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Abstract

Recent microfluidic experiments have explored the precise positioning of micron-
sized particles in liquid environments via laser-induced thermoviscous flow. From
micro-robotics to biology at the subcellular scale, this versatile technique has found
a broad range of applications. Through the interplay between thermal expansion and
thermal viscosity changes, the repeated scanning of the laser along a scan path results
in fluid flow and hence net transport of particles, without physical channels. Building
on previous work focusing on two-dimensional microfluidic settings, we present an
analytical, theoretical model for the thermoviscous and thermal expansion flows and
net transport induced by a translating heat spot in three-dimensional, unconfined fluid.
We first numerically solve for the temperature field due to a translating heat source
in the experimentally relevant limit. Then, in our flow model, the small, localised
temperature increase causes local changes in the mass density, shear viscosity and
bulk viscosity of the fluid. We derive analytically the instantaneous flow generated
during one scan and compute the net transport of passive tracers due to a full scan, up
to quadratic order in the thermal expansion and thermal shear viscosity coefficients.
We further show that the flow and transport are independent of bulk viscosity. In the
far field, while the leading-order instantaneous flow is typically a three-dimensional
source or sink, the leading-order average velocity of tracers is instead a source dipole,
whose strength depends on the relative magnitudes of the thermal expansion and
thermal shear viscosity coefficients. Our quantitative results reveal the potential for
future three-dimensional net transport and manipulation of particles at the microscale.
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1 Introduction

The controlled, precise manipulation of microparticles and biological cells in a liquid
environment underpins applications across a wide range of disciplines and industries,
from drug delivery and disease diagnostics to the construction of miniaturised devices
and the study of single cells and molecules [1-3]. Microparticle manipulation has
been accomplished using a variety of physical mechanisms to achieve trapping, parti-
cle movement or assembly of structures [3]. Optical tweezers trap particles with optical
forces associated with spatial gradients in light intensity, created by focused light [4—
6], while magnetic tweezers apply force to magnetic beads via a magnetic field [7], and
acoustic tweezers use the acoustic radiation force induced by standing waves [8]. For
optothermal micromanipulation, thermal gradients caused by laser heating result in
thermophoresis, the migration of objects along a temperature gradient, providing con-
trol over microparticles [9]; active optothermophoretic manipulation involves particles
that can establish their own temperature gradients [9].

With varied possibilities for driving mechanisms, fluid flow is instrumental in many
techniques for micromanipulation. One of its advantages is that it need not rely on the
optical or magnetic properties of the particles being manipulated; instead, recent stud-
ies have employed a vast range of flow field topologies in order to trap or manoeuvre
particles hydrodynamically. For instance, time-averaged flow created by fluid oscilla-
tion, known as steady streaming, has enabled contact-free trapping of single cells in
microeddies [8, 10]. Both driven by laser-induced temperature gradients, thermal con-
vection and thermophoresis have been combined to manipulate microparticles [11],
while Marangoni flows can be controlled optothermally [12] or via photoresponsive
surfactants [13], to trap and guide the movement of particles at a gas-liquid interface,
or to transport living cells [14]. Electroosmotic flow, which is actuated by electrodes
that generate electric fields and hence flow of electrolyte solutions, has been used
together with feedback control to independently steer and trap multiple particles at
once [15]. In a microfluidic device with multiple channels, pressure-driven flow can be
controlled via the channel flow rates; using this flow control, recent experiments have
demonstrated precise manipulation of particles along user-defined paths, exploiting
different flow modes [16-20]. However, increasing the number of particles increases
the number of degrees of freedom, necessitating a larger number of channels of the
microfluidic device to control the particles independently [18].

Recent microfluidic experiments have investigated the use of thermoviscous flows
for high-precision positioning of particles [21], trapping [22] and assembly [23].
In these studies, thermoviscous flow is driven by spatio-temporally varying heating
of fluid, induced by a laser scanning along specified paths at kilohertz frequency.
Although this technique, too, involves laser-induced heating, the physical mechanism
for flow distinguishes it from the methods previously described. Here, the repeated
scanning of the laser along a scan path results in fluid flow through the interplay
between thermal expansion and thermal viscosity changes. This enables localised net
transport of particles in the bulk fluid, without requiring direct laser exposure or phys-
ical channels [23, 24].

Highly versatile, these thermoviscous flows have also been applied inside living
cells, and are known as focused-light-induced cytoplasmic streaming (FLUCS) in this
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context [25-27]. This name contrasts FLUCS with naturally occurring cytoplasmic
streaming: actively driven flows of the water-based, complex fluid (cytoplasm) inside
cells, found in a wide variety of living organisms [28, 29]. For example, with ther-
moviscous flow perturbations, experiments have investigated how intracellular flows
drive cell polarisation [25], and measured the rheology of cytoplasm [25] and the
nucleus [26].

Previous theoretical work [24, 30, 31] has focused on the setup relevant to many of
these microfluidic experiments [21-25, 27, 30, 31], namely, with viscous fluid con-
fined between parallel rigid plates. In Ref. [30], we considered a temperature profile
with circular symmetry induced by the laser, which translates along a finite scan path,
always in the same direction. We modelled the density and shear viscosity of the
fluid as depending linearly on temperature change, a valid approximation for exper-
imentally relevant temperature increases. The confinement provided by the parallel
plates reduced the problem to two spatial dimensions, with a parabolic flow profile
along the third dimension in the lubrication limit. We solved for the instantaneous
flow field, and hence the average velocity of tracer particles throughout space due
to repeated scanning. This revealed strong net transport near the scan path, together
with inverse-square-law spatial decay, in agreement with experimental data [21]. Per-
haps counter-intuitively, this net transport of tracers depends not on the magnitude,
but instead on the rate of change of shear viscosity with temperature; hence, net ther-
moviscous flows are effective in fluids with vastly different viscosities [25, 30, 31].
Extending the method from one scan path to many, feedback algorithms have enabled
the simultaneous manipulation of multiple particles, via net flow fields with complex
topology [21, 23, 27], as shown in Fig. 1A and B.

In general, micromanipulation can be conducted in two [7, 9, 11, 16-18] or
three [4, 7-9, 19, 20, 32] dimensions. So far, thermoviscous flows have been
used for two-dimensional micromanipulation experimentally [21-24], while exist-
ing theoretical studies consider essentially two-dimensional flow in the parallel-plate
geometry [30, 31]. However, the possibility of three-dimensional thermoviscous and
thermal expansion-driven net flows and micromanipulation, for example, with highly
focused heating [24, 30], has yet to be explored. Unlocking more degrees of freedom
could result in increased versatility of the technique for future experiments.

Geometry has a significant influence on the flows and transport induced by the
focused light. For example, it can strongly modify the far-field behaviour, which,
importantly, determines the impact of directing a particle towards its target on other
particles, in microfluidic experiments [23]. Thus, to make progress towards three-
dimensional micromanipulation, fundamental, quantitative understanding of three-
dimensional flow is required. In this article, we study thermoviscous and thermal
expansion-driven flows of three-dimensional, unconfined fluid.

As a consequence of the unconfined geometry, we must also include a qualitatively
new physical ingredient, known as the bulk viscosity (or volume viscosity [33]) of the
fluid, in our theory. This material property is relevant only for compressible flows. For
the parallel-plate geometry, it could be safely neglected [30, 31]; however, without the
parallel plates, bulk viscosity could play a role. From a continuum perspective, just
like shear viscosity, bulk viscosity is a phenomenological coefficient that characterises
a Newtonian fluid, and is independent of its state of motion [33]. While shear viscos-
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Fig. 1 Two-dimensional (A, B) and three-dimensional (C) thermoviscous and thermal expansion-driven
net flows. A Trajectories of tracers in viscous fluid confined between parallel plates, induced by repeated
scanning of six scan paths, in an experiment [23] (top) and according to analytical modelling of net ther-
moviscous flows [23, 30] (bottom). Scale bar: 15 pum. B Control of 15 microparticles (white) with 8 scan
paths (magenta) to form a humanoid figure in an experiment [23]. The net thermoviscous flow predicted
by theory [23, 30] is shown in blue, with target positions in green. Scale bar: 15 pm. A and B adapted
from Ref. [23] and licensed under CC BY 4.0. C Theoretical trajectories of tracers in three-dimensional,
unconfined fluid induced by scanning of a spherical heat spot (scan direction indicated by arrow), as derived
in this work, due to thermoviscous effects (top) and due to purely thermal expansion-driven flows (bottom)

ity relates stress to linear deformation rate, bulk viscosity relates stress to volumetric
deformation rate [33], i.e. dilatational-compressional motion of the fluid described by
divergence of flow velocity [34]. At the molecular level, bulk viscosity reflects rota-
tional and vibrational degrees of freedom in molecular motion, while shear viscosity
is associated with translational motion [35, 36].

