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ARTICLE INFO ABSTRACT

Keywords: We study slender, helical elastic rods subject to distributed forces and moments. Focussing on
Helical filament the case when the helix axis remains straight, we employ the method of multiple scales to
Kirchhoff rod

systematically derive an ‘equivalent-rod’ theory from the Kirchhoff rod equations: the helical

E/[Oi} §p;’ing ) i filament is described as a naturally-straight rod (aligned with the helix axis) for which the
ultiple-scales analysis extensional and torsional deformations are coupled. Importantly, our analysis is asymptotically
Homogenisation

exact in the limit of a ‘highly-coiled’ filament (i.e., when the helical wavelength is much smaller
than the characteristic lengthscale over which the filament bends due to external loading) and
is able to account for large, unsteady displacements. In addition, our analysis yields explicit
conditions on the external loading that must be satisfied for a straight helix axis. In the small-
deformation limit, we exactly recover the coupled wave equations used to describe the free
vibrations of helical coil springs, thereby justifying previous equivalent-rod approximations
in which linearised stiffness coefficients are assumed to apply locally and dynamically. We
then illustrate our theory with two loading scenarios: (I) a heavy helical rod deforming under
its own weight; and (II) the dynamics of axial rotation (twirling) in viscous fluid, which
may be considered as a simple model for a bacteria flagellar filament. In both scenarios,
we demonstrate excellent agreement with solutions of the full Kirchhoff rod equations, even
beyond the formal limit of validity of the ‘highly-coiled’ assumption. More broadly, our analysis
provides a framework to develop reduced models of helical rods in a wide variety of physical
and biological settings, and yields analytical insight into their elastic instabilities. In particular,
our analysis indicates that tensile instabilities are a generic phenomenon when helical rods are
subject to a combination of distributed forces and moments.

1. Introduction
1.1. Background

Slender elastic rods (also known as ‘filaments’) with an intrinsic helical geometry are encountered in a wide range of physical
and biological systems. In engineering, helical coil springs have long been used to store energy and absorb shock, with applications
ranging from computer keyboards and mattresses to vehicle suspension systems (Kobelev, 2021). In biology, helical forms appear
in a variety of settings, including the tendrils of climbing plants (McMillen and Goriely, 2002), arteries and veins in the human
umbilical cord (Malpas and Symonds, 1966), the shape of some viruses (Stubbs and Kendall, 2012), and — perhaps most famous of
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all — DNA, a biopolymer comprising two helical strands of nucleic acid that spiral around one another (Watson and Crick, 1953).
Furthermore, the majority of bacteria are propelled by helical filaments whose rotation in a viscous fluid induces forward propulsion
due to their chiral shape (Lauga, 2020). Recent interest in artificial swimmers has seen the design of bio-inspired devices driven by
helical filaments (Zhang et al., 2009; Katsamba and Lauga, 2019; Huang et al., 2019; Lim et al., 2023).

In these systems, the elasticity of the filament often plays a key role in its function. Indeed, the flexibility of a traditional coil
spring is essential for its ability to absorb energy, and the linear relationship between small longitudinal displacements of a spring
and the applied force serves as the paradigmatic example of Hooke’s Law. Similarly, the elasticity of biofilaments often plays an
important role. For example, the variety of polymeric filaments (from actin to microtubules) inside the cytoskeleton of cells have
a range of bending rigidities tuned to their structural functions in the cells (Howard, 2001). The flexibility of DNA is known to
be necessary for a variety of processes including replication, packing inside eukaryotic nuclei, and binding to proteins (Peters and
Maher, 2010; Marin-Gonzalez et al., 2021). Moreover, the run-and-tumble motion of multi-flagellated bacteria (such as E. coli)
requires that the flagellar filaments are sufficiently flexible to form a tight bundle behind the cell body during steady swimming,
yet stiff enough to unbundle once one of the rotary motors slows down or reverses direction (Berg, 2003, 2004; Riley et al., 2018).

To model the elastic deformations and dynamics of helical filaments, the Kirchhoff rod equations are commonly used (Goriely
and Tabor, 1997c; Goriely, 2017). These equations are geometrically nonlinear and so can account for large, global displacements of
the rod in three dimensions, while maintaining a mechanically-linear (i.e., Hookean) constitutive law; such large displacements are
consistent with the assumption of small local strains, as required for linear elasticity, provided that the lengthscale of the deformation
is much larger than the cross-section dimensions of the rod (Audoly and Pomeau, 2010). This geometric nonlinearity also makes
a mathematical analysis of the rod equations difficult, so that the dynamic behaviour of helical rods under external loading is still
generally poorly understood. Most research in the area tends to be computational in nature (Shum and Gaffney, 2012; Jawed et al.,
2015; Jawed and Reis, 2017; Park et al., 2017, 2019), though simulations are computationally expensive due to the inherent three-
dimensional geometry of helical filaments, meaning only a relatively small number of simulations may feasibly be performed. One
alternative approach is to use a coarse-grained elastic model — for example, by replacing the filament by bead-spring interactions
— to decrease the computational expense. Coarse-grained models have been applied successfully to study flagellar bundling (Flores
et al., 2005; Watari and Larson, 2010; Nguyen and Graham, 2017, 2018) and the stability of a Slinky toy (Holmes et al., 2014),
although such models are generally still too complex to be solved analytically.

As an alternative to numerical simulations, analytical models are of fundamental importance: they clarify the dependence on
(possibly many) parameters of a system, and provide a basis to guide more detailed simulations or experiments. In general, to
make analytical progress with the Kirchhoff rod equations an approximation must be made, for which previous work can roughly
be split into two groups. The first group is based on the assumption that the filament is relatively stiff compared to the external
loads, or close to a buckling threshold, so that the deformed shape can be analysed as a small perturbation away from a known
base state (such as the natural helical shape). Early work considered helices of small pitch angle and treated the natural shape as
a small perturbation from a straight rod (Haringx, 1949). Goriely and Tabor (1997a,b) developed a general perturbation scheme
to study, respectively, the linear stability and weakly-nonlinear dynamics of elastic rods; this scheme was then applied to helical
rods by Goriely and Tabor (1997c), who quantified the early-time dynamics of buckling under axial compression. Moreover, the
assumption of small deformations is useful when modelling helices rotating in viscous fluid, since the fluid and elastic problems
can be decoupled to a first approximation: the viscous drag is computed for an undeformed helix rigidly rotating about its axis, and
this drag is then used to calculate the deformed shape (Takano et al., 2003; Kim and Powers, 2005). This asymptotic procedure was
explored in detail by Katsamba and Lauga (2019), who were also able to calculate the next-order correction to the drag forces in
this approximation.

The second group of analytical models consists of ‘equivalent-rod’ approximations. These model the helical filament as a
naturally-straight rod whose centreline is aligned with the helix axis; the effective elastic properties of the rod are chosen so that the
deformation captures that of the full helix in simple loading situations, for example end-to-end compression or uniform bending. Such
approximations have long been used in engineering to describe the lateral vibrations and buckling behaviour of helical coil springs,
where they are known as ‘equivalent-column’ approximations; see Chapter 3 of Kobelev (2021) and references therein. In the absence
of distributed loads, a theoretical basis for an equivalent-rod approximation is provided by the work of Love (1944), who derived
equilibrium equations for helical filaments based on the inextensible Kirchhoff rod equations under terminal loads. In the case where
the loads form a wrench whose axis coincides with the axis of the helix, an exact solution of these equations is that of another helix
with modified geometry (Love, 1944). By linearising this solution in the limit of small deformations, stiffness coefficients for an
equivalent-rod approximation can be obtained. Using an ad hoc assumption that these linearised stiffness coefficients can be applied
locally (i.e., for each infinitesimal spring element) in dynamic problems, Phillips and Costello (1972) analysed free extensional-
torsional vibrations of helical springs, obtaining good agreement with experiments even for large longitudinal displacements.
This work has since been extended, for example to address the radial expansion of impacted springs (Costello, 1975), filament
extensibility (Jiang et al., 1991; Jiang and Wang, 1998), and the effects of shear deformations (Kruzelecki and Zyczkowski, 1990;
Michalczyk and Bera, 2019). However, the validity of equivalent-rod approximations remains unclear when dynamic effects and
distributed loads are present.

Equivalent-rod models have also been developed in other contexts. Kehrbaum and Maddocks (2000) analysed the mechanical
properties of straight elastic rods with high intrinsic twist, as a model for DNA molecules deforming over lengthscales much larger
than that of individual base pairs. Using a Hamiltonian formulation of the Kirchhoff rod equations in the absence of distributed
loads, in which the twist lengthscale plays the role of a ‘fast’ time-like variable in a dynamical system, they used standard averaging
theory to obtain an effective constitutive law governing bending over relatively large or ‘slow’ lengthscales. For linearly elastic
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rods, this effective constitutive law is isotropic, even if the rod is locally anisotropic. Rey and Maddocks (2000) built upon this work
to consider twisted rods under general boundary conditions and buckling under compression. Healey (2011) studied hyperelastic
rods possessing helical material symmetry, i.e., straight rods whose material parameters vary longitudinally according to a uniform
circular helix. By applying both standard averaging theory and Gamma-convergence methods in the limit of zero helical pitch, an
effective hemitropic constitutive law was derived that retains the chirality of the original helical symmetry (Healey, 2002).

There are several hints that a similar averaged theory may be fruitful to describe the mechanics of helical filaments when
distributed loads are present. For example, the instabilities of a helical rod rotating in viscous fluid share many features with those
of a naturally-straight rod. If a naturally-straight rod is rotated about its axis while the other end is free, the straight (twirling) state
becomes unstable at a critical frequency and transitions to an overwhirling state characterised by significant bending (Ryan and
Wolgemuth, 2022). A helical rod (with sufficiently shallow pitch angle) rotated about its axis exhibits an analogous instability, for
which the critical frequency scales with the bending stiffness and filament length identically to the straight-rod case (Park et al.,
2017). At large pitch angles, the translation-rotation coupling in the viscous drag becomes significant, and the filament may buckle
under a combination of the hydrodynamic torque and propulsive force. In this regime, Vogel and Stark (2012) were able to obtain
good agreement with a straight-rod model; Jawed et al. (2015) found that the critical frequency scales identically to an effective
beam of equal length.

1.2. Summary and structure of this paper

In this paper, we develop a reduced model for a helical rod undergoing unsteady deformations in the presence of distributed
forces and moments. The fundamental assumptions of our theory are that (i) the helix wavelength is much smaller than the
characteristic lengthscale over which the filament bends, which we refer to as the ‘highly-coiled’ assumption (we emphasise that our
definition of ‘highly-coiled’ here should not be confused with the limit in which the helical pitch approaches zero); (ii) the filament
is sufficiently slender so that the local strains remain small and we may assume linear elasticity; (iii) the filament has uniform,
circular cross-section; and (iv) the helix axis remains straight. While in general multiple types of deformation are possible, namely
extensional-rotational deformations about the helix axis and bending of the helix axis itself, we ignore axis bending here as it allows
us to understand how the helical geometry depends on the distributed loads without introducing additional complexity. We therefore
refer to our reduced model as a ‘(straight) equivalent-rod’ theory, to distinguish it from ‘equivalent-column’ approximations that
incorporate axis bending and buckling (Kobelev, 2021).

Inspired by the work of Kehrbaum and Maddocks (2000) and Rey and Maddocks (2000) on straight rods with high intrinsic
twist, we employ a homogenisation procedure in which the helix wavelength acts as a ‘fast’ time-like variable. The basis of our
method is Love’s helical solution of the Kirchhoff rod equations, in the case of a constant wrench aligned with the helix axis (Love,
1944). Under the highly-coiled assumption, the force and moment resultants in the rod are approximately constant over each helical
wavelength; provided that the helix axis remains straight, these resultants form a wrench aligned with the helix axis, so that the
solution is locally a rigid transformation of a helix with modified geometric parameters. We then apply the method of multiple scales
to describe ‘slow’ variations in the geometric parameters under distributed loading. These variations in helical geometry correspond
to extensional and torsional deformations about the helix axis, so that we obtain an equivalent-rod theory.

The remainder of this paper is organised as follows. In Section 2, we present the Kirchhoff rod equations and their non-
dimensionalisation, before introducing the highly-coiled assumption. We also discuss the numerical implementation of the full
Kirchhoff rod equations, which we later use to generate simulation results for specific loading scenarios. In Section 3, we apply
the method of multiple scales to derive the equivalent-rod equations, showing how these arise as solvability conditions on an
appropriate first-order problem when the solution is expanded as an asymptotic series. In Section 4, we analyse the equivalent-
rod equations in detail: we first show how the equations can be written in terms of useful pairs of variables for analysis, before
considering singularities and the small-deformation limit of the equations. We next apply our theory to two specific scenarios: the
compression/extension of a heavy helical column in Section 5, and the dynamics of a helix rotating in viscous fluid in Section 6.
In both scenarios, we compare the predictions of the equivalent-rod theory with numerical simulations. Finally, in Section 7, we
summarise our findings and conclude. We discuss how the framework introduced here may be extended to incorporate other
effects, including axis bending and different cross-section shapes, and we comment on the physical significance of singularities
for instabilities of helical rods subject to distributed loads.

2. Theoretical formulation

In this section we derive the equations governing the helical filament in the framework of Kirchhoff rod theory. We present
only the key ingredients here; for a detailed treatment see Audoly and Pomeau (2010) or Goriely (2017). We consider an elastic
filament whose undeformed centreline is a uniform helix with contour length /, pitch angle a* (the angle between the centreline
tangent and the helix axis), contour wavelength A%, and chirality index » = +1 (h = —1 or +1 corresponds, respectively, to a
left-handed or a right-handed helix); see Fig. 1a. Simple geometry states that the radius of the cylinder on which the helix is wound
is r* = 2*sina"/(2x). Here and throughout this paper, we use the superscript “ to denote quantities of the undeformed shape that may
change during deformation, and drop these for the deformed (current) shape. The filament has a circular cross-section of constant
radius ¢ and we assume that it is sufficiently slender (i.e., a < A*) so that it is inextensible and unshearable. We also assume that
the filament is composed of a uniform, isotropic material of density p, and that the strains remain small; we may then use a linearly
elastic constitutive law with (constant) Young’s modulus E and Poisson ratio v.
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Fig. 1. (a) Schematic diagram of the undeformed helical filament, showing the notation we use: total contour length /, pitch angle a*, chirality index 4, contour
wavelength 2%, helix radius r#, filament radius a, arclength s and Cartesian coordinates (x, y, z) (the helix frame). (b) Corresponding Frenet-Serret basis vectors.

2.1. Kinematics

As shown in Fig. 1a, we introduce Cartesian coordinates Oxyz (the ‘helix frame’) such that the undeformed helix axis lies on
the z-axis, and the filament base (taken to be at z = 0) lies on the x-axis. The corresponding unit Cartesian vectors are denoted
{e,. e, e.}. If the filament base is not fixed in space but is allowed to move (e.g, if it is attached to a freely-moving body), the helix
frame rotates and translates relative to the laboratory frame.

Deformed configuration. During deformation, we write r(s,7) for the centreline position at arclength s (measured from the filament
base) and time . Under the inextensibility assumption, the unit tangent vector, ds(s, 1), is (Coleman et al., 1993)
_or

=

which we refer to as the inextensibility constraint. To describe the local orientation of the rod, we introduce the additional vectors
d,(s,1) and d,(s,?) such that {d,,d,,d;} (referred to as directors) form a right-handed orthonormal basis for each s and ¢ (Antman,
2005); the vectors {d;,d,} span the normal plane through the cross-section, changing orientation as the rod bends and twists. We
can then quantify mechanical strains via the strain vector, u, and the angular velocity vector, @ (also known as the twist vector
and spin vector, respectively; see Goriely and Tabor, 1997c), which account for rotations of the directors as s or 7 varies (hence
preserving their orthonormality):

od, od,

¥=u><di, 7=(O>(di, i=1,2,3. (2)

Expressing u and o in terms of components with respect to the director basis,

d; (€3]

u=ud; +uydy +uzd;, ®=ow;d; +w,d) + w;ds,

we can interpret u; and u, as the bending (flexural) strains (the rate at which the tangent vector d; rotates about d; and d,,
respectively, as s increases) and u; as the twist (torsional) strain (the rate at which d, and d, rotate about d;, which incorporates
both axial twist and centreline torsion) (Antman, 2005; Audoly and Pomeau, 2010). The interpretation of the components w; is
analogous with s replaced by time, .

Undeformed configuration. The undeformed centreline can be written in cylindrical polar coordinates as
r‘(s) =r"e.(s) +scosa"e, 0<s<l, 3

where the local unit vectors evaluated on the centreline and the winding angle of the helix (i.e., the polar angle between the radius
to the filament and the x-axis) are

(€]

e.(s) = cosy'(s)e, +siny(s)e,, ep(s) =—siny“(s)e, +cosy’(s)e,, wh(s) =

Because the filament has a circular cross-section, without loss of generality! we may choose the undeformed director basis to
coincide with the Frenet-Serret frame {n“,b%, t"}; here n“, b" and t“ correspond to the unit normal, binormal and tangent vectors
along r*(s), respectively:

n“(s) = —e,.(s), b“(s)=—cosa"ey(s)+ hsinae,, t'(s)=hsina"ey(s)+cosa’e,. (5)

1 In general, the undeformed directors {d{(s),d}(s),d;(s)} are chosen such that d(s) = t“(s) = dr"/ds is the unit tangent vector and {d{(s),d;(s)} lie along
the principal axes of inertia of the cross-section (Coleman et al., 1993). Because we consider an isotropic rod with circular cross-section, we are free to choose
any orientation for d{(s) and dj(s) provided that {d{(s),d5(s),d}(s)} are orthonormal (and twice continuously differentiable) at each s. In particular, we choose
d{(s) = n“(s) and dj(s) = b“(s), where n“(s) and b*(s) are defined in Eg. (5).
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These are illustrated in Fig. 1b. Setting {d,,d,,d;} = {n*,b" t*} in Eq. (2) shows that the undeformed strain vector, denoted u", is
equal to the Darboux vector of the Frenet-Serret frame:
Q1 u < U
W= b 4 T = 27rhez where = 2z sina’ L= 2zhcos a '
A AU AH

The quantities «* and 7“ are the Frenet curvature and torsion of r, respectively.

