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Propulsion by stiff elastic filaments in viscous fluids
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Flexible filaments moving in viscous fluids are ubiquitous in the natural microscopic world. For example,
the swimming of bacteria and spermatozoa as well as important physiological functions at organ level, such as
the cilia-induced motion of mucus in the lungs, or individual cell level, such as actin filaments or microtubules,
all employ flexible filaments moving in viscous fluids. As a result of fluid-structure interactions, a variety of
nonlinear phenomena may arise in the dynamics of such moving flexible filaments. In this paper we derive the
mathematical tools required to study filament-driven propulsion in the asymptotic limit of stiff filaments. Motion
in the rigid limit leads to hydrodynamic loads which deform the filament and impact the filament propulsion. We
first derive the general mathematical formulation and then apply it to the case of a helical filament, a situation
relevant for the swimming of flagellated bacteria and for the transport of artificial, magnetically actuated motors.
We find that, as a result of flexibility, the helical filament is either stretched or compressed (conforming previous
studies) and additionally its axis also bends, a result which we interpret physically. We then explore and interpret
the dependence of the perturbed propulsion speed due to the deformation on the relevant dimensionless dynamic

and geometric parameters.
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I. INTRODUCTION

Many biophysical processes and engineering problems ex-
hibit rich nonlinear behavior due to fluid-structure interactions
[1,2]. Examples include tall buildings responding to winds [3],
the flapping of bird wings [4,5], and the motion of aircrafts
[6]. Physiological flows [7] provide additional examples, for
example, the vibrating vocal folds [8], heart valves open-
ing and closing with blood flow [9], lungs expanding and
contracting with breathing [10,11], and pulse propagation in
blood vessels [12]. Going all the way down to the microscopic
world, one comes across elastic structures being deformed
due to hydrodynamic loads from flows which are, in turn,
affected by the deformation. Examples including deforming
cilia [13,14], fluctuating actin filaments [15], polymerizing
microtubules [16], the waving flagella of spermatozoa, and the
rotating flagellar filaments of bacteria [17,18].

A prevalent morphology in the microscopic natural world
is that of a helix. DNA [24,25], spirochaetes [26,27], spiro-
plasma [28], trypanosoma [29], and bacterial flagellar fil-
aments [17], all take the shape of helices and spirals, as
illustrated in Figs. 1(a)-1(c). In particular, the chiral shape
of a helix is able to couple hydrodynamically rotation to
translation. As such, it is used as the propulsive machinery
for bacteria swimming in viscous fluids. The helical flagellar
filaments of bacteria such as Escherichia coli (E. coli) are
several micrometers in length and 20 nm in radius, and are
rotated at a typical frequency of 100 Hz by specialized rotary
motors [30,31].
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In the microengineering world, different types of ex-
ternally powered motors have been proposed, studied, and
constructed. Examples include rigid helical propellers often
termed “artificial bacterial flagella” [21,22], and motors that
use flexible filaments [23,32,33], both of which are illustrated
in Figs. 1(d)-1(f). One of the aspiring applications of such
artificial microswimmers is noninvasive medicine [34,35],
in which swimmers are to access targeted locations in the
body, such as tumors, in order to deliver drugs [36] or
perform delicate surgical tasks [37]. In view of the former
application, one interesting possibility is that of the motor
being propelled by the drug itself taking the shape of long
strips that twist up into a helical shape upon rotation [38].
Magnetically propelled microswimmers with a flexible helix
can be also be manufactured [23,39] and display rich non-
linear dynamics such as velocity profiles peaked at certain
operational frequencies [23]. In addition, nonlinearity can be
exploited in achieving selective control of microswimmers in
large numbers, a desirable feature for any practical application
[40-42].

The multitude of biological systems that involve the dy-
namics of an elastic helix in a viscous fluid environment
and the number of microengineering applications are com-
pelling evidence for the need to study the elastohydrodynamic
coupling theoretically. In the context of bacterial flagellar
filaments, there have been several experimental, numerical,
and analytical investigations to address this problem. The-
oretical and experimental studies were combined to derive
the relationship between the elongation of a flagellar filament
(modeled as a chain of segments) and the flow that it is sub-
jected to [43]. Experimental studies showed different speeds
between forward and backward swimming of the single polar-
flagellated bacterium Vibrio alginolyticus [44]. These were
followed by a numerical analysis for the deformation of a
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FIG. 1. Examples of microscopic helices in the natural and
artificial world: (a) Polar monotrichous Pseudomonas aeruginosa
bacteria [19] [reprinted from Fujii, Shibata, and Aizawa, J. Mol. Biol.
379, 273 with permission from Elsevier; Copyright (2008) Elsevier].
(b) Spirochaete bacterium [20] [reprinted (adapted) from Johnson,
Hyde, and Rumpel, Yale J. Biol. Med. 57, 529 with permission
from Yale J. Biol. Med.; Copyright (1984) Yale J. Biol. Med].
(c) The structure of part of a DNA double helix, reproduced from
Wikimedia Commons; (d) chiral magnetic propeller [21] [reprinted
(adapted) with permission from Ghosh and Fischer, Nano Lett. 9,
2243 with permission from American Chemical Society; Copyright
(2009) American Chemical Society]. (e) Artificial bacterial flagel-
lum [22] [reprinted (adapted) with permission from Zhang, Abbott,
Dong, Peyer, Kratochvil, Zhang, Bergeles, and Nelson, Nano Lett.
9, 3663 with permission from American Chemical Society; Copy-
right (2009) American Chemical Society]. (f) Flexible nanowire
motor [23] [reprinted (adapted) with permission from Pak, Gao,
Wang, and Lauga, Soft Matter 7, 8169 with permission from The
Royal Society of Chemistry; Copyright (2011) The Royal Society of
Chemistry].

flagellum rotating in a viscous fluid [45]. Studies of the
deformation according to the Kirchhoff rod model combined
with the Calladine model of the detailed structure of the
filament provided analytical expressions for the bending mo-
ment, curvature, and torsion of deformed flagellar filaments
of swimming bacteria Vibrio alginolyticus and Salmonella.
The deformation was obtained numerically and a comparison
with experimental data provided an estimate of the elastic
bending coefficient of the flagellar filament on the order of
EI = 10 pN(um)? [46,47].

The extension or compression of an elastic helix by flow
and external fields has been studied analytically in the limit
of a long, stiff helix [48]. Force-extension curves were also
derived in studies of helical springs subjected to uniaxial
tension [49]. The propulsive force from a rotating, flexible,
helical rod in a viscous fluid and the onset of the buckling in-
stability above a critical rotation velocity have been studied by
means of experiments and simulations [50-52]. In particular,
simulations based on a model that uses Kirchhoff’s classical
elasticity theory for curved rods were used to investigate the

transitions between the polymorphic forms of the bacterial
flagellum [50,51].

In this work, we put forward the mathematical frame-
work necessary to address the steady-state locomotion of stiff
elastic, slender filaments in viscous fluids. The motion of
the filament induces a hydrodynamic load that deforms it.
This in turn affects the kinematics because the shape has
changed. Implementing the overall force and torque balance
at leading order involves integrating the hydrodynamic load
with the unknown velocity and rotation rate over the new
deformed shape as if it were rigid, and inverting the sys-
tem to solve for the unknown velocity and rotation rate.
In order to obtain the perturbation to the rigid kinematics,
one needs in particular to perturb the hydrodynamic resis-
tance matrices. In this paper, we show how to do this for
a long, slender filament of arbitrary shape. We next apply
our analytical framework to study the setup of an elastic
helix that is rotating and translating, or equivalently is in
the presence of such an external flow of a viscous fluid.
We study the limit where the helix is very stiff, so that
any deformation is small, and very long, so that it rotates
about its long axis and does not wobble [53]. This setup is
relevant to bacterial flagellar filaments and a popular design
for magnetically actuated artificial microswimmers. The latter
consists of a flexible helix clamped onto a magnetic head on
which an external magnetic torque is exerted. We calculate
below the full three-dimensional deformation analytically and
its feedback on the swimming speed of a bacterium during
swimming in a straight line. Our results of the deforma-
tion agree with previous analytical results of the extension
and compression in Ref. [48], and capture and explain the
bending of the helix axis that was observed in the numer-
ical results of Ref. [46] and whose origin has been unclear
so far.

Our paper is organized as follows. In Sec. II we out-
line the mathematics framework for the steady motion of
a stiff-elastic, slender filament of any shape in a viscous
fluid. We show how the Kirchhoff model for an elastic rod
(Sec. IT A) combined with resistive-force theory for the hydro-
dynamic load (Sec. II B) lead to the deformation (Sec. IIC)
and how this in turn perturbs the leading-order kinematics
(Sec. II D). The latter is obtained by implementing the force
and torque balance (Sec. IIE). We formulate this dynamic
balance for two specific setups: first, that of a flexible fil-
ament actuated by a magnetic torque exerted on the head
on which it is clamped (Sec. IIF) and second the case of
swimming bacterium rotating a flexible flagellar filament
relative to its cell body (Sec. II G). Since the prevalent ge-
ometry for these two cases is a helical one, in Sec. III we
give the common details of the hydrodynamic load, bend-
ing moment, and the deformation of the helix (Sec. III A).
We next interpret the bending of the helix axis and pro-
ceed to investigate the feedback of the deformation on the
kinematics (Sec. III B). We then calculate the perturbations
to the resistance matrices due to the small deformation.
Applying the appropriate forms for the force and torque
balance, in both the artificial (Sec. IIIB4) and biological
(Sec. III B 5) setup, we derive the perturbation of the swim-
ming velocity and discuss the physical interpretations of our
results.
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II. PROPULSION BY ELASTIC FILAMENTS:
GENERAL FRAMEWORK

We first consider in this section the propulsion of elastic
filaments of arbitrary shapes, and apply it to two cases: exter-
nally actuated microswimmer propulsion driven by a rotating
magnetic field and bacterial propulsion. In both cases, our
setup involves a long elastic filament with one end clamped
on a head or cell body and which rotates with angular velocity
® (in the laboratory frame) and translates with velocity U.
The particular case of helical filaments will be considered in
Sec. III.

In the context of artificial microswimmers, the head is
magnetized and actuated by an external magnetic field B
rotating about a fixed axis, say the z axis. Assuming the
head to have a constant dipole moment m, the field exerts a
magnetic torque Mp,, = ptom x B on the head which thus
rotates and, with the proper filament shape, also translates. In
the case of bacteria, there is instead a rotary motor embedded
in the cell that produces a torque Mo actuating the flagellar
filament in rotation. The filament, which in many cases is stiff,
is connected to the motor via a very flexible short hook [54].

Following the actuation of the magnetized head or the
bacterial motor, the elastic filament attached onto it will rotate
and (if of the right shape) also translate. Due to hydrodynamic
loads, it will also start deforming, until it reaches shape equi-
librium. In this work we aim at characterizing the steady state
equilibrium configuration of the filament obtained after all
transients, where the shape no longer changes and for which
elastic and hydrodynamic stresses balance. The swimming
kinematics are then governed by the force and torque balance
over the entire swimming organism (or device), which involve
integrating hydrodynamic loads over the new deformed shape.
The fluid-structure interactions manifest themselves therefore
via the deformation induced by the hydrodynamic load and
by the feedback of the deformation on the kinematics via
dynamic balance.

In both applications, the magnetized head or cell body and
the filament will translate at the same speed in steady state. In
the case of the artificial motor, the head and tail will share the
same rotation rate since the tail is clamped onto the head. In
our model of bacterium, we do not include details of the hook,
but instead assume that its high flexibility allows different
rotation rates between the cell body and flagellar filament, the
values of which are determined by torque balance.

A. Elastic rod

Working in the frame of reference of the filament, let r(s)
denote the location of its center line and {d;(s)};=1 2.3 the local
material frame (which we will take later to coincide with the
Frenet-Serret frame) so that d3 is tangent to the center line

asr=d3. (1)

The configuration of the material frame along the filament is
then described by

Bsdi = D X d,’, (2)

D= D]d[ + D2d2 + D3d3» (3)

where D is the Darboux vector, measuring the strains in the
rod. Its components in the material frame are the material cur-
vatures (D = kP, D, = k@) and the material twist (D5 =
7) of the rod.