The bulk viscosity of a liquid may be determined experimentally via various
techniques [34, 36-38]. Motivated by recent microfluidic thermoviscous flow experi-
ments [24, 25, 31], we may focus here on both glycerol-water mixtures and pure water.
The authors of Ref. [37] demonstrated that the bulk viscosity of aqueous glycerol is
comparable in magnitude with the shear viscosity, and that it depends on temperature.
Furthermore, different groups have shown that the bulk viscosity of water decreases
with temperature, at a rate comparable to that of shear viscosity, over the temperature
range relevant to thermoviscous flow experiments [34, 37, 38]. Therefore, we cannot
neglect the magnitude and rate of change with temperature of bulk viscosity in favour
of those of shear viscosity, and here we retain both bulk viscosity and its temperature
dependence in our theory.

In this paper, we solve systematically for the flow and net transport of particles
that result from the scanning of a model spherical heat spot in unconfined viscous
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fluid. This article is organised as follows. We begin in Sect. 2 with the heat trans-
port problem, solving numerically for the temperature field induced by a prescribed
translating heat source in the experimentally relevant limit. Based on our results, we
then choose a temperature profile that will serve as an input to our fluid flow model,
representing the effect of the spatio-temporally varying heating. Next, in Sect. 3, we
introduce our model for the compressible fluid flow, including the effects of thermal
expansion, thermal shear viscosity changes and bulk viscosity with arbitrary temper-
ature dependence. We derive an analytical expression for the flow induced during the
translation of the heat spot up to quadratic order. Although our model includes the
effect of bulk viscosity, we demonstrate that the flow is independent of it, instead
depending on thermal expansion and thermal shear viscosity changes, just as for the
parallel-plate geometry. We then compute in Sect. 4 the net transport of passive tracers
induced by the flow, due to a full scan of the heat spot. In contrast with the instanta-
neous fluid flow, the leading-order net transport occurs at quadratic order in the thermal
expansion coefficient and thermal shear viscosity coefficient. The direction of the net
transport generated depends on the relative importance of these two effects, which
can provide competing contributions: one from the interplay of thermal expansion
and thermal shear viscosity changes (thermoviscous net transport, shown in the top
panel of Fig. 1C), and the other purely driven by thermal expansion (Fig. 1C, bottom).
Furthermore, the average velocity of tracers decays as a hydrodynamic source dipole
in the far field, more strongly than the instantaneous flow during one scan of the heat
spot. Finally, in Sect. 5, we compare the results of our axisymmetric model with our
previous work for the parallel-plate setup, and propose future experiments to validate
our theory, along with potential applications.

2 Temperature field induced by scanning heat source

In this section, we solve numerically for the temperature field induced by a prescribed
heat source that moves along a scan path, in three-dimensional, unbounded space, in
the limit relevant experimentally to FLUCS [25, 27]. Motivated by our results, we
then introduce the temperature profile that we will prescribe in our model of the flow
induced by the scanning heat source (Sect. 3).

2.1 Setup

We illustrate the setup in Fig. 2, as a model for the standard FLUCS setup [25]. A
prescribed heat source of characteristic radius b translates at constant speed U, along
a scan path on the z axis from z = —¢ to z = ¢, in three-dimensional, unconfined
fluid. The setup is axisymmetric about the z axis; we denote the cylindrical radial
coordinate by r. We consider one scan of the heat source: the scan starts at time
t = —tp and finishes at time ¢ = ty, so that the centre of the heat source has position
(r = 0,z = Ut) at time ¢, and the scan period is given by 219 = 2¢/U. This heat
source induces a localised temperature increase in the fluid, which in turn drives fluid
flow (modelled in Sect. 3).
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Fig.2 Setup for our model of z

heat transport induced by a

scanning laser. A spherical heat /
source of characteristic radius b

translates at speed U in the z

direction, along a scan path from U

z = —{ to z = £ along the z axis
(cylindrical radial coordinate r),
in unbounded, viscous fluid,
causing a localised temperature
perturbation

2.2 Governing equation for heat transport

We consider the heat transport problem that determines the temperature field 7 due
to the prescribed heat source. We first make the simplifying assumption to neglect
advection of heat by fluid flow: it may be verified a posteriori (Sect. 3.5) that the
characteristic scale for the term 97 /d¢ is much larger than for the advective term
u- VT [30], where u is the fluid velocity field, under the same assumptions we employ
to solve for flow; the key is that asymptotically, the flow velocity we will obtain in
Sect. 3 is much smaller than the translation speed of the heat source. The temperature
field therefore evolves primarily because of thermal diffusion and the prescribed heat
source, independently of the flow driven by the temperature perturbation. Further, as a
first approximation in this section on heat transport, we treat the material properties of
the fluid as constant; however, when we consider the fluid flow driven by the temper-
ature field in Sect. 3, we will allow the material properties to vary with temperature.
Thus, the temperature field is governed by the forced heat equation as

aT
Pocp = = kV’T + , )

where pg, ¢, and k are the (constant) density, specific heat capacity and thermal
conductivity of the fluid, respectively, and & is the source term, which provides the
forcing. For the source term, we prescribe a translating, spherically symmetrical,
Gaussian profile with time-dependent (non-negative) amplitude as

D

V21

where ®( is the characteristic scale for the heat source term and the dimensionless
amplitude function B(¢) is given by

o = B(t) exp{—[r> + (z — Ur)?1/2b%}, )

2
wt _
B(t) = cos (%) for — 19 <t <1, 3)
0 otherwise.
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Highly focused heating of the fluid has been suggested as a potential method of achiev-
ing this experimentally [24, 25]. Here, we consider only one scan, after which the heat
source switches off completely, to investigate the temperature field (we will consider
the effect of repeated scanning on net fluid flow in later sections). For convenience,
we may write the temperature field 7'(r, z, t) of the fluid as

IT'(r,z,1) =To+ AT(r, z,1), “)

where T is a constant reference temperature and AT (r, z, t) is the temperature change
of the fluid due to the localised heat source, which we assume to decay to zero at infinity.

2.3 Nondimensionalisation

For the temperature problem, we nondimensionalise length with b, time with b/U
and temperature change with ®ob? /k; we note that for the later sections on fluid flow
(Sects. 3 and 4), we will use a different nondimensionalisation. In what follows, we
use variable names to mean their dimensionless equivalents, to simplify notation. The
dimensionless forced heat equation then becomes

IAT
Pesean—— = V2AT + @, 5)

where the dimensionless heat source term @ is given by

1
® = ——B() exp{—[r* + (z — ?1/2}, (6)
o p /
and we define the parameter Peg,;, to be the scanning Péclet number, given by
p Ub (7)
Cscan = ———————,
K/ pocy)

where the denominator is the thermal diffusivity. Pegc,y, 1S a dimensionless ratio that
quantifies the relative importance of the scanning speed and thermal diffusion. It may
be thought of as an unsteady Péclet number; importantly, the characteristic speed
involved is the scanning speed, and not the fluid flow speed that would feature in the
classical Péclet number.

2.4 Numerical simulation details

To obtain an estimate for Pegcan, We substitute parameter values for water at 20 °C at
atmospheric pressure [39], given by k = 0.5861 W m~! K~!, py = 998.2 kg m—>
and c, = 4183 ] kg~! K~!. Although the geometry is new in the present work, we
use sample parameter values (dimensional) for the scan properties based on previ-
ous FLUCS and microfluidic experiments in confined geometries [21, 25], setting the
heat source radius as b = 4 um and the scan-path length as 2¢ = 11 um, so that
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the dimensionless half-scan period is given by 79 = 1.375. With these parameter val-
ues and selected dimensional scan periods, we solve the dimensionless heat equation
(Eq. (5)) numerically, using finite element analysis in MATLAB R2024a. We present
results for two different scanning Péclet numbers: first, Pegcan = 0.63, which corre-
sponds to scan frequency 2 kHz (i.e. dimensional scan period 2¢y = 0.5 ms and speed
U =0.022m s_l), typical for FLUCS experiments [21, 25, 27]; then Pegan = 2,
representing a faster scan within the experimental range.