©)

2.2. Mechanics

Let f(s,7) be the resultant force and m(s,t) be the resultant moment attached to the filament centreline, obtained by averaging
the internal elastic stresses over the cross-section at position s. Balancing linear and angular momentum, we obtain the inextensible,
unshearable Kirchhoff rod equations (Audoly and Pomeau, 2010)

of r

o5 Tle=rATE @
om B 0%d, 0%d,

g+d3><f+me_psl<d1><?+d2><? N 8)

where f, and m, are, respectively, the external force and moment exerted on the rod per unit arclength, A = za? is the cross-sectional
area, and I = za*/4 is the second moment of area of the cross-section. (We neglect fictitious forces that may arise when the helix
frame is non-inertial and accelerates relative to the laboratory frame.) The above equations are supplemented with the isotropic,
Hookean (linearly elastic) constitutive law

m= B [ud; + (u —x*) dy| + C (u3 — 7*) d3, 9)

where B = EI is the bending modulus and C = pJ is the twist modulus (4, = E/[2(1 +v)] is the shear modulus and J is the torsion
constant) (Howell et al., 2009). We neglect warping of the cross-section (justified by its circular shape), which gives J = 2I = za*/2
and hence
B
c= 1+v’ (10)
The appearance of k* and z* in Eq. (9) guarantees that the rod is unstressed in its undeformed shape when {d,,d,,d;} = {n*, b* t*}
and u = u¥ = k“b* + T"t".

2.3. Boundary conditions

Given the external forces and moments, the system is closed by appropriate boundary conditions and (if relevant) initial
conditions. We shall restrict to situations where the filament tip s = / remains free of forces and moments:

f(,t)=m(l,1) =0. 1D

In general, it is also necessary to provide boundary conditions at the filament base, for example specifying the position and
orientation of the filament. However, the multiple-scales analysis presented in Section 3 leads to equivalent-rod equations that are
first-order in space, so that the boundary conditions (11) uniquely specify the solution (assuming the external forces and moments
are known). To be compatible with the straight equivalent-rod approximation, we therefore suppose that the filament is supported
at its base such that the centreline is located on the x-axis in the z = 0 plane; this is equivalent to the condition

r(0,1)x e, =0. (12)

At leading order, we thus do not specify the orientation of the filament nor its x-coordinate at z = 0. Once the equivalent-rod
equations are solved, the value of r(0,) is determined and hence the centreline r(s, ) can be found by integrating the inextensibility
constraint (1).

2.4. Non-dimensionalisation

To non-dimensionalise the problem, it is natural to scale all lengths by the undeformed contour wavelength, 1“. From the
kinematic Egs. (2), the strain vector scales as |u] ~ 1/4%. We scale the moment and force resultants by their typical magnitudes
associated with bending over the lengthscale A“. Using the constitutive law (9) and moment balance (8), these are |[m| ~ B/A* and
|f| ~ B/(4*)>. We denote the typical magnitudes of the external force and moment by [f] and [m], respectively, which are determined
by the physics governing the external loading. Keeping the timescale [¢] unspecified for now, we then introduce the dimensionless
variables

1 1

/] 1 1 1]
r = A“R, (x,¥,z,8) = MX,Y,Z,S), 1=1L, (" 7")= FUC",T"), u= FU, u = FUL, u = FU,-,
1 1 B B
(=T, @=rQ ©=Q m=ZM f= G F, f,=[fIF,, m,=[m]M,. (13)
Under the above re-scalings, the inextensibility constraint (1) becomes
JR

d, = —. 14

3708 a4
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In terms of the dimensionless strain vector U = Y, U;d; and angular velocity vector Q = Y, 2,d,, the kinematic Egs. (2) are

od, ad,
aS—U xd;, ﬁ:!}xdi, i=1,2,3. (15)
Using Eq. (3), the dimensionless natural shape, R = r¥/ 4%, can be written as
u o1 u
RY(S) = R%,(S)+ Scosa‘e, O0<S<L,  where R‘= ;—u = 51;7‘: ) (16)

In terms of dimensionless arclength, .S, the undeformed winding angle is written y*(S) = 2zhS. Using Eq. (6), the dimensionless
undeformed strain vector, Frenet curvature and torsion are

U = K'b" + T"t" =2zhe,, K"=2zsina“, T"=2mhcosa". a7z
The force and moment balances (7)-(8) now read
2

oF #*\" 0°R

—+4+eF, = —) —, 18
o5 Tete ([r]) T2 (18)

2 2 2

oM o 0%d,

— +d; xF oM, = X — |, 19
o5 ThxEHeoMe=n ( ) ( a2 T X o (19)

where we define

u\3 u
_U s ml A A(A I/A_ o0
B Lf1ax

Here ¢ and § are dimensionless parameters measuring the relative importance of the external force and moment, respectively; ¢* is
the timescale of inertial oscillations on the wavelength lengthscale; and # is a slenderness parameter. Using A = za and I = za*/4,
we have = a/(24"); consistent with neglecting the effects of both axial extensibility and shear in the limit a < 1%, we neglect the
#? term on the right-hand side of Eq. (19) so that the moment balance simplifies to
31;[+d3xF+65M =0. 1)

We will assume that § = O(1), i.e., the deformation is driven mainly by the external force in Eq. (18). However, this assumption is
not essential and the averaging method we present in Section 3 may be readily adapted to the case when the deformation is instead
driven by the external moment.

We write the force and moment resultants in terms of components with respect to the director basis, F = }'; F;d; and M = }’, M,d,.
The constitutive law (9) becomes (using Eq. (10))

M, =U, My=U,—x¥ my=23"T" (22)
1 =Yy, 2=, > 3=
Finally, the boundary conditions (11)-(12) become
R0, T)xe, =0, FUL,T)=M(L,T)=0. (23)

For unsteady problems, the relevant initial conditions are non-dimensionalised to complete the system.
2.5. Highly-coiled assumption

The fundamental ‘highly-coiled’ assumption that we make in this paper is that the impact of the external loading is small on
the wavelength lengthscale, i.e., we assume that ¢ <« 1. We emphasise that our definition of the term ‘highly-coiled’ should not be
confused with the limit in which the helical pitch tends to zero, ie., a* — /2. Note from Eq. (20) that e can be written as

(&)
e=|— R
[s]

where [s] = (B/[f])!/? is the typical lengthscale over which the filament bends significantly due to the external force [f] (obtained
by balancing terms in the force balance (7) with the scaling behaviour |f| ~ B/[s]?> and d/ds ~ 1/[s]). The highly-coiled assumption
e < 1 then states that ¥ < [s], i.e., there is negligible bending over each helical wavelength. In the next section, we show how this
assumption can be exploited to construct an equivalent-rod theory.

2.6. Numerical simulations of helical rods

In addition to the multiple-scales analysis presented in Section 3, we perform numerical simulations of the full Kirchhoff rod
equations, i.e., Egs. (14)-(15), (18) and (21)—(22). Later, in Sections 5 and 6, we will compare the results of these simulations with
predictions of our equivalent-rod theory for specific loading scenarios. Because we consider either equilibrium solutions (Section 5)
or dynamics dominated by viscous forces (Section 6), we neglect rod inertia in our numerical simulations, which is equivalent to
considering a timescale [¢] > ¢* so that the inertia term in Eq. (18) is negligible. Moreover, we focus on external forces and moments
in the form

F, =Ae% +BR+C,, M,=D,Q+E, (24)
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for general second-order tensors A,(S,T), B,(S,T), D.(S,T) and vectors C,(S,T), E,(S,T). The specific loading types studied in
Sections 5 and 6 can then be obtained by an appropriate choice of A, B,, C,, D, and E,.

Recall from the discussion surrounding Eq. (12) that we require additional boundary conditions at the filament base when solving
the full Kirchhoff rod equations. In all numerical simulations reported in this paper, we suppose that the filament is rigidly clamped
at its base such that the position and orientation remain unchanged from the undeformed configuration. (It should be noted that
these boundary conditions are consistent with Eq. (12)). Together with the force-free and moment-free conditions at the filament
tip, we therefore have the boundary conditions

d;(0,7) =n"(0) = —e,,
R(0,T) =R"(0) = R"e,, d,(0,7) =b"(0) = —cosa’ e, + hsina“e,, and F(L, T)=M(L,T)=0. (25)
d;(0,7) =t*(0) = hsina“ e, +cosa‘e,,

With the external loading (24) and boundary conditions (25) (and appropriate initial conditions), we solve the dimensionless rod
equations using the method of lines: we discretise the equations with respect to arclength .S € [0, L], resulting in a set of ordinary
differential equations (ODEs) in time that we integrate numerically. To this end, we first recast the Kirchhoff rod equations as a
single integro-differential (vector) equation governing the orientation of the rod centreline. This is achieved by introducing Euler
angles ¢,(S,T), 0,(S,T), w,(S,T) that parameterise the directors d; with respect to the Cartesian basis in the helix frame; see, for
example, Coleman et al. (1993). With this parameterisation, we then (i) determine the strain vector U and angular velocity vector
Q, and hence M and M,, in terms of S and T derivatives of (¢,,0,,w,) (using Egs. (15), (22) and (24)); (ii) use Egs. (14) and (24)
to express R and F, as single integrals involving (¢,.6,,v,); (iii) integrate the force balance (18) to obtain F as a double integral
involving (¢,.0,,y,); and (iv) insert the expressions from steps (i)-(iii) into the moment balance (21) to arrive at a single vector
equation of integro-differential form, in which the Euler angles appear as the only unknowns. The integro-differential equation is
then expressed in component form with respect to the Cartesian basis, and the boundary conditions (25) (and initial conditions if
appropriate) are written in terms of (¢,,0,,y,).

Our integro-differential formulation is an extension to three dimensions of previous work on dynamic elastica simulations, which
consider pure bending of an elastic rod in two dimensions (Gomez, 2018; Liu et al., 2021; Gutierrez-Prieto et al., 2024). The major
benefit is that dynamic simulations using the method of lines may be performed efficiently, since there is no need to explicitly impose
inextensibility of the rod centreline between neighbouring mesh points in the discretisation, thereby avoiding a large number of
constraints that are typically encountered with exact inextensibility (Gomez, 2018).

We discretise the integro-differential equation using a similar procedure used for dynamic elastica simulations (Gomez, 2018;
Liu et al., 2021; Gutierrez-Prieto et al., 2024). We introduce a uniform mesh on S € [0, L] with spacing AS = L/N, where N is a
fixed integer. We formulate a numerical scheme with second-order accuracy as the mesh size AS — 0: we use second-order finite
differences to approximate spatial derivatives (centred differences at interior mesh points, with forward/backward differences at
the boundaries), together with the trapezium rule for quadrature. The result is a system of 3(V — 1) ODEs for the values of the
Euler angles at the (N — 1) interior mesh points, which we express in matrix-vector form and implement in MATLAB. For steady
solutions, the ODEs become algebraic equations which we solve using the MATLAB routine fsolve (error tolerances 10~10). We
have verified that steady solutions converge to the solution obtained by directly solving the steady boundary-value problem (without
first discretising) using a collocation method (bvp4c in MATLAB). For dynamic simulations, we integrate the ODEs (with appropriate
initial conditions) using the routine ode15s in MATLAB (relative error tolerance 10~°, absolute error tolerance 10~2). We have
verified second order convergence of successive solutions as N is increased. In all dynamic simulations reported in this paper we
take N = 200, while for steady solutions we use N = 1000. We have verified that the results are insensitive to further increasing N
or decreasing error tolerances.

The simulations output the Euler angles parameterising the orientation of the rod centreline at each mesh point in the numerical
discretisation. From these angles, the corresponding values of R, dR/dT, U, M and F are computed using the expressions obtained
when formulating the integro-differential equation, i.e., steps (i)-(iii) above.

3. Multiple-scales analysis of highly-coiled filaments

In the limit of highly-coiled filaments (¢ < 1), we anticipate an approximate solution using the method of multiple scales, in
which arclength is analogous to the time variable in a dynamical system. On the ‘fast’ wavelength lengthscale, .S = O(1), the force
and moment resultants are approximately constant. Provided that the helix axis remains straight, these resultants form a wrench
aligned with the helix axis, for which a stationary solution to the Kirchhoff rod equations is another helix with (in general) modified
pitch angle and wavelength (Love, 1944). The aim here is to obtain a system of equations governing the helical geometry that arise
from ‘slow’ changes to the force and moment resultants, as well as the constraints that must be satisfied by the external loading to
ensure a straight helix axis.

3.1. Method outline

As discussed in Section 1.2, in this paper we ignore bending of the helix axis. We seek a solution which, to leading order,” is a
helix whose axis is parallel to the Z-axis with slowly-varying (unknown) pitch angle « and dimensionless contour wavelength A;

2 Unless otherwise stated, the asymptotic limit we are considering is ¢ — 0. We use big-O notation in the usual way: f = O(g) means |f/g| < C for some
constant C > 0 as € — 0. We also use the notation f = ord(g) to denote |f/g| — C for some constant C > 0 as ¢ - 0, and f ~ g to denote asymptotic equivalence,
ie, f/g—>1ase—0.
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Fig. 2. Multiple-scales analysis of highly-coiled helical filaments with a straight helix axis, presented using dimensionless quantities (lengths scaled by the
undeformed contour wavelength, 4*). Each close-up shows a helical wave centred around the point with ‘slow’ variable S (where s = e¢~! A“S), together with the
undeformed filament (grey curve). The deformed shape is locally another helix with pitch angle « and dimensionless wavelength A = A/4“, where « and A vary
with S. Because the filament tip is free of forces and moments, a ~ a* and A ~ 1 in its vicinity and the shape resembles a translation of the undeformed helix
(right close-up). Elsewhere, the helical parameters may deviate significantly (left close-up).

see Fig. 2. The undeformed filament corresponds to the values a = a* and A = 1. We denote the slow lengthscale by S (to be defined
precisely below), so that « = a(S,T) and A = A(S,T).

Recall that we assume that the deformation is principally driven by the external force, and that the filament tip is free of forces
and moments. Integrating Eq. (18) backwards from the tip shows that the dimensionless force resultant at arclength S is of magnitude
|F(S,T)| = ord(e(L —S)). We will show below that F is of the same order as the change in helical parameters from their undeformed
values, i.e. (a —a*) and (A — 1). We therefore have

|a(S,T) = a"| = O(e(L = ), [|A(S,T)~ 1| =O(e(L - 5)). (26)
The slow lengthscale S, over which the helical geometry varies significantly, is then defined by®
S=e's. (27)
In what follows we consider eL = O(1), so that S = O(1) throughout the filament and hence O(1) changes to the helical geometry
may occur.
We also assume that any unsteadiness in the deformation is driven by the external force. Balancing the inertia term on the

right-hand side of Eq. (18) with the external force, and using the scaling behaviour |R| = O(L) = O(e~!), we obtain */[{] = O(e).
Hence, we choose the timescale

[ =elr. (28)

The basis of the multiple-scales method is to formally treat .S and S as independent variables. The chain rule then implies that
J J d

g -2 L 29

95~ asls T€as|s (29)

Throughout the following analysis, we consider S varying over a general helical wave centred around the point with slow variable
S (Fig. 2):
S=e!S+AS  where ASe (—% %) .

Later, we will integrate the force and moment balances with respect to .S over the helical wave, leading to evolution equations as
S and T vary.

3.2. Locally-helical kinematics

Before proceeding, we derive the kinematic quantities associated with our ansatz of a locally-helical shape. Let {n,b,t} be the
Frenet-Serret frame along the helical wave centred at S, associated with the local values of the pitch angle « and contour wavelength
A. By analogy with the Frenet-Serret frame associated with the undeformed centreline, Eq. (5) (see also Fig. 1b), we postulate that

n(S,S,T) = —e.(S,S5,T),

b(S,S,T)=—cosa(S,T)ey(S,S,T)+ hsina(S,T)e,,

t(S,S,T) = hsina(S,T)ey(S,S.T) + cosa(S,T)e,, (30)
3 We note that the lengthscale S differs from the deformation lengthscale identified earlier (s = [s] in dimensional terms), which, using S = s/ together

with e = (4“/[s])’, is given in terms of dimensionless arclength by .S = ord(¢~!/?). This is because S = ord(e~'/?) is the lengthscale over which the filament axis
bends due to the external force, rather than the lengthscale over which the helical geometry (with straight axis) varies.
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where e,(S,S,T) and e,(S,S,T) are the radial and azimuthal unit vectors, respectively, evaluated on the deformed centreline.
(Here we are assuming that there is no change in chirality of the helix from its undeformed value, 4.) These unit vectors are now
parameterised by the unknown winding angle w (S, S, T) of the deformed helix:

€.(S, 8, T) =cosy(S,S,T)e, +siny(S,5.T)e,, €y(S,S,T)=—siny(S,S,T)e,+cosy(S,S,T)e,. (31)
Because the local contour wavelength is A, we have

d

w| _2zh (32)

aS|ls A

After integrating, note that in general y # 27hS/A, i.e., the additive function of S is generally non-zero. We will show below that
this corresponds to a slowly-varying phase shift that accounts for variations in A.

