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ABSTRACT

A local renormalisation group equation is formulated for renormalisable the-
ories which describes the effect of local Weyl rescalings of the metric. In two
dimensions the resulting equations are shown to correspond to Zamolodchikov’s
c-theorem and in four dimensions to give results which may have a similar sig-

nificance.

The conventional renormalisation group describes a flow in the space of
theories, as parameterised by a set of couplings, induced by a change in the overall
mass scale. In quantum field theory or statistical mechanical models, there is either
a natural or imposed cut off A at short distances but the theory becomes physically
relevant, and also the amplitudes and other observables are largely independent of
the initial cut off field theory when the correlation length, expressed in the units of
1/A diverges. In such a limit the dependence on A can be eliminated in favour of
an arbitrary finite mass scale 1 which corresponds to a point on the renormalisa-
tion flow trajectory in the neighbourhood of an infra red stable fixed point. In this
neighbourhood the theory is characterised by a set of renormalisable couplings ¢°.
By introducing suitable explicit factors of 1 ¢* may be assumed to be dimension-
less. In such continuum field theories the flow is generated by a differential operator
of the form

0 . 0

where 3°(g), the 8 function, is a vector field on the space of couplings. In general
B4(g) = kig* + O(g?) where k; results from the explicit 1 dependence introduced in
the basic action S and depends on the dimension of the operator O; corresponding
to ¢* in S. For a strictly renormalisable theory in dimension d (; has dimension
dand k; = 0.

For a field theory the physical amplitudes and other observables may be
expressed in terms of the vacuum energy W defined by a functional integral over



fields ¢
= e )

with Sy formed from the initial action S and depending on the cut off A in such a
way that W (g) is a finite scalar function of the couplings ¢g* as A — co. With an
appropriate renormalisation scheme W is invariant along the renormalisation flow

so that it obeys a homogeneous renormalisation group or Callan-Symanzik equation
DWi(g) =0 . (3)

If W is also regarded as a function of a constant spatial metric v,,, so that
('y,wm“x”)% denotes the length of z, then by dimensional analysis W is invari-
ant under rescalings of length with a corresponding change in . This may also be
expressed as a differential equation

(u%+27"”%>wzo . (4)
One approach to defining a local renormalisation group equation would be to al-
low the cut off and hence u to be x dependent although the interpretation is not
clear’?. Here we consider the extension of the usual renormalisation group to de-
scribe arbitrary local rescalings of the length?, as realised by Weyl transformations
Y — € 29y,,, with o(z) arbitrary, when the field theory is defined to a curved
space background with general metric v,, (). Such Weyl transformations form an
infinite dimensional abelian group extending the one dimensional group of constant
rescalings and which leads to the usual renormalisation group. The fixed points un-
der Weyl rescalings correspond to conformal field theories which, in two dimensions,
are the basic building blocks of string theories. The conditions for Weyl invariance
represent string equations of motion.

If W is a finite functional of arbitrary local metrics v, () then it is straight-
forward to define the expectation value of the energy momentum tensor 7}, (z) by
functional differentiation

J

(T (z)) =20 5 (@)

(5)
where £ is some constant depending on conventions. Furthermore connected corre-

lation functions at non coincident points are similarly obtained.
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Since we need to obtained well-defined local operator equations it is also necessary
to be able to define general finite local operators O;(x) corresponding to the set of
renormalisable couplings ¢* and which form a closed set under operator mixing. A

45,6 which ensures this is to allow all couplings ¢* to be

very convenient formalism
arbitrary functions of x so that they act as sources for the associated local operators
O;. Although translational invariance is lost the essential renormalisability of the
theory should be maintained, although new counterterms depending on 9,,¢° will be
necessary. Such terms play a vital role in ensuring that it is possible to obtain finite

local composite operators by functional differentiation. We may therefore define

P
W
6g(x)

with (O;(z)O,(y) ...) also defined similarly to (5).
In this framework it is feasible to formulate finite equations representing

(Oi(x)) (7)

the effect of infinitesimal local Weyl transformations §y** = 20+*¥. The generator

of such Weyl transformations is

AV = 2/dv0'y“” 57(1'/ , dv = d%z\/y (8)

while the associated corresponding variation of the couplings, as determined by the
[ function, is given by
.0
A= | dvoBi— 9
= [avopis 9
The essential local renormalisation group equation then takes the form

AWW = APW 4 terms involving derivatives of v,,,,¢',0 . (10)