The elastic behavior of the filament is governed by the
classical Kirchhoff equations for a rod [55], which give the
balance of forces and moments on a cross section

F+K =0, “4)

oM+ds x F+N=0, (5)

where F is the internal force acting on a cross section of the
rod, M is the bending moment, and K, N are the distributed
(external) force and torque densities, respectively. The con-
stitutive equation for a Hookean material gives the bending
moment as [55]

M = EIVSD)d; + EI®(8Dy)ds + usJ(8D3)ds,  (6)

where §D; = D; — Dl(.o) are the deviations of the material
curvatures and twist in the deformed state from their values
in the reference configuration. In this paper, we add a (0)
superscript or subscript to indicate quantities pertaining to
the reference configuration. As appropriate for a linearly
elastic material, the deviations of the curvatures and twist are
therefore linearly related to the components of the bending
moment via Young’s modulus E and the shear modulus g of
the material and depend on three geometrical coefficients: the
principal moments of inertia /") and I® and the twist rigidity
J of the rod. For a rod with a circular cross section of radius
r, these take the values

IV =1D = z*/4,  J=nr)2. (N

B. Hydrodynamic load
1. Resistive-force theory

The viscous tractions due to the motion of a slender
filament in a viscous fluid at low Reynolds number are well
captured by resistive-force theory [18,56-58]. This technique
integrates fundamental solutions of the Stokes equations along
the center line of a slender filament to give an expression for
the local hydrodynamic force per unit length K, exerted on the
filament due to its motion in a viscous fluid. At the position
labeled by the contour-length parameter value s, the local
hydrodynamic force per unit length exerted on the filament
is then given:

K(s) = —¢1 [Vier(s) — (d3(s) - Vrer(5))d3(s)]
— & (d3(s) - Vier(s))ds(s), ¥

where Vi (s) is the local relative velocity between the fila-
ment and the fluid at that position and ¢, ¢, are the drag
coefficients for motion parallel and perpendicular to the local
tangent of the filament. There are many forms of the drag co-
efficients in various geometries [56—59], and for the purpose
of studying helical filaments in Sec. III, we will use Lighthill’s
coefficients given by

2w

4 -
In(0.18A/r)’

~ In(0.18A/r) + 12

‘1 e 9
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where p is the dynamic viscosity of the fluid and A, r are
the contour wavelength and cross-sectional radius of a helical
filament, respectively. The ratio of the two coefficients is
approximately equal to %:

_ 1In(0.18A/r) +1/2 1

=P 0= S T 0.18A ) P

The fact that the perpendicular drag coefficient is approxi-
mately twice the parallel one is the extension to a curved fila-
ment of the fact that it is approximately twice as hard to pull a
rod through a viscous fluid in a direction perpendicular to its
length than lengthwise. This drag anisotropy is at the heart of
locomotion of microorganisms and artificial microswimmers.
For example, it is the crucial ingredient coupling rotation to
translation for bacterial flagellar filaments [31].

There are two sources of hydrodynamic moments acting on
the filament. The first one is the moment due to the distribution
of forces in Eq. (8). The second is the viscous torque per unit
length Ny;s, that resists the rotation of an element of the rod
about d; (i.e., its center line) given by

Nvisc = _gr(d3'w)d3, (1 1)
where ¢, is the rotational drag coefficient
& = dmur’. (12)

This second viscous torque Ny, can be typically neglected
for filaments with sufficiently small cross-sectional radius
r. Consider a helical filament with helical radius Ry in its
reference configuration and compare the magnitude of the
moment (measured with respect to the helical axis) due
the hydrodynamic force per unit length K with that of Ny;s. in
the expression for the bending moment M in Eq. (18). Their
ratio scales as [48]

|Nvisc| /,LC()VZ r ? (13)
Ir x K| [LQ)R(Z) Ry/)

This ratio is very small unless one is dealing with nearly
straight filament configurations, which is typically not the
case for the helical geometry of bacteria and artificial mi-
cromotors. The second viscous torque Ny;s. can therefore be
safely neglected.

Once steady state has been reached, the filament rotates
with uniform angular velocity @ and translates with uniform
velocity U. We may then consider the frame in which the fila-
ment is stationary. The relative velocity between the filament
and the fluid is given by

Vil =U+ o xr(s), (14)

which allows access to the leading-order estimate for the force
density K in Eq. (8).

The next step is to calculate the internal force F and
bending moment M by integrating the Kirchhoff equations (4)
and (5). We assume that the end point at s = L of the filament
is free,

F(L)=0, M(Z)=0, (15)

allowing to obtain explicitly

L
F(s) = f K(s') ds', (16)
L s
M(s) = / [d3(s") x F(s") + Nyige (s)] ds”. (I7)

Using that d3(s") = dy[r(s’)] we can rewrite dy[r(s’)] x
F(s') = oy [r(s’) x F(s")] — r(s") x dy[F(s')], integrate by
parts, and use Eq. (4) to obtain

L
M(s) = [r(s') x F(s)IIE + f r(s') x K(5') + Nye(s)) ds'.
3 (18)

Using the boundary conditions of Eq. (15), we then obtain the
integral formula

L
M(s) + r(s) x F(s) = / r(s") x K(s") + Nyisc (s ds’.
S (19)

As we will see in Sec. IIF, the second term in the left-hand
side of Eq. (19) arises naturally when one considers the torque
balance with respect to the origin, as the bending moment
M(s) is defined with respect to the center of the cross section
at arc length position s along the filament.

C. Deformation

As a result of the hydrodynamic forcing, the filament will
deform. In the limit of stiff filaments, i.e., of high Young’s
modulus, the filament will undergo small deformations and
the material frame will be slightly perturbed. As the material
frame needs to stay orthonormal, this can be represented by
a set of three small local rotation vectors §¢(s) along the rod
[60] so that

8d;(s) = 8¢p(s) x AV (s). (20)

In order to relate the bending moment to the deformation,
we need to relate the perturbations to the components of the
Darboux vector § D; that appear in the constitutive equation (6)
to the small rotations §¢(s) of Eq. (20), following Ref. [55].
This is done by considering the first-order perturbations to the
two sides of Eq. (2). Perturbing the left-hand side of Eq. (2)
and using Eq. (20) leads to

5(3,d;) = 3,(8dy) = 3,[(8¢) x d”']
= [3,(5¢)] x 4 + (8¢) x [D© x d”]. (21

Perturbing next the right-hand side of Eq. (2) leads to (6D) x
d® + DO x (8d;) and equating the two expressions we ob-
tain

[8,(8¢)] x d\” + (5¢) x (D x d*)
—~ (D) x d” — DO x (¢ xd”) =0. (22)

Using the Jacobi identity for the second and last terms of
Eq. (22) leads to

[0,(3¢) + (5¢) x D@ — D] x 4 =0, (23)
for all i. We thus have that
3,(8¢) + (5¢) x D — 5D = 0. (24)
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Rearranging and expressing quantities in the reference config-
uration material frame gives

3,(8¢) = 6D — (3¢) x D© (25)
= 6D)d” + D (5d;) — DV (5¢ x d”)  (26)
= (8D)d"”, (27)

where we used the summation convention for repeated indices
and where we used 6D = 6D,~dl(0) + DEO)SdE . Integrating
Eq. (27) then one obtains the expression for the infinitesimal
rotation §¢p(s):

(B¢)(s) = / 6D)Hd” ds' + @. (28)
0
Note that the lower limit of the integral makes use of the

boundary condition

(09)(0) = @. (29)

A clamped boundary condition at s = 0 means ¢ = 0, how-
ever, for a free end at s = 0 one would have to solve for the
value of ®.

Using the classical assumption that EI'V = EI® = puJ
[48,51,61], we next note that the constitutive equation for the
bending moment, Eq. (6), simplifies to

M =EIY (5D)d{". (30)

Thus, ¢ in Eq. (28) is obtained by integrating the bending
moment along the filament as

1 5
(3$)(5) = - fo M(s') ds' + @. 31)

The perturbation to the tangent vector is given by Eq. (20),
hence, we obtain

5ds(s) = - ( / M) ds’) % dP%s) + @ x d9(s). (32)
3 EI 0 3 3 °

Integrating Eq. (32) next gives access to the deformation

Sr(s) = f 8ds(s') ds' + Ary (33)
0
_Lr f ' M(s") ds" ) x d{(s") ds’
El J, 0 3
+ @ x Q(s) — r?0)) + Ar, (34)

where the perturbation to the position of the s = 0 end point
is denoted Ary; it vanishes if the end point has fixed position,
otherwise, for a free endpoint, Ary would have to be solved
for.

D. Feedback of the deformation on the kinematics

The swimming kinematics of the filament-body and head
pair are determined by the force and torque balance. For large
values of the filament Young’s modulus, the deformations are
small and the kinematics are given by those of a rigid filament
to leading order. In this section we quantity the impact of the
deformation §r on the kinematics, i.e., calculate the next-order
effect on both U and w. The perturbation principle behind

[ Perturbation principle |

Reference configuration rg(s)

Actuation
S NSNS NS NSNS

Motion ‘\

Perturbed Kinematics

Hydrodynamic loading

A gl

L Force and Torque Balance

Deformation
Steady deformed shape
Io (S) + 61‘(8)

FIG. 2. Perturbation principle required to compute the feedback
of the deformation on the kinematics: Once the bacterial cell or arti-
ficial motor starts moving (due to the flagellar motor actuation or to
the rotating magnetic field) the filament experiences a hydrodynamic
load and starts deforming until it reaches a steady state shape, which
for stiff filaments is slightly perturbed from the reference configu-
ration. The hydrodynamic load then needs to be integrated over this
perturbed shape. Thus, implementing the force and torque balances
leads a system involving the perturbed resistance matrices which
are linear functions of the deformation. Once inverted, this gives
access to the perturbation of the rigid-body kinematics (diagram of
the bacterial motor adapted from Wikimedia Commons, Mgaetani,
2015).

the calculation of the feedback of the deformation on the
kinematics is illustrated in Fig. 2. Once the cell or artificial
motor starts moving, the filament starts deforming due to the
hydrodynamic load until it reaches steady state after which it
undergoes rigid body motion. The kinematics will be slightly
different from the rigid-body ones because the hydrodynamic
load is integrated along a slightly perturbed shape along which
force and torque balance is enforced. We first express the force
and torque balance for a general shape of the filament, leading
to a linear system involving the hydrodynamic load integrated
over the shape of the entire filament. Inputting the reference
configuration shape gives the rigid filament kinematics while
perturbing the system leads to a relationship linearly relating
the perturbed kinematics to the perturbed resistance matrices
of the filament, which themselves are linear functions of the
deformation. Once inverted, this procedure gives access to the
perturbation in swimming kinematics.

E. Relevant forces and torques

Using the term “head” to mean either the cell body of
the bacterium or the magnetized head of the artificial motor,
the hydrodynamic force F), visc and torque with respect to the
origin My, yisc on the head translating with velocity U and
rotating with rate @, are given in a Stokes flow by the linear
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relationship [62]

Fiyise =0 - U+ By, - @y, (35)
My yisc = ¥5 - U+ 8y - @y, (36)

where a;,, B,, v, and 8, are the resistance matrices for a
spherical head of radius a;,. With respect to the center of the
head these are

oy = _67Tl'l“ah17 ﬂh = 07 (37)

Y,=0, & =-8mual, (38)

where 1 denotes the identity matrix.