We write {d(lo), d(zo), dgo)} for the leading-order directors associated with the locally-helical shape. Because we assume that the rod
is unshearable, d;o) coincides with the unit tangent vector above: d(;)) = t. The other directors {d(o),d(zo) } are then a rotation of the
Frenet-Serret basis vectors {n,b} according to the excess axial twist in the rod. However, we note that the force balance (18) and
moment balance (21) are both homogeneous at leading order in ¢ (using [f] = e~!#* and 6 = O(1)). For a stationary helical rod in the
absence of distributed loads, it can be shown that the excess twist must equal its undeformed value, in this case zero (Goriely
and Tabor, 1997c). As a consequence, the leading-order directors are precisely the Frenet-Serret basis vectors reported above

(Eq. (30)):
0 _ 0 _ ©0) _
d”=n d,"=b, dy =t (33)
We can determine the leading-order centreline, denoted R, and winding angle, y, by solving the inextensibility constraint (14)
with the tangent vector d;o) above. The calculation, detailed in Appendix A, yields
RO(S,8.T) = R(S.T)e(S.S.T) + [e' Z(S.T) + AS cos a(S, T)| e, (34)
2xhAS
A(S,T)’

where R(S,T) is the slowly-varying helical radius, Z(S,T) is the wavelength-averaged longitudinal coordinate, and ¥ (S,T) is the
wavelength-averaged winding angle (see Fig. 2). In terms of the slowly-varying pitch angle « and wavelength A, these are given by
(Appendix A)

w(S,S,T)=ec"W(S,T)+ (35)

. S S
R(S.T) = w Z(S,T) = / cosa(e, T)dé, W(S,T)=2xh /
0 0

d¢é

_—, 36
A@E.T) (36

where we have made use of the boundary condition at the filament base, Eq. (23). These expressions show how changes to « and
A correspond to extensional (longitudinal) and torsional deformations about the helix axis.
For later reference, we also calculate the centreline velocity and acceleration using the above expression for R©):

0RO 9R _10¥ 27hAS 0A _10Z da .
aT _()—Te’+R(€ T ye a—T>e9+<e d_T_ASd_Tsma)ez
_ oY 9
=¢! (Ra—Teg + a—fez) +0(1), (37)

0’R©O Y, A% | [4zhas oA o 1 0 o 02z
=—eR () e e L Re, + o = (RS ) e + T2 | + 0. 38
orr = ¢ R Gr) et [T arar Xt rar \Rar ) et g2t O (38)
In general, the external force F, and moment M, depend on the position and orientation of the rod. The above expressions,
together with the expressions obtained in Section 3.4 below, allow F, and M, to be expressed in terms of parameters governing
the slowly-varying helical geometry. To be more concrete, suppose that F, and M, are known functions of the centreline position,
centreline velocity, directors and angular velocity: M, = M,(R,0R/dT,d;, 2) and F, = F,(R,0R/dT,d;, ). Formally, we can then

expand

F,~F% M,~M®  where F®=F, <R<0>, IRY 4o, g“”) , MO =M, <R<°>, 9RO 40, Q“”) .
aT ! ¢ oT !

Egs. (33)-(37) (together with the solution for 00 in Eq. (43) below) can then be used to express the external loads in terms « and
A.

3.3. Perturbation scheme

Following Goriely and Tabor (1997a,b), we choose to not express the rod equations in component form with respect to a fixed
external basis (using, for example, Euler angles to parameterise the directors) before perturbing quantities. Instead, we seek a regular
perturbation expansion of the directors themselves in powers of e:

d=d”+ed” +0(?), =123
We need to ensure that the director basis remains orthonormal at each order of the expansion, i.e.

0 0 0 1 1 0
sy=d-d;=d”-d +e d§>~dj.>+d§>-d§>]+0(e2),



M. Gomez and E. Lauga Journal of the Mechanics and Physics of Solids 194 (2025) 105921

where §;; is the Kronecker delta. As explained by previous authors (Goriely and Tabor, 1997a; Katsamba and Lauga, 2019), the O(e)
term in the above equation vanishes for all i, j € {1,2,3} if and only if there exists a vector @ such that

dV=oxd”, =123 (39)

In addition, we expand the components (in the director basis) of the strain vector U, angular velocity vector @, resultant force
F and resultant moment M in powers of e:

U =U"+eU +0?), 2=0"+eQV+0?, M;=M?+eMV +0, F=F”+cF"+0. (40)

The advantage of this approach is that we can readily obtain the expansions of the vectors U, 2, F and M using Egs. (39)—(40).
Explicitly, for a general vector W = ), W;d; whose components have the regular expansion W, = WI.(O) +e Wi(l) +0(e?), we note that
W has the expansion (Goriely and Tabor, 1997a)

3 3 3

W= Wd =WO+eWD+0@?)  where WO=3 w40, wh=3 w04 +oxwO. (41)

i=1 i=1 i=1
In what follows, we will use this identity with W = U, 2, M and F. Our method is to substitute the above expansions into the
dimensionless equations derived in Section 2.4, expand spatial derivatives using the chain rule in Eq. (29), and solve at each
successive order in e.

3.4. Leading-order problem

The kinematic Egs. (15) at leading order are

0) 0)

Al U0 x d? o _ QO xq© i=1,2,3. (42)
S | i 9T i e
Substituting the ansatz (33) for the leading-order directors dl(.o), and evaluating derivatives of the Frenet-Serret basis vectors {n,b,t}
using Egs. (30)-(32), we obtain
2rwh oJa oy

UO=xb+7t= = e QO = horn+ e,
ie., U is simply the Darboux vector associated with the Frenet-Serret frame {n,b,t}, where the slowly-varying Frenet curvature
K(S,T) and torsion 7(S,T) are

2z sina(S,T)

K(S,T) = W, T7(S,T)=

(43)

2rxhcosa(S,T)

AGS,T) (44)

When the filament is undeformed, we have K = K%, 7 = 7* and {n,b,t} = {n“,b*, t*}; the expression for U? then coincides with
the undeformed strain vector, U* = K"b" + T“t", given earlier in Eq. (17).
The force balance (18) and moment balance (21) at leading-order are

oF©

| = 45
5 |s (45)

oM© © 10

—| +dPxFO=0. 46
5 |s +dy7 x (46)

The constitutive law (22) with U® above (Eq. (43)) gives

MO=0, MO=x-x, MO=T=T" (47)

o s T+v
The force resultant satisfying Eqs. (45)—(46) is then (Goriely and Tabor, 1997c¢)
_TU _xu
FO — (u _ T&) vo. (48)
1+v K

To see that F© is indeed independent of S, as required by Eq. (45), we note from Eq. (43) that U® = (2zh/A)e,. We delay discussing
the boundary conditions (23) until Section 3.8.

For later reference, we also write the resultants in terms of the unit vectors in cylindrical polar coordinates. Making use of
Egs. (30) and (44), we obtain

M©® = RF, e, + Mye,, FO=F,e, (49)
where the slowly-varying radius R was defined in Eq. (36), and M ,(S,T) and F,(S,T) are given by
A T-T" 2zh (T —TY K-K
My, =" |KK-KY+T , = 2%h -7 . -
7= 2am | < T 274 < l1+v K ) (50)

We see that the moment resultant is composed of two terms: part of a wrench associated with torsion/winding about the helix axis
(Z-axis), M ze,, and the torque produced by the force resultant, —-R©® x F® = RF e, (from Eq. (34)).

We remark that an alternative method of solving the leading-order problem, which does not require posing the ansatz of a
locally-helical shape a priori, is to solve the homogeneous force and moment balances (45)-(46) directly. The general solution is
a linear combination of six solutions whose coefficients depend on the slow variable, S. Two of these solutions correspond to a

10
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space-curve with slowly-varying Frenet curvature and torsion, and so yield a locally-helical solution; the other solutions correspond
to bending about the X and Y-axes, and so must vanish if the helix axis remains straight. Thus, the locally-helical form of the
solution follows from the assumption of a straight helical axis. The disadvantage of this approach is that the interpretation of the
slowly-varying coefficients in terms of physical parameters of the helix shape (e.g pitch angle and wavelength) is less clear than
simply seeking a locally-helical solution to begin with.

3.5. First-order problem

3.5.1. Derivation of the first-order equations
At O(e), the kinematic Eq. (15) for the strain vector becomes
1) ©0)
od)  od
aS |s aS
As well as S-derivatives now appearing, the vectors at this order contain both perturbations to the components (in the director

basis) and perturbations to the directors; recall the identity (41). In particular, substituting dgl) =dx d,('0> and the expression for
U®D (from setting W = U in Eq. (41)), and making use of the leading-order kinematic Eq. (42), the above simplifies to

©0) 3
= <Z U;“df”) xd”,  i=1,2.3. (51)
j=1

od.
(0) i
it 2S
We note from Egs. (30)-(33) that the leading-order directors df.o) depend on the slow variable S and time T only via the pitch
angle a(S,T) and wavelength A(S,T). Hence, S-derivatives of df.o) can be calculated analogously to time derivatives. By analogy
with Egs. (42)-(43), we find that

=U0xd" + U0V xd?”,  i=1.23.
N

o
aS

S

ad¥ 9
i 0) _, Oda "4
—_ = ) h =h— — . 2
35 |s 0 xd, where [0} 35 Sn+ 35 Sez (52)
Substituting Eq. (52) into Eq. (51), and noting that (-) X dl(.o) =0 for i = 1,2,3 implies that (-) = 0, we obtain
@ S 17 (D40 _
ﬁs—ZUj d¥+e=o0. (53)

j=1
Without the @-term, this is analogous to Eq. (51) in Goriely and Tabor (1997a) and Eq. (27) in Katsamba and Lauga (2019). The
O-term enters here because we are considering slow changes to the (currently unknown) leading-order shape, in addition to localised
perturbations to the leading-order shape. From the scaling estimates (26), we have that |« — a“| = O(¢L) and |A — 1| = O(eL) at the
filament base, and hence @ = O(eL) from Eq. (52). It follows that the @-term can be neglected if ¢ < 1, corresponding to small
deformations away from the undeformed shape, but must be considered in the case ¢L = ord(1).

With 6 = O(1) and [f] = e~'#* (recall Eq. (28)), the force balance (18) and moment balance (21) at O(e) are

(1) () 2RO0)
JOF —_ JOF' _ F(()) + E() R , (54)
aS |s aS |s e oT?
oMM O ) 4 a1 o 10 oM@ )
Ws-’—dz’ X F +d3 X F' __Fs_aM“ . (55)

Egs. (54)—(55) are linear in the first-order resultants F() and M(; the inhomogeneous terms on the right-hand sides arise from
inertia, external forces/moments and slow derivatives of the leading-order resultants. We insert the expressions for F() and M(D
(from setting W = F, M in Eq. (41)) into Egs. (54)—(55) and evaluate S-derivatives of d:('0>’ F© and M© using the leading-order
Egs. (42) and (45)-(46). After eliminating @ derivatives using Eq. (53), and expanding the S-derivatives of F® and M© using
Eq. (52), the terms in @ and O cancel yielding

3 oF®

z —' d? +U© x <i F.“)d@)) + <i U.(”d(.o)> x FO = -i 0F—"(0) d? - FO 4 ew, (56)
i=1 95 |s ! i=1 Y i=1 Y i=1 oS Is ¢ oT?

3 ()M.(l) 3 3 3 3 aM.(O)

> — 'Sdl@ +UO x (Z; Mf"df.o)) + <Z} Ul.(l)df.o)) xM© +d{ x <Z4 F,.“>df.°)> =- Z:, — Sdf.(” - oM. (57)
i= i= i= i= i=

The (21'3=1 Ui(l)d50)> x FO and (ZLI Ui(l)dﬁo)) x M© terms in Eqs. (56)-(57) account for the corrections to the force and moment
that arise from the perturbation d" to the directors; the origin of these terms can be traced back to the @ x F®) and @ x M© terms
in the expressions for F(' and M(" (Eq. (41)). From Egs. (47)-(48) and the scaling estimates in Eq. (26), we note that M® and F©
are of size O(eL). The (Z?: WU l.(l) d§0)> x F© and (Z?: . Ui(l)d50)> x M© terms may therefore only be neglected if ¢L < 1, similar to
the @-term above.
Finally, the constitutive law (22) gives
U(l)
) _ (D M _ 7D @ _ 73
M1 —Ul R M2 —U2 R M3 —m.
Egs. (53) and (56)—(58) provide a closed system of equations for which solvability conditions can be formulated.

(58)

11
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3.5.2. Periodicity and solvability

For general e = O(l), it can be shown that the homogeneous problem at first order, consisting of the homogeneous
versions of Egs. (53) and (56)—(58), has non-trivial solutions. From the Fredholm Alternative Theorem (Keener, 1988), solutions
to the inhomogeneous problem then exist only if the inhomogeneous terms satisfy certain solvability conditions. These solvability
conditions take the form of partial differential equations (PDEs) for the slowly-varying helical geometry.

To formulate the solvability conditions, we assume that the first-order components — namely Ul.(l), FI.(”, M‘.(') and the components
of @ — are locally periodic over the helical wave centred at S = ¢~'S (i.e., they are A-periodic). With this assumption, two
approaches are then possible:

« In the first approach, we directly integrate the first-order equations over the helical wave S € (e71S — A/2,¢7'S + A/2),
exploiting periodicity of the first-order components to eliminate all unknown variables, so that only the leading-order
components Fl.(o), Mi(o) and the terms 0°R© /372, F¥ and M remain. The resulting equations can then be written as a closed
system for the variables governing the slowly-varying helical geometry.

In the second approach, we write the first-order equations as a linear system of equations for the nine-dimensional vector Y =
(D, Fl(l), Fz(”, F3(1), M 1(1), M;” s M;l)} (using Eq. (58) to eliminate U[.(l) in terms of Ml.“)). The Fredholm Alternative Theorem states
that the inhomogeneous part of this linear system must be orthogonal to A-periodic solutions of the homogeneous adjoint
problem, when multiplied and integrated over the helical wave. This is a necessary condition for the first-order solution
to be locally periodic and hence bounded across the filament, and is analogous to removing secular terms in the classical
Poincaré-Lindstedt method. The leading-order solution should then provide a uniformly valid approximation of the filament
shape (Goriely et al., 2001).

Below, we present the second approach since it does not rely on naive averaging and more cleanly reveals the difference between
the cases eL = ord(1) and eL < 1. We will show that the terms of size O(eL) in the first-order equations — namely @ in Eq. (53)
and the terms Zle U,.“)dl(.o)) x FO and (Z?:l Ui(l)dgo) x M© in Egs. (56)-(57) — play a key role in determining the number of
relevant solutions of the homogeneous adjoint problem, and hence the number of solvability conditions obtained. Nevertheless, in
Appendix B we show how the same conditions can be derived directly using the first approach.

3.6. Solvability conditions for the first-order problem: e L = ord(1)

We first consider the case e L = ord(1), corresponding to ord(1) changes to the helical geometry. It is convenient to express vectors
as a matrix of components (referred to as a triple) with respect to the leading-order directors {d(lo), d(zo), d(30) }; a similar strategy was
employed by Goriely and Tabor (1997c¢) to obtain dispersion relations for small-amplitude oscillations of helical rods. To avoid
ambiguity in what follows, we use the convention that sans serif fonts denote a matrix of components with respect to {d(]o), d;o), d(30) }.
Using the expressions in Egs. (30), (33)—(34), (38), (43), (49) and (52), the triples corresponding to the unit vectors e,, ey, e_, tangent
vector d(;)) =t, centreline position R, centreline acceleration d*?R® /9T?, strain vector U, resultant moment M©, resultant force

F© and vector @ are, respectively,

-1 0 0 0
e.=| 0], e=|-cosal, e,=|hsinal, dgo)z 0f,
0 hsina cosa 1
2R0) 2 2
0 ¥ RO g [drhas oAt _ (Y 10 (it | P2
RO =Re, + (¢7'Z2+AScosa)e,, ¢ 372 —R[ 2 oaror € o er+ROT R 3T e9+0T2ez,
0 0 0
U0 =], MO =RF,e+Myze, FO=Fse, 0=-h%| e+ e, (59)
- oS |s oS |s

We define the triples UV, MM, F() as the components of UV, M), F(D that are independent of @ (recall the identity in Eq. (41)).
Explicitly,

a0 =u|, MO =| M|, O =|FO.

We also write &, MEO) and FE,O) for the triples corresponding to, respectively, @, Mio) and FE,O). The first-order problem, consisting of
Egs. (53) and (56)—(58), can then be expressed as

I -

5 S+u<°>><<1>—u“)+e=03X1, (60)

MDY O oD 4 0D x MO 4 4@ % 0 = MY _ sv0 61)
28 |s 3 o5 |s e

JEMD 5 N oF©® 92RO

| +UOxFD 400 x FO =——| —FO L 62
oS |s G e T€Tom (62)
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MO =Kk, 00, (63)

where, in the final equation, we introduce the diagonal stiffness matrix K, = diag (1, 1, 1/[1 + v]).
We eliminate U1 using Eq. (63). Egs. (60)—-(62) can then be written as the linear system

-0
(1) MO 0
NN pavw=| 22| M| (64)
aS |s _Lm)) 20 2RO
oS |s e oT2

where we have introduced the 9 x 1 column vector Y() and the 9 x 9 block matrix A:

o [UO], -K7! 033
vy = ,\:A((ll)) ) A=| 0y [UO] - [MO] K [dgo)]x
F 03><3 - [F(O)]x K;l [U(O)]X

Here we use the notation [V], for the 3 x 3 skew-symmetric matrix whose off-diagonal elements are the components of the triple
V, so that for any triples V, W we have the identity [V], W =V X W.

3.6.1. Homogeneous adjoint problem and solvability conditions
To formulate solvability conditions on the first-order problem, we consider the homogeneous adjoint problem associated with
Eq. (64). In component form, with solution vector Y*, this reads

aY* ’
A ATY* = 0. (65)
Using skew-symmetry of the matrix blocks, we calculate
(U], 033 0353
-1 0 ~1 [\M© -1 [FO
N N S Pl L PR S M
(0)
Osc [7], v,
Writing Y* = (&*, M*, F*)T, the homogeneous adjoint problem can be written as
*
(23% S * ue X o= 03><|’
oM O s M* + K- (* — MO x M* — FO x F*
| +UOxM*+K! (0" = MO x M* — FO x F*) = 03,
aS |s v
JF* " 0
ESJFU(O)XF +dY X M* =05 (66)

Without the KJ! term, the second and third equations in (66) are equivalent to the leading-order force and moment balances
(Egs. (45)—(46)) when the force and moment resultants are swapped, i.e., with M* = F® and F* = M, We also note that the first
equation is trivially satisfied by ®* = 0,,. Hence, seeking solutions for which ®* = 0;,; and M@ x M* + F©® x F* = 05, (which
ensures that the KJ! term is zero), we obtain two linearly independent solutions:

@ =03, M =03, F=F® and @* =05, M=FO F=MO"
Substituting for F® and M©® using the expressions in Eq. (59) and re-scaling, we have the linearly independent solutions for Y*:
03><1 O3><1 03><1

Yi={0 | Yi=|e |=] e | (67)
Re, e, Xx RO

z
where, in the second solution, we have taken a linear combination to remove the e,-component of M@ (the second equality follows
from the expression for R® in Eq. (59)). Since these solutions are independent of S, they must correspond to eigenvectors of AT

with eigenvalue zero, as can be readily verified directly.
To find other solutions to Eq. (66), we note that if M* = 03, the second equation in (66) simplifies to

% — FO X F* = 03

With M* = 03, the other equations in (66) are equivalent to the statement that ®* and F* are triples corresponding to constant
vectors, and so they must be a linear combination of the Cartesian unit vectors e, e, and e,. Using Egs. (31) and (59), we have

—cosy —siny
e, =cosye, —sinyey =| cosasiny |, e,=sinye, +cosyey,=|—cosacosy |. (68)
—hsina siny hsin a cos y

We can therefore generate linearly independent solutions of the form Y* = (F© x F*,0,,,F*)T by choosing F* = e,, F* = e, and
F* =e,. The choice F* = e, yields Y| above, while choosing F* = e, and F* =e, yields

FO xe, FO xe,
Yi=| Ona |, Yi=] O5q | (69)
e, ey,

13
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These solutions can also be derived by considering the eigenvectors of AT with eigenvalue +27hi/A; these eigenvalues arise as the
non-zero eigenvalues of the [U®]  blocks on the diagonal of AT.

