov constructed a function of the couplings C' which decreases monotonically under
this flow and at the fixed points, where the [ functions and hence the trace of the energy
momentum tensor vanish, is equal to the Virasoro central charge of the associated confor-
mal field theory. In essence perturbing a conformal field theory by superrenormalisable
operators introduces masses into a previously massless theory and the infra-red stable
fixed point then corresponds to the conformal field theory defined by the subset of the
remaining massless fields (which therefore define the low energy effective field theory).
Various calculations [4] have shown how conformal field theories are linked when they
are perturbed by a single scalar operator O with coupling g and dimension 2 —¢, € < 1,
S = g [ O, so that the associated 8 function B(g) ~ —eg + bg* has a perturbatively
accessible fixed point g. ~ €/b.

Cardy [5] has also suggested that the essential ideas of the c-theorem may be gen-
eralisable to four dimensional field theories although Zamolodchikov’s proof is no longer
applicable. Just as in two dimensions C' may be related to terms in the trace of the energy
momentum tensor on curved space. In two dimensions C' is defined by the coefficient of
the scalar curvature while in four dimensions it is natural to consider the corresponding
coefficient of the topological Euler density. With an appropriate normalisation for free
fields then

Co=062ny + 1lng +ng , (1.1)
3

for ny massless vectors, np Dirac fermions and ng scalars [6](extensions to spin 5 [7]
and 2 [8] have also been calculated but these do not correspond to renormalisable field
theories, nevertheless all contributions are positive). In four dimensions the possible
conditions required to demonstrate that C' is strictly decreasing under renormalisation
flow are no longer simple to demonstrate [5,9]. Nevertheless Cardy [5] conjectured a
potential application to QCD for a SU (V) gauge group and f fermions in the fundamental
representation with a single coupling of g. According to conventional wisdom, assuming
confinement, the infra-red limit may be restricted to f? — 1 massless Goldstone bosons
corresponding to the spontaneous breakdown of SU(f) x SU(f) chiral symmetry and if
C — C, then from (1.1) we may expect

Co=62(N? —1)+11fN, C,=f*—-1. (1.2)

So long as 11N — 2f > 0, which is necessary for asymptotic freedom so that ¢ = 0 is a
UV stable fixed point, Cy > C,.



Although attractive this picture is essentially nonperturbative. Recently [10] a ver-
sion of the c-theorem has been derived within the context of renormalisable field theories
and the conventional perturbation expansion, both for the two dimensional and also the
four dimensional cases. This depends on a careful analysis of the additional countert-
erms necessary to define products of composite operators and also allowing for a general
curved space background. Related ideas were discussed some time ago for determining
counterterms proportional to R? [11], where R is the scalar curvature, and were extended
later to consideration of other possible counterterms [12]. The method described here in
sections 2 and 3 ensures that we can obtain a complete analysis of all possible relations
of this kind which include equations corresponding to the c-theorem.

Of course these results are restricted to perturbative calculation. In order to discuss
a potential infra-red stable field point we consider briefly the situation where the number
of fermion flavours f is such that 11N — 2f although positive remains bounded for large
N. In this case the two loop contribution to the 8 function is O(N?) and there is a
zero, B(g.) = 0, such that g?N = O(1/N) as N — oo. Usually the large N limit,
g>N = O(1), is taken with f fixed and, subject to confinement, has been argued to be
phenomenologically realistic, with narrow meson resonances and baryons as solitons [13].
However it is also possible to take f = O(N) and the field theory still simplifies by the
leading term being given by planar graphs although resonances are no longer narrow [14].
As a special case this limit realises the situation where there is a perturbatively accessible
infra-red stable fixed point [15] and for which we are then able to calculate the change
in the C function from g = 0 to g = g.. Although beyond the scope of this paper it is
plausible that for f = O(N) confinement no longer applies, so that physical states are
then not only SU (V) singlets, and that therefore there is a phase transition as a function
of f for large N.

In this paper in the next section we discuss the basic framework for renormalisation
involving composite operators and their products with an arbitrary curved space back-
ground using dimensional regularisation. This extends previous work by one of us and is
at the basis of section 3 where various consistency conditions are derived. These relate
counterterms depending on the curvature tensor formed from the spatial metric to those
necessary to define products of composite operators on flat space. In section 4 the gen-
eral formalism is applied to gauge theories coupled to fermions. A careful BRS analysis
is given to ensure that the additional contributions necessary in our discussion depend
only on the usual gauge invariant coupling g rather than the gauge fixing parameters.
Section 5 contains calculations to two loops for a gauge field theory coupled to fermions
and the change in the C' function in going to the perturbative infra-red stable fixed point
described above is calculated. In section 6 the analysis is extended to scalar field theories
where there are complications due to the presence of operators with dimensions less than
four. The metric on the space of couplings is computed for both quartic scalar and also
in section 7 for Yukawa interactions, when the leading term occurs at three and two loops
respectively. In both cases, as well as for a gauge theory, this metric is positive definite
for weak coupling. In section 7 the relative coefficients of the different terms appearing in
the two loop [ function for the Yukawa coupling is shown to be partially determined by
integrability conditions for the variation of C'. Further remarks and other implications of
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the perturbative c-theorem obtained here are contained in a conclusion.

2. Renormalisation and Composite Operators

In general the definition of finite composite operators in quantum field theories re-
quires further analysis beyond the usual treatment of renormalisation [2]. However if
all couplings are allowed to be x dependent in the original field theory then finite local
operators can be immediately obtained by functional differentiation of the renormalised
quantum action.

To describe the basic general framework we assume an initial Lagrangian £(¢, g) for
a set of fields ¢ and with dimensionless couplings ¢* (additional couplings with positive
mass dimension will be discussed in relation to specific models later). For a renormalisable
theory then £, = L(¢o,go) is assumed to be such that for suitable cut off dependent
gi(9), do(¢,g) then this gives a finite perturbative quantum field theory as the cut off is
removed.

Here we use dimensional regularisation so that £ is extended to be defined on a d
dimensional space with metric 7,, so that

L(#.g)=p"Lipg), ¢ =p"g, ¢=p"¢, c=4—d. (2.1)

With minimal subtraction then

g =" (g + LUg)) s o= p*Z(9)d , (2.2)

where L(g) and Z(g) — 1 contain only poles in €. The quantum action

&:/ﬂmﬁgz/g, (2.3)

is then supposed to define a finite theory on flat space, or v,, constant, and also for g’
constant as usual. From (2.2) it is easy to derive in the standard fashion the renormali-
sation group equation.

(55 = G055 ) a =0,
d

— B = —kigle + Bi(g) , a
. 5 g'c + B'(9) i

'y (2.4)
Han?

A

L= 2e) s A=t

(throughout the index on k? is irrelevant for the summation convention).

If the metric is generalised to describe an arbitrary curved space v, (z) and also
the couplings are extended to arbitrary g’(z) then, apart from introducing appropriate
covariant derivatives so that L is still a scalar, the form of the dependence of £ on ¢* and
correspondingly of £, on g’ remains unchanged. However additional counterterms are
required depending on the curvature tensor, assuming manifest coordinate invariance is
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maintained throughout, and also on 9,¢°. Thus it is necessary to extend £, — Lo. If
we consider, for simplicity, only those necessary counterterms independent of the fields ¢
then by power counting and discarding total derivatives we may take [10]

Eo:/lo—,u_s)vR, )\:(a,b,c,&,fij,gij,A) y
ANR=aF+bG+cH*+&0,9"O"H + %]-}jﬁugi(?“gj H+ %Qz-jaugi&,gj G+ A,
A=14;V?¢' V29 + 1Bk 0,9'0" 'V g" + 1Cij1 0,9'0" 470,970 g . (2.5)
F, G and H? are the additional purely metric counterterms required in the extension

from flat space and at least at one loop they have been much discussed. With G, they
are here defined by

4 2
F=R¥"°R,5,; — ——R*R, R?
A P A= )d-n"
2
G = ROPVR. 45 —AR*PR. 5 + R? 2.6
1 2
H=—-R, Gu= m(RMV - %%LVR) :

The d-dependent factors introduced in (2.6) are not essential but simplify the subsequent
analysis. F' is the square of the conformal Weyl tensor while G is the Euler density,

/ d*z\/7 G = 64r? .
g4

Under reparameterisations on the space of couplings it is clear that &;, F;;,G;; and A;j
are tensors while, although A is a scalar, B, and Cjie transform with additional inho-
mogeneous pieces (this could be avoided by introducing a connection I'%), and replacing

V2g' in (2.5) by V3¢’ +T%,0,970"g%).

A in (2.5) contains just poles in € and we assume that (2.4) now becomes

o) 0 o 0 P
(B15g ~ (9) 55 =) Lo=n"Br R (27)

This requires

~n 0
(g_ﬁzagz))\ ‘R = B)\ "R 5 BA = (6(1751)760,)(?7)({]‘7)(%751\) 5

Ba = 35X V29 V2 + 3X0k 0,9°0" g’ V9" + 1§10 090" 70,9707 9"

(2.8)

where h'0/0¢'0,,g° = 0,,h7. The terms on the r.h.s. of (2.7) may be removed, and a ho-
mogeneous renormalisation group equation restored, by introducing additional couplings
for each term in X\ - R. However these new couplings perform no further role and are
therefore not introduced here.