If the center of the head is at position r; with respect to
the origin, then the hydrodynamic torque on the head has an
extra term given by r; X Fj, yic. This can be seen by writing
the torque with respect to the origin |, I X (0 -n)dS, where &
is the viscous stress tensor and n is the normal to the surface
S of the head pointing outwards, as fs(r —1,) X (6-n)ds+
/. < Tn X (0 -m) ds, with the first integral being the torque with
respect to the center of the head rj;, and the second integral
simplifying to r; X fs(a -n) ds =1, X Fjise. This adds the
extra terms y, = (€ -r;) - o5, and 3;, =(e-1y)- B, to y, and
8, respectively, where the third rank tensor € is the Levi-
Civita tensor with components ¢; such that (€-T)-w=rX

®. In the case of a spherical head, these extra terms become
—6muan(e-ry) and —8m uaz(g -Ty,), respectively. We will

later focus on the case of a spherical head whose center lies
on the axis of a helical filament that is rotating and translating
about its axis, in which case the cross products of r, x U and
r; X wy vanish, and hence also the components of the extra
terms y,,, Sh along the relevant axis also vanish.

We can write similar expressions for the force and torque
(with respect to the origin) acting on the filament using
Egs. (16) and (19):

F(0) = Ag - U + Bg - wal, (39
M(0) +r(0) x F(0) = Cg; - U + Dy - wn, (40)

where Ajgi, B, n; Chi, n; Dy are the resistance matrices of
the filament

L
An =101 / [~1+(1 - p)dsdslds,  (41)
0
L
Bm=g/ [er— (- pds@ x]ds. @)
0 y—

L
Ca=c [ [err=-ppasxna]ds =B8], @
0

L
Di =01 f [ — e+ (1 — p)(ds x £)(ds x ©)]ds
0

L
—¢ / dyds ds, (44)
0

and the third rank tensor € in Eqs. (42) and (43) is the Levi-
Civita tensor with components ¢; jksuch that (6-r) - @w=r x

. Notice that A= AT, D=DT, B=CT,as expected for
Stokes flows [62].

ARTIFICIAL
external actuation

B(t) /

& {—

clamped

BIOLOGICAL

internal actuation:

%’; bacterial motor
"yk/ ; J’:w;‘
e

hook allows
relative rotation

FIG. 3. Two applications of the model developed in this paper.
Left: artificial motors driven by a rotating magnetic field have a
magnetized head onto which a flexible elastic filament is clamped
and used for propulsion; the head and filaments translate and rotate
together. Right: flagellar filaments of bacteria actuated by a rotary
motor embedded in the cell; the head and filaments translate together
but they rotate in opposite direction (diagram of the bacterial motor
adapted from Wikimedia Commons, Mgaetani, 2015).

In the case of artificial propellers, the head and filament
rotate at the same rate, so we may define overall resistance
matrices for the head and filament together which are just the
sums of the corresponding matrices

A = Aq + ay, (45)
B = Bs + By, (46)
C=Cu+y,=B8BT, (47)
D = Dy + 8. (43)

In the case of a bacterium, the rotation rate of the head
(i.e., the cell body) is different from that of the filament; in
fact, the head rotates in the opposite direction in order to
satisfy the overall torque balance. The difference in actuation
of the filament in the artificial and biological applications is
summarized in Fig. 3 and we now consider the force and
torque balance for each case separately.

F. Artificial propellers with a filament clamped
on a magnetized head

We first focus on the artificial propeller actuated by a rotat-
ing magnetic field exerting a torque on the magnetized head
on which the filament is clamped (Fig. 3, left). The internal
force acting through the cross section at s = 0, transmitted
from the filament to the head, needs to balance the viscous
hydrodynamic force F}, i, resisting the motion of the head.
Although the same is true for the axial torque balance on
the head, care must be taken because the bending moment
M(0), transmitted through the cross section at s = 0 from the
filament to the head is calculated with respect to the center
of the cross section of the filament while viscous moments
on the head and measured by its center. The torque balance
includes therefore the viscous hydrodynamic torque resisting
the motion of the head My, yisc, the external magnetic moment,
both defined with respect to the origin, as well as the bending
moment with respect to the origin M(0) + r(0) x F(0).

The dynamic equations are therefore written as

F(O) + Fh,visc =0, (49)
M(0) +r(0) x F(0) + My, yisc + Mmag = 0. (50)
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Using the results of Sec. IIE, we see that the system to be
solved in order to find U, @ in matrix form is

(€ D)) @

The leading-order kinematics are given by inverting the linear

system
(G0 20)(em) =)
0 0 o) =m0 ) (52)
c®  pO)lHO MY,
For the first-order perturbation one needs to evaluate the
perturbations to the resistance matrices

L
SA=C.(1-p) / [d(8d3) + (8d5)d" ] ds, (53)
0

L
5B = g/ [g 81— (1 — p)(8d3)(d” x r©)
0 =
— (1= p)dP8(d; x r)] ds, (54)
8C = (8B)7, (55)
L
sD=1¢, / {rPr) + @rr® — 2@ - sr)1 (56
0

+ (1 = p)[E(ds x )AL x r®)
+(d” x r)(5(d; x r))]} ds

L
- / [d(8d3) + (5d5)d}”] ds. (57)
0

The next-order perturbation to the force and torque balance in
Eq. (52) is

AQ BON U\ (A SB\(U®\ [ 0
c® pON\sw)T " \sc sD)\0® Mg

(58)
__(aA ss><A<°> B“”)l( 0 )_( 0 )
—\sc sD)\c® DO -MQ), SMinag )
(59)

For a more concise notation let us use R to denote the large
resistance matrix and M to denote its inverse, the large
motility matrix

_ (A B -l
R = (C ’D)’ M=TR"". (60)
Inverting Eqgs. (52) and (59) then leads to
um . ©) 0
(w(0)> =-M". MO, ) 61)
sU 0
=MP. R -M“”-( )
(50) OR) MO,
© 0
- M. <8Mmag>' (62)

For analytically tractable calculations, we focus on long
chiral filaments that have the z axis as their long axis of rota-
tion. As a result, we can assume translation along and rotation
about the z axis, i.e., U= Ue,, ® = we,, and only consider
the axial components of the force and torque balances. For

example, the z component of .4 -U in Eq. (51) reduces to
just A, U. In this one-dimensional limit, we will drop the zz
indices for notation convenience and use A to mean A,,, and
similarly for other matrix components.

The leading-order result of Eq. (61) describes a rigid
filament in its reference configuration with both translation
and rotation proportional to the external moment M., as

u® = —%a)(o), (63)
B

U(O) = mMmag7 (64)
A

0@ = _mMmaga (65)

while for the next-order correction we obtain

_ [-BD@A) + (AD + B*)(8B) — AB(SD)]

ou (AD — B2)? Mg,
(66)
2 _ 2
5 B GA) — 2AB@B) + A (MD)]Mmag. -

(AD — B?)?

G. Biological locomotion with a filament rotated by a motor

In the case of swimming bacteria (Fig. 3, right), a motor
embedded in the cell wall applies a constant torque M,y via
the short hook in order to rotate a long filament. The rotation
rate of the filament in the laboratory frame is @g while the
head rotates at a different rate denoted by w;. Both the head
and the filament translate at the same velocity U.

In this case, there are three dynamic balances to consider:
the overall force balance as well as the torque balances on the
filament and the head

F(O) + Fh,visc = O, (68)
M(0) + r(0) x F(0) + Mo = 0, (69)
Mh,visc - Mmot =0. (70)

Substituting in the terms of the resistance matrices we obtain

(Aa +ap) - U+ Bg - wa + B, - @, =0, (71)
Cii - U+ Dy - ws + Mo =0, (72)

V- U468, @) — Mpe = 0. (73)

Inverting Eq. (73) for @, and substituting in Eq. (71) leads to
(Aatan — By -8, - v,)  U+Bg - w5 = =B, - 8, - Mior.
(74)

The system to be solved can thus be written in matrix form as

(e s ). (2)

Cii Dy ®f]

-1
— _(ﬂh : 8h Mmot) , (75)
Mmol
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which in the special case of a spherical head further
reduces to

A +a, By uy_ (0
( Cni Dﬁl).<wﬁ1>_ (Mmot)' (76)

Notice how the system in Eq. (76) is mathematically
similar to that for the artificial motor in Eq. (51) if one
makes the substitution A — A, B — By, C — Cq, D —
Dy, and My, — M. Making these substitutions in the
projected one-dimensional versions of the artificial motor
equations (64)—(67) allows to obtain the corresponding ones
for a bacterium translating along, and rotating about, the axis
of its long chiral filament. The rigid result is

B
0 ©
U® = —jwﬁ]), (77)
Uuo Mot ( B )
= , 78
(wé?) ADyy — B \—A e
while the first correction is given by
M,
U=—"—[-BaDu(sA)
(-ADﬁl - Bt%l)

+ (ADs + Bf,) (8Bs) — ABsu (8Dar)]., (79)

Moot B3 (8.A) — 2AB5 (88 28D
Son — ([ BE(8.A) — 2ABg( : ﬁ;)+¢4 ( ﬁl)]_ (80)
(ADﬁl - Bﬁl)

III. PROPULSION BY ELASTIC HELICAL FILAMENTS

Up to this point in the paper, we have formulated every-
thing in terms of an arbitrary shape of the filament in the
rigid limit. In this section we focus on the case of filaments
with helical geometry, as this is the most common shape in
both cases of interest discussed thus far, and we carry out
the calculations of the expressions we formulated in Sec. II.
As done in Secs. IIF and II G, in order to keep the analytical
calculations tractable we will only study translation along, and
rotation about, the z axis of the helical shape, and not the full
three-dimensional (3D) motion. This is an appropriate limit to
consider if the filament is long enough to not wobble [53].

A. Calculating the deformation
1. Reference configuration: Center line geometry

We now compute the steady-state perturbation results
where we assume the actuation from the rotating magnetic
field or bacterial motor is weak enough, or the helix stiff
enough, that the helix deforms only slightly. The reference
configuration is a long, uniform, stress-free rod in the shape
of a helix of uniform pitch Py, radius Ry, helix angle o, such
that tan g = (27 Ry/Py) and its axis is aligned with the z axis.
We define the chirality index & which takes the value £1
according to whether the helix is right handed (RH, 7 = 1)
or left handed (LH, & = —1). In its reference configuration,
the center line of the helix is therefore given by

ro(s) R 27 hRsi 2ns\ Pos 81
s) = cos| — ), sin{ — |, — |,
0 0 Ao 0 Ao Ao

n turns L = nAg
Ro

NSNS NS

FIG. 4. Reference configuration of a helical filament of helix
angle «, radius Ry, n number of turns, and filament radius r. The
total length along the filament is L, assumed to be much larger than
the size of the head ay,.

where Ao = v/P; + 47 ”Rj is the helix wavelength measured
along the arc length s. This geometry is illustrated in Fig. 4.
Taking the material frame {d(lo), d(zo), dgo)} to coincide with
the Serret-Frenet frame (n, b, t) similarly to Ref. [48], we use
o,ro(s) =t = d_go), ot =kon,and b=t xn= d(zo) to obtain

2 2
d§0) = | — sin ¢ sin i , hsin g cos il ,cosag |,
A() A0

(32)
(0) 2ms . 2s
d” =|—-cos|{—|,—hsin| — },0, (83)
Ao Ao
() . [2ms 27s )
d,” = |hcosapsin | —), —cosagcos | — ), hsinayg |,
Ao Ao

(84)
with
ko = sin® ao/Ro (85)
and, using ;b = —1¢n,
79 = h sin g cos oy /Ry. (86)
Identifying the Serret-Frenet equations
v 0 ) (4
(ldV | =[-w o o |[aP]. (87)
ng) Ko 0 0 d§0)

with asdﬁ‘” =DO x dfo), gives the components of the Dar-
boux vector

D® =D, (88)

DY =0, DY =« DY =n. (89)

The material frame at various positions along the filament is
illustrated in Fig. 5, with the tangent, normal, and binormal
vectors shown in dashed-dotted red, solid green, and dashed
blue, respectively.