Other linearly independent solutions of Eq. (65) can be determined by considering the remaining eigenvalues and eigenvectors
of AT. For general a and A, there are four distinct remaining eigenvalues that have a non-zero real part and an imaginary part that
is generally not equal to +27//A. This is a consequence of the [M®] and [F] terms in A, which makes the first-order operator
different to that obtained in the leading-order problem. Since these solutions are not A-periodic, they are not relevant in determining
solvability conditions so we do not discuss them here.*

We are now in a position to formulate the solvability conditions for the first-order problem, Eq. (64). Dotting Eq. (64) with Y;
and integrating by parts over the wavelength centred at S = ¢~1S, we obtain (i = 1,2,3,4)

5_15+% MO —© o S_IS+% dY(l)
/ Yi-l s \S—éMc dS=/ Y;f.<— +AY“)> ds
e‘]S—% OFO ’ F(o) 92RO e-ls-4 oS S
s |5 e o2
—lgypd 6‘15+§ aY* .
=[yz YO +§+/ YO (—=L| +ATY) dS
! els-3 els-4 aS |s !
=0, (70)

where, in the final equality, the boundary terms vanish since Y and Y() are A-periodic,® while the integrand is zero by definition
of the adjoint solution, Y;. Inserting the homogeneous adjoint solutions Y} from Egs. (67) and (69) into Eq. (70), and permuting
the scalar triple products that appear, we obtain the solvability conditions (i = 1,2,3,4)

els+g OF© 2RO
/ e, - <— +F§°>—e—> ds =0, (71)
6—15_% aS S aTZ
/ T MO a0 kO (FL] r0 PRON] s 72)
cls-4 =TS s ¢ as 's T o
cls+d © 2RO clstd © 2RO
/ Yoo (L] +oxFO4F0 IR dS=/ Yo, (L] +oxFO 1RO IR oo 73)
els-4 oS |s ¢ oT? eis=4 7\ oS s ¢ oT?

3.6.2. Simplification to the (straight) equivalent-rod equations and discussion
To express Egs. (71)=(73) in the form of PDEs for the slowly-varying helical geometry, we substitute the expressions for F©,
M@ and 9?R©® /9T? in Eq. (59) and simplify using the following identities (which follow from Egs. (35), (68) and AS = § —¢~1S):

e’lS+£ 6‘715‘#% e’IS+% e’1$+%
/ B e -e.dS =0, / B e € dS =0, / B e, e,dS =0, / R e, e dS =0,
5‘15—3 e1s— e‘]S—E e15—

2 2

s_lS-%—% hA 6_15+% hA
/ e, - ASe, dS = ——=sin (e7'?), / e, ASe, dS = Z=cos (¢7'P). (74)
¢ 2z p 4 2z

-lg_4 -1g_4
S-3 S-3

In addition, we use bars to denote the average over the helical wave centred at S = ¢~'S, i.e., for a function f(S,S,T),

_ 1 5715+%
Fs.my=1 / £(S.5.T)ds.
A 6-13,%

After writing back in vector form, Egs. (71)-(73) become

9Fy o _ 0°Z

ZZ i FO_Z< o, 75
o5 T e T om (75)
oMz 0 0 0 oY

= +5ez~M§)+ez-<R<0)xF§))—ﬁ(Rzﬁ)=0, (76)
T 0, 2ROA Y . —1 _ T 0 2R O0A Y —1 _
ex~Fe +70—Ta—TSlIl(€ '{/)—0, ey-Fe —Td—Ta—TCOS(E' T)—O, (77)

where hereafter we drop the |g on S-derivatives whenever there is no ambiguity (i.e., for variables that have no explicit dependence
on the fast variable, §). We refer to Egs. (75)-(77) as the ‘(straight) equivalent-rod’ equations. The first two equations correspond
to wavelength-averaged force and moment balances, respectively, about the helix axis, e,. The final two equations correspond to
wavelength-averaged force balances in the off-axis directions e,, e ; these equations state that a locally-helical solution with straight
axis is only possible if the external force exactly balances the off-axis components of the filament acceleration (when averaged over

4 An additional solution can be determined from a generalised eigenvector corresponding to the eigenvalue 0, which is generally a defective eigenvalue
(algebraic multiplicity 3, geometric multiplicity 2). However, this solution is also not A-periodic. It may be shown that the eigenvalues +27hi/A are non-defective
(each has algebraic multiplicity | and geometric multiplicity 1), and so only give rise to the solutions Y} and Y.

5 As discussed in Section 3.5.2 we are assuming that Y is A-periodic. We note from Egs. (59), (67) and (69) that the components of the adjoint solutions
Y; are combinations on the triples e, €,, e, and e,, with coefficients that depend only on the slow variable, S; hence the Y; are also A-periodic.
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the wavelength). In particular, for equilibrium solutions, a straight helix axis is only possible if the off-axis components of the
external force average to zero.

Remarkably, wavelength-averaged moment balances in the off-axis directions have not arisen in our analysis: there are no
additional conditions for the external moment needed for a straight helix axis (to leading order). The reason for this can be
understood from the first-order force and moment balances, Egs. (56)-(57). We note that any off-axis moments, which tend to
cause axis bending, are of size O(5) = O(1), while the Z}; U,.(')df.o)) xF©® and (ZL . Ui(l)dgo) x MO terms are of size O(eL) (recall
the discussion below Eq. (57)). Thus, for eL = ord(l), any off-axis moments can be balanced by choosing the unknown first-order
strain components U,.(l) appropriately, to ensure that there is no net bending moment. Crucially, when e¢L < 1, this is no longer
possible and so additional conditions on the leading-order quantities are required to ensure a balance of moments in the off-axis
directions. We consider this case in the next subsection.

3.7. Solvability conditions for the first-order problem: eL < 1

We return to the first-order problem, consisting of Egs. (53) and (56)—(58). The key difference here is that, in the limit eL <« 1,
we may neglect

+ the ©-term in Eq. (53); and
- the (Z; U,.(l)dl(.o)) x F© and (Z?zl Ui(l)d,(.o)) x M© terms in Egs. (56)-(57),

since these terms are a factor O(eL) < 1 smaller than the other terms; recall the discussions immediately below Egs. (53) and (57).
Without these terms, Egs. (56)-(57) do not depend on the first-order strain components U,.(l), so that Eq. (53) and the constitutive
law (58) decouple from the problem. We therefore consider only Egs. (56)-(57) in what follows.

We proceed similarly to Section 3.6, using sans serif fonts to denote a matrix of components with respect to the leading-order
directors {d(lo),dg)),dgo)}. When e¢L < 1, to leading order we have a ~ o%, A ~ 1, y ~ y* and so we can identify the leading-
order directors with their undeformed counterparts: {d(lo),d(z(»,dgo)} ~ {n“,b* t"}. In addition, from Eq. (36), we may expand the
wavelength-averaged longitudinal coordinate and winding angle about the undeformed configuration:

Z(8.T)=Z"S)+ AZ(S,T), Y(S.T)="P"(S)+4¥(S.T) where ZY(S)=Scosa", WP'S)=ey" =2xhS, (78)

where AZ, A¥Y = O(eL) < 1. From Egs. (59) and (68), we then have
0 0 0
ep ~|—cosat], e, ~|nsinat|, UQ ~|K], e, ~cosyle, —sinye,, e, ~ siny'e, +cosy'ey,
hsina* cos a TH
2p(0) 2
PRO | .0tav

0%4Z
oT? a2 °

or2 %

RO ~ R = R, + Scosa'e,, ¢ ) (79)
In component form, the first-order problem, consisting of Egs. (56)-(57) without the U’.“) terms, can be written as the
6-dimensional linear system of equations
oM (0) ~ 0
o = —-4&M . VI®) N uo 40
+AYD = 005 1S ¢ 0 where YO = (1 , A= [ ]X 31k ). (80)
S _dF_() — F(O> +e JL() F(l) 0 [U(O)]
S |s e aT2 3x3 %

7D

3.7.1. Homogeneous adjoint problem and solvability conditions
The homogeneous adjoint problem associated with Eq. (80) is

. (0)

V| ares o (M) : [VOL 0

-5 +ATY* = 04 g where Y= < F* ) . AT=- <[d(%0)] [U(O)]>< '
~ X

By considering the eigenvalues and eigenvectors of AT, we find the 6 real linearly-independent solutions:

. 0 < e S o] S 0 S e S e
¥ = 3x1 R z ¥ = 3x1 ¥ = 3x1 L Y= X Y = y . 81
! < e, 2 \e, xR}’ 3 e, ) 4 e, 5 e, xR/ 6 \e, xR (81)

The solutions \?T and \?; arise as eigenvectors corresponding to the eigenvalue 0, which is always non-defective (it may be shown
that the algebraic and geometric multiplicity are both equal to 2). The solutions \?; and \?j are obtained from eigenvectors of the
eigenvalues +2rhi, each of which is defective (algebraic multiplicity 2, geometric multiplicity 1); the final two solutions, Y;‘ and \?Z,
are derived from their generalised eigenvectors.®

We formulate the solvability conditions for the first-order problem similarly to Section 3.6.1: we dot Eq. (80) with Y* and
integrate by parts over the helical wave centred at S = ¢~!S, which, for A ~ 1, is S € (¢7'S - 1/2,¢”'S + 1/2). We obtain
(i=1,2,3,4,5,6)

S

6 We note that the solutions \7; and \?z, while periodic along e_, are not periodic in the off-axis directions e,, e,: we have e, XR" = R"siny"e, — S cosae, and
e, XR" = —R"cosy"e, + S cos a"e,. However, we will show below that these solutions still give rise to physically meaningful solvability conditions; the unknown
boundary terms that arise when formulating the solvability conditions (from integrating by parts) vanish under a reasonable assumption.
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st _dM(O)l —5M(0> elsyl (1)
2 ~ 2 ~ ~ ~
g . oS s ¢ o las= v (Y] L AYDY as
i oF® 0) 92RO i
els-1 - - € s els-1
1= 2S |s Fe'+e5m 's=3 95 s
_ 1 e s+l ¥*
Sy [ e AT I A
! 5-15—% 5—15_% aS |s !
=0, (82)

assuming that the boundary terms again vanish.” Substituting the solutions from Eq. (81) and permuting scalar triple products yields

els+l o 2R(0)
/ 2v.<"F—‘ +Fg0>-e"L> ds =0, (83)
5—15_% as S aTZ

e’]S+% (0)
/ EAVAR oM™
6—157% 208
3.7.2. Simplification to the (straight) equivalent-rod equations and discussion
To simplify Egs. (83)-(84), we insert the expressions in Eq. (79) (together with M® = RF e, + M e, and FO = F,e,) and

simplify various integrals using the identities in Eq. (74). After writing back in vector form, again using bars to denote helical
averages and dropping the |¢ on S-derivatives, we arrive at the (straight) equivalent-rod equations

© 2R(0)
+ MO 4+ R x <00F_S| +FO - e%)] ds =0, where  V=e,, e, e,. (84
S S

% te, FO_ a;%f =0, (85)

gﬁz +oe, MO e, - (Ru x FE,O)) — (RY)? % =0, (86)
e FO=0, e F” =0, ©7)
se. MO +e, - <R“ x Fg°>) - }‘Rz% a;%zv sin (e~1¥) =0, (88)
de, MY +e,- (RexE ) + ’”32% a;;\;{' cos (1) = 0. (89)

The first four equations are equivalent to those obtained in the case eL = ord(l), i.e., Eqs. (75)—(77), when expanded in the
small-deformation limit eL < 1 (the dynamic terms in Eq. (77) do not appear in Eq. (87) since these terms are quadratic in the
deformation). The final two equations, which only arise in the case ¢ < 1, correspond to wavelength-averaged moment balances
in the off-axis directions e,, e,; these equations provide additional conditions for a straight helix axis.

3.8. Summary

In this section, we have derived the dimensionless (straight) equivalent-rod equations using a multiple-scales analysis of the
Kirchhoff rod equations. These equations — which consist of Egs. (75)—(77) in the case ¢L = ord(1l), and Egs. (85)-(89) in the case
eL < 1 — can be interpreted as force and moment balances averaged over the slowly-varying helical wavelength. In particular,
we showed how the equations can be justified rigorously via solvability conditions on an appropriate first-order problem, when the
solution is expanded in powers of the dimensionless parameter e.

The equivalent-rod equations are supplemented with the expressions for the leading-order centreline R, helix radius R,
wavelength-averaged longitudinal coordinate Z and winding angle ¥ in Eqgs. (34)-(36), together with the equations for the leading-
order resultants F, and M, in Eq. (50). Furthermore, in terms of the slow variable S, the filament tip is located at S = ¢L so that
the boundary conditions (23) become

Fy(eL,T)= M4z(¢L,T) = 0. (90)

In Section 4, we explicitly show how these additional equations allow us to write the equivalent-rod equations as a closed,
quasi-linear system of equations for two independent variables that uniquely characterise the locally-helical shape.

4. Analysis of the (straight) equivalent-rod equations

Up to this point, it has been useful to work with various parameters characterising the slowly-varying helical shape — the pitch
angle a, contour wavelength A, Frenet curvature K, and Frenet torsion 7 (defined in Eq. (44)) — despite the fact that only two
parameters are needed to uniquely specify the local geometry. In this section, considering the case ¢eL = ord(1), we show how
the (straight) equivalent-rod equations derived in the previous section can be written as a closed system of PDEs for (i) the pair

7 For i = 1,2,3,4 the boundary terms are guaranteed to vanish by periodicity of Y and the triples e_, e,, e, and e, (periodicity A ~ 1), as in Section 3.6. For
-1 1 _ ~lgp L
i=5,6 we require that [(e, XR") - IE(”]:?i =0 and [(e, xR")- F(”]:?i = 0. Permuting the scalar triple products shows that these are equivalent to requiring

that the off-axis components of R* x F( are 1-periodic, which is physicaily reasonable.
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(a, A) and (ii) the wavelength-averaged longitudinal coordinate and winding angle, (Z,%¥) (defined in Eq. (36)). For each pair of
solution variables, we derive effective stiffness coefficients that depend nonlinearly on the variables. Depending on the nature of the
external forces and moments under consideration, one of these formulations may be more convenient. Focussing on steady solutions
in the (a, A)-formulation, we analyse the Jacobian determinant associated with the system of differential equations; in particular, we
determine where the equivalent-rod equations are singular and instabilities of the helical filament may occur. We then analyse the
equivalent-rod equations in the small-deformation limit e < 1, showing that we recover linearised stiffness coefficients reported
previously (Phillips and Costello, 1972; Costello, 1975; Jiang et al., 1989, 1991). We finish the section with a brief discussion of
the limit of vanishing pitch angle o — 0 in our equivalent-rod equations.

Throughout this section, we focus on the equivalent-rod equations that correspond to wavelength-averaged force and moment
balances about the helix axis: Egs. (75)-(76), and their counterparts (85)—(86) in the limit ¢ L < 1. The remaining equations (Eq. (77)
in the case eL = ord(1); Egs. (87)-(89) in the case ¢L < 1) are constraints on the external loading needed for a straight helix axis,
and will be assumed to be satisfied in what follows. We further discuss the significance of these remaining equations in Section 7.2.

4.1. Formulation in terms of pitch angle and wavelength

Expressions for the leading-order force and moment resultants, F, and M ,, were given earlier in Eq. (50). Using K = 2z sina/A
and 7 =2zhcosa/A (recall Eq. (44)), F, and M, can be written in terms of « and A alone:
_ 472 csca[veosa (Asina” —sina) — Asin (a — a*)] _ 2xh[l —vsina(Asina” —sina) — Acos (a — a*)]

, My= 91
(1+v)A2 z (1+wA 1)

Fz

We insert the above into Egs. (75)—(76) and expand the S-derivatives using the chain rule. Using e, - (R(0> X FEO)) = Rey - FEO) (from
Eq. (34)), and substituting the expressions in Eq. (36) for R, Z and ¥, we obtain the following system of equations for a(S,T) and
A(S,T):

_— ST 52 2
Ja A ©) o . (6(1)
% 10,22 ve, FO 4 22 Gna+ (22 cos dE =0, 92
195 TTas T e /o [asza or) |, >
. s
oa 0A © , Asina © , h 0 2 .2 / 1 6A>
;% 0,2 se, MO 4 SN g 10y L2 gl =o, 93
3535 TCagg toe - M. 2. o e T oo sin” A <A26T S=E§ 93)

where the dimensionless stiffness coefficients C; = C; (a, A) (i = 1,2,3,4) are the partial derivatives

_0F, 4x? [vsina—(l + v)Assin o csc? Ot] c - oF, 472 {2vcosa + Acsca [sin(a — a*) — vsina” cos a]}

'™ 90— (1+v)A2 Y (1 +v)A3 ’
C. = OM;  2zhsina{2vcosa + Acsca [sin(a — a*) — vsina“cosa]} hAzsinaC C = oM, 275h(1+VSiH2a) (94)
37 T 1+wA T2 PTAT oa (1+wAz

As discussed in Section 3.2, provided that the external force and moment are known functions of the leading-order centreline and
orientation of the rod, the external force and moment can, in principle, be expressed in terms of a« and A using Egs. (33)—(37).
The boundary conditions (90) at the filament tip imply that

aleL, T)=a", A(eL,T)=1. (95)

The system is closed by appropriate initial conditions (if considering unsteady deformations).