For our purposes (3, is irrelevant but at one loop or for a free theory

o _ 1

o 290(62nv+ns+11np), B =0, (2.9)

for ny massless vectors, np Dirac fermions and ng scalars, which corresponds to (1.1) if
Cp = 360 x 167‘(‘26£1). As particular cases of (2.8) we find

~, O R .
(5 - ﬁza_g£>-/4ij — 5i5kAkj — jBkAik = Xij » (2.10a)

D . . R .
(e = 85 ) Bk = 0B B — 033 B, — 013 Buge = 200038 Aoy = X, (2:100)

with similar equations as (2.10a) holding for Xzfj, ngj in terms of Fij, Gj.

As a consequence of the extension to an arbitrary metric v, (x) and also g'(z) it is
straightforward to define a finite energy momentum tensor and also the complete set of
finite local dimension four scalar operators specified by £ by

o 4 b

T (@) =25psBo s [0u@)] = 55550 (2.11)

From (2.11) [O;] has the generic form

; i 0 ;
h [Oz] - h 8_gi£O - VMJ;: 5 (212)

where J!' arises from counterterms containing d,,9" and is necessary for finiteness even
when 9,,¢° is subsequently set to zero. From the particular ¢ independent counterterms
in (2.5) J!'s, g=0 = —h'E;0" H. These operators have simple properties under changes of
renormalisation scale since, defining the Callan-Symanzik operator by

D= u% + [ (B2~ o)) . (2.13)

then directly from the definitions (2.11) and (2.7) it follows that

5
DT‘MV = QW /M_Eﬁ)\ "R,

m 5 (2.14)
Do) = — 0:,[0; / R+ (070): 55,

Clearly from (2.14) 9;47 is the anomalous dimension matrix for the operators [©;] while
the contribution of the last term vanishes on using the equations of motion.
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Within this framework it is similarly straightforward to define operator products
which are finite on insertion into correlation functions, for instance

550 550 62g0
: 2o . 2.15a
dgi(x) 0g7(y)  dg%(x)og’ (y) ( )
08, 65, 88, 488, 05,
6g'(x) dg7(y) dgk(z)  dg'(x)dgi(y) 0g*(2)
23 Q 23 O 33
528, 53, 528, 53, 533, (2.150)

697 (y)dgk(z) dgi(x)  bg*(2)dgi(x) g7 (y) - 09t (x)0g7 (y)ogk(z)

Such operator products can be used to provide an alternative definition of A;;, Bjji,. ..
appearing in (2.5). Restricting to flat space and letting [O;]|s,4=0 = [O:]¢ = 0;h*Oy, with
O independent of g ([O;]¢ is the local composite operator as obtained in a conventional
analysis) then

5 ) - k cgd o =€ A..9292¢d .
55 (@) [0 (y)] 0190 K [O(y)]“0%(x —y) — p “A;0°0°0%(z — ) , 016)
o 09" '
szj - 62(93h % .

This shows that the correlation function ([O(x);]°[O(y)i]¢)s, is divergent and requires
a further subtraction. In terms of the Fourier transform I';;(—p,p) of this correlation
function, assuming for simplicity that ([O;]°)s, = 0, the finite amplitude within minimal
subtraction is given by

Ui(=p,p) = Dij(—p,p) + 1= Ay (p°)? . (2.17)
Similarly from (2.15b) for the three point correlation function I';;x(p, q,7), p+q+7r =0,
L0, a,m) = Tigi(p, ¢,7) — K Ta(=r,7) = Ky, Tei(=p, p) — Kj; Tej (=4, )
— 15 (Bigr (%)% + By (0°)? + Buij (4°)%) (2.18)
— 1 (A p°¢% + Ajri % + Ay r2p?)

where B
Aijre = Aij e — 3Binj — 2B - (2.19)
Applying D to (2.17) gives, using (2.10a),
DUE(=p,p) = =08 T (=p,p) — 0;6" T (=p,p) — x5 (0%)° . (2:20)
Similarly from (2.18) and (2.10b)
DY (0, q,7) = — 0BT (p,a,r) — 0, BT (p.q,7) — OkBTFo(p, g, )

+0;0; 8 Tjj.(=r,7r) + 0,06 B T (—p, p) + W0:B T4 (—q, q)
+ lfsé (X?jkz (r*)* + X?ki (p°)* + xiij (q2)2)
+ (X5 PP + X % + Xy D7)

(2.21)
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where Y is defined in terms of x%, x? just as A in (2.19) and we have used
0 R . .
(s - ﬁza—ge) =0 = ﬁﬁ—Kk + 0,3 KY; + 0; 8K Y, — K[,0,8% = —0,0; 8% . (2.22)

Clearly xi;, XU . Play an essential role in determining the behaviour of FR and I'E ik or
equivalently of operator products. Analogous relations for four point functlons involving
Xijre can also be derived.

3. Consistency Relations

The trace of the energy momentum operator is a scalar operator of dimension four
and should therefore be expandable in the basis of scalar operators [O;]. To derive such

an expression for the trace we assume that under conformal rescaling of the metric and
the fields
N =209, dp=0A¢, (3.1)

where A is a matrix defining the canonical dimensions of the fields ¢. Since ¢,/ =
—do /v it follows that, neglecting dimensional couplings in L, so that for o constant in

(3.1) 6L, = 40L,,
0 o

5¢

I arises from the appearance in £, of terms containing derivatives of 7,, such as the
Riemann tensor. Assuming

YT, = 5£~0 + V, I" — (Ag)- (3.2)

4] 0
— S5, = (X
5350 = (X0) 5oL

and using (2.7) and (2.12) this becomes

(X¢)- ~ VK%, (3.3)

Ny N
VT = B0 = ™6 - R+ p~°V, ZF + V.06 — (Ad + 19) 5550 (3.4)
where
"+ 5 - K = J§ + p s (ZF+ VL XY X ==Xy, (3.5)

J§ is some potential finite operator current formed from ¢ (when it occurs such currents
may be defined in terms of the variation of S, with respect to an arbitrary gauge field A,
which plays the role of an additional coupling). The remaining current Z* appearing in
(3.4) is field independent and arises from the counterterms in (2.5). For an appropriate
choice of X,,,, Z" must be finite as a consequence of all other terms in (3.4) being well
defined. I* in (3.2) may be computed by using that under the conformal variation of the
metric in (3.1)

§F =40F , 6G = 40G —8G*PV Vo , §H =20H +2V?0

3.6
(5Gy,y - 2(VHVVO- - VHVVZU) y (5V2 = 2JV2 - (d - 2)8HO-8H 5 ( )



while the corresponding contributions to J g , defined by (2.12), are

OLo = Do (3.7)

BR% _ xTH (. G Q0: VH 3 B . .
uzﬁ v (/07//8 ) + UZV 5 ) uz aa‘u‘gl ) ,UZ av2gl

Hence we obtain
Zy = 8G,, 8"b — 49, (Hc) + 2H £0,9" — 0,H & — G, Gii B0 g
— H]:ijﬁiﬁugj +2V,.V, (Eic?”gi)—au((]-"ij — gij)&,giﬁ”gj)
— V,, (Qijﬁugiﬁ”gj) —(2 — 5)Aijﬁugiv2gj + 8# (AijBiVQQj) —ZAZ']‘(?NBingj (38)
— 3(2-¢)Byji 0,9'0" ¢ 0,9" + 3V, (Bijkaugiaygjﬁk)
— Biji (80,97 V2" + 0,9°0" ¢70,8%) ~Cije 0,97 0" g* 09" + V¥ (Q4;0,9"00g”) ,
assuming the appropriate contribution to the X, has the form

X,ul/ = _Qijapgiaugj 5 Qij = _jS .

The finiteness of Z, may be disentangled, using when necessary results such as
(2.10a,b), into separate finiteness conditions for

~ .

80ib — Gy 7, (3.90)
de+ & B, (3.9b)
4;¢ + (Fij + Aig) 7 (3.9¢)
28 + Ay 57, (3.94)
Gij + 2A; — Aijk B (3.9¢)
Fij + Aij + 5eAi; — (A — Ak(z’j))Bk ; (3.9f)
Aij = Nji, Nij = Ak 0; 8% + $Bji B (3.99)
(2 — &) (Argy) — 3Aijk)+0j Ak + 0i\ji — O (ij) — Bije OBt — Cijne B, (3.9h)

where /L-j k is given by (2.19). Both flijk and A;; transform as tensors under redefinitions
of couplings. These conditions are not completely independent since contracting (3.9f)
with 37 and using (3.9g) and (2.10a) gives (3.9¢) with ¢ expressed in terms of (3.9b) and
(3.9d) up to finite terms.