2.5 Results from numerical simulation of forced heat equation
2.5.1 Slower scan (Pegcan = 0.63)

First, for the slower scan of the heat source with scanning Péclet number Peg.,, =
0.63 (parameter values in Sect. 2.4), we illustrate in Fig. 3 the temperature field induced
during one scan period (—1.375 <t < 1.375), as obtained by numerical simulation
of the forced heat equation. In Fig. 3A, we show snapshots of the temperature field
as the heat source translates along the scan path. We observe that the region of higher
temperature is highly localised and approximately spherically symmetrical. Like the
prescribed heat source, this temperature perturbation translates in the positive z direc-
tion, first increasing in amplitude, peaking during the scan period and then decreasing.
Any heat that remains at the end of the scan of the heat source diffuses away afterwards,
so the temperature decays to ambient.

To further characterise the temperature field, we plot in Fig. 3B and Fig. 3C the
amplitude and the shape of the temperature perturbation, respectively. Here, we define
the amplitude A(¢) (dimensionless) as the instantaneous maximum temperature per-
turbation at time ¢, which occurs at position z = zpeak (#) on the z axis, while the shape
is the temperature perturbation field AT divided by this amplitude, givenby AT / A(¢).
Over the course of a scan period, the amplitude (Fig. 3B) increases, peaks just after
halfway through the scan period, and then decreases. Note also that the amplitude is
not precisely zero at the end of the scan period, as it takes time for the heat remain-
ing after the heat source has been switched off to diffuse away. The amplitude of the
temperature perturbation therefore inherits broad qualitative features from that of the
heat source, with differences in finer details.

In Fig. 3C, we plot the shape of the temperature perturbation along the z axis, as a
function of displacement z — zpeak (#) from the location of the instantaneous maximum
temperature, at selected times. For comparison, the black dashed curve is given by the
formula

AT _ 2 2 8
T = Pl e /2). ®)

This is a Gaussian of the same radius as the prescribed heat source (centred at Zpeax (7).
The key observation here is that strikingly, the shape is well approximated by a Gaus-
sian throughout the scan. As time progresses, the shape exhibits a small increase in
radius due to diffusive spreading. The characteristic distance by which the temper-
ature perturbation spreads out can be determined via an intuitive scaling argument.
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Pegcan = 0.63

A Temperature perturbation

t =-1.375 t =-0.275 t=0 t = 0.275 t = 1.375

0.2
4 0.18
3 0.16
2 0.14
012
5]
N 0 o1 q
-] 0.08
2 0.05
-3 0.04
-4 0.02
5 0
0o 1 2 3 4 5
i
B Amplitude C Shape
0.2 1375
- [= = = shape of prescribed heat source
0.18 | e 1.
S
&
0.16 - 4 0.825
=l
S
0.14 t Z 055
5
0.12 £ 0.275
g -
= S
Z 01+ o 0 I}
3 0 5 =1
0.08 S -0.275
&
006 | B 0.55
3 -0.825
0.04 | 2 :
=
£ 14
L o
0.02 Z
1375

R B N O I OIS
N » Dg’q/ o o(i\ Q(]:\ o N & 2= #peak(t)

t

Fig. 3 Temperature profile for numerical simulations of forced heat equation for scanning Péclet number
Pegcan = 0.63, during one scan of the heat source (—1.375 < ¢t < 1.375). A Heat map showing spatial
variation of temperature perturbation AT with cylindrical coordinates r and z, at selected times. The centre
of the heat source is indicated in white, with the scan path in black. B Amplitude of temperature perturbation
A(t) as a function of time. C Shape of temperature perturbation AT /A(t), i.e. temperature perturbation
normalised by its peak, along the z axis, at selected times. The location of the peak temperature on the z
axis is given by z = zpeak (7). Colours change from pink to yellow as time 7 increases. The dashed curve
indicates the shape of the prescribed heat source (Eq. (8)), for comparison

In the (dimensional) scan period 2fg, heat diffuses by a characteristic distance of

Vv (k/pocp)(2tp) ~ 8 um for our parameter values, which corresponds to a dimen-
sionless distance of approximately 2, in good agreement with the degree of spreading
seen in Fig. 3C.

2.5.2 Faster scan (Pegcan = 2)
To explore the diffusive spreading of the Gaussian shape further, we now consider

a higher scanning Péclet number (faster scanning). For Pes.,n = 2, we illustrate the
shape of the temperature perturbation AT /A(t) in Fig. 4. We see reduced spreading
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Pescan =2
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Fig. 4 Shape of temperature perturbation AT /A(t) along the z axis, at selected times, as obtained by
numerical simulation of the forced heat equation for scanning Péclet number Pegcan = 2, during one scan

of the heat source (—1.375 < ¢ < 1.375), for comparison with result for Pegcan = 0.63 in Fig. 3C. The
dashed curve shows the shape of the prescribed heat source (Eq. (8))

in this case. Indeed, in the limit of high Pegc,,, completely neglecting the Laplacian
(diffusion) term on the right-hand side of the heat equation (Eq. (5)) allows us to
integrate once with respect to time and hence write down the temperature field in this
regime as

t

AT = M;Pescan exp(—r2/2) 0 B(f) CXP[—(Z - ;)2/2] dr. (9)

It may be verified that this essentially inherits the Gaussian shape and radius of the
prescribed heat source (by inspection for the r dependence and by considering the far
field for the z dependence).

Therefore, the initial Gaussian shape and radius originate from the heat source
directly setting the evolution of the temperature field; during the scan, the shape
remains Gaussian and the radius increases a little due to diffusion. Crucially, from
a mathematical perspective, the unsteady term PescanaaA—tT in Eq. (§) must be retained.
This is confirmed in the case of the two-dimensional (parallel-plate) geometry by
experimental measurements showing that the temperature perturbation is highly
localised [24, 25], an observation only consistent with the forced diffusion equation
when the unsteady term is not discarded.
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2.6 Model for temperature profile

We are now ready to propose a simplified temperature profile, as an input for our fluid
flow model in the next section. To model the effect of the heating on the flow during
one scan, we will prescribe a Gaussian temperature perturbation with time-varying
amplitude, given dimensionally by

AT (r, z, 1) = AToA@t) exp{—[r> + (z — Un)?1/24>}, (10)

where ATy is the characteristic temperature change (a positive constant), A(f) is a
dimensionless amplitude function (taking non-negative values), U is the speed of
translation and a is the characteristic radius. Here, the amplitude function can be
thought of as arbitrary or prescribed. This temperature profile captures the essential
features of the solution to the heat transport problem we solved numerically, needed
to explain thermal expansion-driven and thermoviscous fluid flows: the translation,
shape and time-dependent amplitude. In particular, we have approximated the radius
of the Gaussian as constant, neglecting the limited amount of diffusive spreading
observed in the numerical simulations; in two dimensions, the thermoviscous net
flows calculated theoretically under the same assumption have been shown to agree
well with experimental results [23, 30].

In our modelling in Eq. (10), we need not select the same value for the characteristic
radius of the temperature perturbation a as for that of the heat source b, although we
may choose to as a modelling assumption. Similar applies for the amplitude function.
We note also that we will later assume that the amplitude of the temperature pertur-
bation is zero at the start and end of a scan, following Ref. [30]. This is a simplifying
approximation, as we saw that the temperature decays to ambient over time at the
end of a scan by diffusion, according to the heat equation. This approximation will
allow us to treat every scan in repeated scanning as the same, as we assume that the
temperature field resets to ambient at the end of every scan.

Finally, we recall that in the parallel-plate geometry, the temperature profile was also
modelled as Gaussian [24, 30] based on experiments [24, 25], with cylindrical instead
of spherical symmetry. Our analogous temperature profile for three-dimensional geom-
etry will enable direct comparison of our results with the two-dimensional case.

3 Instantaneous flow during one scan

In this section, we introduce a three-dimensional model for the thermoviscous and
thermal expansion-driven flows induced during one scan of a translating heat spot, in
unbounded fluid. Here and in what follows, the term “heat spot” refers to the model
temperature perturbation detailed in Sect. 2.6. With the instantaneous flow during one
scan, we will compute in Sect. 4 the net transport of particles due to a full scan, which,
by analogy with the two-dimensional case [30], we anticipate will allow trapping and
manipulation of micron-sized particles in future experiments.
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3.1 Setup

The setup is essentially as illustrated in Fig. 2. We now consider a localised, spherically
symmetric temperature perturbation of characteristic radius a that translates along a
scan path, given by the line segment from z = —¢ to z = £ along the z axis, at speed
U in unbounded, viscous fluid. During the scan, the centre of the heat spot is therefore
at (r =0,z = Ur) attime ¢, for —ty <t < fy, where the scan period is 21 = 2¢/U,
the heat spot travels upwards. Again, the setup is axisymmetric about the z axis, with
cylindrical radial coordinate denoted by r. We aim in this section to solve for the
instantaneous fluid flow during one scan, driven by thermal expansion and thermal
viscosity changes; we will build on this in Sect. 4 to understand the net transport of
tracers due to repeated scanning of the heat spot, always upwards.