For the sake of completeness, in Appendix C we also provide the formulation of Egs. (75)—(76) in terms of the Frenet curvature
and torsion, (K, 7). Nevertheless, the (a, A)-formulation above has the advantage that the dependence of the stiffness coefficients
(94) on A is particularly simple, compared to the dependence of the corresponding coefficients on K and 7 (reported in Appendix C).
In Section 4.3, we show how this allows us to analytically determine the region of the (a, A)-plane where the Jacobian determinant
of the system vanishes, indicating that Egs. (75)-(76) are singular.

4.2. Formulation in terms of wavelength-averaged longitudinal coordinate and winding angle

The above formulation is convenient if considering steady solutions, in which the external force and moment are independent
of the deformation (e.g. for gravitational loading) or depend only on the local orientation of the filament. However, if considering
unsteady deformations, or if the external loads depend on the centreline position or its time derivatives (as is generally the case with
hydrodynamic loading, for example), then Egs. (92)-(93) take the form of integro-differential equations for («, A). This is because
the leading-order centreline R is expressed in terms of integrals of « and A via Egs. (34)-(36). In such scenarios, it may be more
appropriate to write the evolution equations in terms of the wavelength-averaged longitudinal coordinate, Z, and winding angle,
Y.

Using the expressions in Eq. (36), the helical parameters «, A and R can be expressed in terms of Z and ¥:

0z 2 n/1-©z/asy
a=arccos(—>, = , R= .
S oY /oS oY /oS

Inserting these expressions into F, and M, (Eq. (91)), the equivalent-rod Egs. (75)—(76) can then be written in terms of Z(S,T)
and ¥(S,T):

(96)
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9z P?Y T o 0°Z
Ki—+K,— +e,-F,” — — =0, 97
Yas2 " Tas2 T E e o2 ©7)
2 2 0 o o\ 1—(02/0S)*
KS%J,K“% +6eZ~M(e°)+ez~(R“»xFS”)—i L/Qﬂ =0, (98)
2S S aT ¥ /0S)r oT

where the dimensionless stiffness coefficients K; = K; (Z,%) (i = 1,2,3,4) are
K, = 'kl 27h sin a* _ v ¥
'™ o8 [1-(0Z/0S)2p/2  1+vas [’
0Z/0S 2
K, = Ky = 2nhsingt —92/905 2 (ﬂhcosa"+v£g>, Ky=1-—~ (Q) . (99)

1 39S 9S 1
Vi-ezjsp Y v

We emphasise that the coupling coefficients K, and K; are equal in this formulation. The force and moment-free conditions (90)
now correspond to Neumann conditions

3—§(€L, T) = cosa", Z—Z(EL, T)=2rh. (100)

Because Egs. (97)—(98) are second order in S, we also impose the boundary conditions at the filament base (Eq. (23)):
Z0,T)=¥0,7)=0, (101)

together with initial conditions (if relevant).
4.3. Steady solutions: Jacobian determinant and singular behaviour

In each of the formulations above, the stiffness coefficients are given by partial derivatives of the resultants F, and M, with
respect to the solution variables (or their first-order derivatives in the case of Z and ¥). The matrix of stiffness coefficients therefore
corresponds to the Jacobian matrix J of the vector-valued function (F,, M ,). In particular, for the (a, A)-formulation,

=0(FZ’MZ)= C] Cz
a(a, A) G Gy’

where the coefficients C; (a, A) are given in Eq. (94). As discussed at the end of Section 4.1, these stiffness coefficients have a
particularly simple form compared to the corresponding coefficients in other formulations. The Jacobian determinant simplifies to
473h (C, A2+ CyA +C,)

(1+v)24%

where we have introduced the coefficients C,, .(a; ", v):

det J = C,C, — C,C; = ) (102)

C,=-2csca [sin(a —a") — vsina* cos a]z,
C, =2(1+v)sina" csc?a (1 + vsin® a) —8vcosa [sin (a —a*) — vsina” cosa] s
C.=-2vsina (l +4v = 3vsin’ a).

Crucially, the Jacobian determinant can be zero for certain values of @ and A, which correspond to critical points on the
(a, A) phase plane where the steady equivalent-rod equations are singular. Because the coefficients C,, . are independent of 4,
the determinant vanishes if and only if A is a root of the quadratic polynomial in the numerator of Eq. (102):

—-C,+£4/C2-4C,C,

* 2C,

a

A=A

(103)

As «a varies, the real roots A, trace out branches of critical points on the («, A) phase plane.

In Fig. 3 we plot the branches of critical points for various values of a* (with fixed v = 1/3). Generally speaking, we find that,
for sufficiently small a“, there is an interval around a = 7 /2 where the discriminant (C,f —-4C,C,) is negative and hence the roots A,
in Eq. (103) are complex. In particular, part of this interval lies in the physical range 0 < a« < #/2 in which the filament does not
intersect itself (neglecting a small correction due to its finite cross-section). The size of the interval decreases as o increases (or v
decreases), eventually shrinking to zero as both fold points — where the discriminant is zero and A, = A_ — collide and disappear.
For larger values of o, the discriminant (CZ —-4C,C,) is positive over the interval 0 < a < z/2: the branches A, are disconnected
and the roots are real across the interval. (The vertical asymptotes to the A_ branches in Fig. 3 correspond to where the leading
coefficient C, = 0.)

More precisely, it may be shown that the discriminant attains its minimum value at « = x/2, for any values of «“ and v. By
considering the minimum value as a function of «“, we find that the discriminant is positive at « = z/2 (and hence the roots are
real across the entire interval 0 < « < z/2) if and only if
2V1/2 ]

a" > arctan | ————
[(1 V)2

In this regime, as a* increases further for fixed v, the local minimum that can be observed in the A_ branches for a < z/2 (solid
curves in Fig. 3) decreases significantly, eventually reaching values A_ ~ 2.5 when o* ~ z/2. In contrast, the A, branches (dotted
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Fig. 3. Branches of critical points on the («, A) phase plane where the matrix of stiffness coefficients is singular: for each value of «“ (shown by the colourbar),
we plot the real roots A_ (solid curves) and A, (dotted curves), defined in Eq. (103), as « varies (here v = 1/3). The point (a, A) = (a“, 1), corresponding to the
undeformed configuration, is also plotted (circles). The unphysical region a > z/2 is shaded.

curves) generally remain smaller than unity and decrease slightly as a* increases. This behaviour as a* varies has implications for
the physical relevance of the critical points, as discussed later in Section 7.2.

4.4. Linearised equations: eL < 1

The above formulations apply to the case ¢L = ord(1), in which the changes to the helical parameters are comparable to the
undeformed values. This means that while the evolution equations are quasi-linear (i.e., linear in the first-order derivatives of « and
A, or the second-order derivatives of Z and ¥), the coefficients are nonlinear functions of the solution variables, so that analytical
progress is generally not possible. We consider here the limit ¢ L < 1, corresponding to relatively short or stiff filaments, for which
the deformation is small and the equivalent-rod equations are linear.

Considering the formulation in terms of pitch angle and contour wavelength, we write

(S, T) = a" + Aa(S,T), A(S,T)=1+4AS,T),

where da, AA = O(eL) < 1. Using Eq. (36), these are related to the perturbations (4Z, 4¥), introduced in Section 3.7, by
s s
AZ = —sina" / Aa(é, T)déE, AY = —27rh/ AA(E, T)déE. (104)
0 0

Neglecting terms of O(eL)? in Eq. (91), the linearised force and moment resultants are given by
47% [vAAcosa* — Aacscat (1 +vcos® a*)] o 2mh [vAa cos a¥ sina® — AA (1 + vsin® a*)]

~ R 105
z 1+v z 1+v ( )

Substituting the above expressions into the equivalent-rod Egs. (85)-(86) and boundary conditions (90), and using e, - (R“ X FS”) =

Ruey -F(eo) where R" = sina"/(2x), we obtain the linear system of equations:

—_— S 2
JdAa d0AA ©) | . 0” Aa _
C;‘E + C;E +e,-F, +sin o’ /) T2 . 5d§ =0, (106)
P . s

u 04 u 0AA ©) , sina” © . hsin® a* 024A _

o5 TGgs v Mot e e T )y e |0 e
Aa(eL,T) = AA(eL,T) =0, (108)

where the linearised stiffness coefficients are

cr e 4n2 csca (1+ vcos? a¥) i 472y cos a u_ 2rhveosatsina® L _ 2zh (1 + vsin® a*) 109

1= Ty B e e R T e e (109)

Egs. (106)—(109) can also be obtained directly from (92)—(95) by linearising in the perturbations Ada, AA.
We note that the Jacobian determinant of the linearised system, J“, is
873 h csc at
Ji=CiCy - Cicy = T #0. (110
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The (steady) linearised system therefore does not exhibit singular behaviour, as is also evidenced by the fact that, for each o“, the
undeformed point (a“, 1) lies away from the branches of critical points in Fig. 3. Moreover, when the inertia terms are negligible,
we can solve the system (106)—(107) uniquely for 04a/0S and 04A/4S, and formally integrate with the boundary conditions (108).
After substituting the expressions for the coefficients C}, we obtain
B
S=¢

L [sina* (1 + vsin® a*) ——= U gin ol i u
Aq = _/ [ ( )eZ~F§O) + hv cos a* sina <§ez'M(eO) + 51201 o .F(eo)>
S v/
] de. (111)
S=¢

472 S=¢ 2z

eL C ol in2 T
AA:—/ [vcosa sin” o c. FO
s 472

Using Eq. (104), the corresponding (linearised) wavelength-averaged longitudinal and rotational displacement are

h(l4+veos?a") [ — =  gina*— o
O, sina o)
P + % <5eZ M,” + ol F, >

<L [sin® o (1+v sin” & ) hv cos a* sin” a* 0) . sina* 0
AZ = / / [ st <6e MO 4+ AR F¢ )> dédn,
S=¢
L | hvcos a* sin? a¥ 2 © , sina“ ©)
AT:/ / e | + (1 + veos® a*) <6eZ~Me +—=—¢Fe > dédy. (112)
0 n T = v S=¢

4.5. Comparison with past work

We show in this section that the linearised equivalent-rod equations, when written in terms of 4Z and AY¥, recover the equations
previously proposed for helical coil springs (Phillips and Costello, 1972; Jiang et al., 1989, 1991).

Substituting expressions for the linearised resultants F, and M, in terms of AZ and A¥ (using Egs. (104)-(105)) into
Egs. (85)-(86) and (90), or alternatively directly linearising Egs. (97)-(101), we obtain
0%AZ KuaZAw T o0 0°AZ

u -
KIS KIS e, B = 528 =0, (113)
W0PAZ | L PAY T ) © w2 O2AY _
KISoE + Ky voe MY e, (R“xFe )—(R) 5 =0, (114)
AZ(0,T)= A¥(0,T) =0, %( L,T)= aAlll ((-:L T)= (115)
where
472 csc? a* (1 + veos? at u 22
K = ( )’ Ku:Ku:_Zn:hvcosa . KY= 1+ vsin“a ) (116)
1 1+v 2 3 1+v 4 14+v

Recall from Egs. (34)-(35) that Z and ¥ represent the O(¢~!) contribution to the dimensionless longitudinal coordinate and winding
angle, respectively. Hence, in dimensional variables, the wavelength-averaged extensional and rotational displacements are

u
Az = LAZ, Ay = lAB".
€ €
From the re-scalings introduced in Section 2.4, and the definitions of S and [f] in Section 3.1, we have s = A*S = ¢~'1“S and

t = [{]T = e '*T. Setting f(o) If ]F(O) and m(o) [m ]MEO), and making use of the expressions (20) for ¢, § and *, Egs. (113)-(115)
in terms of dimensional variables are

K ";“; g"zz‘;” e, 10— M% —0, 17)
K ";;‘27' + g";""’ +m+m— P A () % —0, (118)
42(0,1) = Aw(0,1) = (1 = 0“—"’(1 = (119)
where, using r* = A sina*/ (277:),
u 2 u u o G2
k‘;:%:lg((::—;;i;), k;:k‘;:i{?:—%, kZ:BKZ:w (120)

In the absence of external loads, Eqgs. (117)-(118) are equivalent to the linearised equations proposed by Phillips and Costello (1972)
to model the free vibrations of helical coil springs; we also recover the linearised equations later reported by Jiang et al. (1989,
1991), once their stiffness coefficients are expanded in the inextensible limit a < r* considered here.® In these studies, the dynamic
equations were obtained by considering the equilibrium solution of a helical filament under a constant wrench aligned with the helix
axis, determining effective stiffness coefficients from this solution, then making the ad hoc assumption that the stiffness coefficients
can be applied locally when balancing linear and angular momentum for each infinitesimal spring element. Our multiple-scales
analysis therefore rigorously justifies this assumption for problems involving unsteady deformations and distributed loads.

8 To map Egs. (117)-(118) onto the equations proposed by Phillips and Costello (1972) and Jiang et al. (1989, 1991), the axial coordinate z (~ scosa*)
rather than arclength s is used as the independent variable. We also note that the pitch angle is defined by Phillips and Costello (1972) and Jiang et al. (1989,
1991) as the angle between the centreline tangent and the plane perpendicular to the helix axis, i.e., /2 — « in our notation.
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4.6. Equivalent-rod equations in the straight-rod limit, " — 0

In this final subsection, we briefly discuss the limit of vanishing pitch angle. For simplicity, we focus on the linearised equivalent-
rod equations in terms of the (dimensional) wavelength-averaged displacements, i.e., Eqs. (117)-(118). As a* — 0 for fixed 1, the
coefficients £ in Eq. (120) take the limiting form

472B . 2zhvB u B

~—_— = ~

VT Gugn?” 27 3T T e T Ty

Because k| — oo, provided that the external force fe(o) and accelerations 9?4z/dt*> remain bounded as «* — 0, Eq. (117) requires that

0%4z/ds* ~ 0 and hence, from the boundary conditions (119), 4z ~ 0 throughout the filament. Eq. (118) then reduces to
0% Ay
0s?
recalling from Eq. (10) that C = B/(1 + v) is the twist modulus. We see that the effective moment resultant (about the helix axis)
is m, = C (04w /0s); hence, it is precisely the gradient of the winding angle, 04y /ds, which maps onto axial (excess) twist of the
limiting straight rod. This is a consequence of the fact that the straight-rod limit a* — 0 here is taken with 1* and q fixed, i.e., the
helix radius r* = A sina"/(2z) — 0 while the cross-section radius is constant, so that rotation of the centreline about the helix axis
becomes equivalent to axial twist. We note that a term 92 Ay /012, which is present when modelling torsional vibrations in a straight
rod, does not appear here because we neglected rotary inertia in the moment balance (21).

We also deduce that, under the assumption that the filament tip is free of forces and moments, non-trivial equilibrium solutions
are only possible as a* — 0 (with 4“ and a fixed) if the external moment mg,(» is non-zero. This can be traced back to the inextensibility
assumption: there cannot be any longitudinal displacement of the straight rod and hence the force balance is not relevant in the
straight-rod limit.

C +ez~mgo)=0,

5. Physical scenario I: The heavy helical column

The first specific physical scenario we analyse is a helical filament deforming under its own weight. As in previous sections, the
filament is supported at its base such that the helix axis is directed along e,, with the other end free. We assume that the gravitational
field is parallel to e, and we focus on equilibrium solutions; the conditions for a straight helix axis (Eq. (77) in the case ¢L = ord(1);
Egs. (87)-(89) in the case ¢L « 1) are then satisfied. This scenario is analogous to the classic problem studied by Greenhill (1881)
for a straight column, though we do not address the stability of solutions here.

5.1. Governing equations

The external force and moment (per unit arclength) are f, = p;Age, and m, = 0, respectively, where g is the gravitational
acceleration in the direction of increasing z: if g > 0 the filament is under tension, and if g < 0 the filament is under compression.
To non-dimensionalise, we use the force scale [f] = p,A|g| in the re-scalings introduced in Section 2.4, which gives

A yu 3

e:%, 5=0, F,=F" =sgnge,. (121)

We note that the highly-coiled assumption (¢ <« 1) in this context reads 1% < [s] = [B / (pSA|g|)] 1/ 3, where [s] is the elasto-gravity
length that frequently arises in problems involving rods bending under self-weight (Wang, 1986).

We use the dimensionless formulation of the equivalent-rod equations in terms of the slowly-varying pitch angle, «, and
wavelength, A, ie., Egs. (92)-(93). Neglecting time derivatives, these equations become

da 0A
o¢ 2z = 122
C S+C205+sgng 0, (122)

oJa A
— +C,— =0, 123
3os TH5s (123)

to be solved with the boundary conditions (95).
5.2. Linearised solution: eL < 1

While the deformation remains small, the general solution of the linearised equations, Eq. (111) (determined earlier in
Section 4.4), yields
_sin at (1 +v sin’ a“) sgn g (€L—S). Ad=— v cos a¥ sin? a sgng

472 472

A few features of this solution are noteworthy. Firstly, due to linearisation and the fact that the external force is independent of
the solution, the perturbations have the symmetry (da, 4A) - —(4a, AA) as g — —g. Because the filament tip at S = eL is free and
there are no other boundary conditions for « and A (in particular, there are no unknown parameters that depend on the value of
the solution away from the tip), the linearised solution is always valid near the tip, even if ¢L = O(1). In particular, da and 44
remain much smaller than unity provided (¢L — S) < 1. If eL < 1, we then expect that the linearised solution is valid throughout

Aa =

(eL—-S). (124)
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the entire filament. Furthermore, we note that, in the straight-rod limit o — 0 (with A* fixed), the perturbation da — 0 because of
rod inextensibility, and 44 — 0 because no external moment is applied (recall the discussion in Section 4.6).
From Eq. (112), the corresponding wavelength-averaged longitudinal and rotational displacement are given by
sin” o (1 + vsin? 0‘“) sgng _ hvcosa* sin® a“ sgn g

AZ = SQ2eL-S5), AY
z — (2eL-5) =

S@2¢L-S).

We see that the displacements vary quadratically with the slow variable, S, and, as expected, their magnitude is largest at the
filament tip, S = eL.

5.3. General solution: e = ord(1)

When the deformation is no longer small, it is not possible to solve the equivalent-rod Egs. (122)—(123) analytically so we appeal
to numerical integration.” We recast the equations as an initial-value problem by introducing

E=elL-S, Ze[0,eL],

so that the boundary conditions (95) at the filament tip become initial conditions at = = 0. For specified values of the dimensionless
parameters (namely sgn g, a*, v and /), we numerically integrate Egs. (122)—(123) up to some maximum value = = =, ; the solution
for any eL < E,, can then be found by truncating the trajectories at = = eL.