The essential consequence of (3.9a,b,c,d,e,f) is that all counterterms required in (2.5)
for a curved space background may be defined in terms of A;; and B;;j required for flat
space only. These results were partially obtained previously [11,12] by restricting to
0,9 = 0 but by considering that

Lo=Lo—p 5(aF +bG + cH?)
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defines a finite quantum field theory for arbitrary metric v, (). In this case we consider
the finite operator products, analogous to (2.15a,b),

65, 65, 625,
So(x) bo(y)  Fo(@)doly) (3.10a)
08, 68, 68,  §°S, 65,
do(x) do(y) do(z) do(x)do(y) do(z)
2Q G 2 G Q 34
528, 65, 028 05 533, (3.100)

b0 (y)do(z) do(z)  bo(z2)do(z) da(y) = do(x)do(y)do(z)

where §/00 denotes the response to a conformal rescaling as in (3.1) with subsequently
o = 0. Thus, if for simplicity we suppose 0L, = 4oL, and neglecting equation of motion
terms,

05, ~el,—4u cVPH = O ,

oo
& ~ 46z, y)O — 8" e V2V26% (x, y) + 8ep S GHYV V., 6% (x, y)
b0 (x)do(y) ’ ’ g ’

— 42+ e)u cHV?0(z,y) — 4(4 + e)p 9, HO"5% (z,y)) .
Restricting to flat space then (3.10a,b) allow definition of the finite correlation functions

Ies(—p,p) =Toe(—p,p) +8u"c(p®)?, (3.11a)
Fgeg(p, 0:7) =To06 (P, ¢:7) — (Coo(—p,p) + Toe(—4¢,9) + Toe(—7,7))
+4p7% (eb+ (2 = 2)e) ((0°) + (¢°) + (7)?)
—8u~° (5b + 20) (p2q2 + ¢*r? + r2p2) , (3.11b)

where I'g  are correlation functions of ©|,,, = Oy after Fourier transform. Using

=5,

Oy = B[0;]¢ then comparing (3.11a) and (2.17) we require
8¢~ Ay 5157 (3.12)
with ~ representing equality up to finite terms. Similarly from (2.18) and (3.11b) using
B KL =edk — 9,8 (3.13)
which can be obtained analogously to (2.22), gives

8(cb+ (2 —€)c)~ 8(B'0;b + 2¢ — ['9;c)~ —2M;; 17, (3.14a)
8(cb + 2¢)~ 8(B'0;b + 2¢)~ Ayi B3 B . (3.14b)

10



It is straightforward to see that (3.12) and (3.14a,b) are direct corollaries of finiteness of
expressions (3.9a,...f), using

Aiji B ~ eAij — 2065y 5 Ajki BIB% ~ 9;(Aj B 8F) — 2045 37

The conditions that (3.9a,...h) contain no poles in € can be reexpressed in terms of
equations involving the 8 functions in (2.8). From (3.9a)

89;b — Gy B =W, Wi=G, kg, (3.15)
where Q’Z-lj denotes the residue of the simple € pole in G;;. Using

(e — Bkak)(Saib - Gij Bj)—ain (80kb — Gy Bj): 9iB — X3 B,
we obtain

80i8p = X1, — B O;W; — 0,7 Wj (3.16a)
(Wi= (14K g 0;)Wi + Wik! = x4 kg’ (3.16b)

J

were ( is easily seen to be an operator counting the number of loops and (3.16b) is
equivalent to the definition of W; in (3.15). Defining

By = By + W8,
(3.16) gives

80; Bb = ngj Bj + (azW] — 8JWZ)5] , (3.17a)
8B°0; By = x%; B . (3.17b)

These equations are similar to those of Zamolodchikov [3] for two dimensional field
theories and it is natural to define

C =360 x 16720, . (3.18)

(3.17a) shows that B, is stationary at critical points where 8% = 0, 3, = S, and C is
the natural analogue of the Virasoro central charge while (3.17b) demonstrates that if
ij is positive then the renormalisation flow of C' or S is monotonic. For a free theory
C = Cy as given by (1.1). As expressed in (3.17a,b) the equations are covariant under
redefinitions of couplings and so should be valid in other regularisation schemes although
the precise simple definition of W, is no longer appropriate. Any arbitrariness, such as
provided by the d dependent factors in (2.6), in the definition of b leads to a contribution
to W; of the form 0; B which cancels in (3.17a).
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For a single coupling g (3.16a,b) can be easily integrated to give

9 k41 0 !
o) =k 5 [ar o Fwi) o () (3.19)

k41

where 3 is given by (2.9). In general, 3(g) < g * as g — 0 so if W is first non zero at
n loops (B has corrections at n 4+ 2 loops.

It is also possible to derive expressions for 5. from (3.9b,d) or (3.12), where
8c— Ay i =X +eY, Y=-ALkgkig . (3.20)
Just as in going from (3.15) to (3.16a,b) we obtain
88 = xy; B'F — B9: X, (3.21q)
(Y =—x4kg'k g, (X=28Kg +80Y . (3.21b)
Since from (3.11a)
R _ —e 2\2
DF@@(—pyp) = —8u""Bc(p”)
the results (3.21a,b) can also be obtained by using (2.20) and writing
T2 (—p.p) — BT (—p,p) = n=(X +Y)(p*)* .
For a single coupling

g 5 /
8B.(g9) = % fg /0 dg' g'* Y(g’)i (5/%) 7 (3.22)

so that for Y non zero at n loops . is non zero at n + 3 loops.

A similar discussion is possible for the other expressions in (3.9), for example from
(3.9¢)

X?j + 2X§Lj - X?jk 5k = _Bkakvij - %kvlcj - ijvik , CVij = )_C?jk kkgk . (3.23)
This relates ij, which played a crucial role above, to flat space quantities.

4. Gauge Theories

The discussion of composite operators in gauge theories and the derivation of a
relation for the trace of the energy momentum tensor has by now a relatively long history
[16]. Nevertheless the extension of the framework described in the last two sections to
this case appears to us to elucidate some points.

For simplicity we restrict to a simple gauge group G and as always the fundamental
gauge field Lagrangian is
LA)=1F".F,, , F.=0,A4, —0,A,+A,xA,, (4.1)

— 1
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(XY = X,Yo, (XXY)s = fareXpYe). Fermions will be incorporated later. The quantum
action is then given by

1 -
‘Cq(¢7 *]7g7£7p) = g_Q‘C(A) +KMDL(A’9)C— %gL(C X C) —¢ %bb+ (GT“b)'a’M )

1
Aw= A5+ gau, DA ) =0t Aux +uu, vu= 049, (4.2)

Kt=Kr+G™e, ¢=(au,c b, J=(K' L).
a, is the quantum gauge field with A7, a fixed background, ¢, ¢ the ghosts, anti-ghosts

and b the usual gauge fixing auxiliary field. K* and L are external sources which are

important in the BRS analysis later. GE denotes the operator transpose of G, so that,

after elimination of b, the gauge fixing term in £? becomes Eg.f = 1G“aM-G”aV/§. We

.2
choose the background gauge covariant form
T
G"a, = V'a, + A" xa, —p'a, , G, =-D;—p,, (4.3)
where D7, is the background gauge covariant derivative. &, p, are thus gauge parameters
and along with g are assumed to be arbitrary functions of x, the vector p, plays a

necessary role in the subsequent analysis. The Feynman gauge used later for calculation
is obtained by taking

£=1, Pp = Y - (4.4)

L9 enjoys the usual BRS invariance, s£4 = 0, under

say, = Dj,c, sc=—igexc, se=-b, sb=0, s*=0. (4.5)
Corresponding to (2.1) we take
g =p¥g, ¢ =pG, J=pT, =&, p=pu

Assuming no anomalies the renormalised quantum action is constrained by

952 5S4 oS4\ B
/<5f.6j_b. 55)—0, f=(au,c), (4.6a)
)
% g _con, _
=51 = Ga, —€b. (4.6b)

(4.6a) is equivalent to the nilpotence of the functional operator

q 55¢ 5 851§ 6
S p— 0-_ o._— . —
< _/(w 5F T of og 0 55) ‘ (47)

These results are obtained order by order from the BRS symmetry (4.5), if S¢,, defines
o

a finite theory to n loops and satisfies (4.6a,b) then at n + 1 loops is local and
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it follows that QSQFE{;L D — 0. Hence the n + 1 loop divergence may be cancelled by
a suitable choice of ng 41 also obeying (4.6a,b). Inserting a general ansatz consistent
with power counting for £¢ into (4.6a,b), assuming rotational invariance and background
gauge invariance are preserved, gives

LI=p* (%E(AO) + K“-Dg“c —1Z,gL-(cxc)—€E2b-b+ (GT“b)-au) )
(4.8)

Z 1
Ay, = AS + Z D! :—7<Dc Z 9.z )
7 ptZsgau, on = 7, p T 4B9auX +ng . (Z+9)

The novel feature here is the form of D, ,. In addition, to take account of the counterterms
required for curved space, we write

LI=Li—p A9 R, (4.9)

with the additional terms just as in (2.5) but restricted to the single coupling g. It is
crucial that we are able to use the fundamental theorem that if «; is any gauge parameter

0

558 =0%X" (4.10)

where X is the integral of a local invariant function of ghost number —1 [19]. In this

case
5 . 5 . -
St = Qe 5 Si= 0Ny (BR 0y~ Lc)
0

dE

5 (4.11)
Zﬁ = 5Zﬁ y a—gZW :’)/Z,y N

so that even for arbitrary £(z) it appears just in Zg, Z,, and the additional terms in (4.9)
depend only on g.

From (4.8) it is easy to see that

Lg = Lq(¢oa Joago; Soapo) s

1 _1 1
9o = MQEZQ g, §o = ng ) Pop = Pu + Z_auZa )
a
1 1 4.12
Aoy = /f%EZaau , Co = ,u_%EZCc NNIES ,u_%EZ—b , Co = p_%s—é , ( )
a a
_1le 1 _ 1. 1 1 1
Kt=pu2—K", Lo=pu 2°—1L, Lo =245l , Ze=2Iy2G .