2. Hydrodynamic load

Actuated by the magnetic field, once steady state has been
reached, the helix rotates with uniform angular velocity wge,
and translates at uniform velocity Ue,. While it is deformed
from its reference configuration shape due to the forces and
torques acting on it, it does undergo rigid body motion as its
shape is no longer changing. We consider the frame in which
the helix is stationary. The relative velocity between the helix
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and the fluid is given by
—wy(s) —whRy sin (%)
Via=Ue,+@xr(s)=| ox(s) | ~| uR, cos (&2 ) , (90)
U U

where we approximated the shape to the reference helical one and used the rigid helix kinematics. This allows us to calculate
the leading-order force density using Eq. (8) and noting that d” - V' = &VhRy sinag 4+ U cos ay,

a)m)hRo sin (2‘,’\”) — sin &g sin (ZALO)
K(s) =¢1 | —ofRocos (32) | +¢0(1 = p)[wf’hRo sina + U cosag] | hsinag cos (22) |. 1)
—_y® cos o

Rearranging gives

A, sin (%)

0

K(s) ~ | —hA, cos (32) |. (92)
A;
where
=1 [—(1 — p)sineg cos U + (cos® ag + p sin® ao)wgl))hRo], (93)
A, = Q[—(Sin2 o+ p cos’ om)U(O) + (1 — p)sin g cos ozoa)g?)hRo]. 94)

Integrating the first Kirchhoff equation d,F + K = 0 with the boundary condition that F(L) = 0 at the free end gives access
to the distribution of internal force as

oA, [cos (EE) —cos (FE)]

R sin aq Ao 0
F(s) = — /L dsKO = [n oA, [sin(32) - sin (5E)]
— A, (s—1L)

95)

Similarly, integrating the second Kirchhoff equation 9,M + d3 x F + N,j,c = 0 with the free-end boundary condition M(L) =
allows to compute the bending moment as

h cot atg(— =2 cos (2’”) — cos (Z”L)] — (s —1)sin (ﬂ))

Sin o

M(s) = A.Ry| —cot ao(smao[sm (zlfj) — sin (Z”L)] (s —L)cos ( L))

]’l[(S - L) smao sin 211{27[‘)]

h e (cos () — cos (FF)) + (s = Lysin ()]

+A.Ry [Sm%(sm(2 5) — s1n(2”L)) — (s —L)cos (ALUS)]
0
Ro(cos (3) — cos (1))
+ ¢wcosag | hRy(sin (2’“) - (Z”—OL)) (96)

(s — L)cosay
[

3. Leading-order kinematics The zz components of the overall resistance matrices for both
For a stiff elastic filament, the leading-order kinematics are the helical filament and the spherical head are

given by the rigid limit. The z components of the expressions A= —[¢ L(sin® ag + p cos® ag) + 67 ay], (100)

for the total force and torque give the zz components of the .
resistance matrices for a rigid helical filament: B = ¢1hRoL(1 — p)sinag cos a, (101)
Ag = —¢, L(sin® ag + p cos® o), o7 D= —[QRSL(COS2 oo + p sin® ap) + &L cos® o + Sn,uafl].
102
B = ¢ hRoL(1 — p) sin ag cos a, 98) (102)

a. Unified approach. We now make use of the similarity

2 2 .2 2
D = —{1RyL(cos™ g + psin“ag) — &L cos" . (99) i the expressions for the kinematics and their perturbation
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FIG. 5. The material frame of the rigid helix shown at various
positions along the filament. The arrows show the tangent to the
center line (d3, dashed-dotted red), the normal (d,, solid green), and
the binormal (d,, dashed blue).

for the artificial helical motors and the swimming bacterium,
noting that the formulae for the artificial motors can be
changed into those for bacteria by replacing D by Dg; and
Mmag by Mo We thus write

M

v = 5> (103)
M

0¥ = YR (104)

where M is to be substituted by either My,g Oor My for
artificial motors and bacteria, respectively, and write

D, = — [QR%L(COS2 oy + p sin® )
+ ¢,Lcos® ap + Snuaiﬂ], (105)
AD, — B? = p¢2RIL? + 61 gy RiLay(c* + ps?)
+ & Le*[EL L(s* + pe?) + 67 puay]
+ 8w pa; [ L(s* + pc?) + 6mpa,]l, (106)

where we use the indicator function 1 to take the value 1 for
the case of artificial motors and O for bacteria. The coefficients
A and B are defined as in Egs. (100) and (101).

b. Artificial motors. The leading-order kinematics, given
by Eqgs. (103) and (104), are obtained as

¢1hRoL(1 — p) sin ag cos ctoMpag

U — , 107
AD — B2 (107)
2 2
0® — [¢LL(sin” ap + p cOS™ ) + 67T pap1Minag . (108)
AD — 32
where the denominator is given explicitly by
AD — B

= p{fR%Lz + 671,u§LR(2)Lah(cos2 oo + p sin® )
+ 87r,ug“LLaZ(sin2 oo + pcos®ag) + 48n2M2a2
+ &L cos? o[ L(sin® ag + p cos® ) + 677 juay ).
(109)

We note that the factor sin o cos ¢y present in the numer-
ator of Eq. (107) gives vanishing speeds for helix angles 0 or
7 /2; this is expected by symmetry since chirality is lost in
these two limits. In particular, we note that taking the limit of
the helix angle to zero while keeping the total contour length
L and the number of turns »n fixed means that the helical radius
Ry = Lsinay/(2mn) is also shrinking to zero. This limit gives
vanishing speeds since the expression for the denominator
given in Eq. (109) is nonzero due to the presence of the
terms involving the head and the viscous rotational torque
coefficient ().

The leading-order results in the limit of a filament which
is slender (r <« L) and long compared to the size of the
magnetized head (a;, < L), and for a nonvanishing helix angle
are

o h(1 — p) sin oy cos ogMmag

, (110)
PELROL
. 2 2

@ = S0+ 008 a0 Mmag (111)
,OZJ_ROL

with relative errors of order O(r%/L?, aj,/L).
c. Bacteria. In the case of a swimming bacterium, the
leading-order kinematics, given by Eqgs. (103) and (104), are

v©® Mot
(wt(i(l))> ~ ADy — B,
C1hRyL(1 — p) sin o cos o
({LL(sin2 oo + p cosag) + 6 uah)’ (112)
where the denominator is given by
ADyg — B,
= ,og“fR%L2 + 67r,u;“LR(2)Lah(cos2 oo + p sin® )
+¢,L cos? ap[¢ 1 L(sin® g + p cos” o) + 67 ay,].
(113)

Here also the speed vanishes in the limiting cases of he-
lix angles 0 or m /2 as expected. When the cell body is
small compared to the length of the slender flagellar filament
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ap < L in the case of a nonvanishing helix angle we can
further simplify Eq. (112) as

hM o (1 — p)sin g cos o

U = : (114)
S1RoL Jo
M, sin® cos?

o® = m;)t (sin“a + p o) (115)
SIRGL o

we obtain at location s/Ry > 1

with relative errors of order O(r%/L?, aj,/L).

4. Deformation for clamped helix

The full details of the deformation of the helix are shown in
Appendix A. Under the assumption that EIV = EI® = uJ,

sin ot

S (i — Ls) sin (32) + O(R3s)

2 0
s] + O(R%s) + sinap(AcRo) | —h-Eo (% — Ls) cos (2L) + O(R(z,s)

sin &g

+ (AZRO)] + O(Ros)}

(% — L) cos (3F) + s sin
EIBe(s) =~ L AR [ (5 — L5) sin (3L) — hefe- 5 cos (3L) + O(RYs)
0
_qlfr;ngZ sin (A )+0(R2 )
+ cos ap(A;Ro) h“ffx [2 cos (zj\’—L) +
0

0 52 2w (s —L)
—Ryl O { <— — Ls> |:(AXR0) cot oy cos ——

—h cosao[ > (sin (Z”L) + sin (22

+ {,a)m)Ro COS

cosao[ 5 (cos (2”L) + cos (2’”))

)) — Lssin ( )] + O(Rps)

Lscos( LS )] + O(Rys) (116)

—hRos sin 4= + O(R3)

The z component of the deformation in Eq. (116) giv-
ing the extension or compression is in agreement with the
results obtained in Ref. [48]. In addition, the nonzero x,y
components of the deformation lead to bending of the he-
lical axis. Such bending of the axis was observed in the
numerical results of Ref. [46], but its origin remained un-
clear. We now discuss and interpret these two aspects of the
deformation.

5. Compression or extension?

The total amount of extension or compression is given by
the z component of the deformation evaluated at s = L:

2
8z(L) = 52—1;0[ — U + (wf)hRy cot a) ]

|:L2 < Ry ) <2nL>
X|— =1 —= Lsin| —
2 sin ¢ Ay
() (1= ()]
+ | — 1—cos|{— ,
S1n &g A()
R2L? R
_ LRl [— U + (0} hRo) cot g [1+ 0(%)}

2EI
(118)

(117)

This recovers exactly the result of Ref. [48] which inves-
tigated the compression or extension of a clamped helical
filament subject to a uniform translating flow or a rotating
flow. The contribution from the axial flow is the motion of
the microswimmer propelling with a positive axial velocity

(

U > 0, which is equivalent to the swimmer being fixed
and subject to a flow —U@e,. This leads to compression,
regardless of the helix handedness, as expected from intuition.
In contrast, the part due to the rotational flow predicts that
a helix rotating in the positive sense about the z axis (wp >
0) will be extended if it is right handed (RH, % > 0) and
compressed if left handed (LH, & < 0).

In the cases we are investigating, the kinematics are set
by the force and torque balances and U® and (.’ are not
independent. Instead, both are proportional to the actuating
torque, as per Eqgs. (103) and (104). A helix actuated by
a positive torque, M > 0, will rotate in the positive sense
(a)(O) > () regardless of its handedness, but will translate with
a positive velocity along the z axis if RH and negative if LH.
The effect of the translation is then that a RH helix (& > 0)
actuated with a positive magnetic torque will have a positive
velocity U® > 0, and hence be compressed, whereas a LH
helix will move in the opposite direction U® < 0, and will
thus be extended. In contrast, the effect of rotation is the
opposite to that of translation. Helices of both handedness will
rotate in the positive sense, and a RH helix is extended as it
is experiencing a rotating flow in the direction that “uncoils”
it, whereas a LH helix is compressed. As a result, translation
and rotation have opposite effects in terms of extension or
compression.

Substituting Egs. (103) and (104) in Eq. (118) gives

hg“LRSLZM(,oQL + 67T ay) cot oy

dz(L) = 2EI(AD, — B?)

g, (119)
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R 2L R 2 2L
G=1-2(—"sin( =) 42— 1 —cos [ =),
LSlIlO(() A() LSll’lO{o A()

and (AD, — B?) in the denominator is given in Eq. (106). Under the long and slender approximations and for small head, this
simplifies to

where

(120)

hM R()L cot o
2E1
As a result, the effect of rotation dominates and a RH helix (k > 0) is always extended whereas a LH helix is compressed.

8z2(L) = (121)

6. Bending of the helix axis

Far from the clamped end, i.e., for s ~ L >> Ry, the deformation is given by

(5 — L) cos (%£)
(A Ro) h(— —LE )sm (ZA—L) ,

0

EISr(s) ~ (122)

with relative errors of order O(Ry/L,r/L). We can see from Eq. (122) that the helix axis bends parallel to the direction
(cos(%), hsin(%), 0), i.e., the xy projection of the position vector of the free end point ro(s = L) in the reference
configuration. In order to physically interpret this result, we evaluate the forces and torques acting at the clamped end of the
filament:

Ro_g (1 - cos (2[’\’—5))

sinag
o= /oL Kis)ds = | —hgizAssin(57) (123)
AL
and
(Siffxo [1 —cos (2nL)] Lsin (ZXL)) h [siﬁ?xo (1 — cos (2nL))]
M(0) + r(0) x F(0) = —h(A,Ry) cot g h(_&ﬁ(&o sin (2nL) 4 Lecos (ZnL)) 4 (ARy) [_Sif_(;o i (ZX—OL)]
Ltan «g 0
(124)

(

Hence, for Ry/L < 1 to the Darboux vector of the rod with only nonzero component

M(0) + r(0) x F(0) 8Dy = M (127)
2nL EI
hsin ( Ao ) Ro The resulting infinitesimal rotation is given by
= (ARo)Lcotay| | —cos (ZL) | + 0(—) . (125 s
( 0) 0 ( ) L ( ) 8¢ B ﬂ&(o) g — M&(O) (128)
—htan o “Jo EI'! T EIYC

We can now explain the bending of the axis of the helix us-
ing an “effective” rod analogy, as has been used in a variety of
settings [50,63-65]. Consider an effective rod around which
the helix is wound, following the shape of the helix axis. This
is a straight rod clamped at the origin and parallel with the z
axis in its reference configuration, so that the material frame
of the effective rod is

(@.49.d") =

(ey, €, €;). (126)

A bending torque M = Md'\”, with M = (A,Ry) cot aL, ex-
erted at the clamped end of the rod will lead to a perturbation

Calculating the perturbations to the material frame of the rod
as

8d; = 8¢ x d = %&g@ x d?, (129)
we find
sd; =0, sd,= %&;@, sd; = Msd“” (130)
The perturbed tangent vector is given by
d; =d{ +4d; = _gs&gn +d, (131)
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FIG. 6. Bending of the helix due to its translation and rotation.
The effective rod in the reference configuration is shown in the blue
dashed line while the bent helix is shown in the red solid line.

which gives the deformed shape as

s M 2 » 5
i(s) =/ dy = — =240 4 5d. (132)
0

El?2
This has the same quadratic bending away from the z axis as
the helix axis in Eq. (122) and captures the bending of the axis
in the direction perpendicular to the bending torque exerted at
its clamped end and also the quadratic terms in Eq. (122) for
s such that (Ry <« s <« L). This bending of the helix axis is
illustrated in Fig. 6.