In Figs. 4a-b, we plot typical trajectories of « and A as a function of =, both for g > 0 (filament under tension; grey dashed curves)
and g < 0 (filament under compression; grey solid curves). (We have also superimposed solutions of the full Kirchhoff rod equations
as solid coloured curves; these are discussed in Section 5.4 below.) Even though the linearised solution in Eq. (124) (dotted lines
in Figs. 4a-b) is formally valid only for = < 1, we see that it performs excellently up to = ~ 1. In the regime = < 1, the symmetry
in the perturbations da = @ — a" and 44 = A — 1 as g — —g is also evident. However, at larger values of =, the perturbations are
no longer small and the trajectories deviate significantly from the linearised solution. In particular, because the coefficients C; in
Egs. (122)-(123) depend nonlinearly on the values of « and A, the symmetry in the solutions as g — —g is no longer present. The
nonlinear dependence of the coefficients C; is also responsible for the non-monotonic variation of the wavelength A observed when
g > 0 (Fig. 4b inset): A decreases slightly before increasing again, corresponding to winding then unwinding, which is a generic
phenomenon for helical filaments under increasing longitudinal forces (Goriely, 2017). The shapes of the filament predicted by the
equivalent-rod model for L = 15 and ¢ = 0.3 are shown in Fig. 4c; these shapes are determined from the numerical solutions for «

and A by integrating the tangent vector dgo) =t in Eq. (30).

5.3.1. Singular behaviour

Another key feature observed in Figs. 4a-b is that the solution of the equivalent-rod equations becomes singular if g < 0 and o is
sufficiently small: the trajectory for a* = x /6 reaches a point of vertical tangency at = ~ 15 and it is not possible to integrate further.
(For larger values of a*, self-contact at a = z/2 occurs before any singularity.) To gain further understanding, Fig. 5 shows a density
plot (‘heat map’) of the magnitude of the gradient vector associated with Eqgs. (122)-(123), i.e., ||(da/0S,dA/0S)||, which is plotted
on the (a, A)-plane together with phase trajectories (white arrows). When g < 0, these arrows point in the direction of increasing =,
i.e., moving away from the filament tip; while when g > 0, the arrows point in the direction of decreasing =. Fig. 5 confirms that the
singularity observed in Figs. 4a-b corresponds to a critical point where the Jacobian determinant det J = C,C,—C,C; vanishes (black
curves) and the magnitude of the gradient vector is infinite; we discussed the general existence of such critical points in Section 4.3.
Also plotted on Fig. 5 is the trajectory emerging from («, A) = (a“,1) (red curves), corresponding to the solution satisfying the
boundary conditions (95) at the filament tip, = = 0; this solution evidently only becomes singular in the physical region = > 0
when g < 0, i.e., under compression. Nevertheless, we emphasise that near critical points, the solution varies rapidly with = and
our multiple-scales analysis is not asymptotically valid (we discuss this point further in Section 7.2).

Iy [

While the singularity in the system only occurs under compression for large deformations eL > 15, in practice the helix axis will
buckle first, meaning our assumption of a straight axis is no longer valid. More precisely, in Appendix D we estimate the buckling
threshold of a helical filament using an ad hoc effective-beam approximation, which yields

L2 seca .
el ~7.84 —MMM——— (buckling threshold). (125)
1 + (v/2)sin? a¥
Because our multiple-scales analysis requires L = [/A* > 1, we expect that significant axis bending occurs well before eL ~ 15
for a* < x/6. This prediction is confirmed by the solutions of the full rod equations discussed below. However, it may be
possible to reach values ¢eL > 15 with a straight helix axis if axial bending is prevented, for example by confining the filament
radially. As discussed in Section 7.2, a radial contact force could be incorporated into our equivalent-rod model without much

difficulty.

9 Note that, alternatively, Eqs. (122)-(123) have the first integrals F, = sgng(eL —S) and M, = 0, which provide two algebraic equations for a and A via
Eq. (91). However, these equations must also be solved numerically (e.g., using a root-finding algorithm) in general.
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Fig. 4. The heavy helical column: the deformation of a highly-coiled helical rod due to a gravitational field parallel to the helix axis (here v=1/3 and h = -1).
We plot trajectories of (a) the slowly-varying pitch angle, «; and (b) the dimensionless helical wavelength, A = A/1“, obtained by numerically integrating the
(straight) equivalent-rod Egs. (122)-(123) with boundary conditions (95). In panels (a)-(b), the solutions are plotted as a function of dimensionless arclength
from the filament tip, = = ¢L — S, for pitch angles a* € {z/6,7/3,4x/9} = {30°,60°,80°} and either g > 0 (dashed curves) or g < 0 (solid curves); see legend.
The corresponding linearised solutions (124), formally valid for = « 1, are plotted as dotted lines. For later reference, we have also superimposed solutions of
the Kirchhoff rod equations for g >0, L =15 and ¢ € {0.1,0.2,0.4,0.6,0.8, 1} (solid coloured curves; see legend). (c) Corresponding filament shapes (side view),
determined from the equivalent-rod solutions in (a)-(b) for L = 15, ¢ = 0.3; the undeformed filaments are shown as grey curves. Arrows indicate gravity direction.
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Fig. 5. The heavy helical column: the phase plane of Eqs. (122)-(123) (v =1/3 and h = —1). In each panel, corresponding to a different undeformed pitch angle
a“, phase trajectories (white arrows) are shown; arrows point in the direction of increasing (decreasing) arclength from the filament tip when g < 0 (g > 0),
corresponding to the filament under compression (tension). The trajectory emerging from the undeformed point (a“,1) (red circle) is highlighted red. These
trajectories are superimposed on a density plot of the local gradient vector (da/dS,dA/dS), coloured according to the logarithm of its magnitude (see colourbar).
Also shown are the branches of critical points A_ (black solid curves) and A, (black dotted curves) from Eq. (103), at which the matrix of stiffness coefficients
is singular and the magnitude of the local gradient vector is infinite.
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Fig. 6. The heavy helical column: comparison between (straight) equivalent-rod theory (dashed black curves) and Kirchhoff rod simulations (solid coloured
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dimensionless arclength S for g > 0. (c) Corresponding filament shapes (projecting the centreline in the y—z plane). The undeformed filament is shown as a grey
curve. (d)-(f): As in (a)-(c), though with g < 0, showing results only until the onset of axis buckling.
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5.4. Comparison with full Kirchhoff rod simulations

We also compare the (straight) equivalent-rod theory with equilibrium solutions of the full Kirchhoff rod equations (discussed
earlier in Section 2.6). In particular, for the gravitational loading considered here, comparing Eq. (121) with the general form in
Eq. (24) shows that

A,=0, B,=0, C,=sgnge,, D, =0, E,=0.

Using the numerical implementation described in Section 2.6, we perform simple continuation in the loading parameter e: we
increase ¢ in small steps 4e, using the solution at each step as the initial guess for the next value of €. The undeformed solution
is used as the first guess to begin the continuation. (For g > 0, the solver converges without issue for 4¢ < 10~!. For g < 0, due
to convergence issues at the buckling onset, we use a small step size de = 0.002¢p,q1., Where epye(L, @) is the value of ¢ at
buckling predicted by Eq. (125).) To compare simulation results with the equivalent-rod theory, we note from Egs. (43)-(44) that
the leading-order strain components U, U,, U; in the equivalent-rod theory are given in terms of the pitch angle « and wavelength
A by

_ 2zsina 2rhcosa

oA A

These expressions allow us to calculate the strain components predicted by the equivalent-rod model from solutions for (a, A); while
inverting the expressions allows us to determine effective values of (a, A) from numerical simulations.

U ~0, Uy~K Uy~T =
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Fig. 7. The heavy helical column: error between (straight) equivalent-rod theory and Kirchhoff rod simulations, plotted as a function of e for various pitch
angles o and filament lengths L (indicated by symbol type and size/colour, respectively; see legend). (a)-(b): Maximum absolute error in the strain component
U,, and the maximum relative error in the strain component U,, for g > 0 (here v = 1/3, h = —1). Results are shown at 20 values of ¢ equally spaced on a
logarithmic scale between 10~* and 1. (c)-(d): As in panels (a)-(b), though with g < 0. Results are shown at 20 values of e equally spaced on a logarithmic scale
between 104 and 1.1y, as well as at € = €, (indicated by black crosses) and € = 1.1€,,qq., Where €,q.(L, a*) is the buckling value predicted by Eq. (125).
(For some values of a* and L, the numerical solver aborted due to convergence issues beyond the buckling onset, so that not all values of ¢ are plotted.).

Simulation results for « and A, plotted as a function of =, are superimposed (as solid coloured curves) on Figs. 4a-b; here we
take L = 15 and various ¢ in the range [0.1, 1], and we show results only for g > 0 (as discussed further below, for g < 0 the filament
buckles for e L <« 1, i.e., & < 1). We observe that the numerical solutions are generally in excellent agreement with the predictions
from the equivalent-rod theory, even up to ¢ = 1, despite the fact that the theory is formally valid only for ¢ < 1. However, in
the vicinity of the filament base (ie., for = ~ eL, which varies with ¢ for fixed L), oscillations in the numerical curves occur.
These oscillations are boundary effects resulting from the rigid clamping condition applied to the filament base: as discussed in
Section 2.6, these additional boundary conditions are necessary when solving the full Kirchhoff rod equations, but are not included
in the equivalent-rod theory to leading order. The oscillations are confined to a few wavelengths of the filament base, and their
amplitude generally decreases as ¢ decreases, indicating that they are indeed a higher-order effect as ¢ — 0.

To further understand these boundary effects and the buckling behaviour for g < 0, in Fig. 6 we compare simulation results
(solid coloured curves) with equivalent-rod solutions (black dashed curves) for o = z/3 and both g > 0 (left column) and g < 0
(right column); similar to Fig. 4, we take L = 15 and various ¢ in the range [0.001, 1] (see legend). In both columns, we plot the
strain components U; and U, as a function of dimensionless arclength S (top panels), together with the filament shapes (bottom
panels). (The plots of the strain component U; are similar to U,, so we omit them here.) From Fig. 6, we observe the following:

+ In the case g > 0 (filament under tension), we generally have U, ~ 0 (Fig. 6a) as predicted by the (straight) equivalent-rod
model. However, we observe significant oscillations in U, near the boundaries, which decay significantly at a distance of around
three wavelengths. We see that the variation in U, along the filament length is in excellent agreement with the equivalent-rod
model (Fig. 6b); the boundary oscillations are more noticeable at the filament base since the change in U, is largest here. We
also observe small-amplitude oscillations throughout the filament length (see inset of Fig. 6b), which presumably arise due to
the finite helical wavelength: further simulations (not shown) indicate that these oscillations disappear as L = //A* — o and
e — 0. Despite these oscillations, we observe excellent agreement in the filament shape up to € = 1 (Fig. 6¢).

In the case g < 0 (filament under compression), we observe similar behaviour to the case g > 0 provided that ¢ is sufficiently
small (e < 0.003); see Figs. 6d—f. However, for larger values ¢ > 0.0035, the filament buckles and undergoes significant axis
bending, as illustrated by the filament shape for ¢ = 0.004 in Fig. 6f. As a result, large-amplitude oscillations in the strain
components occur throughout the filament, though we note that the equivalent-rod model still captures the average value
of these oscillations. (For clarity, on Figs. 6d—f we do not plot the curves for values ¢ > 0.004 when the amplitude of the
oscillations becomes very large.)

We observe similar trends for other values of the pitch angle o* and filament length L. To be more quantitative, in Fig. 7 we plot
the error between solutions of the Kirchhoff rod equations and the equivalent-rod model for both g > 0 (left column) and g < 0 (right
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Fig. 8. Schematic diagram of axial rotation (twirling) in viscous fluid: the helical filament is driven at its base at a prescribed angular frequency w, relative to
fluid (viscosity u) in the laboratory frame. The hydrodynamic loading comprises a distributed force f, and moment m,.

column). In each column, we plot the maximum absolute error in the strain component U, (top panels), and the maximum relative
error in the strain component U, (bottom panels), where the maximum is taken over the entire filament; these errors are plotted as a
function of e for different pitch angles a* € {z/6,7/3,4x/9} (symbol type; see legend) and filament lengths L € {3, 5, 10, 15} (symbol
size/colour). (As in Fig. 6, we omit the corresponding plots for U; as they are similar to U,.) Fig. 7 confirms that the equivalent-rod
model performs excellently for g > 0, even when e is not strictly small, as well as for g < 0 provided that the system is not near the
onset of buckling: both absolute and relative errors decrease systematically as ¢ decreases, reaching values of around 10~® when
e = 107, For sufficiently small ¢, the error scales linearly with ¢; we note that a linear scaling is expected based on the regular
asymptotic expansion in e that we used in Section 3.3. In addition, provided ¢L < 1, the error is independent of L, as evidenced
by the collapse of the symbols for each value of a“. This collapse breaks down when eL = ord(1), though in this regime we are
able to collapse the data (away from buckling) by instead plotting the error as a function of e L. While a detailed analysis of axis
buckling and the stability of solutions is beyond the scope of this paper, in Figs. 7c-d we observe that the point where the error
starts to increase rapidly for g < 0 (due to significant axis bending) matches well the buckling threshold predicted by Eq. (125)
(black crosses).

6. Physical scenario II: Axial rotation (twirling) in viscous fluid

In the second physical scenario, we assume that the filament is immersed in viscous fluid and is rotated at its base about the
helix axis at some prescribed angular frequency, w,, while its other end is free; see Fig. 8. This may be considered as a simple model
for a bacteria flagellar filament in which (i) the filament base is tethered in the laboratory frame, i.e., not freely swimming; (ii)
we neglect the flexible ‘hook’ joint and tapered part connecting the rotary motor to the filament base (Higdon, 1979; Park et al.,
2017), but incorporate their effect as transmitting a wrench to the filament needed to achieve the prescribed frequency, w,; and (iii)
polymorphic transformations away from the so-called ‘normal’ helical form do not occur (Hasegawa et al., 1998). Here we describe
how the (straight) equivalent-rod equations can be applied to this problem.

6.1. Governing equations

Since inertial forces are dominated by viscous forces at the small lengthscales characteristic of bacterial flagella (Powers, 2010),
we neglect inertia of both the fluid and rod. We may then use resistive-force theory to compute the hydrodynamic forces and
moments exerted on the filament (Lauga, 2020). While this theory neglects long-range hydrodynamic interactions arising from the
curved geometry of the helix, it can be obtained as the asymptotic limit of slender-body theory when the cross-section radius a
is much smaller than the typical radius of curvature of the rod (Cox, 1970; Leal, 2007). For the helical filament considered here,
this radius of curvature is of size 1“ so the asymptotic limit is equivalent to a < 4, which is precisely the assumption we made in
Section 2 to neglect axial extensibility.

Recall from Section 2.3 that the helix frame Oxyz is defined such that the filament base (at z = 0) is always located on the x-axis.
The velocity of a point r on the filament centreline, relative to the fluid in the laboratory frame, is then

V=w0ezxr+‘;—:. (126)
The final term here, which accounts for motions relative to the helix frame, incorporates both spatial variation in the rotation rate
and motions parallel to the helix axis. From resistive-force theory, the viscous drag force (per unit length) is given by (Lauga, 2020)

£, == (d3-v)d; =&, [v—(d3-v)d;], (127)

where, for a helical rod, the local drag coefficients for motion parallel and perpendicular to the rod centreline are given by Lighthill’s
corrected coefficients (Lighthill, 1976):
_ 27 u _ 4z
a= log (0.1844/a)’ = log (0.1824/a) + 1/2°
Here yu is the dynamic viscosity of the fluid and we neglect small changes to the drag coefficients arising from variations in the
contour wavelength. The fluid also exerts a moment (per unit length) opposing rotation of the filament cross-section:

m, = —4zpa® (d; - [wpe, + o] ) dj, (128)
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where 4zua? is the rotational drag coefficient (per unit length) of a rod with radius a (Landau and Lifshitz, 1987), and  is the
angular velocity vector (in the helix frame) introduced in Eq. (2). We note that the distributed moment m, also has terms along d,;
and d,, though these are a factor O(a/I)> < 1 smaller than the distributed force f, and so can be safely neglected for the slender
filament considered here (Garg and Kumar, 2023).

To non-dimensionalise, we expect that the relevant velocity scale is the tangential velocity associated with the imposed rotation,
ie., |v| ~ A*|wy|. From Egs. (127)-(128), it is then natural to choose the force and moment scales

[f1=C M wgl,  [m] = dmpa®|wp).

The dimensionless parameters ¢ and &, defined in Eq. (20), are then given by
bl A* |ap| drpa’

5= ———.
B L (y?
With the above force scale [f] and moment scale [m], we introduce dimensionless variables as in Section 2.4 (Eq. (13)). Because
we neglect rod inertia here, we do not rescale time by the timescale [f] = ¢~!r*, as was done in Section 3 and Section 4. Instead,
we consider the timescale over which the filament deforms due to the hydrodynamic load: balancing the or/dr term in the velocity
(126) with |v| ~ A*|a| (noting that |r| = O() = O(A“L) = O(e~' 4*) for eL = O(1)), this timescale is r ~ ¢~'|w,|~!. Re-scaling also
the angular velocity by 1/t ~ e|w,| here, we therefore set

t=eYap|™'T, v=2"wplV, o =e¢lag| L. (129)
Egs. (126)—(128) then become
V =sgnwge, X R + e%, Fo=-(1-2)(d;-V)d; = [V=(d;-V)d;], M, =-[d;- (sgnwpe, + e Q)] ds, (130)
where the local drag anisotropy is characterised by the dimensionless parameter
_ata 1
€L 2

6.1.1. Formulation of the (straight) equivalent-rod equations: e L = ord(1)

To formulate the (straight) equivalent-rod equations for e L = ord(1), we use the expressions in Egs. (37) and (43) for, respectively,
the leading-order centreline velocity, dR© /0T, and angular velocity vector, 2©, in terms of the slowly-varying helical radius, R,
wavelength-averaged longitudinal coordinate, Z, and wavelength-averaged winding angle, ¥. Noting that d/dT = (|, |r*)d/dT and
0 ="' o = |wp|t* 2, we obtain

(0) N ~
% ~ % — ! <R£eg + Z—Zez> +o), 0~09- e’l%ez +0(1). (131)

Using d; ~ dg()) =t =hsinaey +cosae, (recall Egs. (30) and (33)), the external loads (130) to leading order (i.e., neglecting terms
of O(e)) can be written in cylindrical polar coordinates as

. o . 0Z 0Z . o
F(O)z—[R 1—;(sm2a (sgnw +—A>—h)(cosasma—A]e - [ l—xcosza —A—h)(Rcosasma<sgnw +—A>]e,
¢ ( ) O o or) |l Vo YV
. =-—cosa sgnw0+a—f (hsmae9+cosaez).