© Za Ze

Usually there is an arbitrariness in the multiplicative renormalisation of ¢, ¢ as a con-
sequence of the U(1) ghost number symmetry but this is fixed due to the z depen-
dence of g,¢. These renormalisation factors are such that Q% remains invariant under

14



¢ — ¢o, J = Jo. It is now straightforward to define S functions for each coupling and
also two essential £ dependent anomalous dimensions, as in (2.4),

b= —Leg+ 89(g), B= B —-2v&, L= B =0,

d p p P (4.13)
Hdu a go,fo_ aVa » Hdﬂ c 90750— Ve -
Replacing (2.13) we may write
0 fo O J J J J
D= —+/(9—+5—+ F— — (4 -——AJ-—),
"o B 5 B 5% B“(Spu (99) 7 (W) 55 (4.14)

/Ay(é = <7aaﬂ’ Vel —’)/ab, —’}/aé) - %6¢ ’ ’3/‘] = _(/YaKua /YCL) - %6J 5

so that DS = == [ By - R as in (2.7).

It is straightforward to now define finite local composite operators, setting J = 0 for
convenience on the r.h.s.,

) 2 5
Q@Sg - = g_z[iF“ 'F/w}
J )
Ty~ T
— [(G"e) -Dj,c+ (G"') -ay) —I—au-aSg + c~&Sg . (4.15q)
%Sg = — [3b}] (4.15b)
%Sg = — [E-D’LC—{—CLM-Z)} , (4.15¢)
) ~ )
V“WS(‘{ = [(GT’“‘C) -Dic+ (GTb) -au]—[b-G“au]—c-(s—(_}Sﬁ , (4.15d)
0 q 1 v T = T
a, - —>95 = [au-Dy<—F“ >+g (G"™¢) -ay x ¢+ (G"b) -a,] , (4.15¢)
day, g
J _
c-&Sg = — [(DZGTMC) ], D, =D, — v, (4.15f)
c-(%sg = [¢-G"D, ] , (4.159)
b-%Sg = [-¢bb+b-G*ay] . (4.15h)

The Lh.s. of (4.15a,...h) provide a definition for each local operator appearing on the
r.h.s., (4.15e,...h) are equation of motion operators (of course it is trivial to eliminate b
by setting b = G*a, /) while (4.15b,c,d) are given by variations of a gauge parameter
and as a consequence of (4.10) or (4.11) do not contribute to matrix elements between
physical states. However the basis defined by the Lh.s. of (4.15a,...h) is more convenient
from the point of view of computing the operator mixing under renormalisation. Thus
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from (2.14) and using (4.13)

[OQ] /B,gg —2%.,9§  Yag [Og] Y,g®
DO =10 —2(7&)¢ age [Oc] | + | Ae0 5¢53 ,
0,] 0 0 0 0,] 0 (4.16)
1) 1) 1)
(O] = @53 ;O = %53 ;0] = V“ng :

Within this framework it is simple to obtain an expression for the trace of the energy
momentum tensor as in section 3. Corresponding to (3.2)

o 5 5

T, = L84V I = 204 S ((Agb) %+(AJ) M)Sq o

Ap=2(0,0,b8), AJ=2K" 4L),

and

Ly = (375 + B + By~ — (30)- 5 — () ) o

o€ 9 0] (418)
(5 . o ) '
= (75 + 8 g — (16) 55 — (1)-57) 81+ (a + $) VP 5 281

Up to terms which vanish for physical matrix elements and for J = 0,

o 2p

AT ~
g g g

9i§g+u‘€(—m R+V,2ZM) /395 (1 F*-Fu], (4.19)

dg

where () - R and Z* are just as discussed in section 3 with the same requirement of
finiteness of Z#. With this definition it is trivial that Dy**T},, = p=d, [ Br - R.

It is also simple to extend this treatment to allow for fermions coupled to the quantum
gauge field so that £7 now includes, as well as (4.2),

Lf =9y 5)¢+M)@/J gnt-cp — git-cn (4.20)
ﬁf:%v 1‘?“+Au+t-AM, [ta, ALl = [ta, M] =0 .

t, are matrix generators of G in the representation defined by v, [ta,tp] = fabete, th =
—t,. M is a general mass matrix while Aﬁ’ is an external vector field coupled to a

gauge singlet fermion current. Aw = Aw +Io may be regarded as belonging to the Lie

algebra of a group G defined by the max1mal set of generators T, = —TJ, [To,Ts] =
FopyTy commuting with ¢,. 7, 77 are the sources for the BRS variations of 1, 1), since
st = —gt-cp, sth = —git - ¢, so that previous formulae may be extended to include
fermions by taking ¢ = (a,, ¢, b, ¢, ¥, V), J = (K" L,n, 7)and f = (au, c, 1, V). L

is invariant under local G gauge transformations if
SAY =Djw=0w+[A},w], M=[Muw, 6=-w), §p=vw, (421)
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for w = w,Ty.
By BRS symmetry and also local G invariance £4 is still of the same form (4.12)
with in addition
_1, - 1.5 _1. 1 _ _1,
Yo =W 22y, o= 2Ly, Mo =R NGy M= n
Moy=ZuM | [ta, Zy] =[ta; Zn) =0, Zy=1Z)

I _
=1,
Zy (4.22)

Zm(g) is independent of the gauge parameters, in contrast to Zy(g,¢). In general we
may expect to require A}f — A}D/’M = A}f + N8,g where NT = —N, [t,, N] = 0 but in
this case for a single coupling g, when N and also Z,, are scalars formed from ¢, so that
[Ta, N] = 0 and [Ty, Zy] = 0, it follows that N = 0. Besides A}, M is also allowed
to have an arbitrary z dependence so further counterterms are necessary and are of the
general form

LE= LI —p*(A9) - R+ Anlg) - M + Jtr(K () F, F¥™) + tr(A(g) M*))
Am - M = L(Htr(h M?) + tr(r DY MDY* M) + 28,9 tr(s MDY* M) + 8,90" g tr(t M?)) ,
A = (hy 7, 8, 1), FY, =0,A) —0,A} + A%, A} . (4.23)

This treatment enables the definition of further finite local composite operators by

0= X0 s1=[hxy] . X1 =X, Ji=

Sd = [y Tav] . (4.24)

As a consequence of invariance under (4.21), for n =7 =0,

J

6
5y S (0Ta) 588

VHJg —|— Fa,BW A’l/’ J” - [Om([Ma Ta])}_(Taw) 5'@D o

uB

The renormalisation group may be extended to this case by defining anomalous
dimensions 7y, 7y for the fermion fields as in (4.13) and also introducing a § function
for M,

d
Zm | = ZmYm - (4.25)

m:_m Ma 5
5 Ym(9) udu o

For the new terms in (4.23)

0

v, 0
J— g_ D — . = . ==

(4.26)
(5_69%)K:5K ) (5_69829 +4'Ym>Am:ﬂ17\n .

Using ~ to denote equality up to contributions of equation of motion operators and also
operators obtained by variation of a gauge parameter we now have

PO [Oa(PX +10 1] PI0) = -B5[OOntrmsM0] . PIE=0.
4.27
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The additional contributions in (4.23) may also be related to subtractions in corre-
lation functions of composite operators. For instance if Fgg(—p,p) denotes the Fourier
transform of (J4 Jg) on flat space then

T (—p,p) = This(=p,p) — p“te (KT Tp) (p°6" — p"p”) . (4.28)
Hence, similarly to (2.20),

DI (—p,p) = p~*tr(BTaTp) (P*0" — p'p") . (4.29)

The trace of the energy momentum tensor may be obtained by extending the con-
formal transformation in (3.1) so that

SM=oM, A¢p=(0,0,2b,2¢ 3¢, 3¢), AJ=(2K", 4L, 3n, 27) , (4.30)
ensuring still that §£¥ = 40L¥. In this case (4.17) holds with I* — I* + I* where
It = —p= ¢ (=0"tr(h M?) + tr(r MDY* M) + 9" g tr(s M?)) . (4.31)

Replacing (4.19) we find the finite expression

VT = B9[04] =[O (1 + Y) M) =175 (Br - R+ B - M+ tr(Bx F, FYM) + tr(BaM™*))
+u V(2" + 28 (4.32)

where
Zp = —Outr(h M?) +tr((r — sp9 + r”ym)MD}fM) +0,9tr((s— 69 + $Ym)M?) . (4.33)
This gives rise to new consistency conditions by requiring the finiteness of

o2h — 1+ 839 — rym | (4.34a)
B —s+tB9 — sym (4.34b)

which in turn are equivalent to the finite relations
9 1.1
2611 — Kr + Ksﬁg — RerYm = — (698_ - 2’7m>S ) S = _Egs ) (4350’)
g

B
By — Fis + KB — K = — (696—9 — 2+ B )T 49,8, T = —Sgt' (4350)

(4.35a) shows how [ can be determined in terms of x,., ks which need only calculations
restricted to flat space.
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5. Calculations

The various renormalization functions introduced in the previous section are calcula-
ble in the usual perturbative loop expansion. To achieve this for the curvature-dependent
terms we adopt a method of calculation developed by us earlier, within dimensional reg-
ularisation, which allows for the singular poles in € to be found for an arbitrary spatial
metric in a completely covariant fashion [18]. This depends on an expansion of the Green
functions, defining the quantum field propagators in the presence of background classical
fields and metric, based on the DeWitt [19] heat kernel expansion. The Green functions
correspond to the differential operators acting on the quantum fields ¢ when the action
is expanded to quadratic order in ¢. From (4.2), eliminating b and setting K, L to zero
and in the gauge (4.4), these are

Agw — _ DC2’}/‘uy —_ QFCHY + Ya,ull ’
Agy= —D? + Yy 1, (5.1)
Y = R + V" + VY0 — A" (Vo0 —070,) , Yen = —V70, + 070, ,

where Y*, Ygy, are gauge singlets, v, = 0,,9/g arising from the « dependent coupling g.
For the fermion fields the appropriate second-order operator is

Ay = (—~"D} + M)(y' Dy + M)

5.2
= — DY? —A*DYM — INHy FY, + M? + 1R1 . (5:2)

At one loop then
'Y = —¢ndet A, + fndet Agh + 1 mdet Ay . (5.3)

and the additional counterterms necessary for curved space and x dependent g are found
from the standard formula for the coincident DeWitt coefficient as as

~ 1 1 1
SV = 1o / ((nv —2np)——(3F — G) — —(2ny — np) R’ Ropys

180 24 5
+ %”tr(éR - Ya)2 —ny (%R - th)2 - HTFR2> .