3.2 Governing equations

The translating localised temperature increase in the fluid modifies its material proper-
ties locally, driving fluid flow governed by the mass conservation and the momentum
equations. Most of the explicit formulae for flow derived in this article correspond to
a prescribed Gaussian temperature perturbation AT (r, z, t) with time-varying dimen-
sionless amplitude A(#), introduced in Sect. 2 and given by Eq. (10). This model will
allow us to understand the physics of thermoviscous and thermal expansion-driven
flows. For small temperature changes, we use a standard linear relationship between
the density of the fluid and the temperature, given by

p = po(l —aAT), (11)

where py is the density of the fluid at the reference temperature 7, and « is the thermal
expansion coefficient (typically positive).
The mass conservation equation is given by

ap

5y TV (ow =0, (12)

where u is the velocity field; thus, the spatio-temporally varying density field gives
rise to compressible fluid flow. The Cauchy momentum equation is given by

bu_ ¢ my (13)
Por = g,

where g is the gravitational acceleration and the stress tensor II is given by

1'[=—pl—i—K(V~u)1+2n{%[Vu+(Vu)T]—%I(V-u)}, (14)

where p is the pressure field, 1 is the identity tensor, and 1 and « are, respectively,
the shear and bulk viscosities of the fluid. In this work, we consider a regime in which
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inertia and gravity are both negligible, relevant at small length scales; the dimension-
less numbers associated with these conditions may be found by scaling arguments
similar to those presented in Ref. [30]. For example, adapting to our geometry, the
gravity-driven flow (natural convection) scales as pg gazcx ATy/no, whereas the thermal
expansion-driven flow scales as « AToU. Thus, natural convection may be neglected
if the dimensionless ratio pgga?®/noU is small; we calculate its value as less than 0.01,
for water at 20 °C at atmospheric pressure [39] and estimated parameter values of
heat-spot radius @ = 4 um and speed U = 0.022 m s~! [21, 25].

The shear viscosity n varies with temperature of the fluid, which we model (as in
previous studies [24, 30, 31]) as

n=no(l — BAT), (15)

where 1 is the shear viscosity of the fluid at the reference temperature 7p, and S is
the thermal shear viscosity coefficient (typically positive).

We recall that in the lubrication limit for the parallel-plate setup, the effect of bulk
viscosity was shown to be unimportant [30, 31]. However, for aqueous glycerol, shear
viscosity and bulk viscosity are similar in magnitude [34, 36, 37]; furthermore, bulk
viscosity varies with temperature [34, 37, 38]. Thus, in our theory, we must retain the
bulk viscosity. It would be possible to treat the temperature dependence of bulk vis-
cosity in the same way as for density or shear viscosity for small temperature changes.
That is, we could model the bulk viscosity as depending linearly on temperature,
introducing a parameter to characterise the rate of variation. However, here, this turns
out to be unnecessary and, as we show below, we can instead treat the bulk viscosity
in full generality, without assuming a specific functional form for its dependence on
temperature. We finally note that for a temperature perturbation that decays at infinity,
the bulk viscosity, correspondingly, tends to a constant at infinity, just as the fluid
density and shear viscosity do.

3.3 Nondimensionalisation

We nondimensionalise length with a, velocity with U, time with a/U, pressure with
the viscous scale noU /a, both shear viscosity and bulk viscosity with 79, density
with pg and temperature with A7p; note that this nondimensionalisation differs to that
for the thermal problem in Sect. 2. In what follows, we use variable names to mean their
dimensionless versions for notational convenience. We summarise the dimensionless
governing equations. The momentum equation (Egs. (13)-(14)) becomes

1 2
—Vp+V(V - u)+nV2u+§nV(V -u)+(Vn) - [Vu+(Vu)T]—§(V77)(V -u) = 0.
(16)
Here, we draw attention to the bulk viscosity term V(xV - u), which appears in the
momentum equation as an exact gradient. Thus, a solution (u’, p’) to the governing

equations with bulk viscosity set to zero induces a solution (u, p) to the full equations
with arbitrary bulk viscosity, with the two pressure fields related via p’ = p —«V -u.
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After nondimensionalisation, the mass conservation equation (Eq. (12)) is still given
by

ap

oy TV (pw =0. (17)

The density (Eq. (11)) and shear viscosity (Eq. (15)) of the fluid are now related to the
temperature change by

p=1—0aAT, (18)
and
n=1-pBAT, (19)

respectively, while the Gaussian model temperature perturbation (from Eq. (10))
becomes

AT(r,z,1) = A(t) exp{—[r* + (z — 1)*1/2}. (20)

3.4 Perturbation expansion

Due to our assumption of small temperature changes, the dimensionless coefficients «
and B are now small parameters, representing the proportion by which the density and
shear viscosity decrease in response to a temperature increase of ATy, respectively.
We therefore solve this problem perturbatively, with the boundary conditions that
the velocity and pressure are non-singular at the origin and decay at infinity (for
temperature profiles that decay at infinity). We pose perturbation expansions for the
velocity field and pressure field in the two small parameters, given by

u=ugo+au o+ pug; +a’urg +apur g+ U+ ..., 2D
P =poo+apio+Bpoi+aipro+aBpii+Bipo2t..., (22)

i.e. the velocity and pressure at order o™ " are given by u,, , and p,, ,, respectively.
We note that had we chosen to model the bulk viscosity as depending linearly on
temperature, we would have posed above a perturbation expansion in three small
parameters instead of two, with the third parameter being a thermal bulk viscosity
coefficient. In the following sections, we will solve for the flow at each order.

3.5 Solution at order 3"

First, as was shown for the parallel-plate geometry [30], we claim that in Egs. (21)
and (22), we may set both the velocity and pressure to be zero at orders " for all n,
with the physical interpretation that thermal expansion is essential for the fluid flow.
To see this, we observe that if we set the thermal expansion coefficient « to be zero,

@ Springer



Axisymmetric thermoviscous and thermal... Page 15 of 37 6

then the terms at order o 8" with m > 1 in Egs. (21) and (22) vanish, while the mass
conservation equation (Eq. (17)) becomes

V-u=0. (23)

We observe that zero flow, u = 0 and p = 0, solves Eq. (23) together with Eq. (16).
By expanding this solution in the parameter , we then see that this corresponds to
up , = 0 and po, = 0, as claimed. The perturbation expansions then simplify to

u=oau o+ azuz,o +oafup g+, (24)

p=apio+aipro+appiit.... (25)

The structure of these expansions reflects the physics of the flows. Every term includes
the thermal expansion coefficient o, which mathematically captures the fact that ther-
mal expansion drives the flow, via forcing in the mass conservation equation. This flow
is an automatic consequence of the spatio-temporally varying temperature field [40];
we emphasise that it is independent of gravity, thus distinguishing it from buoyancy-
driven flows.

We are now in a position to revisit the assumption to neglect advection of heat made
in Sect. 2 for the thermal problem. Since the instantaneous flow occurs at order «, the
ratio of the advection term u- VT to the rate of change of temperature at a fixed position
due to scanning 97 /0t is an order-o quantity; thus, we confirm that we may neglect
advection of heat by fluid flow in favour of the unsteady term in the leading-order
thermal problem.

3.6 Velocity field associated with the time variation of the heat-spot amplitude

We may decompose the fluid flow induced by the scanning heat spot into two contribu-
tions, in a precise manner that we explain mathematically below: one associated with
the time variation of the heat-spot amplitude, and the other related to the translation
of the heat spot. In this section, we consider the former and derive the contribution
to the velocity field that captures the switching-on and switching-off of a spherically
symmetric heat spot.