We then calculate the wavelength-averaged external force and moment along e,:
e, -FE,()) = —A”£ - B <sgncoo + ﬂ) , oe, ~M£0) +e, - (R(O) X FE,O)) = —B”£ -G <sgnco0 + ﬁ) ,
aT aT aT aT

where we define the drag coefficients
Ap=1- zcosa, By =-hyRcosasina, C;= scos’ a + R? (1 — ysin® a) .

Substituting the above expressions into the equivalent-rod Egs. (97)—(98) from Section 4.2 then yields a closed system of PDEs
for Z(S,T) and ¥(S,T), which, in the absence of the inertia terms, take the form of coupled diffusion equations. Because the drag
coefficients generally depend on the (unknown) helical geometry, these equations are nonlinear; the drag coefficients and helical
radius R can be expressed in terms of Z and ¥ using Eq. (96). We therefore focus on the case ¢L <« 1, considered below, for which
an analytical solution of the equivalent-rod equations is possible.

We note that the external loads F” and M’ are consistent with our assumption of a straight helix axis. More precisely, since the
coefficients of e, and e, in the above expressions for F(eo) and ME,O) are independent of the fast variable, .S, the off-axis components

of FEO) average to zero over each wavelength: e -F” = 0 and e, - FS)) = 0. Because we also neglect inertial terms, the off-axis
solvability conditions (77), needed for a straight helix axis in the case eL = ord(1), are then satisfied.

6.1.2. Formulation of the (straight) equivalent-rod equations: ¢ L < 1
For the remainder of this section we restrict to small deformations, e < 1. In terms of the perturbations AZ = Z — S cos a* and
AY =¥ —27hS (introduced in Section 3.7), and using a ~ a* and R ~ R", the external loads are

F‘(EO)N_ R“(l—;(sin2a") <sgnw0+ﬂ>—h100sa“sina"ﬁ ey
aT aT
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- [(1 — ycos? a") ﬁ — hyR"cos a" sina” <sgnw0 + ﬂ)] e,
aT aT
MO ~ — cos a* <sgnco0 + ﬂ) (hsina“ey +cosae,).
oT
Similar to the case ¢L = ord(1) above, we calculate the wavelength-averaged external force and moment along e,:

FO _ _4u04Z 04¥ MO ( (0)> u94Z 0AY
e F, A — T - B Sg“wo"'g , &e,-M,” +e, - (R“xF, B —= o7 -G sgnw0+? ,

where the drag coefficients are now evaluated using the undeformed geometry:

Aﬁ =1- )(cos2 a, Bﬁ —hyR"cos a" sina", CIT = §cos? a" + (R“)2 (1 -x sin? a”) . (132)
Neglecting inertia terms, the linearised equivalent-rod Egs. (113)—(114) and boundary conditions (115) become

W 02AZ L 0AP aAz u 0A¥

K 7S + K} 95 = ” o +B|| sgnaw, + F N (133)
W 02AZ WOPAY L 0AZ |, 04¥

K3 0S5 K; as2 ~ Bis +CII sgnawg + _(ﬁ" ) (134)

A A 0AZ
AZ(0,T)=A4¥(0,T) =0, ( L, T) (eL T) (135)

For initial conditions, we suppose that the filament is undeformed at 7" = 0 before the rotation is instantaneously applied for 7" > 0:
AZ(S,0) = AP(S,0) =0. (136)

It is worth noting that, in the straight-rod limit o — 0 with A* fixed, Egs. (133)—(134) reduce to the classical equation governing
twist diffusion in a straight rod (Wolgemuth et al., 2000) when we identify 04¥ /dS with the axial twist (recall the discussion in
Section 4.6).

An important point is that, in contrast to the case eL = ord(l), the external loading does not satisfy all off-axis solvability

conditions. In particular, the additional constraints (88)-(89), which only arise in the case ¢L <« 1, become (using e, - MEO) =
e, - MY =0)

e, - (R“ x FS”) =0, e, (Ru x Fg°>) =0  (off—axis solvability conditions). (137)
Using R“(S) = R"e, + S cosa'e, and Eq. (31) (with y ~ y"), we calculate

e, - (R“ X FEO)) ~ —cosa“Se, - F(eo), e, - (R” X F§0)> ~ cosa"Se, - FS».

Because the coefficient of e, in the expression for FE.O) is independent of S, we have Se, - FEO) x Se,-e, = Scosy* # 0 and

Se, - F” « Se, e, = —Ssiny" # 0, so that in general e, - (R" x Fff’) #0ande,- (R“ x Fg°>) #0.

Because is not possible to satisfy Eq. (137), we expect that the helix axis will not remain straight to leading order: bending
strains will arise that are of comparable size to the extensional and torsional strains predicted by the equivalent-rod model. This
axis bending is verified by solutions of the full Kirchhoff rod equations, discussed later in Section 6.3. Nevertheless, we will also show
that the solution of the equivalent-rod equations, obtained in Section 6.2 below, approximates the average strains from simulations
very well, i.e., with small relative error, provided that ¢L is not too small.

6.2. Analytical solution for eL < 1

To solve the linearised equivalent-rod Egs. (133)-(136), we write them in matrix-vector form as

Y oy 0 L (AzZ o (Ki Ky (A4 B
65‘2 =Y" [0T (sgna)0>] where y(s,T)_(Aql), J _<K§‘ K: , Yt Bﬁ Cﬁ' (138)

N 0 N
Y (0.T) =04y, a%(eL,T)zOZXl, Y (S,0) = 0yyy- (139)

Note that the matrices of undeformed stiffness and drag coefficients have positive determinant: from Egs. (116) and (132), we

calculate

472 csc? at

1+v

sin? a*
472

2
, detY" = AlCl - (Bﬁ) =6cos2a“(1—)(cosza”)+(1—)()

2
det J* = KK} — (Kj)" = hC

Hence, after pre-multiplying by (Y*)~!, Eq. (138) becomes

2 KuCM KMBM KuCM KMBM
MM _9Y + < 0 ) where M=y ge= . < I I I II>. (140)

052 oT Sgn @y Au Cu _ (B )2 K”A” Ku Bﬁ K”A“ Ku Bﬁ

Eq. (140), together with the boundary conditions and initial conditions in Eq. (139), can be solved using a variety of methods.
We choose to decompose the solution into a steady part, S (with Y = Y5 as T — ), and a transient part, Y°; we then seek a
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— — Equivalent rod Kirchhoff rod: E::} e=0.05 E} e=0.1 E} e=1

Fig. 9. Axial rotation (twirling) in viscous fluid: viscous dynamics of a helical rod that is suddenly rotated at its base at a prescribed angular frequency w,
(parameter values in Eq. (142)). We plot spatio-temporal diagrams of (a) the (negative) wavelength-averaged rotational displacement, —4¥/[(¢L)? sgnw,]; and
(b) 1+ (9A¥ /dT)/ sgn w,, which corresponds to the leading-order angular velocity in the laboratory frame (normalised by w,). In both panels, predictions of the
linearised (straight) equivalent-rod model, evaluated using the analytical solution Eq. (141), are shown (black dashed curves), together with results of dynamic
Kirchhoff rod simulations with L = 10 and ¢ € {0.05,0.1, 1} (dash-dotted, dashed and solid coloured curves, respectively; see legend).

separable solution for the transient part, noting that the boundary conditions in Eq. (139) imply the spatial dependence of Y is of
the form sin [(Zn + )zS/ (2€L)] (n=0,1,2,...). Writing M;; for the entries of M, the final result can be written as'?
R . (eLYsgnw, S S\ [-M
S, 1) =Y5(S)+IP (s, T h S8 =" (2-= 12 141
V(S T) =Y (S)+IP (S, 7)  where Y5 (S) Sy = (2-=) ) (141)
. [entDr s] 2 2, 7 2 2 i
2. s @n+1)2a? u, T @ntl) _T
W (s.7) = 16(eL)* sgnwy - Sm[ 2 el < M/ py )e*%(:T)z _ ( Mpy/u_ >6*%(’;T)z ’
By —n) S @en+1) 1= M/, 1= My /u_

where u, are the eigenvalues of M:

Hye =

KiCit = 2Ky B + K4 A { KUCl —2KY Bl + Ky Al }2 KUY = (K2

2[A4cit - (B2 2[Aicit - (Bi?] ACl = (Bj)?

In what follows, we consider typical parameter values for a bacteria flagellar filament in its normal left-handed helical
form (Namba and Vonderviszt, 1997; Vogel and Stark, 2012; Son et al., 2013):
a _
Au
In Fig. 9a we use the solution in Eq. (141) to construct a spatio-temporal plot of the wavelength-averaged rotational displacement,
AY¥. (The corresponding plot for AZ is similar and will not be discussed here.) In particular, we plot curves of —A¥ /[(eL)? sgn w,] as
a function of S/(eL), for several times 7 /(¢L)? (black dashed curves); these re-scalings are chosen according to Eq. (141), so that
the plotted curves are independent of the values of ¢L and sgnw,. We observe an initial transient in which the displacement varies
from zero, after which the solution approaches the quadratic profile predicted by the steady part of the solution, »S, in Eq. (141).

Fig. 9b displays the corresponding spatio-temporal plot for 1 + (04¥ /dT)/sgnw, (black dashed curves), which corresponds to
the leading-order angular velocity (about the helix axis) in the laboratory frame, normalised by w: from Egs. (129) and (131) (and
using A¥ = ¥ —27hS), we have 1+ (4% /9T)/ sgnw, ~ e, - (wye, +®)/w,. At early times, the equivalent-rod model predicts that the
bulk of the filament is at rest relative to the fluid, with only a neighbourhood of the filament base (where the specified frequency
is instantaneously applied for T > 0) rotating appreciably. As T increases, the rotation rate propagates along the filament until the
filament reaches a state of uniform rotation, which is approximately attained for times 7/(e¢L)? 2 1072,

a*=30°, v=0, h=-1, 1072, (142)

6.2.1. Resultant force and moment at the filament base

For locomotion driven by axial rotation of a helical filament in viscous fluid, a key quantity is the resultant force at the filament
base, F,(0,T): if the filament is no longer tethered but attached to a freely-swimming body, the swimming speed is determined by
balancing this propulsive force with the total viscous drag on the body and filament (neglecting inertia). Thus, in absence of other

10 1t may be verified that Eq. (141) satisfies the initial condition in Eq. (139) using the identity % o ﬁ sil [@ i] == (2 - i) and det M = p pu_.
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Fig. 10. Axial rotation (twirling) in viscous fluid: (a) resultant force and (b) resultant moment at the filament base, re-scaled according to Eq. (143) (parameter
values in Eq. (142)). In both panels, we plot the analytical predictions (143) of the linearised (straight) equivalent-rod model (black dashed curves), corresponding
to the solution shown in Fig. 9. Also shown are results of dynamic Kirchhoff rod simulations using L € {3,5,10} and ¢ € {0.05,0.1,1}, as indicated by line
thickness/colour and linestyle (see legend).

forces, F,(0,T) is proportional to the swimming velocity. The resultant moment M ,(0,7") corresponds to the torque required by the
rotary motor to achieve the imposed frequency .

Using the expressions for the linearised resultants F, and M, in terms of AZ and A¥ (from combining Egs. (104)-(105)), we
obtain, after simplifying,

. g & K! ﬁ @n+1)2x? uﬁz Ky —u Bi _ @n+1)2r? u_f;
__ u_ 8 T4 <L>_— 4 (D
F,0,7T) eLsgnwyq By = Z o 1)2 — ¢ . c
. Ky u,cll“ @nt1?a? uy T Ky = n,Cj _@nt12? p T
M,©0,T) = —eLsgnwy C*— Z 4 ep o 2 LT A ey (143)
I * (2n + 1)2 — Hy = H_

In Fig. 10, we use these expressions to plot (as black dashed curves) the resultant force (Fig. 10a) and resultant moment (Fig. 10b) at
the filament base, corresponding to the solution shown in Fig. 9. Fig. 10 shows how both resultants grow like 7''/2 (i.e., diffusively)
at early times, T/(¢L)> < 1073. The resultants then approach the steady values (equal to the drag coefficients Br and C"“; black
dotted lines) for times 7'/(eL)? 2 1072, corresponding to when the rotation rate is close to being spatially uniform in Fig. 9b.

6.3. Comparison with dynamic Kirchhoff rod simulations

To test our (straight) equivalent-rod theory, we perform dynamic simulations of the full Kirchhoff rod equations, based on the
integro-differential formulation discussed in Section 2.6. For the hydrodynamic loading considered here, i.e., Eq. (130), we set

A, =—e(I-4d;®d;), B,=-sgnwy(I-yd;®4d;)[e],. C,=0, D,=-ed;®d;, E,=-sgnow,(d; ®d;) [e,],

in Eq. (24) where I is the second-order identity tensor. To directly compare simulation results with the equivalent-rod theory, we
compute the effective winding angle, y, and longitudinal coordinate, Z, in our simulations; these are determined from values of
the centreline R on the numerical mesh using tany = R-¢,/(R-e,) and Z = e, - R. The wavelength-averaged rotational and
longitudinal displacements are then found using a centred moving average, with window size equal to the undeformed wavelength,
1 (we consider only mesh points where a full window size is available, i.e., for .S € [0.5, L — 0.5]).

Simulations results for the wavelength-averaged rotational displacement are plotted in Fig. 9a (coloured curves). Here three sets
of simulations are shown, which use the parameter values reported in Eq. (142) together with a dimensionless length L = 10 and
e € {0.05,0.1, 1} (dash-dotted, dashed and solid curves, respectively; see legend). Significant oscillations are present in the numerical
curves for ¢ = 0.05, whose amplitude generally increases in time until a steady configuration is reached. These oscillations are due
to axis bending in the regime e¢L < 1, for which the off-axis solvability conditions are not satisfied; simulations for smaller ¢ (not
shown) display larger relative oscillations when plotted on Fig. 9a. Nevertheless, we see that the (straight) equivalent-rod solution
captures well the average profile of the numerical curves. As ¢ is increased up to the regime where ¢L = ord(1), the oscillations in
the curves decrease in amplitude; here the bending strains become asymptotically small, as predicted in Section 6.1.1. Remarkably,
we obtain excellent agreement with the linearised equivalent-rod model in this regime up to ¢ = 1, well beyond the limit of validity
of the key assumptions underlying the theory: namely, a highly-coiled filament (¢ < 1) and small deformations (eL < 1).

In Fig. 9b, we plot corresponding simulation results for the average angular velocity in the laboratory frame. While we do
not observe significant oscillations in the numerical curves, the agreement with the equivalent-rod model is generally worse as ¢
decreases. Moreover, for all values of ¢, the agreement breaks down at early times when the bulk of the filament is at rest. In this
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regime, variations in the angular velocity occur on a lengthscale comparable to the helical wavelength, which we do not expect the
equivalent-rod theory to capture adequately.

Corresponding simulation results for the resultant force and moment at the filament base are plotted in Fig. 10 (coloured dash-
dotted, dashed and solid curves). In addition, we show results for simulations in which the filament length is reduced to L =5 and
L = 3, again with ¢ € {0.05,0.1, 1}, as indicated by reduced line thicknesses (see legend). In all 9 sets of simulations, we observe
excellent agreement with the analytical predictions (143) for times T /(¢L)? 2 1073, with the numerical curves collapsing onto
the theoretical curve. However, at earlier times, the numerical curves deviate significantly from the diffusive behaviour (e« T1/2)
predicted by the equivalent-rod model. We attribute this to the large variations in angular velocity at early times (Fig. 9b), consistent

with the observation that the disagreement in Figs. 10a-b is larger for simulations with a smaller length L (i.e., fewer wavelengths).
7. Discussion and conclusions
7.1. Summary of findings

In this paper, we have studied slender, helical rods undergoing unsteady deformations in the presence of distributed forces and
moments. Focussing on the case when the helix axis remains straight, we have derived a (straight) equivalent-rod theory via an
analytical reduction of the Kirchhoff rod equations. This analytical reduction is asymptotically valid in the limit of a highly-coiled
filament, i.e., when the helical wavelength is much smaller than the typical deformation lengthscale. The (dimensionless) equivalent-
rod equations comprise two coupled PDEs, Egs. (75)-(76) (Egs. (85)—-(86) in the small-deformation limit e L < 1), which correspond
to wavelength-averaged force and moment balances about the helix axis; together with constraints on the external loading needed
for a straight helix axis. Egs. (75)-(76) can further be written as a quasi-linear system of equations, in terms of two independent
variables that uniquely characterise the locally-helical shape. We focussed on two such pairs of variables in Section 4: the pitch
angle and contour wavelength, and the wavelength-averaged longitudinal and rotational displacement.

The equivalent-rod equations provide a simplified modelling framework, applicable to a wide variety of physical and biological
settings, that allows for a great deal of analytical progress or rapid numerical solution. In particular, the equations account for
unsteady displacements and rod inertia. In the absence of distributed loads, we demonstrated that the linearised equations reduce
to the coupled wave equations previously proposed to describe free extensional-torsional vibrations of helical coil springs (Phillips
and Costello, 1972; Jiang et al., 1989, 1991). Our analysis therefore provides a rigorous justification that the linearised stiffness
coefficients can be applied locally (i.e., for each infinitesimal element) in situations involving unsteady deformations and distributed
loads, provided that the loading is consistent with the assumption of a straight helix axis. In addition to the free vibrations of helical
coil springs, we illustrated the applicability of our theory with two physical scenarios: (I) the compression/extension of helices under
gravity (Section 5), and (II) the over-damped dynamics of helical rods twirling in viscous fluid (Section 6). In both scenarios, we
obtained excellent agreement with solutions of the full Kirchhoff rod equations, even beyond the formal limit of validity of the
highly-coiled assumption (¢ < 1).