In terms of (2.5) this gives

1 1 1
AR = (=55 F+ ——(62ny + 11np)G
T2 \ g9 2V T e g (62ny - 1nr) (5.5)

+ ny (2G* v,0, + Ho® — (VHv,)? — 02v2)> .

At two loops the amplitudes depend on the cubic and quartic pieces in the expansion
of £4, in particular

L3=ga,xa,-Dya,—gDic-a" xc.

19



One loop subdivergences are cancelled by taking

2
g 2 C C C cuv
Al = <§(5C—4R)(_D 27uu+DuDu — 2" +U27uV —"qu,,)

Y 16m2e

+4C (V7 0s Y + 20, D, + QUMUU)) : (5.6)
2
(1) pyreT (1 )y 9 ¢
Agh_l),u Dou()7 Dou()_16ﬂ_2€(Du_Uu)7

which are in accord with (4.8) assuming the usual one loop results

Cg?

16m2¢ ’

2 2 Cyg®
70 = (110 - 4R) 69 , 2V =1+ —=L_ zW=_¢ (5.7)

1672¢ p 1672 > 7

for € = 1 and where fycqfoca = Cdap, tr(taty) = —Rdqp. After subtraction of subdiver-
gences and taking into account the various d-dependent factors in (2.6) we obtain

2
@.p_ W9 ((n_T
AR = Here)e (9 (c-gR)F

2
— 5(110 — 4R)(2G* v,v, + Hv* — (V0,)? — 20°V70, — 20°0%) 5.9
n %(510 — 20R)(2G" w0, — (V70,)?) + %(290 — 12R)Hv?

€ 20 oe 2,2
— §(7C —4R)v*V7o0, — 5(230 —4R)v v” | .

An important consistency check is that the double poles are in accord with the renormal-
ization group equation (2.8).

In addition we have calculated the M dependent terms in (4.23). At one loop

1
A —
M 1672¢

(H tr(M?) + 2tr(D;fMDWM)> , (5.9)

while at two loops

1

@ Ayt
AT M= gy

(%(12 — 11)¢*H tr(t*M?) + (12 — 5)g? tr(* DY MDY M)
(5.10)
+ (12 — 11£)2g0¥ tr(t> M DY M) — 24 9" g0, g tr(t22M2)> .

Again the double poles are in accord with the renormalization group equation (4.26) since

92
W = -6 (5.11)
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From (5.5) and (5.8) we obtain, apart from (2.9), to two-loop order

fu= 1oz~ g oy +ne) + v (0= TR0} = 2
X7 = —2y" = 16:292 (4+ %(510 ~ 20R)h) ,
v = 16::292 (2 + §(2QC - 16R)h> . X°=0, (5.12)
V- 167:;93 (4+ %(110 —4R)R) |
e 16:‘;94 8 + 3(3410 ~ T6R)R) |
while 16728 = —% + 4t?h. We have checked that these expressions are consistent with

the various conditions flowing from the finiteness of (3.9a...h). In particular from (3.15)
and (3.20) to this order

oy o W Lisio—
oW =4y = =5 (2 + 50610 20R)h> . (5.13)

Using (3.19) and (3.22) along with

S67(g) = ~Bh— fuht ~ fah* . fo= 3(11C —4R) (5.14)

gives
1287% 3, = gﬁoﬁlnviﬁ + (5052 + BopBi (1170 - §R> + gﬁf) nyht,  (5.15q)
16728, = 167230 + %[ﬁnvh? + é (61 (%C - §R> n 62>nvh3 . (5.15D)

Of course beyond the lowest-order contribution, to order O(h?) and O(h?) in (5.15a) and
(5.15b) respectively, the results are sensitive to the choice of renormalisation scheme.
The lowest order terms obtained here agree, for the appropriate choice of By, 81, with
previous results for QED and pure gauge theories [12].

In addition from (5.9) and (5.10) we obtain

1672 B, = 2 — 22t%h
1672k, = 4 — 20t*h (5.16)
1672 gy = — 44t%h , 1672 g%k, = —96t%h .

Since S, T are first nonzero at two loops it is straightforward to check that these results
satisfy (4.35a, b).
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As was mentioned in the introduction it may be possible to obtain a version of
Zamolodchikov’s c-theorem in four-dimensional field theories and to the extent that x9 is
positive definite this has been verified by our perturbative treatment as in (3.17b) with C
defined by (3.18). For fermions coupled to gauge fields with a simple gauge group so that
there is a single coupling g there is the usual UV-fixed point as ¢ — 0 so long as Sy > 0
and C — Cj where for an SU(N) gauge theory with f fermions in the fundamental
representation Cy is given by (1.2).

An infrared stable fixed point may be realised perturbatively if 0 < By < —f; in
(5.14), when,

2
_ 9*2 %&<1+60§2>
167 |81] B

In the large-N limit this situation may be achieved with h,N expressible as a power

series in 1/N, as was realised some time ago [15], if there are sufficiently many fermions.
Choosing f = LN — k with k < N then, since R = 1 f,

h.

2 25 13 701
/80 3 k ; 61 9 3 k ’ 62 12 ) (5 7)

using the results of Tarasov et al. [20] for 2 which they obtained in a MS scheme
consistent with our calculations. In this case

4 k 548 k
RN~ (1425 1) 5.18
™ N + 752 N ( )
Although in the mass-independent dimensional regularisation scheme used here this fixed
point is independent of fermion mass terms it is only relevant to the long distance be-
haviour when all physical masses are zero so we suppose that M = 0. From (5.15b) we
find, despite the unpleasant numerical coefficient in By in (5.17), the relatively simple
form X
8 1/28\2k
75 5\25) N
The arbitrariness in the choice of regularisation procedure disappears at the fixed point
where also 8. = 0. At this fixed point the anomalous dimension of the scalar operator
1[F* - F,,] becomes 89" ~ 252 /(51| ~ (4/15)?k? /N*? and also

(5.19)

31 ) 4k 3 14N\2/k\2
Tmlg) A 3N+ == (N, mlg) = 5=~ + 22 (52) (5) (5.20)

The interpretation of these results is nevertheless unclear but will perhaps be of relevance
when the scale-invariant theory defined in this fashion is better understood.

22



6. Scalar Field Theories

The gauge theories treated in sections 4 and 5 depend only on a single coupling g.
This restriction may be relaxed by considering renormalisable field theories for a multi-
component scalar field ¢; when the basic coupling becomes a symmetric tensor g;;xe.
Neglecting any other fields the initial Lagrangian has the form

L=K(A¢)+V(9),

6.1
K(A,¢) = 5(D"¢)"Dué,  Dud=0u0+Aud, Al =—A,, 6

for V(¢) a general quartic polynomial in ¢, 0;0;0,0,V = gijre and A, a background
gauge field.

Conventionally in order to ensure a finite quantum field theory it is sufficient to take

Lo=Lo—p  ttr(KF,F") ,

Lo=K(A,§0) +Volo) ,  doi = u™ 5 Zis; (6.2
Voldo) = p*(V(#) + LY (9)) . LV = OV V", v"V"?)

assuming V' (¢) is gauge invariant under gauge transformations on A,,, ¢, so that 9,V (¢) =
V'(¢)T D, ¢. The corresponding 3 functions are defined as usual as in (2.4), in particular

5 d

BY(¢) = M@V(@ o 0:0;00008" = Y10 = — gigne + By - (6.3)

VO7 qbo

To three loop order, with dimensional regularisation and minimal subtraction so that
in (6.2) LY and Z — 1 contain just poles in ¢,

BY = eV + Vidi;o;
1

1
T T2 T (Len7

1
5 Vij VikeVike

1 1 3
T (1672)3 <Z Gijmn GremnVikVie — 16 Jiktm GikemVinVin + 2 gikem Vij Vien Vimn

1 1 1
— 7 9remnVigVireVimn = 5 VitV Vimn Vimn + 5C(3) VigeViem Vesn Vo )

4 8
. 1 1 1 1
Yij = — %5 dij + Wﬁ Gikem Gjkem — WE Gikem Giknp Gemnp » (6.4)
where 0;V = V;,...,Vijre = gijre. The result for BV was partially contained in our

previous background field calculations [17] and was completed by using old results for
the £ expansion of individual three loop graphs [21]. In general Z is arbitrary up to
Z — OZ for OTO = 1 but conventionally this is resolved by requiring that Z and hence
v 1s symmetric.
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If the scalar field theory described by £ in (6.1) is extended to curved space then it
is convenient to take