J

B. Feedback of the deformation on the kinematics
1. Scalings

Having computed the deformation of the helical filament,
we now proceed to investigate its feedback on the locomotion
kinematics. Since we assumed that the helix was long enough
so as not to wobble, we may take the velocity and rotation
rate to be axial. We also assume that the perturbed velocity
and rotation rate are along the long axis. Although there are
nonaxial deformations due to the bending of the axis, they
average out to zero upon a complete rotation of the swimmer.

In order to find the expected order of magnitudes for
the perturbed quantities, we consider the following scaling
arguments. From Egs. (93) and (94) we obtain the scalings
A A, ~ 0 U ~ ¢ lwg)Ro. The leading-order kinematics in
Eq. (103) give U© ~ hM/¢ | RoL, where M stands for Mg
or My, for artificial motors and bacteria, respectively. The
small rotations of the material frame due to its deformation
defined by Eq. (20) scale as 8¢ ~ P, where P is a small
dimensionless number

viscous  A,RoL? M

. : (133)
elastic El EI/L

Such scaling can be seen in Eq. (Al) of Appendix A for
example. Thus, we have dd; ~ P and the deformation scales
as r ~ PL. We note that the bending of the axis is quantified
by an angle 8 between the end of the bent axis and the z axis,
where tan 8 ~ |8¥yy proj| /L cOs o, hence, B ~ P. The effect of
the bending of the axis to the kinematics will therefore be an
O(P) velocity component perpendicular to the z axis that, due
to rotation of the swimmer, will average to 0 at O(P), and
similarly for a)g?) It is thus appropriate to project the force
and torque balances along the z axis and assume that §U and
dw are aligned with the z axis. As dd3 ~ P, from Eqgs. (66),
(67), (79), and (80) we therefore expect U and Sw to be of
order O(P).

2. Perturbing the resistance matrices

The leading-order kinematics in P are given in Sec. III A 3. In this section we perform an asymptotic analysis for the next-
order kinematics, i.e., the feedback of the deformation on the kinematics. We start by calculating the projections along the z axis

of the perturbations to the resistance matrices

L
5 A = 2¢.(1 — p)cosaq / (5ds), ds,
0

L L
8B, =¢,.(1— p){hRo sinao/ (8d3), ds — cos ozo/ [6(d; x 1)], ds},
0 0

8C;; = 8B,

L L L L
8D, =2§L{ cos aO/ s(ér), ds — / (r-ér)ds — (1 — p)hRy sin aO/ [6(d; x r)], ds} — 2¢, cos (xO/ (6d3), ds.
0 0 0 0

(134)

(135)

(136)

(137)

We may write these results as linear combinations of four integrals J; (1 < i < 4):

8A.. =2¢,(1 — p)cosapy,

8B, = ¢, (1 — p){hRy sinagJ; — cos g},

(138)

(139)

053107-13



PANAYIOTA KATSAMBA AND ERIC LAUGA PHYSICAL REVIEW E 99, 053107 (2019)

8C,, = 8B, (140)
8D,, =2t {cosapts — Jy — (1 — p)hRy sin g2} — 2¢, cos g, (141)
where the four integrals are given by
L
5= [ 6o as (142)
0
L L
b = / [8(ds x 1)], ds = e, - / [6d; x r'© +d}” x sr]ds, (143)
0 0
L
5= / S(5). ds, (144)
0
L
Jy= / @ - 6r) ds, (145)
0

which depend on the deformation integrated along the entire length of the helix. The details of this long calculation are given
in Appendices B and C where the cases of either clamped or free s = 0 ends are addressed, as well as the effects of the viscous
rotational torque.

In the case of a clamped end at s = 0 (®, Ary = 0), the perturbations to the resistance matrices projected along the z axis are

1
SACtmPed — ¢ (1 — p)cos aOE[R%LZ + O(RJL) A, cotarg + A,], (146)

sBemped — ¢ (1 — p){hRy sinagJ; — cos apa}

a )hR3L2 A : 2 2L
= — COS — | CO —CcoS| —m—
Ll =pm g Aes *0 Ro/ sinag

) 3 2L RILA, .
+ A, sin g |:1 — cot? a()(z + cos <m))} } + O<%), (147)

Scz:;amped — 8B§iamped , (148)

sDmped =2 | [cos agJs — Ja — (1 — p)hRg sin agJs]

REL? [ cos 2L 2L
=2¢; 0 TaoAz 1+ cos —) — (1 — p)sinay O.SAX(cot2 og —cos | ————
El | sin” «q Ry/ sin ot Ry/ sin

+ A cotap( S + 2L 1 of RikAw: (149)
- COl - COS\ —— .
SR ) Ro/ sin o EI

Notably, the viscous rotational torque Nyisc does not contribute to any of the perturbations of the resistance matrices.

3. Unified approach

We once again invoke the unified approach of Sec. III A 3. The leading-order kinematics are given by Eqs. (103) and (104)
and the perturbation to the swimming velocity is given by

M
8U = —————[-BD.(8A) + (AD, + B*)(8B) — AB($D)], 150
b gyl BPA A + (AD, + B)(B) — ABGD)] (150)
where M stands for either Mp,e or My for artificial motors and bacteria, respectively, and where A, BB, and D, are given by
Egs. (100), (101), and (105), respectively. The denominator AD, — B is given by Eq. (106). After substituting in the values of
the resistance matrices, the quantities A, A, become

= PRGM | L+ (cos? a4+ psin® )6y (151)
AD, — B2
4 = REM o (1 — p)si (152)
;= ——=0mua — sin o COS &,
ST AD, — B2 unap o 0 0
hRoC M
Aycotayg+ A, = ﬁ[ng + 67T ay] cot a. (153)
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Considering only the clamped contribution, the perturbations to the resistance matrices in Eqs. (146)—(149) which are linear in
A, and A, can be calculated (with details shown in Appendix D). The perturbation §U is finally obtained as

where AD, — B? is given by Eq. (106) and

Q =4, L(1 — p)[CLRGL(* + ps®) + &L + 8mpapl][pg i L + 67 juay]

[p +2(1 — p)*s*c*1¢ T RGL?

+5 2 2 2
2| +&Le[ELL(s” + pc”) + 67 pay]

+87 naz1[¢ L L(s* + pc?) + 67 puay)

1 +67 ng 1 RLay(c? + ps?) <[,0§LL + (¢ + ps®)6m uayle[l — (cot? ag — cos(47rn))]>

R3L*¢IM? )
=————= (1 —p)R 154
Fiap — g~ PR (154)
+67 pay(1 — p)sc [1 — cot? ao(% + Cos(47m))]
—één,uah[l + cos(4mrn)]
(155)

— 28, LR3(1 — p)scle i L(s* + pc?) + 6w pan] | +0.5[p¢ L + (¢ + ps2)6m pay]s(cot? ag — cos(4mn)) |,

with relative errors of order O(R(/L) and where we have used
the shorthand notation s = sin«y and ¢ = cos «. The total
velocity Uy is simply Uy = U©® + 8U. The details of the
calculation are given in Appendix D.

We now proceed by considering the applications of this
unified approach to artificial motors and bacteria separately.

4. Artificial motors

A stiff helical microswimmer. Typical profiles of the dimen-
sionless velocities U?)/U in the reference configuration and
Ut/ U after the deformation (left) and the perturbation §U / U
due to the deformation (right) are shown in Fig. 7 as a function
of the reference helix angle « (the choice of speed scale U is
given below). These results are obtained using Eqgs. (103) and
(150), respectively, using the full expressions for the resis-

+67 pay(1 — p)sc*(3 + cos(4mn))

(

tance matrices (within the limit Ry/L < 1), for a RH artificial
bacterial flagellum with the choice P = My, L/EI = 0.035.
For the nondimensionalization we use the length scale L,
timescale 7 = f1L? /Mg, and force scale 1L? /T = Mo /L
(or, equivalently, mass scale wLT = ,u2L4 /M), so that
the scale for the speed is U = Mmag/ wL?. We use values for
the geometrical parameters similar in order of magnitude to
those of the rigid “artificial bacterial flagellum” of Ref. [22]
with the choice n = 8 for the number of turns so that we can
satisfy the requirement that Ry/L < 1. As such, our model
microswimmer has a, =2 um, r=50nm, A =15 um,
n=38,L =40 um, My, =4.3 X 1017 Nm and is moving
in water with dynamic viscosity u = 1073 Pas. As a result,
the scale for speed U takes the value of 27 ums~'. We set

-5
08 i i _ x10
""" Uo/U 8
07t —Ui/U
0.6 6r
0.5
4t
U 04} SU
U U 2
0.3
0.2t 0
|
|
0.1} !l 10.60 rad = 34.4°
0 /8 /4 37/8 /2 0 /8 /4 37/8 /2
(&%) (&%)

FIG. 7. Left: dimensionless speeds in the reference configuration U®/ U and after the deformation Uy, /U as a function of the reference
helix angle o obtained from Eq. (103). Right: perturbation in velocity sU/U as a function of & from Eq. (150). In all cases, we use
the full expressions for the resistance matrices (within the limit Ry/L < 1) for a RH artificial bacterial flagellum with P = 0.0350. The
microswimmer has the parameters a, =2 um, r =50 nm, A =5 um, n =8, L =40 um, My, = 4.3 x 10~ Nm, and E = 10'° Pa and
is moving in water with dynamic viscosity = 10~3 Pas. The sign of the perturbation U transitions at an angle o & 0.60 rad (34.4°). The
nondimensionalization uses the velocity scale U = M/ L?, that takes the value of 27 pums™".
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the Young’s modulus to be E = 109 Pa, as an indicative
example of a stiff helical microswimmer, according to the
“equivalent” Young’s modulus of nanowire filaments of
existing microswimmer designs [23]. This value is also
relevant for ZnO nanohelices [66].

Importantly, the perturbation in velocity U changes sign
at an angle o5 ~ 0.60 rad (34.4°), being negative for smaller
values of oy and positive for larger ones. Note that inside the
resistance matrices used in Eq. (150) we have kept all terms
involving ay, and ¢,, and have not imposed the ratio a; /L to be
small.