When the derivative terms are absent, for a flat background and ¢‘,o constant,
this reduces to the usual Callan-Symanzik equation given by (1), (3) and (4). It is
crucial that the additional terms in (10) should also be expressible as analogous local
functional derivatives of W. Assuming the cut off theory preserves invariance under
diffeomorphisms these derivative terms must also be invariant, and so derivatives
of the metric appear also in the form of the curvature tensor. (10) is equivalent to
the local equation

YT, = BO; + V. Z# + curvature, 0,9 terms (11)

where Z# is a vector operator and the other terms are local scalars. The addi-
tional pieces in (10) or (11) may be calculated directly in the loop expansion for



renormalised perturbation theory, much effort has ensured knowledge of the cur-
vature dependent terms in the trace of the energy momentum tensor at one and
higher loops” and the d,g terms in particular renormalisable theories have also

4,6

been recently calculated using dimensional regularisation These contributions

are strongly constrained by power counting.

Two Dimensional Theories

The analysis of the additional terms in (10) is simplest for two dimensional
field theories where we consider only terms proportional to the identity, or pure
c-numbers. We assume therefore that the dimensions of all other operators are
strictly positive and in particular neglect any vector operators that may be present.
In this case (10) becomes explicitly

1 . . 1 )
AW = AgW + Z/dv O'(% B*R — %Xijﬁﬂgla”g]) ~7 /dv ouow;otg" . (12)

R is the scalar curvature while 3% (g) in a string context is the dilaton 8 function.
Xij(g) is a symmetric tensor while w;(g) is a vector on the space of couplings.
In renormalised perturbation theory only couplings ¢* corresponding to strictly
renormalisable interactions, so that O; has dimension 2, appear.

Of course W is arbitrary up to the addition of a local functional representing
the usual arbitrariness in the definition of renormalised couplings. In this case we

may consider

1 , .
oW =—5 /dv (3bR — 3¢;;0,9'0"g") (13)
It is easy to show that, using ,R = 20 R + 2V?0, this gives
6B% = Boib oxij = Lgcij = BFOkcij + 08 cr; + 0; 8%
ow; = — 0;b+ Cijﬂj . (14)

where L3 denotes the Lie derivative. In general it should be noted that B2, Xij» Wi
cannot be transformed to zero, except if w; = 0; X it is possible to take w; — 0 by
a choice of b.

The extra terms in (12) may be regarded as an anomaly for local scale
transformations and as usual they satisfy a consistency condition

1
0=[AY —AZ AW - AP W = 7 /dv (000" — 'O o)V |

) ‘
V,u = uﬁq) - Xijaugzﬁ] + ﬂJ@(wiaugl) . (15)



Since g*(z) is arbitrary the condition V,, = 0 becomes
0,8% = xi;8 — Low; Lsw; = 370;w; + 0;Fw; . (16)
An alternative form is
0;6% = xij [ + (Diw; — djw)F B =% +wip (17)
so that B® is stationary when 3 = 0 and also
B'0:3% = xi; 8% . (18)

Of course these equations (16), (17) and (18) are invariant under (14) when also
0% = ci; B 3.

The result (18) is equivalent to Zamolodchikov’s c-theorem® if y;; were
positive and (17) indicates that 3% is effectively an action for the equations 3% = 0.
(17) is sharper than (18), since the r.h.s. is constrained by integrability constraints.
This equation, for w; = 0, was also obtained by Zamolodchikov® but only in lowest
order for perturbations around a conformal field theory.

The crucial equation (12) contains in concise form relations for correlation
functions which may be obtained by functional differentiation and then restricting
the flat space and also g° constant. In two dimensions the essential content is found
by considering just two point correlation functions. Thus by taking the derivative
of (12) with respect to vV or g* we obtain

(Tpp(x) Ty (0)) — (O(2) T, (0)) = £ 8% (8°0p0 — 0,0,) 5% (z) (19a)
(T (2) 0;(0)) — (O(z) 0:(0)) = Lw;0°6*(z) 0 =730; , (19)

Furthermore (12) contains the renormalisation group equations, with D as in (1),

DT (2) T5p(0)) =0 (20a)
D(O;(2) Ty, (0))+0:37 (O (%) T, (0)) = — £ (9°6, — 0,0,) 6% () , (200)

The differentiation automatically generates the anomalous dimension matrix ;3’
for the operators O;. This r.h.s. of (19a,b) and (20c) may be regarded as alterna-
tive definitions of 3%, w; and x;;, xi; arises as a result of the additional divergences
present in the two point correlation functions of operators O; not removed by con-
ventional renormalisations which ensure that O; is a finite local operator. The r.h.s.