K(A,0) = (D"9) Dy + J(d~2)6To H | H= " (65
since this gives a conformally invariant contribution to the action for general d when
oy* = 20 y* and d¢p; = %(d — 2)o¢;. Furthermore if the couplings in V' are allowed
to be = dependent and A, is also regarded as an arbitrary anti-symmetric gauge field
then, in order to define a finite quantum field theory, it is sufficient, by discarding total
derivatives, to include additional counterterms restricted to the form

Lo=1Ly+ Qb)) —p A R, (6.6a)
Lo=K(Ao,do) +Vo(do) Aoy =Au+Ni(Dug)r, N/ =-N;, (6.6b)
AR=NR+1t0(KF,, F") + L tr(Pr,F*)(Dug)1(Dug)s (6.6¢)
Q=nH+05; (D*g)r + 515 (Dug)1(D"g) s (6.6)

where gr = gijre. In these results we have assumed manifest invariance, as is automatic
in the background field formalism using dimensional regularisation, under simultaneous
gauge transformations on ¢, 4,, é¢ = —we, 04, = O,w + [A,, w], wl' = —w, and also
on the couplings in V, 6V (¢) = V'(¢) we, so that (D,g) is defined as the appropriate
covariant derivative. Hence A - R is just as in (2.5), depending on the dimensionless
coupling g7, but with 9, — D,,. In general in (6.6a) Q involves operators of dimension
two or less formed by a quadratic polynomial in ¢, with no derivatives, proportional to
H or two covariant derivatives of the couplings in V' so that the overall dimension of Q
is four. However in (6.6d), and henceforth, we have assumed for simplicity that V(¢)
contains no terms cubic in ¢ which implies that we can also assume the structure for Q,
and hence also for 7, d; and €55,

Qo) =" L2(¢) , L2%(¢) =0(4*V"(9)) , (6.7)

where L2 contains only poles in . In order to obtain renormalisation group equations
as in (2.7) additional § functions are necessary, in particular

. d d

1% [ -T R=u—y A — u—A
/6 + /8 /8)\ Hdlvb Vo"‘Q_/l/iES\'Rv Qso ’ /BH« ,UJd/J K ’ A07go
Be =B"H + B (D*9)1 + 185, (Dug)1(D*g) s ,

Bs R =PBr R+ 1tr(BcFuF"™) + 2 tr(BrsF*™)(Dug)1(Dvg)s -

= pr(Dug)r ,

(6.8)
As before we obtain*

. %) 9 9 5
((ﬁ" +5°) 517 +B§‘-8AM —(99) 7~ - 6)/30 =p PR, (6.9)

*If V(p) = Zn Un Pn (@), for P, a complete set of functions of z and monomials in ¢ of degree

up to 4, and also B(¢) = Zn by, Pr () then B~% = Zn bnai-
Un
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which implies

Q _ V__ A 0 0 Q Qi
8= (-5 ; aA +(0)55) L2 =62 551" (6100
AR 2(6—61——@ oA, )A R+ 59 %LQ, (6.100)

so that 5<, B5 are determined as usual just from the simple € poles in Le, A

Since £, has been constructed for arbitrary = dependent couplings finite local com-
posite operators may be defined by functional differentiation,

B(6)]= B%s (D) we]= w-%go W= (6.11)

Using gauge invariance of S, it is easy to derive the equation

V,u[(D"6) wg] = [(D"$)" Dy 6] = [V'(6)" we] —(we): % (6.12)

Dyw=0w+[A,, v,
while it is also useful to require the relation

[(Duo) od)=2(0,]¢"0¢]—[¢"Dpod]), o =0, (6.13)
by taking it as a definition of the l.h.s.

Within this framework it is straightforward to adapt the treatment of sections 2 and
3 to derive a finite expression for the trace of the energy momentum tensor. Assuming
in (3.1) A¢; = ¢, so that 0K (A, ¢) = 40 K(A, ¢) + 5V, (¢T p0t0) — ze T $V?0, then
using (3.6) (3.2) is replaced by

VT = Lo — AVy — AQ +V, (12 + f)“—d)-%go ,
)
AV, + AQ = (4 & a—¢)v + (2 — ¢ %) = (AV)- Lo (6.14)
V) = (1-6 55 V@) 19 = —ke,(656) +20,m+ (2 0r(Dyg):

where 1, u comes from just the AR term in £,. In AV the couplings in V' are just
multiplied by their canonical dimension so that —AV is the classical expression for yv**T},,
after using the equation of motion. (6.14) may be simplified by using (6.9) and (6.11),
noting that L, contains no derivatives of the couplings in AV, to give

VT, = [V + B2~ AV} (D )T Boad]—pB5 - R

6.15
— (1 +4)9)- S + Vo (J* 4+~ € Zm(j9, 84)) . (6.15)
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Z,, is the sum of the obvious extension of (3.8) to this case and

— Ay (D?9)1( ﬁg)J— 1Brk (Dug)1(D*g) 4 ( ﬁg)K
—tr(PrsB*)(Dpg)1(Dug)s — 2tr({K, B4 }F,.) tl"(PIJFW)BIg(DVg)J

resulting from the presence of A, in the covariant derivatives in A - R and also the extra
terms in (6.6¢). From (6.6d) and (6.14), using

0
¢

(6.16)

(57 55— G0y 55 JK (A6 = (575 = (G0)-50) [ K(A.60) + 3 72(60,)

we obtain
i = (Doo) " N1 do + 3¢ (g b,)
+ INQ +€rg (D/Lg)féz — (%(513?) +2 5I(DMBQ)[ + 51(55‘9)1
From (6.14) the € 9, (¢ ¢,) terms cancel in J,,. This is a direct consequence of the partic-
ular d-dependent factors in (6.5), other choices lead to non minimal terms in subsequent
equations which complicates the analysis. Since all other terms in (6.15) are finite op-

erators the sum of the last two terms, which are a total divergence, must also be finite.
Hence we write

(6.17)

5 3
Ju=[(Dud)"S¢]+Jop+n S~ [AR,  ST=-8, (6.18a)

Jou = 0. (20— 6,;B9)+6,((2 — €)Dyug + 2D, B? + B g) 1 + €15 (D)1 B9 (6.18b)
B} =4y -(Sg);, B4t=pt+D.S=P(Dug)r, Pr=p;+09rS.(6.18¢)
In order for (6.18a), given (6.17), to be possible it is necessary that
NIBI S+ N;(Sg)r or NIBg S = S=-Njgr, (6.19)
so that S is determined by the simple poles in N;. From (6.18a) we may then write
V(I +p= 2189, 84))= V. ([(D*9)TS¢| +JE + p~=Z2"(B?, BY)) . (6.20)

and since the operators appearing in J§ are independent of ZH they must be separately
finite, at least up to contributions with a vanishing divergence, and hence

Jou = Ou[T] + [Ui](Dpg)r1 - (6.21)

The finiteness of Z# leads to similar conditions to (3.9a,...h) involving B9 and B4, apart
from the extra terms in (6.17). Since the couplings for the operators appearing in J§ are
present only in V,, without any derivatives then from (6.18b) and (6.21) we can write

. 0
27] - (51B? = TW‘/O y (6220,)

. . 0
(2—6)6[+6J(28[Bg+Pjg)J+€]JBg Ur- 6VV (6.22b)

T(¢) =Ly (d)gr, Urlg) = —3Ly'(¢) — Lyj(d)gs,  (6.22¢)
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where 07(¢o) =), Li’"(gb) e~ " with a similar expression for €.
If (6.12) is used then (6.15) becomes

VT = [BY + 89— AVIH[(D"¢)" Bug]—p~"B5 - R
5 ~ . (6.23)
- (1 +4+ S)¢)-%So + Y, (JE + = Zm(BY, BY))
where ) )
BY(¢) = 5Y(¢) + V'(#)"S¢ . (6.24)

The definition for BY in (6.18c) is consistent with that for B in (6.24). The replacement
of the 3 functions 8V, 5‘3 by BY, Bﬁ in the final expression for the trace of the energy
momentum tensor in (6.23) is a reflection of the underlying gauge invariance since this
leads to an ambiguity in the definition of the § functions which is compensated by the
additional S dependent piece in (6.18c), (6.24). An entirely equivalent situation arises
in relation to diffeomorphisms in non linear o models [22], in both cases the energy
momentum tensor is independent of such arbitrariness.

It is important to check that the consistency conditions (6.19) and (6.22a,b) are in
accord with renormalisation group equations, such as (6.9), determining the higher order
poles. Applying B?@I to (6.19) and using (6.8) and (Sg¢);0; B? = (S539) s shows that this
is equivalent to

) ) .
?as =—pBY or PB}=0. (6.25)
1
. . svo O NN . :
Similarly applying € — 7 + (fyqﬁ)-% to both sides of (6.22a), along with (6.10a)
and (6.25), results in*
28" — BIBY = —BV-iT+ T-iBV (6.26)
! oV ov:
while (6.22b) corresponds to
(2— )] +B5(201B% + Prg) s + Bi; BS
__3v.%y v (8rBY + Prg); +U 9 pv (6:27)
= av 1 J\01 19)J "5y .

Since T is a scalar we may also let 3V — BY on the r.h.s. of (6.26). The O(e) parts of
(6.25), (6.26) and (6.27) are equivalent to the definitions of S, T" and U; in (6.19) and
(6.22¢).