3.6.1 Decomposition of velocity field
First, we introduce spherical polar coordinates (R, 6, ¢) with origin at the centre of

the translating heat spot, i.e. at (r = 0, z = ¢), so that the spherical radial coordinate
is given by

R=+r2+4(z-1> (26)
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We assume that the temperature perturbation during one scan of the heat spot has the
form

AT(R,t) = A()O(R), Q27

i.e. an arbitrary, time-dependent amplitude A(¢), which is zero at the ends of the
scan path, multiplied by a shape function ®(R) that translates in the z direction and
decays at infinity. The spherical symmetry of the (instantaneous) heat-spot shape is
mathematically convenient for this first model in three dimensions. In this case, using
Egs. (18), (26) and (27), the mass conservation equation (Eq. (17)) becomes

—a (A/(t)@(R) + A(t)G)/(R)E;—f) + V- (pu) = 0. (28)

The two forcing terms reflect the two reasons that the temperature field at a given
position varies with time: because the amplitude is time-dependent (first term) and
because the shape of the temperature perturbation translates in space (second term).
Since Eq. (28) is linear in velocity, we may decompose the solution into two contribu-
tions (as in Ref. [30]), to account for the two forcing terms. We thus write the velocity
field as

u=u® +u®, (29)

Here, we introduce the switching-on velocity field u®, associated with the time vari-
ation of the heat-spot amplitude, as a solution to the equation given by

—aA'(HO(R) + V- (pu®) =0, (30)

i.e. treating the forcing term containing A’(¢), while the velocity field u‘? associated
with translation of the heat spot satisfies
, OR oo
—aA(1)® (R)E +V.(pu’) =0, (31)

i.e. accounting for the forcing term containing @’(R)%.

3.6.2 Mathematical derivation of switching-on flow

We treat in this section the switching-on velocity field, associated with the time vari-
ation of the heat-spot amplitude; we will return to the translational contribution in
Sect. 3.7. The switching-on flow u® satisfies Eq. (30), a version of the mass conserva-
tion equation but forced by a regularised source, instantaneously centred at the location
of the heat spot and with time-varying amplitude. We assume that this switching-on
velocity field also satisfies the momentum equation with a corresponding switching-
on pressure field, is non-singular at the origin and decays at infinity (provided the
temperature perturbation decays sufficiently fast at infinity).
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We now pose a spherically symmetric ansatz for the switching-on velocity field,
given by

u® = uS (R, 1eg, (32)

where e is the radial unit vector from the centre of the heat spot. The mass conservation
equation (Eq. (30)) in spherical polar coordinates then becomes

) 1 9
—aA' (H)O(R) + Fa_R(Rzp”(S)) =0. (33)

3.6.3 Flow result and physical interpretation

Integrating the defining mass conservation equation for u® (Eq. (33)) and applying
the boundary conditions (Sect. 3.6.2), we obtain the switching-on flow (Eq. (32)), for
an arbitrary, spherically symmetric temperature perturbation of the form in Eq. (27),
as

aA(1)

O(R. = 2 W
u>(R, 1) SRR

R
f R’©(R)dR. (34)
0

We observe that the perturbation expansion for this switching-on velocity u® features
only powers of the thermal expansion coefficient « (from Taylor expanding the fac-
tor of p‘l ), but not the other dimensionless parameter 8, which characterises thermal
shear viscosity changes. Itis also independent of the bulk viscosity x. As in two dimen-
sions [30], this switching-on contribution can be derived from only mass conservation
and spherical symmetry of the prescribed temperature perturbation, independent of
the momentum equation and hence independent of viscosity; it is a kinematic phe-
nomenon that relies solely on thermal expansion. The flow u® also fully accounts for
any appearances of the rate of change of heat-spot amplitude, A’(r), in the solution
for the full flow u due to the spherically symmetric heat spot. Physically, when the
heat-spot amplitude is increasing [A’(z) > 0], the switching-on flow is an instanta-
neous regularised source, as the fluid expands radially outwards. Conversely, when
the heat-spot amplitude is decreasing [A’(t) < 0], the switching-on flow is instead
an instantaneous sink, reflecting the contraction of the fluid as temperature decreases
locally.

3.7 Solution at order @

We now proceed to solve in this section for the leading-order instantaneous flow during
a scan, which occurs at order « and is purely driven by thermal expansion. We will
show that this consists of a contribution due to the switching-on of the heat spot and
another related to the translation of the heat spot.
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3.7.1 General solution

With Eqs. (18) and (24) for the density and velocity, respectively, we expand Eq. (17)
to obtain that at order «, the statement of mass conservation is given by

—-——+V. =0, 35
o +V-up (35)

while the momentum equation (Eq. (16)) is given by

1
—Vpro+V |:<K + g) V. u1’01| + Vzulyo =0. (36)

Building on the decomposition of the flow (Eq. (29)) introduced in Sect. 3.6.1, we
pose an ansatz for the velocity field at order « given by

(S)

d
up0 = E[A(t)u] )0]

= A'(Du) + Ay, (37)

for —tg <t < 1o, where u(ls()) is the velocity field associated with the time variation of

the heat-spot amplitude and u(lT()) is the velocity field associated with the translation of
the heat spot. Its structure is inherited from the forcing term in the mass conservation
equation (Eq. (35)), which takes the form of a time-derivative of a function proportional
to the amplitude A(?). Here, we define the switching-on velocity field u(f()) at order o
via a perturbation expansion of the switching-on velocity field u® (Eq. (34)) derived
in Sect. 3.6, given by

/ R
u® = (24D R’O(R)dR + 0(?) ) eg
R2 o
= aA (D) + 0(@@?). (38)

It may be verified that the ansatz for the flow at order « satisfies the mass conservation
and momentum equations, with the pressure field (found by taking the divergence of
the momentum equation, i.e. Eq. (36), and combining with mass conservation) given
by

n 4\ AT (39)
=+ )——.
P10 3 a1

We emphasise that we did not need to assume that the bulk viscosity « is a constant;
instead, it depends on space and time via the temperature field. While the pressure
depends on bulk viscosity, we note that the velocity field at order « is independent

of bulk viscosity. We also note that the velocity field at order « during a scan is the
time-derivative of a function proportional to the heat-spot amplitude. Consequently,
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0.20

Fig.5 Streamlines of the flow u(ls()) at order « associated with the switching-on of the spherical heat spot,

with centre at (- = 0, z = 1) in dimensionless coordinates (nondimensionalisation described in Sect. 3.3).
Colour shows the magnitude |u(15())|

when integrated over a scan, this will give rise to zero net displacement of material
points at order «, just as for the parallel-plate setup in Ref. [30].

3.7.2 Flow result for Gaussian temperature profile and physical interpretation

To illustrate our solution for the flow at order « during a scan given by Egs. (37)-(38),
we now prescribe a Gaussian temperature profile for the spherical heat spot, motivated
in Sect. 2 and given by

AT(R, 1) = A(t) exp(—R%/2). (40)

For this Gaussian temperature profile, the switching-on velocity field at order «, from
Eq. (38), is given by

1 [R. N B
S
ul) = F/o R%*exp(—R?/2)dR e

_ [Jmerf(R/V2)  exp(—R?/2)
= ﬁRz - R €R

(41)

This purely radial flow, shown in Fig. 5, is a hydrodynamic source in the far field,
decaying as 1/R? (since the fluid is three-dimensional and unbounded). As for the
parallel-plate case in Ref. [30], this arises from local volume increase of the fluid due
to heating.
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Fig.6 Streamlines of the instantaneous flow ugT()) at order « associated with the translation of the spherical

(T)

heat spot, during one scan. The flow is axisymmetric about the z axis. Colour indicates the magnitude [u; (|

The velocity field associated with the translation of the heat spot, from Eqgs. (37)
and (41), and shown in Fig. 6, is given by

d
o) =2y
=cos6 (M - <l + %) exp(—Rz/Z)) er
[ merf(R/V2)  exp(—R?/2)
+ sin@ ( TS — 72 €y, 42)

where ey is the spherical basis vector corresponding to the polar angle 6. The stream-
lines are qualitatively the same as those for the parallel-plate setup [30]. In the far
field, the flow is a source dipole in the far field, decaying as 1/R>. The source at the
front corresponds to the arrival of the heat spot, while the sink at the back results from
cooling due to the departure of the heat spot, just as for the parallel-plate geometry [24,
30].

In terms of dimensional variables, the leading-order flow during one scan scales
as a ATyU; it is proportional to the thermal expansion coefficient, the peak tempera-
ture change and the velocity of translation of the heat spot. Hence, the leading-order
instantaneous flow scales linearly with the scan frequency. Furthermore, changing the
sign of the thermal expansion coefficient reverses this flow; for example, water has a
positive value of ¢ at room temperature, but negative when below 4 °C.
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Note that for all plots of instantaneous fluid flow during one scan in Sect. 3, the
vertical axis label is z — ¢, reflecting that the origin of our spherical polar coordinate
system is at the centre of the heat spot (r = 0, z = ¢). Thus, the plots show the flow
as viewed when moving at the same velocity as the heat spot.