Approximation. We proceed by further approximating the
expression for Q in Eq. (155), assuming that both the helical
radius and the head are negligible in size compared to the total
contour length of the helix, such that Ry and a;, satisfy the
limits

Ro/L, an/L, ay/R3L, dy/R3L> < 1. (156)
The resulting expression for §U in Eq. (154) simplifies to

MRS p(1 = p)

mag

SU = r , 157
EIAD— By @ (157)
where AD — 2 is given by Eq. (109) and
2
F(Olo) = COS X [——p CO.S(Z Q’O)
2 sin” o

+[0.50 4+ (1 — p) sin’ o] cos(47m)]. (158)

When reducing the ratios Ry/L and aj/L, for nonvanishing
helix angles for which the ratio Ry/L is kept small, the
profile of §U vs g that we obtain from the full expression
of Eq. (150) converges to the theoretical approximation of
Eq. (157). Indeed, if we keep all parameter values as above
and only decrease the size of the head, the angle o at which
8U vanishes converges to 33.1°, which is well approximated
by the root of I'(«tp) in Eq. (158) equal to 32.8°.
For nonvanishing «g, Ry,

Mglag (1 - ;0)
= L r(ap).
CLEIL  p
with a relative error of order of magnitude O(Ry/L,
an/L, @} /RIL, a}/R3L?), so that the corrected velocity is

(159)

AM e (1 —
U =U + 86U = _gM
SiRL  p
. eh
X |:smoz()cosot0 + —F(ao)], (160)
o
with the dimensionless parameter € defined as
M, R
mag _ pZ0 (161)

€ = =
EI/R, L

where P is the parameter defined in Sec. III B 1. We therefore
see that a stiff elastic helix has a quadratic perturbation in
Mg to the classical linear relation between U and M,
for a rigid helix. This is of course valid for a weak enough
actuation, or a stiff enough helix, that € is kept small.

In our numerical results, {; and p are given by Egs. (9)
and (10). For the purpose of simplicity and to allow physical

interpretation, we can further assume an integer number of
turns for the helix and take the approximate value p = 0.5 for
the ratio of drag coefficients, so that the expressions for U
and the corrected velocity Uy, further simplify to

U= Mﬁlag Cos o
CLEIL 2 sin’ ap

hMmag .
sin oy COS o

(2 sin* g + 3sin® ap — 1),

(162)

tot

IR

+ ehcc,)s—:[O(Z sin® &g + 3sin® arp — 1):|~ (163)
2 sin” o

Feedback to the speed of propulsion. We may now in-
vestigate whether the small amount of elasticity speeds up
or slows down a stiff elastic helical filament compared to
its rigid kinematics, which is governed by the sign of §U.
We first note that the sign of U® is opposite for right-
handed (RH) and left-handed (LH) helices, as shown by the
presence of the chirality index 4 in its expression. In contrast,
the expression for §U in Egs. (154) and (155) does not
involve the value of 4. Thus, if all other geometrical param-
eters are kept constant, the magnitude of the speed for a stiff
helix, |U® + §U|, will be increased or decreased according
to the handedness of the helix. In addition, as discussed
above, the sign of U changes at a critical angle o (with
a value which depends on the geometry). The case of our
typical stiff helical swimmer above had o« = 34.4°. For a
microswimmer with a smaller head but otherwise the same ge-
ometrical parameters, we obtained instead oy = 33.1°. Thus,
the perturbation to the speed changes sign according to a
subtle interplay between the handedness and the reference
helix angle.

We can interpret the change in the sign of §U by approxi-
mating the new, steady-state, perturbed shape by an effective
helix over which the extension or compression has been
uniformly distributed. As illustrated in the top panel of Fig. 8,
the extension (or compression) of a RH (or LH) helix can
be interpreted as a decrease (or increase) in the helix angle.
This provides us with an intuitive reasoning for the sign of the
perturbation to the speed.

Consider the rigid speed profile as a function of the refer-
ence helix angle. As illustrated in the bottom panel of Fig. 8, if
we start at an angle greater than the optimum, a RH helix that
extends will reduce its effective helix angle, thereby moving
toward the maximum of the speed profile and as a result will
speed up. In contrast, a LH helix with a reference helix angle
greater than the optimum will move away from the optimum,
as its effective helix angle increases due to the compression.
If we start at an angle less than the optimum, a RH helix that
extends will reduce its effective helix angle, thereby moving
away from the maximum of the speed profile, and will thus
slow down. In contrast, a LH helix with a reference helix
angle less than the optimum will move toward the maximum
and speed up, as its effective helix angle increases due to
the compression. We think that the quantitative discrepancy
between the angle for which §U vanishes and the optimum
value of the uniform rigid helix velocity profile is likely due
to the nonuniformity of the extension or compression along
the filament and the bending of the helix axis.
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extension = decrease in «

S

increase in & <= compression

-

h=+1 RH h=-1 LH

speed speed

extension compression

/ \ / \

» »

« «

FIG. 8. Understanding the feedback of the deformation on the
speed of a stiff, elastic helix. Top panel: the extension (resp. com-
pression) of a right- (resp. left-) handed helix leads to decrease (resp.
increase) in the helix angle. Bottom panel: if the value of the original
helix angle is greater than the optimal angle maximizing the speed
profile of a rigid helix as a function of the helix angle, then the shift
in the effective helix angle due to extension (or compression) will
give rise to an increase (resp. a decrease) in the speed for a RH (resp.
LH) helix. Similarly, if the value of the original helix angle is less
than the optimal angle maximizing the speed profile, then the shift
in the effective helix angle due to extension (resp. compression) will
give rise to a decrease (resp. increase) in the speed for a RH (resp.
LH) helix.

5. Bacteria

Swimming bacteria will have, in principle, a contribution
in their speed from the values of ®, Ary [in Eq. (34)] as the
end of the flagellar filament connected to the hook. This is due
to the flexibility of the hook at the base of the flagellum. In
fact, for some single-flagellated bacteria such as V. alginolyti-
cus, the buckling of the hook after the transition from a back-

5 P —
] e U[)/U
—Uiot/U
ar ¢
U
U
2t
0 1 1 1
0 /8 /4 37/8 /2

(&%)

ward to a forward swimming period is a mechanism to change
the angle between the cell body and the flagellar filament axis
[67]. Our study focuses, however, on the swimming along
straight lines and hence for our purposes we will neglect buck-
ling of the hook and will assume that both @ and Arj are zero.

In the case of bacteria, we can make use of Egs. (154) and
(155), where the indicator function now takes the value 0 and
thus the terms multiplied by it are removed. Typical profiles
of the dimensionless velocities in the reference configuration
U© /U and after the deformation Uy, /U are shown in Fig. 9
(left) as a function of the reference helix angle o for a RH
bacterial flagellar filament with P = M, L/EI = 0.19 and
using the full expressions for the resistance matrices (within
the limit Ry/L < 1) [Eqgs. (112)]. We also plot in Fig. 9 (right)
the perturbation in swimming speed due to the deformation
sU/ U as a function of «y. Here, the nondimensionalization
used the velocity scale U = My /L?*. The parameter val-
ues are chosen as the typical values for Salmonella bacte-
ria given in Refs. [68,69] (and references therein), so that
we have g, =1 um,r =11.5nm, A =23 um,n =6, L =
13.8 um, My =2 x 107'8 Nm and take the viscosity to be
that of water, ;. = 107> Pas. The scale for speed U takes as a
result the value of 10.5 um s~L. Further, we take the Young’s
modulus to be E = 1.04 x 10!° Pa as in Ref. [70] so that the
bending stiffness is EI = 1.43 x 10722 Nm?. We obtain as a
result that the perturbation in swimming speed 8U transitions
in sign at the angle oy =~ 0.69 rad (39.5°), being negative for
smaller values of o and positive for larger ones.

Importantly, the reported values for the elasticity of flag-
ellar filaments in the literature show large variations, which
naturally leads to a wide range of values for the bending
stiffness E1 [48]. Trachtenberg and Hammel reported values
of the Young’s modulus ranging from E = 1.04 x 10'° Pa
to E = 1.77 x 10" Pa for a variety of filament types [70],
which correspond to bending stiffness of EI = 10722 Nm?
and 2 x 1072! Nm?, and with the parameter values above,
the dimensionless number P would range from P = 0.19
to 0.011. Other reported values of the filament elasticity

0.69 rad = 39.5°

0 /8 /4 37/8 /2
(e7)]

FIG. 9. Left: dimensionless speeds in the reference configuration U ©y U and after the deformation Ut/ U as a function of the reference
helix angle «y obtained from Eq. (112). Right: perturbation in velocity sU/U as a function of «y from Eq. (79). In all cases, we use the full
expressions for the resistance matrices (within the limit Ry/L < 1), for a RH bacterial flagellar filament with P = M, .L/EI = 0.19. The
bacterium has parameters ¢, = 1 um =10 m, r = 11.5nm = 1.15x 108 m, A =23 um,n =6, L = 13.8 um, Mo = 2 x 107" Nm,
and Young’s modulus E = 1.04 x 10'° Pa so that its bending stiffness is E/ = 1.43 x 10722 Nm? and is moving in water with dynamic
viscosity u = 1073 Pas. The sign of the perturbation U transitions at an angle ay 2 0.69 rad (39.5°). The nondimensionalization uses the

velocity scale U = Mo /L, that takes the value of 1.05 x 107> ms™!

=10.5 ums

-1
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include (2 — 4) x 10~%* Nm? for the bending stiffness EI of
Salmonella typhimurium filaments [71] and 10'© N/m? for
the shear modulus of S. typhimurium flagellar filament which
gives the value wgJ = 10722 Nm? for the twist modulus of
a filament of radius of 10 nm [43]. Takano ef al. estimated
EI = 1072* Nm? for Vibrio alginolyticus [46] whereas Kim
and Powers estimated EI = 1072* Nm? for S. typhimurium
[48] by reinterpreting the data of Hoshikawa and Kamiya [43].

Our analysis mainly focuses on the asymptotics and feed-
back of the deformation to the kinematics and, to first order,
the perturbation U scales linearly with 1/E]. In particular,
we note that within the “stiff” filament regime and first-order
analysis presented here, the value of the reference angle « for
which the sign of U changes is independent of the Young’s
modulus of the filament.

The resulting expression for §U in Eq. (154) simplifies to
(IM2 L RELPp(1 — p)

mot

EI(ADy — B2)’

oU =

'), (164)

where ADg — B2, and T'(«p) are given by Egs. (113) and
(158), respectively. For nonvanishing «g, Ry, in the limit of
small cell body and helical radius compared to the length of
the flagellar filament, the expression for U reduces to

M2, (1-—
= Moo U= P, (165)
CLEIL  p?
with a relative error of order of magnitude

O(Ry/L, ap/L, a3/R3L, a}/R3L?), similarly to the result for
artificial motors in Eq. (162). Thus, similar conclusions can
be drawn as for the case of artificial motors.

IV. DISCUSSION

In this paper, motivated by the locomotion of bacteria and
artificial microswimmers, we have developed the mathemati-
cal framework to study the steady-state motion of individual,
stiff elastic filaments attached on a rigid body and propelling
in a viscous fluid. The richness of this fluid-structure interac-
tion problem comes from the hydrodynamic loads that induce
deformation and whose integrated effect along the whole
deformed shape leads to perturbed swimming kinematics.

J

Our analytical approach consisted in first integrating the
hydrodynamic load along the initial reference configuration
geometry and obtaining the induced deformation via the linear
constitutive equation for the bending moment given by the
classical Kirchhoff equations. For a helical geometry, the axis
bends and the helix is extended or compressed if it is right
or left handed, respectively. Our mathematical expressions
describe the full three-dimensional deformation and an effec-
tive rod analogy provides an explanation for the bending of
the helix axis whose origin was previously unclear. Imposing
the force and torque balance along the new, deformed shape
linearly relates the velocity perturbation to the deformation
integrated along the entire length of the filament. As a result,
the propulsion speed acquires a quadratic correction in the
actuation.

Our analytical expression for the correction to the speed
for stiff elastic helical filaments changes sign according to a
subtle interplay between the handedness and reference helix
angle. Approximating the steady-state, perturbed shape as an
“effective” uniform helix, the extension (or compression) of
a right- (or left-) handed helix can be rationalized as due to a
decrease (or increase) in the helix angle. This interpretation
provides us with an intuitive reasoning for the sign of the
speed perturbation. If the value of the original helix angle in
the reference configuration is greater than the optimal angle
maximizing the speed profile of a rigid helix as a function of
the helix angle, then the shift in the effective helix angle due
to extension (or compression) will give rise to increased (or
decreased) speeds depending on the handedness of the helix.