* For a theory with a single component scalar field ¢ when V(¢) = %g(f)4 + %m2¢>2 + ... and

BY(¢) = 1189(9)¢* — 3m(g)m?$* + ... then if T(¢) = —d(g)¢? + ... we have B2(¢) = B,(9) 56> H —
d'(9)V?g¢? + ... and (6.26) gives B, = ymd as in refs. [11,12]
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The requirement for the additional counterterms in (6.6a,b) is first seen at two loops.
Using background field methods and extending our previous calculations for a curved
space background [17] then as part of the necessary two loop counterterms we find,

1 11 1
T (16m2) = 24 ((DMV)M (D*V)ije + G R ijwjk) . (6.28)

Using (D, V)ijk = Gijke(Dpd)e + (Dug)ijre ¢¢ this can be cast in the form (6.6a,b) so
that, apart from the two loop contribution to 4;; in (6.4),

1 1

(2) - (2) _
(py " hr)ij = — 16722 g Jrtmli hjikem s S =0,
1 1
B2(¢)* = — 16722 12 (Dng)ikem (D" g) jkem ¢idj (6.29)
1 1
Ur(¢)Ph; = (1672)2 12 J+0m hjkem @i

for arbitrary hijke. At three loops we obtain using the methods of [17], after carefully
taking into account the various d-dependent factors in (2.6) and (6.5)

1

111 .
IR = (16m2) = 864 <§F9191+2G“ (Dug)f(DVQ)I+H(DMQ)I(D“Q)I—(D29)I(D29)I>’
(6.30)

and similarly to (6.28) there is an additional counterterm*

1 11
(1672)3 €2 24
+;ii<_(1_z€)(D Qiike (D" 9)ijum Vi +l€(D2 Yiike Gijkm Vi >
(167‘(‘2)3 22 18 8 nY)ijke g)ijkm Vim B} 9)ijke Gijkm Vem ) -
(6.31)
By discarding total derivatives this can be expressed in the form (6.6a,b), determining

0®) and N 1(3). We have checked that the results satisfy the pole equations such as
(6.10a,b) and give

<2(1 — 2)gijie Vijm (D*V ) kem — € (D?*9) ke Vijm Vk£m>

1 1

(ng)hl)ij = m 3 Gkemn Gkepli hj]pmn ) S'i(?) =0,
B2(¢)®) = m é <gk€m(n (Du9)iyker (D*9) jmnp G195 — (D*G)ktmn Gikep Gimnp Gi®;
+ g(Dﬂg)ikzem (D" g) jrem Vig (9) + %(DQQ)ikém Gjkem Vij(¢)> (6.32)
* Apart from results contained in [17] we have used, in terms of notation defined there for flat
space Go(z, ) Go(y, 2)% Go(z, ) ~ —@ é {(52 - 4—1&_) (82 + aj)—é ag}éd(x,z)ad(y,z) where

I
Go(z, ) = Go(z,y)? — @5 (z,y).
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The result for B}S(s) is in accord with (6.27) given U; and €7 from (6.29). In addition

1 1

(3) — il
T(9)™ = (1672)3 12

<—% Grtmn Giktp Gimnp Gi®5 + & Gikem Ginem Vij (¢)> .
From (6.26) this allows the calculation of the lowest order, four loop, contribution to 3",

1 1 1
26" :—_<__ mni Ymnjg — mn mri Yenryj
B () (167273 6\~ G VKt Jhmni Gemns = Gpamn Ipakt Jhmri Genrs 6.33)

+ Grpgl Grmnk Gemni gk:qu) QZSZ(b] ) Nij = Giktm Gjkem -

This agrees with previous results [11,12] for a single component field.
From (6.30) we can also determine the lowest contribution to the metric on the space

of scalar couplings, as in (3.17a,b),

o _ L1, we -1 1
X = der2y 200 T T (16m2)8 21671

(6.34)

Since W; o 9;(gs97) (3.17a) becomes 8918, = x9 ;8% to this order. At four loops then
83, = WiB] so B remains zero. To the next order we expect corrections to x7, and
from an analysis of the relevant diagrams it is clear that there is a unique possibility
X7 hihy X Gijke Pijmn Premn and that therefore Wy = 1—1281(ngng;(). In this case
these terms do not contribute, in association with the one loop 39, to B, to five loop
order and we then obtain,

1 1 1

88 = (16725 144 (gz’jké Gijmn 9pgkm Ipqtn — ENij N; ) . (6.35)

Also from (6.30) and (3.20) we obtain
a(3):_ 1 L(‘)‘ (3):;L 6.36
X177 (1672)3 144 17 (1672)3 432 191 - (6.36)

Hence (3.21a,b) give
8 L ! (6
c = T 1A -2\6 91en Gijkt 9ktmn 9mnpq Giprs Gjqrs

(1672)5 2160 637

+12 Gijke 9kemn 9mrpq 9jspq Jinrs — Nij Gimkt 9jmpq Gkepq

At higher orders the integrability of (3.16a,b), or (3.17a), provide non trivial constraints
on the form of 4] and the metric x¥ ;. These arise initially at three loops for 49 and five
loops for x¥ when there are seven potential independent terms, although W7y is still a
total derivative %81 (X% 979K ), and there are five linear relations on the coefficients for
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integrability. The compatibility of the three loop expression for 59 with a gradient flow
was shown some time ago by Wallace and Zia [23].

7. Yukawa Couplings

Apart from gauge theories and scalar fields with quartic interaction terms the re-
maining renormalisable field theories are those involving Yukawa couplings of scalar fields
with Dirac fermions. The basic interaction is described by

Lo=D("V, + M@y . OM=T,=T; . (7.1)

In general the couplings I'; may involve v5 but to avoid any potential difficulties with
dimensional regularisation we exclude this possibility here. The hermitian matrix I'; then
defines a new coupling with a corresponding /3 function which to two loop order [24] for
no gauge interactions becomes

. 1
Bl =T+ = <2 LTr + 5{1, Pi})

1672
* m@[ﬁik]ﬂfﬂk —T,;{T2,1,}1; - Y0,0%r,, 1)
— 2951l Tkl — 4tr(D;0%) (0,050 + 2{T; Ty, E})) : (7.2)
Fij = — 5€0i + # 2 tr(T,T)
+ m (% Gikem Gikem — 3tr(T?T(Ty) — 2tr(FkFiFij)> :

When I'; is allowed to be x-dependent it is necessary for a consistent renormalisation
procedure to introduce an arbitrary external gauge field Aﬁ = —AZ/jT in (7.1) so that

Vi, — fo =V, + A:f. The counterterms depending on the fermion field ¢/ may then
be absorbed by ¢ — 1, = p=*Zyy and also AZ’ — A}fu = A}f + N-D,I' as well as
M(¢) = My(¢o), Toi = p25(L; + LY, where N and LI contain just poles in e. As in
(6.8) we may define an appropriate 5 function Bﬁ‘w. When the discusion of the previous

section is extended to this case these additional terms give rise to modifications akin to
(6.24) arising from the essential arbitrariness under T'; — UTT;U for UTU = 1.

At one loop as part of the necessary counterterms we find a contribution

1 ]
H - 2 AR YT
= (20D, MD M) + SR tr(M?) + Ty Dt (7.3)

for DﬂM = GMM—F [AZ}, M] Using DﬂM — FZD,U,(bZ +DuFZ (252 y DMFZ = GMFZ + [AZ}, Fz] +
A, ;T;, this can be cast into the required renormalised form leading to the one loop
contribution to v;; in (7.2) and

A 4 Aﬂl} o 1

1
wnijg = — 167‘(2 tr(r[i DMF]’]) ) Bu - _1671'2 E[FiuDuFi] s (7 4)
2 .
BQ(¢) = — w?tr(DHFi DMFJ)¢Z¢] .
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At two loops the essential counterterms, for the purposes of this paper, are given by

1 11,1
A\ R= - - —(— Ftr(,T;) + 2G*+r(D,T;D,T;
(1672)2 £ 6 \8 r( ) + r(Dy ) (7.5)

+ H te(D,I;D'T;) — tr(DQI‘iDZFi)> .

This expression, apart from the F' term, is similar in form to (6.30), both are determined
by the finiteness requirements of (3.9e,f) neglecting higher order O(8) terms. From (7.5)
the lowest order contribution to the metric for the Yukawa couplings is

0 1 1
g @py=p = - = 2
tr(hih;), WY .-h=h aT (16772 6 tr(T) | (7.6)

4

9(2) . = 1
T (16m2)2 3

h-x

for any hermitian matrix h; of the same dimension as I';. It is easy to see that (3.17a)
now becomes

o -
S — hv9.8"
h B 860p = h-x?-8" , (7.7)
which is solved, to lowest order with the one loop 8% in (7.2), by
8B, =W-B", or B, =0. (7.8)

At the next order the corrections to (7.6) have not been calculated but should have the
general form,

(167’(’2)3 h-Xg(S) -h = IL’tI‘(hQFQ) + ytr(ﬁiﬁj) +z tr(hif‘jhiI‘j) + utr(hZhJI‘J‘J)
—+ v tl‘(hith]‘Fi) + atr(hQ)tr(FQ) —+ btr(hiFi)tr(thj)
+ ctr(hihj)tr(FiFj) + dtr(hifj)tr(hifj) +e tr(hiFj)tr(thi) N
1
(1672)2 W) .h = h. é% o ((m +y + ) tr(I°T?) + (2 + w)tr(T,1,1T) (7.9)

+ (a+ D)t (P)tr(T2) + (e + d + e)tr(DT)ex(TiTy) )

where f;ﬁ = %(hifi + I';h;). The requirement that (7.7) is integrable, along with (7.6)
and the two loop 3 function in (7.2), then imposes conditions on this expression for y9
which entail

%(d+e):y+v:2x—|—%:%u—§:z—2:c+13—0, a=2b.