3.8 Solution at order a3

For water and glycerol (common liquids used in experiments), the thermal expansion
coefficient « is much smaller than the thermal shear viscosity coefficient 8, so we
may expect effects at order o to be more visible in experiments using these fluids
than those at order «?, as was the case for the parallel-plate setup [30]. We therefore
now consider the solution for instantaneous thermoviscous flow during one scan at
order 3, and will next return to the purely thermal expansion-driven effect at order o/,

3.8.1 Mathematical derivation
At order o8, mass conservation (Eq. (17)) is given by
V-u =0, 43)

i.e. the flow at order «f3 is incompressible. Here, we have substituted Eqs. (18) (density)
and (24) (velocity perturbation expansion), and used the fact that there is no flow at
order B (Sect. 3.5).

Expanding Eq. (16), the momentum equation at order o8 is given by

1
—Vpi14+ V&V -upy) 4+ Viu — ATV u o+ 5V(v ‘up)

1 2
- §ATV(V up0) — (V(AT)) - [V 0 4+ (Vu 0) T+ E(V(AT))(V - uy,0)
=0. (44)

Using mass conservation at orders « (Eq. (35)) and a8 (Eq. (43)) to simplify this, we
find

—Vpi1+ Vo — ATV-u g — §ATVT — (V(AT)) - [Vur 0+ (Vuy0)']

+2vaan?AT (45)
3 ar

We observe that due to incompressibility of the flow at order o8 (Eq. (43)), the bulk
viscosity k does not feature in this equation, which takes the form of the forced
Stokes equation; the solution for the velocity field u; ; will correspondingly also be
independent of bulk viscosity.

We now use a streamfunction approach to solve for the flow. The velocity field at
order o is divergence-free, so we may write it in terms of a Stokes streamfunction W
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as

v YR 6.0, (46)
uy,; =Vx|-——2"~ ,
L1 Rsin6 ¢

where e, is the spherical basis vector corresponding to the azimuthal angle ¢. It is a
classical result [33] that

vi(v ) EAE ) e (47)
X uy) = ————ey,
b Rsing *
where the operator E? is given by
Ew o I*w Lsin6d (1 9w 48)
~ OR? R2 90 \sinf 96 )~

Using this, the ¢ component of the curl of the momentum equation (Eq. (45)) in
spherical polar coordinates becomes

E2(E2 W)

: = A(t)%sin®
Rsin6

32w

R2

x <4R exp(—R?) + % exp(—R?) — exp(—R?/2) erf (R /fz)) .

(49)

Again, as with the parallel-plate setup [30], we observe that the forcing at order o8
does not contain A’(r); only the flow fields at orders a” (solely driven by thermal
expansion) depend on the rate of change of the heat-spot amplitude, through the
switching-on contribution.

To solve this, we choose the ansatz

U = A1) f(R) sin® 6, (50)
which is similar to that for the incompressible Stokes flow past a rigid sphere [33]. By
reducing the problem to two second-order ordinary differential equations in R (one

for each application of the operator E?), this allows us to solve for the axisymmetric
streamfunction W as

szl YT VT 3 N2 k2
U = A(1)? sin Q{ZOR erf(R)+<5ﬁR +2v27R SR )exp( R?/2)erf(R/V2)

T4, T o0 2 1 -, 3 2
+<%R + R )[erf(R/ﬁ) —1]+(ER —|—E)exp(—R )}.
(5D

Applying Eq. (46) then gives the corresponding velocity field at order «f, which
satisfies the boundary conditions at the origin and at infinity.
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Fig.7 Streamlines of the flow uj ; at order «f due to a spherical heat spot, translating in the z direction.
Colour shows the magnitude of the scaled flow |uy 1/ A(1)?]

3.8.2 Flow result and physical interpretation

The velocity fieldu; | atorder «f3, derived above, is given in spherical polar coordinates
by

u | = A(t)z{eR cose{ — T“/IZ erf(R)
+ (—JSZ_”R - 4*5/;_” 2;2:”) exp(—R2/2) erf(R/~/2)
+ (;T—ORZ + %) [1 — erf(R/v/2)*] — (% + 5%) exp(—Rz)}
+ep sin@{ - 2‘({}@ erf(R)
+ <2‘/5§R + 3?137 + “S/Ii_Z) exp(—R2/2) erf(R/\/2)

T 5, T 5 2 3 2
+ <§R n 5) [erf(R/v/2)> — 1] + <§ - 10R2) exp(—R )H
(52)

for —t9 < t < ty. We plot the streamlines of this flow in Fig. 7 and note that it
qualitatively matches that for the parallel-plate setup at the same order [30].
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In the far field, the flow at order o8 is given by

AT

TVE (2cosBeg + sinfey). (53)

up g

This is a three-dimensional source dipole, decaying as 1/R>, with a sink at the front
and a source at the back, the same physics as for the parallel-plate geometry [30].
Strikingly, the flow on the z axis is downwards, i.e. in the opposite direction to heat-
spot translation. To explain the flow u; ; at order of8 physically, we consider it as a
modification, due to thermal shear viscosity changes, of the flow contribution A (t)u(lT())
at order o associated with translation of the heat spot. Specifically, we may view the
near field of uj ; as localised amplification of the front-to-back flow near the heat spot
of A(t)u(lTS, due to reduced shear viscosity locally, while the far-field source dipole
of uy | enforces incompressibility at this order.

Dimensionally, the thermoviscous flow at order o during one scan scales with
(xﬂATO2U . Like the leading-order flow at order «, the order-o8 contribution is pro-
portional to the velocity of the heat spot, and would be reversed by a change in sign
of the thermal expansion coefficient. However, in contrast with the leading order, the
flow at order «f8 scales quadratically with peak temperature change.

We will see in Sect. 4 that this instantaneous thermoviscous flow at order o8 during
a scan will contribute to the leading-order time-averaged velocity of tracers.

3.9 Solution at order @

To complete the analysis of the instantaneous flow correct to quadratic order, we now
consider the flow at order 2. This flow does not depend on thermal shear viscosity
changes, instead relying only on thermal expansion; it is thus fundamentally different

to the order-a thermoviscous flow contribution and would exist even if the shear
viscosity were constant with respect to temperature.

3.9.1 Mathematical derivation

Expanding Eq. (17) (again using Egs. (18) and (24)), we find that the mass conservation
equation at order /2 is given by

V. u0 — A\ (ATUL()) =0. (54)

In contrast with order 8, the flow at order a? is not incompressible. However, to solve
for the flow, it is useful to define an incompressible modified velocity field v as

v=u,o— ATu . (55)
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From Eq. (16), at order o, the momentum equation is given by

1
~Vp2o+ VKV -u0) + Vup + §V(V “up0) =0. (56)

Using mass conservation (Eq. (54)), we simplify this to

1
—Vpro+V |:<K + 5) V- (ATul,o):I + V2u2,0 =0. 57

Taking the curl, we obtain
V2(V x up0) =0, (58)

thus eliminating the gradient terms. In particular, the bulk viscosity term vanishes
again, so that the solution for the flow us ¢ at order > will be independent of bulk
viscosity. Rewriting this in terms of the modified velocity field (Eq. (55)) gives

V2[V x (v 4 ATuy )] = 0. (59)

The solution method now closely follows that at order «8: since the modified velocity
field is divergence-free, we may write it in terms of a Stokes streamfunction ® as

v PR, 6,0), (60)
V= X _— .
Rsing ?