of (20b) is dictated by compatibility with (19a) and it is not difficult to derive the

essential result (16) by consistency.
To see in more detail the connection with Zamolodchikov’s c-theorem we

write
<T;w (x) Tgp(0)> = (825W — a#au) (825gp — 8gap)ﬂ(t) )
<TW($) Oi(0)> = (825W — 8,L8,,)82S22~(t) ,
<01($> Oj (0)> = 828297;]‘ (t) N t= %ln ILLQLL’Q (21)
With these definitions, choosing ¢ = —4m, we may obtain
Q1) - B = 26", Q) - FU () = 2w,
Qi + L0 =2x45 , (22)

J

'+ LsY =0 , Q4+ L0 =20,6°

where Q'(t) = 0:,8(¢) (clearly any constants in €2, Q; or €;; are irrelevant). The

Zamolodchikov metric is defined by

Gij(t) = 3(2*)*(Oi(x) 0;(0)) (23)
and is positive for unitary theories. Using (21) and (22) we find

Gij = 35— 3% + 35 = xi+Laci;
Clearly therefore x;; is equivalent to the positive G;; under the arbitrariness ex-
pressed by (16). At the same time we therefore define

10
— Loy,

Wi = wi + ¢i; 7 = —5Q; + 39
N i

sC =0 +W;8' =30+ 10" - 1" | (25)

where C' is equivalent to Zamolodchikov’s definition, if F = %z‘l(Tzz(g;)Tzz(o))’

G = L2 (T (2) T, (0)), H = 1(2%)3(T},.(2) T, (0)) then C = 4F — 2G — 3H,

H = Gijﬁzﬂj- Since (16,17) are invariant under (14)

(26a)

30:C = Gy + (O, W; — ;W)
(26b)

3C' = - 9,0 =-GyB'F <0

where (26b) is the essential result of Zamolodchikov’s c-theorem. There is no simple
definition for W, in terms of linear combinations of correlation functions for z #



0, similar to G;; in (23) or C, which remains valid in the limit of a conformal
field theory. For 8° = 0 W, = w; is determined by a contact term o 9,26%(x)
in the operator product of T..(z) and O;(0) which is presumably only present
for marginal operators. Given the definition (25) for W; it is straightforward to
see directly that §(2%)2(T,,.(z) 0;(0)) = 19 — 2Q + Q" = LW, + 0,8° =
0ixC — (O W; — O;W;) = G;7. When 3 = 0 (T, (z) T,,,(0)) < 9%6%(x) but
this can be removed by a counterterm breaking two dimensional reparameterisation
invariance. In such conformal field theories (T..(z)T..(0)) = 2C/z* so that C
becomes the central charge in the Virasoro algebra. Many authors® have calculated
the renormalisation flow of C' in conformal field theories perturbed by just relevant
operators, i.e. operators with dimension slightly less than 2, and found consistency
with the framework of the c-theorem.

Four Dimensional Field Theories

The previous discussion may be extended to four dimensional field theo-
ries, although with significant additional complications since many more terms are
possible®%. While in two dimension the essential operator equation on a curved
background but for constant couplings is

’VMVT;W = ﬁloz + %ﬂéR ) (27)
in four dimensions
’YW/THV = 6ZOZ - ﬁa F — ﬁb G — ﬂc %RQ +d %VQR ’
F=R""Ryg.5 — 2R Rag + 1R> |
G = R“"°R,3.5 — 4R*’R,5 + R* | (28)
neglecting any curvature terms involving lower dimension operators. Each of the co-
efficients (3, By, O has been considered as possible candidate for a generalisation of

the c-theorem!?!'!. Neglecting lower dimension operators the local renormalisation
group equation becomes (taking ¢ = —1 now)

AZVW:ACBTW+/dUO'B+/d1)8MO'ZM—/dUVQO'.A ,
B=p.F+BG+ i8R

+ Ix50,9" 0" R+ 1x1,0.9'0" g’ R+ 1x¥,0,9'0,9° G



+3x5 V'V + 50 049" 0" 9 V2" + 1XGine 009'0" 97 009" 079",
2, = Gy wid'g' + RYi0u9" + Sij 0,9'Vg + §Tiji 0,9'0" ¢ 09"
A=1dR+UV?¢ +LV;;0,9'0"g (29)

where Gog = Rap — %vagR is the Einstein tensor. This is equivalent to (28) when
Oy g = 0. Despite complications it is nevertheless possible to once more impose the

consistency condition
[AY —AS AW AW =0 . (30)