Although this does not determine (7.9) entirely it does enable the calculation of the lowest
order non zero contribution to 3,

1 2/1
(1672)* 9 (§ tr(DL2050?) + (00T T2) + (D0, TG0 T)
Y

— tr(0, 0, T 10T, + 3tr(D;Ty) tr (D012 4+ Ty I,Ty) - (7.10)

1
—+ Gijke tI‘(FiF]‘FkFg) — ﬂ Nij tr(FiF]‘)) .

8By =
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Besides partially determining (7.9) the integrability of (7.7) also depends on the particular
structure for the two loop § function in (7.2).* In addition the O(g) terms in (7.10), which
arise from the appropriate terms in 7(?), are also entailed by the additional terms in the
one loop expression for 49,

1
hi AB] = hijre o= (—48 tr(TT,Thle) + 8 gijim tr(FmFg)) : (7.11)

in association with the lowest order contribution to the metric for the scalar couplings
(6.34) when variations of f;, with respect to g; are considered.

For the counterterms corresponding to the bosonic part of (7.3) we find to the next
order

1

R R DI GG DDFM) 45 (1~ £2) Rix(DME.M))

—2(1 - 3e) (e (1D, M D“M)+é(1 — 1) Rur(12M?))
—2(1—
+4(1 — fe) tr(D,T; MD*T; M)+4(1 — 2¢) tr(D*T; MT; M)
—etr(D*T{l;, M?})

= 2(1 = Je) tr(DLiDHT;) Vi + £ tr (DT T Vi |

3
4
1e)tr(T;D,I; D*M M + D,I'; T;MD" M) (7.12)
1
2
2

To achieve this expression, as well as (7.5), it is essential to take account of the d-
dependent factor in (6.5) which modifies the cancellation of subdivergences from straight-
forward minimal subtraction. The D,¢D*¢ and R ¢? terms in (7.12) are then in accord
with the form of K(4, ¢,) in (6.5) since g(d—2)/(d—1) ~ 15(1 — %¢). This result deter-
mines the appropriate Z;; corresponding to the two loop Yukawa coupling contributions
to 7;; in (7.2). From (7.12) we may find A,, and Q to two loop order since if M — I';¢;
and (7.12) is expressed in the form

5(D"¢) Z°Dyp+ (D ) Vo + 50" Ue , Z' =2,
then

A=A, +27WV,_z7' - 3D, 2, 27", V=
Q=u* 3" (D*2° =D,V + (Vye — 4D, Z*)Z7*(VE +iD*Z*) + U)g .

A useful consistency check on these results is provided by the obvious extension of the
pole equations such as (6.10a) to this case, when it is necessary to use all the one loop

* For a general B} %) = PIyTy I Ty + QU3 TT Ty, + R AT /{2, 13T, + 5 1{1,T2r;, Ty} +
Itr(Fjl"k)FjFil"k —|— Jtr(Fij)%{Fij,Fz} + KtI‘(FQF(,LFJ))FJ + Ltr(FkFZFkFJ)F] + O(g) then it is
necessary that Q —2R+85 =0, Q+1—2J =0, 2R—2K + L = 0 which are of course compatible with
(7.2).
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results in (7.4). Furthermore we then obtain at two loops the extra pieces as compared
to (6.29)

1
A 2
A8 = gy (4t (TP ET DT +3 tr (T, DT}
+ %tr([rk,Durk][ri,rjm , (7.13a)
1
AB2(¢) = W{ (2tr(TkDuTi Tk DT + DTy DTy TRT; + T D, L DT, T)

—2tr(D, Iy T; DTy I;)—4tr(D?T T;T,T;)
+3tr(I'*D,I; D"T; + D,I? D*(T';T;))+2tr(D,I'y DT\, I;T)

— 5 tr([Ck, D)Ly, DLy]) —tr ({Tk, DQFk}Tsz))@%

+ (DT DMT;) Vg (6) + 2tr (DT Fj)mj(@} . (7.13b)

The general discussion of section 6 may be extended to include Yukawa couplings if
we write for the additional contributions an analogous form to (6.8)

ABY =p-D,I', AB°=p-DT+ 1D, D' . (7.14)
The corresponding version of (6.25) gives
0 1o 0

9 _p._>5:_ _l,r, 7.15

(91 g, T2 GF pIgr —5p (7.15)

so that it is clear that S remains zero to two loop order. At one loop from (7.4)

4
2 tr(hihj)@gbj . (716)

152 w@uhi) . heBY(9)h = -

To lowest order (6.27) becomes

) ) 9 9
26%h = —h-f°B" — BT Uh U (h-a—rﬁF + (p-h)F)Jr(U-h)-WBV . (7.17)

where
U(8)-h = ooy tr(hl;)buc (7.18)
Using the results (7.16) and (7.18) in (7.17) with the one loop 8! from (7.2) and
5Y(6) = 103 (3 Via(@Vis(6) + 2Vi(@)(TiT)es — 26x(M(9)"))  (7.19)

gives
B5(¢)-h = —ﬁ{ (tr(ArTWIATy) 42 00 (TATAT;) ) di6; — tr (AiT5)Vig(8) | (7.20)
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which can also be read off directly from (7.13b). From (6.22c) we then find

1 1

T(6) = ~ 1) 3 { (tr(T20iT5) +2 0 (DWDATATy ) iy — tr(TiT5) Vig (@) } - (7.21)

Using these results it is then possible to use (6.26) to calculate the lowest order three
loop contribution to 87,

1
2 31(8) = W{ ( — 240 (DT DD DT )t (D2{T DT, T }) —4 tr (DD Do LG, T )

+ 4 tr(T LI T3 Ty) — 3 tr (D020, LT ) 44 tr (D20,0°T)

+6 tr(FkI‘g)tr(FkFgFiFjD ¢ — 5 tr(Dils) Viei(¢) Vkéj(¢)}
(7.22)

In principle it would also be possible to use (7.13b) to determine ¢ to two loops
and then use an extension of (7.17) to find 3° at three loops and hence the next order
corrections to (7.22). The appearance of curvature dependent pieces in Q is significant
since they are directly related to the so called improvement terms in the flat space energy
momentum tensor for scalar theories.

8. Conclusion

The analysis described in this paper shows how curvature dependent renormalisa-
tion quantities may be obtained from those restricted to flat space but involving local
composite operators and their products. However there is also an essential constraint on
ordinary [ functions, as shown in the previous section for the Yukawa coupling at two
loops, arising from the integrability of the equations for the variation of the natural four
dimensional analogue of the Virasoro central charge. A further illustration of the non triv-
ial aspects of the integrability condition is provided by considering a scalar-fermion field
theory with also a coupling to a quantum gauge field. At one loop, if t,,t? are the gauge
group generators acting on the fermion, scalar fields V' (¢)Tt2¢ = 0, [tq, ;] = t? I';,

aij
then there is an additional term in the Yukawa [ function
r 9> 2
AB; = —=—=31t°,T;} . 1
Using the metric in (7.6) we find
3 49 212
8 ALy = tr(¢°1) . 8.2
Bb (1671'2)3 r( ) ( )

Hence considering now the variation with respect to g and using (5.12) this gives

293 1 272
T6x7]? () (8.3)

ABI =
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which is in accord with a direct two loop calculation [24]. Similarly there is also an extra
contribution to the scalar coupling £ function,

3
ABY(9) = 1o (97 V(@) 70 + § " 6T tit]0 6T HA)0) (8.4)
This then gives
SAB, = 1 <g2 tr(Nt??) + 6 g* gisne (t219); -(td’td’)kg) (8.5)
(167T2)4 12 J a”b/tJ\"a"b )

for N;; as in (6.33), which implies

1 1 1

ABY — — —
& (1672)3 24 ny

(93 tr(Nt92) 4+ 12 6° gijre (1210)3 (tftf)ké) : (8.6)

We are not aware of a three loop calculation with which this can be compared.

In order to derive a genuine c-theorem it is necessary that the metric given by x9
should be positive. This is true for the lowest order contributions calculated in (5.12),
(6.34) and (7.6). In essence this is a consequence of the finiteness condition for (3.9¢) since
Ajj is the leading divergent part of the composite operator two point function, see (2.17),
and in our conventions should be negative definite. (In two dimensions the positivity of
the analogous metric in the perturbative treatment discussed here would be implied by
a similar argument as that for A;; which is clearly related to Zamolodchikov’s discussion
[3] of positivity in general.) It may be possible to bound the remaining O(f) terms
in (3.9e) and hence show positivity in general. In any event at least at weak coupling
the effective metric on the space of coupling constants is positive and the flow of the C'
function defined here by 3, is monotonic.

Although many parts of this paper are perhaps rather technical in character it demon-
strates that the analysis of the conditions for finiteness of correlation functions involving
composite operators on a general curved space background lead to non trivial constraints
on the expressions for § functions that are not revealed in conventional discussions of
renormalisation. The essential results contained in sections 2 and 3 are relatively sim-
ple in character although as always detailed calculations in specific theories tend to be
complicated. It would be interesting to derive similar expressions within a more general
procedure.
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