Similarly to order @8, we obtain the relation

_ EX(E?9®)

V(v = , 61
(VxV) = g (o1

where the operator E? is given by Eq. (48). We then write Eq. (59) in terms of the

streamfunction as

E2(E? @)
—F—¢€

= —V2[V x (AT . 2
Reing [V x (ATuy )] (62)

The right-hand side of Eq. (62) is given explicitly by

1
—V2[V x (ATu; )] = A(1)? sine[% (1 + F) exp(—R?/2) erf(R/+/2)
- <4R + %) exp(—Rz/Z):|e¢. (63)

This does not contain the rate of change of the heat-spot amplitude A’(z), since the
contribution associated with the switching-on of the heat spot involves the curl of a
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function of R parallel to the radial direction (ATu(S())); this curl is zero by symmetry.
As a result, we will see that the modified velocity field v does not contain A’(¢). Any
contributions to the velocity field uy o at order a? involving the rate of change of
heat-spot amplitude therefore originate from the term AT ¢ in Eq. (55), specifically

from ATuf()).
Now, the streamfunction equation (Eq. (62)) becomes

E*(E> ®) = A(1)*sin’ 0 [ﬁ (R + %) exp(—R?/2) erf(R/+/2)

7
_ (4R2 + 1) exp(—R2/2)i| . (64)

Following the same method as at order o83, we choose the ansatz
® = A(r)*g(R) sin® 0, (65)

and find that the function g(R) is given by

¢(R) = ( _ VTt ®) ) R exp(—R2/2) erf (R/+/2)

12 R
N 2427 exp(—R2/2) erf(R//2)
R
—2exp(—R*) + 7R*> — 7R? erf(R/ﬁ)2>. (66)

The Stokes streamfunction for the modified velocity field is therefore given by
Egs. (65)—(66). We can substitute this into Eq. (60) to find the modified velocity
field, and hence obtain the flow uy o at order o? from Eq. (59).

3.9.2 Flow result and physical interpretation

As detailed above, we obtain the solution for the velocity field at order a? as
w0 = A (HADUS) + Al (67)

where the switching-on contribution is given by

(68)

) _ [V2m exp(=R?/2)erf (R/v/2)  exp(—R?)
U= R2 - R er,
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Fig. 8 Streamlines of the radial flow ugs()) at order a2 associated with the switching-on of a spherical heat

spot, with centre at (r = 0, z = ). Colour shows the magnitude |u;s())|
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Fig.9 Streamlines of the axisymmetric flow ug% at order o2 due to a translating spherical heat spot during
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and the translation contribution is given by

o Cos@eR<ﬁerf(R) _,_“/Eexp(—Rz/Z)erf(R/ﬂ)

Wo= 6R3 3R

2327 exp(—R%/2) erf (R//2) 2. Sexp(—R?)
+ EVE —exp(—R°) — R
+ én[erf(R/ﬁ)z - 1])

_p2
+Sin0e9<ﬁerf(R) V27 exp(—R*/2) erf (R//2)

12R3 3R

V27 exp(—R2/2) erf (R /+/2)
+

3R3
S5exp(—R?) 1 2

for —t9 <t < ty (i.e. during one scan). We illustrate the radial flow associated with
the switching-on of the heat spot ugs()) in Fig. 8, and the dipolar flow associated with the

translation of the heat spot u(zTg in Fig. 9. These two flows are reminiscent of and may

be viewed as reinforcing their counterparts at order «; the flow at order o is the first
correction to the flow at order « due to the fact that the density is lowered by heating
below its reference value pg for positive thermal expansion coefficient (o > 0), in the
flux term V - (pu) in mass conservation (Eq. (12)).

The far-field behaviour of the flow uy o at order a?

is given by

AT

2.0 ™ TR

(2cosfep + sinfey). (70)

This is opposite in sign to the far field of order 8, as for the parallel-plate setup [30].
However, deviating from the two-dimensional case [30], the numerical prefactor has a
different magnitude compared with that at order /8 for the axisymmetric setup without
confinement; although much of the physics is shared between the different geometries,
our calculations demonstrate explicitly how the details of the flow are specific to each
geometry.

In dimensional terms, the flow during a scan at order a? scales as ozzATOZU . in
contrast with order a8, changing the sign of the thermal expansion coefficient does
not affect the contribution at order o2.

Mathematically, for a general fluid, we will show that this purely thermal expansion-
driven flow at order a” gives rise to a contribution to the leading-order average velocity
of tracers over a scan, typically in the opposite direction to the thermoviscous contri-
bution at order «f.

@ Springer



Axisymmetric thermoviscous and thermal... Page 29 of 37 6

4 Net transport of tracers

We introduced in Sect. 3 our model for the thermoviscous and thermal expansion-
driven flows induced by a translating spherical heat spot in three-dimensional,
unbounded fluid, solving for the instantaneous flow during one scan of the heat spot,
up to quadratic order in the thermal expansion coefficient & and thermal shear viscosity
coefficient 8. In two-dimensional experiments, the relevant physical quantity observed
is the net displacement of tracer beads due to repeated scanning of the laser, instead
of the instantaneous fluid flow during one scan; furthermore, the theoretical aver-
age velocity of tracers from hydrodynamic modelling has been used quantitatively to
design scan patterns to manipulate particles [23, 27, 30, 41]. We therefore anticipate
that future three-dimensional experiments, like their two-dimensional counterparts,
will measure and exploit the time-averaged trajectories of tracers; consequently, pre-
dicting the net displacement of tracers due to our three-dimensional, unconfined fluid
flow over the course of one scan is a key step towards applications in micromanipula-
tion. We thus now examine the kinematics of tracer particles in this flow and compute
the net displacement of tracers due to a full scan of the heat spot from z = —Z to
z=24L.

4.1 Trajectory of tracer

We solve for the net displacement of a material point due to one full scan of the heat
spot along the scan path from z = —¢ to z = ¢. Consider a material point that has
initial position X at time ¢ = —#y. Following the method in Ref. [30], we write its

position vector relative to the origin at time ¢ as X(#). In the absence of noise, this
obeys an ordinary differential equation given by

dx
5 = X0, (71)

for —t9 <t < t¢ (i.e. during one scan). The equivalent integral equation is given by

t
X() —Xp = / u(X(7),1)di. (72)

—t
4.2 Perturbation expansion

AsinRef. [30], we pose a perturbation expansion for the displacement vector AX(¢) =
X(t) — Xp as

AX(1) = aAX] o(t) + > AXy0(1) + afAX| 1 (1) + ho.t., (73)
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where AX,, ,(¢) is the order-a™ " displacement of the material point at time ¢ from
the position Xg at t = —fg. Then, expanding Eq. (72) yields

aAX] o(t) + a’AXa0(t) + afAX 1 (1) + hot.

t t
= Ot/ u 0(Xo, D di +a* [ [u20(Xo, 1) + AX1.0(7) - Vuyo(Xo, H]1d7
—1Iy —1Ip
t

+ ap llm(X(),f)df. (74)

—to
4.3 Zero net displacement at order a

We show here that the net displacement of a tracer after one full scan of the heat spot

varies not linearly with the temperature change, but instead (at least) quadratically.

From the perturbation expansion in Eq. (74), the displacement AX o(#) at order o
(i.e. leading order) of a material point at time ¢ is given by
t ~

AXio(t) = / u; 0(Xo, 7) di. (75)

—1p

Using Eq. (37) for uj o and the Fundamental Theorem of Calculus, for a general heat
spot, the expression for the order-« displacement in Eq. (75) becomes

t
0 - — o~
AX (1) = / 0 1A Xo. D1di
L 07 :

= AU (Xo. 1) — A(—to)ul ) (Xo. —1o). (76)

For a scan path of finite length, the heat-spot amplitude is zero at the ends of the scan
path, so this simplifies to

AX10(1) = AU (Xo. 1). (77)

Furthermore, the net displacement AX o(#p) (due to a full scan) at order «, of any
material point, is given by

AXjo(to) = 0. (78)
Thus, importantly, the leading-order net displacement of a tracer occurs not at linear

order, but instead at quadratic order in the dimensionless parameters « and §; net
transport is hence quadratic in the temperature perturbation.

4.4 Net displacement at order a3 and order @

Since we showed above that the net displacement at order « is precisely zero, the
perturbation expansion for the net displacement of the material point (Eq. (73)) can
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Fig. 10 Net displacement AX () of tracers at order «f due to one full scan of a spherical heat spot,
with sinusoidal amplitude function (Eq. (82)), and scan path from z = —1.375 to z = 1.375 along the z
axis, with dimensionless scan-path length 27y = 2.75. Colour indicates the magnitude |AX] 1(1p)]

be rewritten as
AX(f) = (XZAXQ’()(to) + aBAX 1(tp) + h.o.t. (79)

Here, by Eq. (74), the thermoviscous net displacement AXj (#p) at order «f8 of a
material point with initial position X is given by

fo

AX) 1 (1) = / w1 (Xo, 1) dt, (80)

—1p

and, similarly, the purely thermal expansion-driven net displacement AXj (o) at
order o/ is given by

fo

AX5 0(t0) = / [u2,0(Xo, ) + AX 0(t) - Vuy,0(Xo, t)] dt. (81)

—1p

We plot the net displacement of tracers at order o (Eq. (80)) in Fig. 10 and at
order o (Eq. (81)) in Fig. 11. Here, to facilitate direct comparison with the results of
Ref. [30], we choose a sinusoidal heat-spot amplitude function, given by

A(1) = cos’ (;—;) , (82)

for —fy <t < 1o, and we set the dimensionless scan-path length to be 2ty = 2.75, so
that the scan path is from z = —1.375 to z = 1.375 along the z axis. We note that the
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z = —1.375to z = 1.375. Colour shows the magnitude |AX> ()|

vertical axis label for these plots showing net transport of tracers due to a full scan is
z, instead of z — ¢ used for the plots of instantaneous flow in Sect. 3; that is, the net
transport is shown here in the laboratory frame, as opposed to the co-moving frame.