We note that our mathematical formulation allows to tackle
any slender filament shape, and need not be limited to helices.
Furthermore, one could include in it a model for the activity
of the filament. A natural extension of this type would address
magnetized tails such as the recently manufactured hydrogels
with embedded magnetic nanoparticles which not only guide
self-folding during fabrication [72], but could also display
an interesting nonlinear relationship between the external
actuation and the propulsion speed.
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APPENDIX A: CALCULATION OF THE DEFORMATION FOR HELICAL FILAMENTS

The small rotations of the material frame due to its deformation [defined by Eq. (20)] are calculated as the integral of the

bending moment [given in Eq. (96)], in accordance to Eq. (31):

—hcotao[( Ry )2 sin (@) — R _gcos (Z”L) + (s*/2 — Ls)sin (A—L)]
(5

sin o

EI(5¢)(s)

sin g Ao

h[(s2/2 — Ls) + (

h[z(%if(r)xo) sin (ZAO) - smag

Ao

= ARy cotao[( Ro )2(cos(2’”) — 1) + o ssm(Z”L) + (s?/2 — Ls) cos

sin ag

1

sin ag

)’ (cos 2”&5 = — cos (31))]

sin ag A

$COS (Z”L) -

Ko _[(s — L)cos (2’“) +L]]

sin ag

A

+AZRQ _2(smao) (COS (%) — ) — ‘.RO s sin (an) — R (S - L) sin (ZALOJ)

sin &g

0

sin o
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Ro[sman sin ( Ao ) — §COS (27TL)]
2

+ ¢,wcosag hRo[ qIMU(COS(Z”S) - 1) - ssm(
(s2/2 — Ls) cos o

L] (Al)

The perturbation to the tangent vector is given by Eq. (20) as éd; = 8¢ x dgo), which gives

cotarg[ (2 )2(cos (2’”) —1) + 2 ssin (Z”L) + (s2/2 — Ls) cos (Z£)]

SIn o Sll'lOt[) 0
EI8ds = cosap(AcRo)|  hcot ao[(siﬁfxo)z sin (2&*) — blf‘;oscos (Z”L) + (s?/2 — Ls)sin (ALL)]
0
~2( o) (cos (32) — 1) — gRssin (ZX—OL) s (5 = Lysin (32)
con AR | 2t i (22) — s (29) — [ — Deos (22) + ]
0
{(s2/2 Ls) cos (ALO) + (sif‘zxo)z[cos (ZAL(:) cos 2”(&_” cos (ZAL) cos (2/’\7—5)]}
+ sinap(ARo) h{(s2/2 Ls)sin (%) + (siﬁio)z[ sin (ZALOY) cos %O_L) — sin (ZALO‘) cos (21’\[—;)]}
0
. g —(ARyp) cot 0‘0[(smao)2 sin (ZA—’?) — Slf‘;oscos 2”(1;” (s?/2 — Ls) sin &1 2”(5 L)
=+ sin «
| +(AZR0)[2(S£%[O)2 sin (2/’\’0‘) - Siff—(;os cos %;L) — Siffxn[ — L+ Lcos (32)
h[Ry cot ap(— Sfao (cos (2’”) —1) —ssin (2XL)) — cosap(s?/2 — Ls) cos (ZA—”O‘
+ ¢, sin o cos oy [—Ro cot ao(mao sin (211”) — scos (Z”L)) — cosap(s?/2 — Ls) sin (%)] . (A2)
hRo[sma0 sin (2:0‘) 5 COS 2”(3 )]

The deformation of the helix is given by Eq. (33), as the integral of the perturbation to the tangent vector.
Integrating the expression for éd3(s) in Eq. (A2) gives

EIr(s) = EI / 5dy(s') ds’ (A3)
0
[(5 = L5) cos (B£) +0.5( 8o )s? sin (L) — ()5 + (o) sin (32)]
T
= Sinag RO A[(5 — L) sin (3rE) — 0.5(gh)s? cos (BE) — (ghe)(cos (32) — 1)]
0

i) [25 + (s = Lycos () + L] = 3 () sin (32)]

+cosap(A.Ry) h[( )(O 5s% cos (Z”L) +Ls) + (Smao) (s — L)sin (ZAL) + 3(515‘;0)3(005 (ZLO‘) - 1)]
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s (5 = Ls) sin (32) + () [ — Ly cos (32) + L+ S cos (31)]

() [ (sin (355) + sin (32)) = sin (52) (1 +cos (35))]}

W[ (3 = Loveos (53) + () *(cos (52) = 1) + (i) s = Dsin (372)]
3 (qmeg) s sin (52) = 5 () (cos (§35) — cos (32))
+(5mes) " (cos (32) — 1) cos (1))

sin o

+ sin (o)) (AXR())

0

0 _sifgxo (% _Ls )COS 2ﬂ(v L)
+ Sin05() 0 (A R()) cot o +(sma )2[.8‘ sin M + (S —L) sin 2Z6=L) 2n(s L) _ Lsin (2[\01‘)]

1 +(si§[¢)xo)3[cos (27”) —1+42(cos T2 2”(“ L) — cos (2nL))]

g (5 = Ls)

— (AzRo) +(si§%{ ) [L sin (Zns) + ssin 6= L)]

+() [oos 2552 — cos (358) +2(cos (3) — 1))

S

T —hcos af(s?/2) sin (2”L) + (3s% — Ls) sin (ZALO) + (Smao)(s —L)(cos (2’“) -H}7
+ ¢, wRy cos ag + cos ao{% cos (Z”—OL) + ($5% — Ls) cos () — (222 ) (s — L) sin (&)} . (Ad)

—hRo{s sin ZE=E) 4 (R [ cos (B) — 1 4 cos ZEE) — cos ((£)])

APPENDIX B: CLAMPED s = 0 END-POINT CONTRIBUTION

In this Appendix, we calculate the leading-order estimates of the quantities J5*™ — J5“™ for our helical geometry, clamped

at one end.

1. Calculation of J{™™ — j*mP

We first calculate the contributions to J clamp leamp, without the terms due to the viscous rotational torque, as those will be

calculated separately in the next subsectlon Straightforward integrations give
L 1
JomP — /0 (8d3), ds = E[R(%L2 + O(R3L)][A, cotap + A.], (B1)
clamp k B 274 373
3 = fo s(8r), ds = ﬁAZ[ROL + O(R3LY)]. (B2)

1:
We can rewrite J, clamp nd J5 P as

L L 2 2
leamp — / (r-dr)ds = Ro/ cos s 8x + hsin s 8y | ds + cos apJs, (B3)
0 0 Ao Ag
L L 2 2
chlamp _ f [6(d3s x )], ds = —hsin aO/ cos s 8x + hsin s Sy | ds
0 0 Ao Ao

L /2xs 2s
+ hRy sin { — ](8d3), — hcos | — |(8d3), | ds. (B4)

0 Ao Ao
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We thus need to calculate the two integrals ) :fOL [cos 2ms/Ag)ox + hsin 2ms/Ag)dy]l ds and

f(f‘ [sin (2ms/Ao)(8d3), — hcos (2mws/Ag)(8d3),] ds. Straightforward integrations lead to

L 2 2
h= /0 |:sin (Ai(f)(adgx—hcos (Ai(f)(Sds)y] ds

1 R2L? 2 2L
0 [AX(COS % _ sin ¢rg cos <—)) + A, cos ao] + O(R?)LAX,Z/EI).

2E1T sin o sin ag Ry/ sin «g

Using integration by parts, we obtain
e [on (e mn (55 o
= cos | — )dx sin| — |3y | ds
T Ao Ao
Ry . (27L 2L LT [2ns 27
= S { sin (A—0)8x|L — hcos (A—0)8y|L — /(; |:sm (A—O>(3d3)x — hcos <A—O>(8d3)y] ds}.

The boundary terms are

. (2nL 2L 1 RL2T1 cosay . 2L
sin{ — |éx|, — hcos | — |8yl = — — Al — —sinagcos [ ————
Ay Ay Elsinagy|2 sin « Ry/ sin g

1 2L
— A, COS(XO(E + cos (A—O>>i|[1 + O(Ry/L)].

Thus,
e e (5 Jpeson (35 o]
= cos | — |ox sin| — |3y | ds
! 0 A() AO
RL? cosao \ [ o (P7E + O(RILA, . /EI)
- _ cos | — x ,
EI sinfay ° Ag o
and
5
lam,
J = A cosa [RIL* + O(RIL)],
RIL*T1 2L 3 2L
Jclamp — p2o —A, t2 _ == A t z _ o0 RYLA, ./EI .
5 7| 34| cot’ @ — cos R/ sinen + A, cotayg 2~|—cos R/ sinon + O(RyLA, . /EI)

Putting it all together we obtain

chlamp _ ﬁ[R(Z)LZ 4 O(RSL)][AX cot o +AZ]1

clamp Rng 1 2 2L 3 2L 4
J, =h——| -A|cot“ @y —cos | —— +A;cotag| = +cos | ———— + O(ROLAM/EI),
EI |2 Ry/ sin o 2 Ry/ sin g
5
lam 274 373
S = S g AR + O(RoL?) |

5
TP = A cosag[REL* + O(R3LY)].,
4 24E] 4 0[ 0 + ( 0 )]
with the terms arising from the viscous rotational torque to be calculated in the next subsection.

2. Contribution from the viscous rotational torque

In this section we calculate the contributions J{** — J;" arising from the viscous rotational torque to J;
L
= f (8d3), ds =0,
0
L
I = / (r-ér)ds
0

L 27s . (2ms ot
=Ry cos (| — )éx + hsin [ — )8y | ds + cosapJ3”,
0 Ao Ao
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(B6)

(B7)
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(B11)
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(B13)

(B14)

(B15)

(B16)
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where

L
T = f s(81). ds
0
he,wR2 L 2m(s— L R 2 Zn(s - L ank
_ ¢rw. OCOSOC()/ & sin (s )+ : 0 sl cos s —1+COSM_COS ik ds (B18)
El 0 Ao sin &g Ao Ao Ao

h¢,wR3 cotag [ L? 2L Ry \ . (2rnL Ry \? 2L
=1 (3 — 1)) -L —_— 2 — ) =1 B19
El { 2 + cos A() sin o st Ao + sin (o %4} cos AO ( )
L 2ms . ([ 2ms
cos| — )dx + hsin | — )8y | ds = 0. (B20)
0 Ao Ao

The calculation to obtain the result of Eq. (B20) is the following:
) Lo (ot sin (5 )]
cos | — )ox sin| — |3y | ds
0 Ao Ao
R oS /L 275\ (s . (27L N 5 AL N Ro s — 1) cos 2ms\
= h¢, cos —cos| — )] =sin|{ — — —Ls)sin| — - s — cos| — | —
ga) 0 %o 0 A() 2 A() 2 A() S1n &g A()
2 2 2L 2 2 R 2
+ sin (ALOS> { SE cos (—ZO ) + (% - Ls) cos <ALOS> - (sin(:x())(s — L)sin (ALOS> ” ds
Lrs?  2n(s—1L R 2
= h¢,wRy cos? ozo/ l sin (s ) — | = 0 (s—L)[1—cos s ds
0o L2 Ay sin ag Ao
1 Ry \° 2L L? Ry \’ 2nL
= hi,wRycos®> gy — = | L? +2( — 0 cos ik 1| —-|—-—=+| = 0 1 —cos o
2 sin ¢ Ay 2 sin o Ay

—0. B21)

and

Hence,
I = cos ap5™. (B22)

Integrating by parts gives
L 2 2 R 2L 2L
/0 |:cos (Al()s)&c + hsin (Aios)éy} ds = sin(:xo { sin (ALO)(SX'L — hcos (AL())(ML
L 2 2
- / sin [ 222 ) (5d3), — hcos (£> (8ds), | ds}. (B23)
0 Ao Ao

L 27s 27s 2L 2L
in{ — )(8d3), — h — | (6d3), | ds =sin | —— )éx|, — h — )8
/o [sm < Ao )( 3) cos ( Ao >( 3)):| s sm( Ao > XL cos( Ao ) YL