It is still important to recognise that the parameters ., Gy, ... are arbitrary as a
consequence of possible local variations W involving an integral over terms of the
same form as appearing in B in (29). In this case there are several independent
consistency relations but amongst these we may obtain

80:0 = xJ; * — Lpwi (31)

which is similar in form to (16). The other relations, which determine (. and
generalise earlier results obtained using dimensional regularisation'?, are sensitive
to the presence of lower dimension operators® so that for instance the expression
(28) for v**T},, is modified by additional terms 3207 2R+ 7¢V2O) for a basis of
operators O] of canonical dimension 2. None of the results involve the coeflicient
Bq in (28) since F' is the square of the Weyl tensor. (3, may be connected with the
spin 2 part of the correlation function (7}, (z)T,,(0)) and analogous equation to
(26b) derived but they contain an extra term spoiling the monotonic flow!!. 3, is
not related to two point functions but should be definable by 3 point correlation
functions of T}, in the limit of a conformal field theory when B* = 0. There is no
connection to any central charge of the conformal group in this case although in
both two and four dimensions it is the coefficient of the term in the trace of the
energy momentum tensor that integrates to give the Euler number that is relevant
in our discussion.

Although ij has no presently known connection with a positive definite
metric, as occurs in two dimensions, the result (31) is nevertheless non trivial.
Writing (31) as

80:0y = x4, + (Oiw; — 0wi)B . 8B, =8B +wif’ | (32)



there are consistency conditions necessary for the integrability of By. A general
renormalisable field theory in four dimensions is characterised by the following di-

mensionless parameters

gauge coupling g interaction gz/?v”AZtaw e = —tg
Yukawa coupling T'; YTigih , T =Ty |
quartic scalar coupling A;jxe ;—4)\¢jke¢i¢j¢k¢e ) (33)

for a simple gauge group. In perturbation theory at low orders w; = 9; X and the
effective metric ng has been calculated for each of the renormalisable couplings in
(33) to the first order in which there is a non zero result. If ny is the dimension of
the gauge group straightforward calculations® give

i : 1 4nv
xj;dg'dg’ = 1672 g2 (dg)? 1 loop
1 4

1 1

+ (167)3 79 d)\ijkg d)\ijkg 3 IOOpS . (34)

This result is renormalisation scheme independent. At 2 loops there are corrections
o (dg)? which have also been calculated and at 3 loops we expect further modifi-
cations to the first two terms of (34) as well as cross terms o dgdl';. To show the
non trivial nature of (32) we consider the one loop gauge coupling dependence of

the Yukawa (3 function
2

g
g~ o3 3{t2, Ty} . (35)

Inserting this in (32), with w; — 0, leads to a prediction for the 2 loop Yukawa

coupling contribution to the gauge coupling 3 function

3

B9 ~ (12%)2 % (T2) (36)
which is in accord with direct calculation. There are other consistency checks in-
volving the Yukawa (3 function at two loops and also the gauge coupling contribution
to ﬁi)‘j e Which may also be verified®. Such conditions on 3 functions were suggested
some time ago by Wallace and Zia!3 for purely scalar field theories, but they found
no constraints on ij w¢ due to the large number of possible terms in an arbitrary

metric at O(\?). Here the relation between (35) and (36) arises since the lowest



order non zero results in (34) occur at differing numbers of loops for the different
couplings.

To derive a c-theorem it is essential to go beyond perturbative considera-
tions. At lowest order, or for a free theory,

5 !

for ny vectors, ng Dirac fermions and ng scalars. Cardy, who first proposed!*
the possibility of a four dimensional c-theorem based on [, has also suggested
an interesting application of a possible 4 dimensional c-theorem to QCD when at
short distances it is described by free gluons and quarks and at large distances,
assuming confinement and no quark mass terms, by an effective chiral Lagrangian
describing the massless Goldstone bosons arising from spontaneously broken chiral
symmetry. Such scenarios are beyond the scope of the treatment here. However
the results in four dimensions, with the positivity of the metric in (34), should

1

rule out the possibility of limit cycles or chaotic behaviour!® in the renormalisation

flow described by perturbatively calculated 3 functions in the neighbourhood of the
origin in the space of couplings, i.e. where perturbative calculations are valid.
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