7.2. Discussion and outlook

Our equivalent-rod description is distinct from classic perturbative approaches, which consider small deformations from a known
base state, usually taken to be the undeformed helical shape (Goriely and Tabor, 1997a,b,c; Takano et al., 2003; Kim and Powers,
2005; Katsamba and Lauga, 2019). The main difference here is that we consider slowly-varying changes to an unknown leading-
order shape. The relevant small parameter in our analysis is thus the gradient of the deformation along the arclength — there is no
restriction on the global size of the displacements, provided that the (local) strains remain small. Our analysis is therefore similar
to dimension reduction methods for slender structures (rods, plates, shells), which are based on the assumption that variations
in the strains occur on lengthscales much larger than the cross-section dimensions. These methods systematically eliminate the
dependence of field variables over the cross-section, to obtain a lower dimensional model describing an effective centreline or
mid-surface (Lestringant and Audoly, 2020); examples include tensile necking of prismatic solids (Audoly and Hutchinson, 2016),
hyperelastic cylindrical membranes (Lestringant and Audoly, 2018; Yu and Fu, 2023), and elastic ribbons (Audoly and Neukirch,
2021; Kumar et al., 2023; Gomez et al., 2023). For the helical rods considered here, the effective centreline is the helix axis.

In addition, the multiple-scales analysis developed in Section 3 can be viewed as a homogenisation procedure in which the
helical wavelength plays the role of a periodic unit cell over which the governing equations are averaged. In this sense, our analysis
is similar to the work of Kehrbaum and Maddocks (2000) and Rey and Maddocks (2000) on straight rods with high intrinsic twist.
However, in contrast to these studies, we did not pursue a Hamiltonian formulation of the Kirchhoff rod equations, but instead we
worked directly with the equations of force and moment balance. This allowed us to readily incorporate general external forces
and moments, including those that are non-conservative such as the hydrodynamic loading considered in Section 6. While simple
hydrodynamic models such as resistive-force theory could be incorporated into a Hamiltonian formalism without much difficulty,
we expect that the framework introduced here may more readily be extended to incorporate other, more complex, fluid frameworks,
such as slender-body theory.

The basis of our asymptotic method is the helical solution of the inextensible Kirchhoff rod equations, in the case of a constant
wrench aligned with the helix axis (Love, 1944); the assumptions of a highly-coiled helix and a straight helix axis then guarantee
that this solution holds locally when distributed loads are present. Thus, we expect that our analysis can be extended to other
situations, provided that there is sufficient symmetry such that a locally-helical solution persists. One important example is contact
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Fig. 11. Contour plots of the dimensionless resultant force F, (top panels) and moment M, (bottom panels) on the (a, A)-plane, coloured according to the
logarithm of their magnitude (see colourbars; here v = 1/3). In each plot, the zero contour separating regions of positive and negative force/moment resultant
is shown (red dashed curves); this contour passes through the undeformed point (a, A) = (a“,1) (red circles). Also shown are the roots A_ and A, (black solid
and dotted curves, respectively) from Eq. (103), at which the matrix of stiffness coefficients is singular.

forces, either due to external radial confinement or self contact: under longitudinal compression, the helical symmetry guarantees
that the net force arising from self-contact is directed towards the helix axis, i.e. along —e,, for which a locally-helical solution to
the Kirchhoff rod equations still holds — see Chouaieb et al. (2006). Another example is the case of helical rods whose cross-section
is rectangular (i.e., ribbons), which permit a helical solution in some cases (Goriely et al., 2001).

Physical significance of singularities. The analysis in Section 4.3 indicates that the steady equivalent-rod equations become singular
when the matrix of stiffness coefficients has zero determinant. In particular, in the (a, A) formulation of the dimensionless equivalent-
rod equations, these singularities can be visualised as branches of critical points on the (a, A) phase plane; recall Fig. 3. As the system
approaches one of these critical points, the magnitude of the gradient vector (da/0S,dA/dS) tends to infinity — we observed such
behaviour for compressive gravitational loading in Section 5 (see Fig. 5). However, as soon as the helix geometry varies on a
lengthscale comparable to the helical wavelength, S = O(1), the multiple-scales analysis presented in Section 3 will no longer be
asymptotically valid. Nevertheless, we might expect that such critical points signal an underlying, physically-relevant instability,
whose description would require a detailed analysis of the rod equations on the wavelength lengthscale.

The behaviour of critical points as the undeformed pitch angle o varies (Fig. 3) has implications for their physical relevance. For
small a¥, the branches of critical points in Fig. 3 evidently lie at values of « much larger than the undeformed value «* (drawn as
circles in Fig. 3). Hence, in the vicinity of the critical points, we expect that the filament will be under a large amount of longitudinal
compression (i.e., the force resultant F, < 0) as it must be compressed to a pitch angle a > «*. For given external loads, as S varies
and the system moves through the (a, A) phase plane, we therefore expect that the helix axis buckles before the system is able
to approach the vicinity of any critical point (neglecting dynamic effects); we discussed this point in the context of gravitational
loading in Section 5. However, for larger values of a“, the branch closest to the undeformed point (a“, 1) lies at values a < a* where
the filament is under longitudinal tension (F, > 0). It is therefore conceivable that the system remains stable as it approaches such
critical points, which may correspond to tensile instabilities that can be observed experimentally.

To further illustrate this behaviour, we show in Fig. 11 contour plots of the dimensionless force resultant F, (top panels) and
moment resultant M, (bottom panels) for three different values of ¢ in the physical range 0 < a < x/2 (these resultants are
evaluated using Eq. (91)). For the smallest value a* = z/6 (left column), the critical branches A, (black curves) both lie to the right
of the zero-force contour F, = 0 (red dashed curve), where F, < 0. For a“ 2 /3, however, the branch closest to the undeformed
point (a“, 1) instead lies in the region F, > 0; see the middle and right columns in Fig. 11. We also observe that the critical branch
lies in the region M, /h < 0.

The above discussion indicates that tensile instabilities are a generic phenomenon when helical rods are subject to both distributed
forces and moments. Because these instabilities may be observed for isotropic rods with circular cross-section, they are qualitatively

32



M. Gomez and E. Lauga Journal of the Mechanics and Physics of Solids 194 (2025) 105921

different to the tensile instabilities previously described for inextensible helical ribbons and anisotropic helical rods; see Starostin
and van der Heijden (2008) and references therein. Indeed, instabilities characterised by large stretching deformations (with
approximately straight helix axis) have been observed in several systems involving distributed forces and moments. Examples
include the abrupt, localised uncoiling of microscopic helical ribbons under directed fluid flow (Pham et al., 2015); and helices
composed of magneto-rheological elastomers (MREs), which suddenly extend from a highly-collapsed state (attained due to long
range dipole-dipole interactions) as the gradient of the magnetic field exceeds a critical value (Sano et al., 2022). It remains an
intriguing possibility if these instabilities can be predicted using the analytical framework developed here.

Assumption of a straight helix axis. Our analysis rests on a number of assumptions (summarised earlier in Section 1.2), the most severe
of which is that the helix axis remains straight. This assumption places a strong restriction on the external forces and moments,
since these must satisfy the off-axis solvability conditions obtained in Section 3. As might be expected, a straight helix axis is
only possible if the external force exactly balances the off-axis components of the filament acceleration, when averaged over the
helical wavelength. Surprisingly, we found that additional constraints on the external loading — which take the form of wavelength-
averaged moment balances in the off-axis directions — arise only in the case ¢ L < 1, corresponding to small deformations. Indeed, in
Scenario II, these additional constraints are not satisfied and we observed oscillations in the strain components for e L < 1 resulting
from axis bending. These oscillations diminish as ¢ increases up to the point where ¢L = ord(l), so that, counter-intuitively, the
agreement between the simulation results and the linearised equivalent-rod theory improves, even up to ¢ = 1. Nevertheless, in other
loading scenarios, the loading path may be more complicated, with the possibility of multiple stable states. In such scenarios,
if significant axis bending occurs for eL < 1, the filament will not necessarily straighten as e increases and so the (straight)
equivalent-rod theory will not apply.

If the helix axis is not assumed straight, it is expected to bend over the deformation lengthscale [s] = (B/[f])'/3, which arises
from a balance between the external force density [f] and the typical force (per unit length) required to bend the filament; recall
the discussion in Section 2.5. In dimensionless variables, this introduces a bending lengthscale, &, defined by S = ¢~!/3§ (using
S = s/A" and e = (A“/[s])*). It is then necessary to generalise the locally-helical solution in Section 3.2 to incorporate a slowly-varying
isometry O = O(8,T) applied to the leading-order directors. The resulting bending strains, resulting from §-derivatives of Q, would
contribute ord(e'/3) terms to the strain components, meaning that a regular asymptotic expansion in e (like that in Section 3.3) is no
longer appropriate. This additional complexity is the topic of future work, which aims to obtain an effective-beam model describing
the geometrically-nonlinear displacements of a helical rod in three dimensions. Such a model would have immediate applications
in a number of contexts. For example, when combined with mechanical modelling of polymorphic shapes (Srigiriraju and Powers,
2005), it would allow the full dynamics of flagellar filaments on swimming bacteria to be modelled (Turner et al., 2000). Other
potential biomechanical applications include the dynamics of flicking for bacteria (Xie et al., 2011; Son et al., 2013), bacterial
pumps (Gao et al., 2015) and artificial flagella (Zhang et al., 2010; Huang et al., 2019).
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Appendix A. Leading-order centreline and winding angle associated with the locally-helical ansatz

In this Appendix we calculate the leading-order centreline, R, and winding angle, y, associated with our ansatz of a locally-

helical shape. From Egs. (30) and (33), the unit tangent vector d;o) = hsin a ey+cos a e,. Substituting into the inextensibility constraint
(14) and expanding the derivative using the chain rule (29), we obtain

0(1;;0) S+ea§;)) s = hsinaey +cosae,. (A1)
We express R©) in terms of components perpendicular and parallel to the helix axis:
RO(S,8,T) =ROY(S,8.T) + 20(S,5.T)e,  where e, RO =0 (A.2)
Inserting into Eq. (A.1) gives
RO + eaR(O)l = hsinaey, i(o) + eaZ(O) = cosa. (A.3)
S |s S |s S |s = 0S |s
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Due to both S and S derivatives, it is not immediately clear how to integrate Egs. (A.3). Consider first the equation for the
longitudinal coordinate, Z©®. Physically, we expect that Z(© consists of its average value over the wavelength centred at S, of size
comparable to the total contour length, L = O(e~!), together with an O(1) part that has zero average. Seeking a solution in his form,
we obtain

ZO9(S,8,T) ~ €' Z(S,T) + AScosa(S,T)  where % = cosa. (A4)
s
It may be verified that this satisfies Eq. (A.3) to leading order, i.e., up to terms of size O(e), using
AS =S -1 =0, oMU _ 1, 48| _ -1
oS |s oS |s

For the transverse displacement, we seek a solution in the form

RON(S, S, T) = R(S,T)e,(S, S.T),

where R = Asina/(2r) is the slowly-varying helical radius. Using ‘;is’ 6= 3—"; ‘Seg and % = 3—"3’|Se9 (which follow from Eq. (31)),
s
Eq. (A.3) becomes, upon neglecting terms of O(e),
dy dy 2zh
—| +te—=| ~=—.
0S|s  ToSls A
Similar to the equation for Z®, the solution is
- 2nhAS oY 2zh
S,8,T) ~ e 'w(s, T h —| === A5
w( )~ e ¥( )+A(5’T) where 25 |5 "0 (A.5)

Physically, Z and ¥ correspond to the wavelength-averaged longitudinal coordinate and winding angle, respectively; their slow
derivatives, 0Z/dS|s and 0¥ /0S|, can be interpreted as extensional and twist strains of the equivalent rod. The boundary condition
at the filament base, Eq. (23), implies that Z(0,T) = ¥(0,T) = 0; from Egs. (A.4)—(A.5), we then obtain expressions for Z and ¥ in
terms a and A:
dé

s s
Z(S,T)=/0 cosa(¢,T)dég, V’(S,T)=2”h/0 AGT)

Combining with the above solutions for Z® and RO* yields the expressions reported in the main text (Egs. (34)—(36)).
Appendix B. Solvability conditions for the first-order problem: direct approach

In this Appendix, we present an alternative derivation of the solvability conditions for the first-order problem consisting of
Egs. (53) and (56)-(58). We focus on the case ¢L = ord(1); the case eL <« 1 is similar. We show that the same solvability conditions
obtained via the Fredholm Alternative Theorem in Section 3.6 can be derived by directly averaging the first-order equations.

From the periodicity of F,.(') and Mi(l), it follows that

) o tstd oM D
1 - 1
—| ds=0, /
L*lsfg 95 s €

—15,4 A
From Egs. (30) and (33), the leading-order directors dl(.o) depend on the fast variable S only via the unit vectors e, and e, (since the
coefficients of e,, e, and e, depend only on the slow variable, S). Hence,

elsyd 3 0F.(1) elsyd 3 ()F.(l) elsyd 3 0F.(1)
/ Te (Y = | a® dS=/ Tep [ Y | dS=/ e, 2—" d” ) ds=0.  (B1)
e‘]S—g 3 a8 |s e-lg_4 4 s |s el 4 aS |s

B) i=1 2 i=1

ds =0.
S

Identical expressions hold with F,.(” replaced by M,.(]).

Dotting the force balance (56) by e, and integrating over the helical wave, all unknown terms on the left-hand side vanish
according to Eq. (B.1) and the fact that U® and F© are both parallel to e, (recall Eqs. (43) and (49)). We are left with the solvability
condition

elsid 3 9F©® 2RO
: 92RO
e, - —L 1 a4 FO_ L= ) as=o0. B.2
/E—IS% ’ <Z‘ oS ‘s’ FTE ®2

If we instead dot Eq. (56) by e, x RO (= Rey), dot the moment balance (57) by e, and add the resulting equations, the terms in
FI.(') and Ui(” cancel. Integrating over the helical wave and making use of Eq. (B.1), all remaining terms on the left-hand side again
vanish, yielding

elsed 3 am© 3 9F© 150)
2 ) ) (0) () 0) i (0) ©) _ Jo°R —
/6713_% e [; - 'Sdi +6M© + RO x Zf_as AT HED - || ds=o. (B.3)

In component form, the solvability conditions (B.2)—(B.3) are equivalent to Egs. (71)-(72) in the main text.
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The remaining solvability conditions can be formulated by noting from the definition of @ (Eq. (52)) thate, - © and e, - © are
A-periodic. Because the components of @ are assumed to be periodic, we also have that d®/0.S|s is A-periodic (since the dﬁo) are
periodic). Eq. (53) then gives

els+d 3 6715+% 3
2 0g© - D g© -
/_] ) ex-<ZUi d! >ds_/_1 ., ey-<ZUi d! )dS—O. (B.4)
€ S_E i=1 € S‘f i=1

We dot Eq. (56) in turn by e, and e, and integrate over the helical wave. The first two terms in Eq. (56) can be written as the single
derivative 0(2?:] F,.(')dgo)) /9S|s; since e, and e, are constant vectors, this derivative (after taking the dot product with e, and e,)
still vanishes upon integrating. The third term also vanishes from Eq. (B.4). We obtain
s+ 3 9F©® 2RO) s+ 3 9F© 2RO)
2 : 2 .
/ e, - 2—' 40+ FO _ IR dS:/ e, Z—‘ 49+ 50— IR ) 4520,
cls-4 T \E 95 s oT? cls-4 o oS s oT?

which, in component form, are precisely the solvability conditions (73) in the main text (the © x F© terms in Eq. (73) integrate to
Z€ero).

Appendix C. Equivalent-rod equations in terms of Frenet curvature and torsion

From Eq. (44), we have A = 2z /V/ K2+ T2, cosa = hT /V/ K2+ T2 and sina = K/ K2 + T2. The leading-order moment and force
resultants, M, and F, (defined in Eq. (50)), and the slowly-varying helical radius, R (defined in Eq. (36)), can then be written in
terms of (K, 7) alone:

My=—"l [IC(IC IC“)+TT T], F,=h K2+72[ﬂ—rn"c], R=—%
VK272 v 1+ K K2+712

The equivalent-rod Egs. (75)-(76) yield the first-order system for X(S,T) and 7(S,T):

oT oK T o _, 0 / T
E +0,% +e, - F = — | d)=o0,
'os " oS aT2< 0 VKZ 4T |5 :
oT oK —«)) K FO 0 K2 0 /
Ci5g +CaSg +oe MY+ ey K —h—p | —2 s VK2 72
395 Thags Tos M T m T (k2 +72)2 0T -
where the dimensionless stiffness coefficients C; = C;(K,7) (i = 1,2,3,4) are

c o0F, h(] + v)KH <IC2 +2T2) — VK3 — KT (T +2vT) c 0F, h(l + VKT + I3 (T +vT)
=== = , GG=—%=

or (1 +wKVK2 + 72 oK (1 +WK2VK2 + T2
oM, 73 _ g2 [T“—(I—V)T]+(1+V)]C"1CT oM, (1+v) (K3 - K“T?) + KT [T"+(1+2V)T]
G=%57 =h 32 C =g =h 32 :
1+v) (K2+T72) (I+v) (K2+T72)
The boundary conditions (90) are equivalent to

KL, T)=K", T(L,T)=

Similar to the (a, A)-formulation, the external forces and moments can (in principle) be expressed in terms of X and 7 using the
expressions in Section 3.2 together with Eq. (44).

Appendix D. Buckling threshold of a vertical helical filament under self-weight

Here we estimate the buckling threshold of a helical filament under gravity using an effective-beam approximation. We set the
effective-beam length to be the linear length along the helix axis, /s = /cosa”, and the effective density from equating the total
mass, pp = p,seca”. The effective bending stiffness, B, can be determined by calculating the elastic energy associated with
uniform bending due to small moment applied normal to the helix axis, and comparing this with the corresponding energy for a
naturally-straight beam (Vogel and Stark, 2012). The result is

Bcosa

1+ (v/2)sin®a*
The classical result for a straight, vertical column (Wang, 1986) predicts buckling occurs under self-weight when

By =

perr Algll2,
B¢

Substituting for the effective parameters, re-arranging and making use of the expression (121) for ¢, we obtain Eq. (125) in the main
text.

~ 7.84 (buckling threshold).

Data availability

Data will be made available on request.
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