Mathematical Tripos Part III Lent Term 2012
Advanced Quantum Field Theory: Examples 2 H. Osborn

Functional Methods and Grassmann Integrals

1. Let, with z,b,a € R",

O :/dnxeSer'UC’ S=3tz-Az+V(z), %W(b) =a, MNa)+W(®)=b-a.
Show that 5 5 9
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where W, T" are matrices formed by 81)@;}_ W, 5 9__T'. Find the first few terms in the perturbative
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expansion of W (b) and correspondingly for I'(a)

2. Starting from Z[J] determine W[J] and I'[¢] for the free field theory for a scalar field ¢(x) of

mass m. What are
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in this case? Verify that they satisfy the expected inverse relations.

3. Starting from the definition of the effective action I'[¢] in terms of the generating functional for
connected graphs W[J],

WU+l = [d'a e, Wl = (o),
obtain
- [d G ==y, i = [ A Gae)
where
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Show that

Gs(z1,22,23) = /ddylddyzddy3 Ga(z1,y1)G2(z2,y2)Ga(23, y3) Ts(y1, y2,y3) -

Also obtain relations in diagrammatic form for G4, G5 in terms of Go,1'3, "4 and I's.
4. Evaluate, for 6;,0; Grassmann variables

1 n o rn A 5(2.0.8 _ _
7 = W /d l‘Hi:ldei d@l e S5(x,0,0) s S(x,@,@) = %wz(x)wz(x) + 91wm(x) 9j s
where w; j(x) = %wi(x) and assuming det[w; ;(z)] > 0.
Ifw;(x) = xi+%gijkmj:nk, Gijk = gikj, what are the Feynman rules for a perturbative expansion?
Work out the two loop contributions to Z(g) (this is much simpler if g;;; is completely symmetric).
If wi(z) — Aw;(z) in S show that

i —S(I,e,é) — — i . i 0.1 —S(r,@,é)
e =—|0; oz, + Aw;(x) a0, (lez(x) e ) .

By letting z; — Az, gijk — gijr/A what does this imply for Z(g)?



5. Show that, for 6;,0;,m;,7:, % =1,2,...,n independent Grassmann variables and B an invertible
n X n matrix,

/H dézdﬁz exp ( — éZBHHJ + 77192 + 9_2’!71) =detB exp (ﬁi(ﬁ_l)ijnj) s

and

6. Show that
/d2"9 exp (%QQAZJQJ + 77102) = Pf(A) exp (%T]i(A_l)ijT]j) , d2n9 = d92n .. d01 s

where 6; and n; are Grassmann variables, A is an invertible antisymmetric matrix and the Pfaffian

P{(A) = 52160, in Aivia - Aigp_rin,- Why does Pf(A)? = det A? Hence obtain
o 0 _
(0:0;) = s oy xp (5ni(A~ )z’jﬁj)‘nzo =—(A7Y);.
Show that 6(0) = 6, .. .02, plays the role of a é-function for Grassmann integrals over 61, ..., 6a,.

7. For the simple fermionic oscillator with energy cigenstates [0),]1) and H = bTbw let |0) =
|0y 4+ 0|1), (A = (0] + 6(1| where 0,6 are Grassmann variables. Show that

tr(e M) = /d6d9 ¢ (Gle=5H gy /de‘de ¢ |0)(8] = 1
Let 8 = (N + 1)e and show that this can be expressed for large N as a path integral over products

of (B;+1]e=“H|0;) ~ exp ((1 — ew)b;116;) so that

N+1
tr(ePH) /H d6;d0; exp (— 0;B;;0;) = det(B),

where we take Oy 1 =0, Oy41 = —0 and B is a (N + 1) x (N + 1) matrix of the form
1 0 0 1—ew
-1+ ew 1 0 0
0 -1+ ew 0 0
B = . : ) : :
0 0 1 0
0 0 . —1+4ew 1
Show that
detB=1+(1-e)!' 514+eP as N — .
8. Let S = fOB dr(Li? + 060 + IN%w'(2)? + M (x)00). Assume z(7) and the Grassmannian

Let
0(t),0(r) are all periodic with perlod (. Show that

Q(é-w’efs): 88)\ 5 for Q= /d7<65+()\w()+x)569) é-w—/OdTHw()
Hence show that

7 = /d[x]d[e}d[e] e .
is independent of A if A # 0. Calculate Z for A\w'(z) =wzx if Z =1 for w = 0.



