
Project 2 - Stability of stratified shear flow

I. BACKGROUND

Although most natural flows are time-varying, and have complicated spatial structure, important insights can be

gained by examining the stability of simple flows. For example, many identifiable features in the atmosphere and

ocean, such as eddies and billow clouds (shown), are generated and derive their properties from fluid instabilities.

FIG. 1: Kelvin-Helmholtz billows developing in a cloud layer over Mount Shasta, California. Photo c©1999 Beverly Shannon.

II. INTRODUCTION

Here, we will examine the basic stability properties of a stratified shear flow, and will then use Diablo to examine

the nonlinear evolution of the unstable state.

Start by considering a stratified shear flow of the form:
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where B = −gρ/ρ0 is the buoyancy, h is the height of the shear layer, and S0 and N0 are the shear and buoyancy

frequency at the center of the shear layer. Pick some parameters that permit shear instability by the Miles-Howard

theorem (with Ri = N2/S2 < 1/4 somewhere in the flow). For example, LY = 1, h = 1/10, S0 = 10, and N2
0 = 10

seem to work well.



III. LINEAR STABILITY ANALYSIS

Consider the stability of small perturbations the base state defined above: u = U + εu′, b = B + εb′. We can then

look for normal mode solutions to the linearised equations of the form

v′ = Re [v̂(y)exp(σt+ ı(kx+ lz))] . (3)

The MATLAB script, linstab.m, which you can find inside the folder project2, solves the viscous linear stability

problem for stratified shear flow, returning the vertical velocity and buoyancy eigenfunctions, v̂(y) and b̂(y), and the

corresponding growth rates, σ. Specifically, the code solves the following equations for 2D perturbations (l = 0):

σ(v̂yy − k2v̂) = −ıkU(y)v̂yy + ıkUyy v̂ + ν(d2y − k2)2v̂ − k2b̂, (4)

σb̂ = −By v̂ − ıkU(y)b̂+ κ(d2y − k2)b̂. (5)

At the start of linstab.m, you can specify several parameters including the vertical domain size and number of

gridpoints, h, and ν and κ. Optionally, edit these parameters to match your choice of parameters (the suggested ones

listed above are in place now.)

Run the script linstab.m from within MATLAB, which will then plot the growth rate of the most unstable mode

as a function of the horizontal wavenumber. How does the most unstable mode vary with the shear layer width, and

the viscosity?

IV. NONLINEAR SIMULATIONS

Once you are happy with a choice of parameters, try to recreate the instability using Diablo. We will use periodic

boundary conditions at both ends of the x-domain for all variables, and place free-slip, no normal flow walls at the

top and bottom in the y-direction with gravity pointing down (in the negative y-direction). If we want to capture

the most unstable mode, we need it to fit within our domain. Based on the results of your stability calculation from

linstab.m, set the size of the domain in the x-direction to be a multiple (say 3) of the wavelength of the most unstable

mode. Using the size of the most unstable mode to set the size of the domain ensures that we can capture that mode

inside our domain with periodic boundary conditions.

Edit the following Diablo setup scripts:

set params.m - A Reynolds number of 500 works reasonably well here. Match LY , the domain size in the y-direction

with what you used in linstab.m. Start with NY = 100, and set NX so that the grid is close to isotropic ∆x ' ∆y

(within a factor of two should be fine).

set bcs.m - Set up periodic boundary conditions at both ends of the x− domain. In the y-direction, let U2=0 at the

edges (no normal flow), and let dU1/dy=0, dP/dy=0, and dTH/dy=0.

create grid.m - Since most of the action will happen near the center of the domain, it is useful to cluster the grid in

the y-direction to put more points there. Change GRID TYPE Y=2 to do this, and set the stretching factor to 1.0
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(higher numbers will lead to more stretching.).

create flow.m - Here, in the User input area, create an initial flow with a horizontal velocity (U1) and buoyancy

(TH(:,:,1)) matching the profiles that you used in linstab.m, and uniform in the x-direction. Keep the random

perturbation added to the velocity field (you can play around with this later).

Now, run Diablo, and see what happens. Do Kelvin-Helmholtz billows develop with a wavelength close to what

you predicted? If not, what might be happening? (Hint: you might need to change the random perturbation added

to the velocity field in create flow.m to make sure that you are seeding all horizontal wavenumbers with the same

amount of energy.)

Plot the rms and mean velocity and buoyancy as a function of y and t. Can you identify an exponential growth

phase at the beginning of the simulation? Calculate and plot the gradient Richardson number: Rig = 〈∂b/∂y〉
(〈∂u/∂y〉)2 ,

where angle brackets represent an average over x. How does the minimum value of Rig evolve as a function of time?

What does this say about the stability of the shear layer after the development of K-H billows and the resulting

mixing?
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