=0, (B24)

Hence,

with the last equality arising by substitution of the formulas for §x|, 8y|, terms arising from the viscous rotational torque:

L
I = / [5(ds x 1), ds
0

L 2ms 21s L 2ms 27s
= —hsi — )4 hsin|{ — |8y | d hR in{ — )(6d3), — K — | (6d d
smaO/O [COS(AO> X+ sm(AO) y] s+ 0/0 |:sm<A0>( 3) COS(A())( 3)y:| K
=0. (B25)

In summary, J{** = 0, J5* = 0, and J}*" = cos apJ5*", with

hi,wR3 cotag [ L? 2L R 2L Ro \* 2L
= hérwRycota | L7 3 + cos ke —L| — % ) sin ik +2[ — 0 cos TR 1)¢. (B26)
EI 2 Ao sin ¢y Ao sin o Ao
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These values of the contributions to the J; — J4 integrals, Ji* = 0, J5* =0, Ji°" = cos /5", mean that the viscous rotational
torque does not contribute to the perturbations to the resistance matrices

SA™ = 2¢, (1 — p)cos ap)™ = 0, (B27)

8B™ = ¢ (1 — p){hRo sin g/ — cos a3} = 0, (B28)

5C = S — (B29)

8D = 2¢1 {cos a5 — I — (1 — p)hRy sin g5} — 24, cos o = 0. (B30)

We summarize the resulting J; — J4 for the clamped case (®, Ary = 0), including the terms arising from the viscous rotational
torque:

JiRm = 21151 [RSL? + O(RJL)][Ax coteg + A. ], (B31)

RI2T1 2L 3 2L
getamp — p R0 2 o2 gy — — = ) ) +A. cotapf 2 + O(RJLA, . /EI), B32
2 gl | 27|\ ot o eos R/ sin ag €0l 3 o8 Ro/sinag ( </El) (532

, 5 hi,wRY cotag [ L?
clam 274 373 r 0
J3P = T J|RGL* + O(R3LY)] + T[ 5 (3+Cos< ))

R 2L Ry \? 2L
—L< o >sin<L)+2< 0 ) <cos (L>—1)] (B33)
sin o Ao sin oy Ao

Jilamp_ i A COSao[R2L4+O(R3L3)]+W|:2 <3+COS< Z )) —L( - 0 )sln< Z >
— sin oy 0 sin oy 0

() (e (55) 1)
+ 2| — cos| — ) —1)[ (B34)
S1n &g A()

The resulting perturbations to the resistance matrices (projected along the z axis) are

1
SATM = ¢, (1 — p)cos onE[RgL2 + O(R3L) ][A, cotan + A.], (B35)

SBaMP — £ (1 — p){hRo sinaJ| M cos otOJClamp}

a )hRgLZ A . 2 2L
= — COS — | CO —CoS| ————
Sl =P) g Avcosao @ Ro/ sinag

3 2L RILA
A si 1 —cot?ap( = — o ==, B36
+ A, sin o |: co a0(2 + cos (Ro/sina()))]} + ( Z] ( )

5cclamp — SBCIamp, (B37)

§DH™ = 2¢, { cos OloJ3damp J, RmP _ (1 — p)hRy sin o:ojdamp}

RYL? [ cosayp 2L , 5 2L
=2¢, ——A[1+cos| ———— || —(1—p)sinag|0.5A,| cot” &g — cos | ————
EI | sin” Ro/ sinayg Ry/ sinayg

+A.cotao( 2 + 2L +0 RiLA: (B38)
cotag| = +cos|{ —— N
T2 Ro/ sin g El

where we note again that the viscous rotational torque Ny;s. does not contribute to any of the perturbations of the resistance
matrices.

APPENDIX C: FREE s = 0 END-POINT CONTRIBUTION

In this Appendix we calculate the contributions of @, Ar, to the perturbations to the resistance matrices. We first find
the contributions to Jlfree — ere from @, Ar, for the case of free s = 0 end point, i.e., with @, Ary 7% 0. The calculation is
as follows:

. —hRy sin (21’\’—L)
Jlree — / e, (®xdy)ds=—&[e, x ) —r0)] =—& | Ry(cos () —1) [, (C1)
0
0

053107-23



PANAYIOTA KATSAMBA AND ERIC LAUGA PHYSICAL REVIEW E 99, 053107 (2019)

L
Jlee — e . / [(® x dP(5)) x 1) + d(s) x (@ x (xO(s) — r'P(0))) + Aro] ds
0
L
=e, - / {[a0 (@ - rV(s)) — rV(s)(d” - @)] —d - [rD(0) @ — @ r'?(0)] + df x Aro} ds
0

L
=e;- {(I) . / [r(O)(s) dg())(s) _ dgo)(s)r(())(s):l ds — q,[r(())(o) . (I‘(O)(L) _ r(())(()))]
0
+O0)[@ - (rO@) - r?0)] + [rO@) — r?(0)] x Aro}
L
- / [r () ez - d57() — A (s) ez - ¥V s))] s ()
0

— (e, ®)[r?0) - @) — r0)] + (e, - rOON[@ - VL) — rPO0)] + e, - (r (L) — r?(0)] x Arp)

L
= cosap® - / [r@(s) —s d;o)(s)] ds — (e, - ®)R? [cos <2Z\T—L) - 1} + Arg(e, x [rP@) —r@0)))
0 0

cos o[ 2Ry 2 S sin (2XL) LRy cos (Z”L)] —hRy sin (A—L)
=& . | cosag{—2Ro Slff‘;to[cos (Z”L) 1] — LRy sin (3£ L)} + Arg - | Ro[ cos (ZA—OL) —-1] . (C3)
—R}[ cos (Z”L) 1] 0

L
Jsfree =e,- / s[® x (r(O)(s) — r(o)(())) + Argl ds
0

L L2
=e€; - {(D X '/0 S(r(o)(s) — r(O)(O)) dS} + e, - ArO?

2

L

L

—d. {eZ X / s(r@(s) —r(0)) ds} +e, - Al‘o?
0

_hRo[(sifig)z sin (217\7_014) - (smao )L cos (2 L)]

v
L2
== | Ro[ e Lsin (L) + () (cos (1) — 1) = 5] [ + - Aro (€4
0
L L
Jiree — / r@s) - [@ x (rPs) — r9(0)) + Arg] ds = ( / r(s) ds) [Ary — @ x r'?(0)]
0 0
L L
= ( / r<°>(s)ds> “Arg— @ - (r<°>(0) X / r' ) ds>
0 0
RO mfao sin A_L) 0
= | —Rognz-(cos (BE) = 1) | - Arg — Ry® - —cosozo%2
cos 0f07 —Ro sifflo (COS (m) 1)
Rognss sin (%) 0
= | —Rog% (cos (ZXL) 1) |- ar+Ro@- cos ooy’ : (C5)
0050507 Rogma(J (Cos (2nL) 1)

With the contributions Jlfree — ere of @, Ary to J; — Jy calculated, we now proceed to find the contribution of ®, Ary to the
perturbations to the resistance matrices:

(2
hsin (A—UI‘)
fr
SA™ =22, (1 — p)cosaoRy® - | —(cos (2[’\’—5) -1) . (Co)
0
Bfree N
S = {hRy sin agJ|™ — cos oy }
(1=
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Rg sin g sin (35:) — cos® ao[2Ro e sin (%) — LRocos (57)]

=& . | —hsinaoR}( cos (Z”OL) — 1) — cos> ao{ — 2Ry 22| cos (Z”L) 1] — hLRy sin (21;\1_:)}

sin o

cos aR3[ cos (Z”L) 1]

—hR sin (LL)

A
—cosapAry - | Ry[ cos (Z”L) 1]
0
LRy cos? o cos ( ) —hsin (2”L)
=& .| AhLR,cos?agsin ( ) — Ry cos apAry - [cos (2”L) 1] , (C7
cos agRj[ cos (EE) — 1] 0
sCiree = siee, (C8)
8Zﬁje = cos onJ3free ere — (1 = p)hRy sin (onzfree

hRo[ () sim (355) = () Locos (37)]

= coso | @ | [ L in () + (5 Peon (32) 1) — £] | + e
0
0 Ry & mao sin (AL)
— | ®- cos ozoRo%2 + Ary - | —Ro qlfzo (cos (ZA—L) —-1)
R 515[1)10 (COS (hL) 1) cos a07
B cos o[ 2Ry S Sin (ZXL) LR, cos (21’\’—:)] 7
® - | cosao{ — 2Ry s‘ffxo [ cos (Z”L) 1] — hLRy sin (zj\f—f)}
. —Rg[ cos (5) — 1]
— (1 = p)hRy sin o —hRysin (ZnL)

+Arg - Ro[cos(2XL) 1]

0

cos (22
omin | RELcosag + O(R) L, ,
= . | Asin (1\_0) h [—1+ (1 — p)sin® a] + O(R§| Arol)

sin g
cos (2[7\7—01‘)
cos (21’\’—01‘)
_ hR3L cos ag oL Ry |Ar

_W hsm(AO) [—1+(1—p)sm ozo]—i—O ' I . (C9)

cos (%)

In summary, we have
hRy sin (ZA—”:)
Jiee — @ . —Ry( cos (ZALO‘) -1 (C10)
0
cos o[ 2Ry S Sin (A—OL) LR, cos (%)] —hR sin (2 L)
% =@ - | cosao{ — 2Rog-[ cos (3E) — 1] — hLRgsin (3)} | + Arg - | Ro[ cos (FE) —1] | (C11)
—R3[ cos (&£ ) —1] 0
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hRo[ ()" sin (32) — (g ) Locos (32)] ,
= 0 | Rt sin () + () (cos (5) — 1) - 5] | + 5 e 1)
0
0 Ro o= sin (%E)
=9 cos apRy + Arg - | —Rogis(cos (55) — 1) |, (C13)
R (cos (55) = 1) cos oy
and the resulting contributions to the perturbations of the resistance matrices from ®, Ar, are
hsin (%)
SAM =27 (1 — p)cosagRy® - (cos (Z”L) 1) , (C14)
0
LR cos? o cos ( ) —hsin (Z”L)
§B™ = ¢, (1 —p)®- | hLRgcos®asin (—0) — C1Ro(1 — p)cosapArg - | [ cos (2”L) 1] 1. (C15)
cos apRy[ cos (Z”L) 1] 0
3Cfree = B, (C16)
cos (271L)
spfree — w ® . | hsin (2XL) [-1+(1— ,o)sm ool + O(RO |Ar0|> (C17)
sin o L L
cos (ZXOL)

APPENDIX D: FEEDBACK TO THE KINEMATICS

We note that throughout this Appendix, we will use the shorthand notation s = sin «p and ¢ = cos otp. Using the rigid, leading-
order kinematics of Eqs. (103) and (104) and Eqgs. (93) and (94), we can express A, and A, as

A = A_D;—Aisz[(l — p)seB + (¢ + ps?hRy Al = %{;@L + (¢* + ps*)6m pay), (D1)
A, = Ag = [(s> + pc)B + (1 — p)schRyA] = AI;‘}ZZ 67 pan(1 — p)sc, (D2)
Aycotag + A, = A;f Afgz [B + cot aphRyA] = Agz_ﬂ\; (1 Lp + 67 jap] cot . (D3)
Substituting into Egs. (146)—(149) (and using the simplified notation 8.4 instead of § 4™, etc.) we obtain
5A = %[pu +6mpapl(l - p)CS—Q, (D4)
8B = %(1 — p)%{{ng + (¢* + ps?)6m pap}e[1 — (cot? ay — cos(4mn))]
+ 6 pay (1 — ,o)szc|:1 — cot? 050(% + cos (47rn))i| } (D5)
8D = %2(1 — p){6nuahcs—2[1 + cos (4mrn)] — s|:0.5{,0§LL + (c2 + ,Os2)6rr;wh}(cot2 oy — COS (4nn))
+ 6mpan(l — p)cz(% + cos (4nn)> } } (D6)

and substituting into Eq. (150) gives the result of Egs. (154) and (155).
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