4.4.1 Net transport near the scan path

We now turn our attention to physical interpretation of our results on net transport
(Egs. (80) and (81)), illustrated in Figs. 10 and 11, beginning with the behaviour close
to the scan path. Near the scan path, the upward translation of a heat spot thus produces
two contributions to net transport of tracers, which typically have opposite directions,
and scale dimensionally with aﬁAT02 and a2AT02. First, assuming positive thermal
expansion coefficient o and thermal shear viscosity coefficient 8, the net transport
at order o8 near the scan path is in the opposite direction to heat-spot translation
(Fig. 10); this is an extension of the classic net thermoviscous flow of fluid confined
between parallel plates and arises from the combination of thermal expansion and
temperature-dependent shear viscosity [21, 24, 30, 31]. The physical mechanism for
this thermoviscous net flow is inherited via the time-averaging in Eq. (80) from the
instantaneous flow at order o8, explained in Sect. 3.8.2. A negative thermal expansion
coefficient o (e.g. for water below 4 °C) would reverse the direction of the contribution
atorder o8 to net displacement of tracers, by changing the sign of «f in the perturbation
expansion in Eq. (79).

Secondly, thermal expansion associated with the scanning heat spot can, by itself,
give rise to nonzero net transport at order o, via a fundamentally different physical
mechanism. This is independent of thermal shear viscosity changes and is inherited
from the flow at order o> during one scan (Sect. 3.9). In principle, achieving net
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transport therefore does not require temperature-dependent viscosity, only thermal
expansion, though in practice, its significance would vary based on the material param-
eters of the liquid used. This contribution is characterised by net transport always in the
same direction as the heat-spot translation (upwards), whether the thermal expansion
coefficient « is positive or negative. For aqueous glycerol, we expect the thermovis-
cous net transport at order o8 to dominate over the purely thermal expansion-driven
contribution at order or>. However, if a liquid has sufficiently large thermal expansion
coefficient relative to the thermal shear viscosity coefficient, then the net transport
at order o> may dominate instead, with opposite direction. In all cases, there is no
contribution from the bulk viscosity.

4.4.2 Far-field behaviour

We finally examine the far-field behaviour of the thermoviscous and thermal
expansion-driven net transport. In the far field, the net displacement at order «f is
given by

o 1
AX1,1(t0) ~ —\2/—(? A(t)2 dt (FQCOS@eR + sin9e9)>

—1p

; (83)

t=—1py

which is inherited from the source dipole in the far field of the flow uj ;| via
Egs. (80), (52) and (53), with physical interpretation given in Sect. 3.8.2. We note
that evaluating at + = —#( corresponds to spherical polar coordinates with origin at
(r = 0,z = —1p) (in terms of cylindrical coordinates), with the tracer at its initial
position. Similarly, the far-field net displacement at order o is given by

1) 1
AXj o(to) ~ {—2; A(t)2 dt (F(z cosfer + Sin@(ég))

—1o

(84)

I=—1

Here, we have considered the contribution to the far-field spatial decay of the net
displacement in Eq. (81) from Eqgs. (67)—(69) for the flow at order a?, Eq. (77) for the
displacement of a tracer at order «, and Eqgs. (37), (41) and (42) for the flow at order «.
The result for the far-field net displacement at order « in Eq. (84) originates from

the far-field source dipole in the translation contribution ugr()) to flow during a scan at

order o> (Eq. (70)), explained physically in Sect. 3.9.2.
Combining Eqgs. (83) and (84), we therefore obtain the dimensional far-field net
displacement of a tracer as

1 1 to 3
Axmﬂ~v?<—iwﬁ+1?ﬂ>Aﬂﬁc/ Amzm(z3@am%R+gn%m)

—1o

I=—1

(85)
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Hence, the far-field average velocity, over one scan, of the material point with initial
position X is given by

AX(1 1 1 5\ ATgU (7 3
AX@) il ——ap + —a? 0 / A2 dt i(ZcosGeR + sinfeg)
2ty fo —tp R3

t=—1y

(86)

This is a hydrodynamic source dipole in three dimensions. Its strength scales quadrat-
ically with the peak temperature change ATy and linearly with the speed of heat-spot
translation U (and hence linearly with frequency of scanning), while the direction
depends on the thermal expansion coefficient « and thermal shear viscosity coeffi-
cient 8 purely through the factor of (—4%01/3 + iozz). These two terms reflect and
quantify the two different physical effects driving net transport: the interplay between
thermal expansion and thermal shear viscosity changes at order o, and thermal
expansion by itself at order 2. If the thermal expansion coefficient o and thermal
shear viscosity coefficient 8 are both positive, as is the case for many liquids, then
the two effects compete; the larger prefactor for the order-a term could potentially
compensate for a value of o smaller than 8. However, for a negative thermal expan-
sion coefficient o, the two terms in the prefactor are instead of the same sign, thus
reinforcing each other.

5 Discussion

In this article, we considered thermoviscous and thermal expansion-driven fluid flow in
three-dimensional, unbounded fluid: a new geometry compared with previous work on
viscous fluid confined between parallel plates [30]. We first examined heat transport.
By solving numerically for the temperature field induced by a scanning heat source
in the limit relevant to experiments [25, 27], we motivated a simplified model of the
temperature perturbation to act as an input to our flow model. We then derived analyt-
ically the fluid flow and net transport due to the scanning heat spot, to quadratic order
in the thermal expansion coefficient o and thermal shear viscosity coefficient 8. Our
model included bulk viscosity, a key new physical ingredient present because of the
compressible nature of the flow. Bulk viscosity did not play a part in the parallel-plate
setup due to the geometry, as shown using a scaling argument [30, 31]. Here, for the
three-dimensional, unconfined fluid, we treated the bulk viscosity as a general function
of space and time, without specifying its temperature dependence. Through our anal-
ysis, we found that even though the bulk viscosity impacts the pressure field, it does
not influence the fluid velocity. We obtained the same physics and qualitative results
as the parallel-plate setup. Specifically, the leading-order instantaneous flow during
one scan is driven by thermal expansion via the spatio-temporally varying temperature
field, occurring at order « and linear in the peak temperature change. In contrast with
this, the leading-order net transport occurs at both order a8 and order o, quadratic in
the temperature change. The two typically competing contributions at these two orders
originate from two fundamentally different physical mechanisms, with the order-of
thermoviscous term generated by the interplay between thermal expansion and ther-
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mal shear viscosity changes, while the order-? effect arises purely from thermal
expansion. The far-field average velocity of tracers is given by a hydrodynamic source
dipole, but now in three dimensions.

We now comment on the validity of our spherical approximation for the heat spot.
In existing microfluidic experiments, the scan path can have length on the order of
50 um, but there can be a relatively large length scale of heat absorption by the fluid,
perpendicular to the scan path, of around 300 um. However, for a scan path long
enough that heat spot is small in comparison, the geometry would be approximately
axisymmetric; our model could therefore serve as a first approximation in this situation.
Furthermore, methods of achieving thermoviscous transport in three dimensions that
have been suggested include highly focused heating of the fluid [24].

Our work provides a first model of fully three-dimensional thermoviscous and
thermal expansion-driven net flows, which we anticipate will be key to explaining
experimental data (Moritz Kreysing, personal communication). The unconfined geom-
etry of our model may help with understanding experiments where boundaries are far
from the heat spot [25] or where the lubrication approximation (employed in theory
for the parallel-plate setup [21, 30]) is no longer valid. Our theory will also allow
us to analyse the effect of boundaries and confinement on three-dimensional ther-
moviscous and thermal expansion flows and transport in future modelling work. The
quantitative theoretical results, in combination with scan-path selection via feedback
algorithms [21-23] or global optimisation [41], could contribute to the design of new
experiments that apply net thermoviscous and thermal expansion flows to trap or
manipulate particles in three dimensions.
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