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1. Introduction

Gauge theory in dimensions higher than four has been investigated in both theoretical physics [1-5] and pure
mathematics [6,7] contexts. While the solutions to the full second order Yang-Mills equations seem to be out of reach,
the first order higher dimensional analogues of four-dimensional self-duality equations admit some explicit solutions. Such
equations can be written down on any n-dimensional Riemannian manifold M,, once a closed differential form £2 of degree
(n—4) has been chosen. The generalised self-duality equations state that the curvature two-form of a Yang-Mills connection
takes its values in one of the eigenspaces of the linear operator T : A?(M,) — A?(M,) given by T(F) = %(£2 A F). The
full Yang-Mills equations are then implied by the Bianchi identity. If n = 4, and the zero-form 2 = 1 is canonically given
by the orientation, the eigenspaces of T are both two-dimensional, and are interchanged by reversing the orientation. In
general the eigenspaces corresponding to different eigenvalues have different dimensions. For the construction to work,
one of these eigenspaces must have dimension equal to (n — 1)(n — 2)/2, as only then does the number of equations match
the number of unknowns modulo gauge.

Any Riemannian manifold with special holonomy Hol C SO(n) admits a preferred parallel (n — 4)-form, and the
eigenspace conditions above can be equivalently stated as F € hol, where we have identified the Lie algebra hol of the
holonomy group with a subspace of A2(M,) = so(n). One of the most interesting cases corresponds to eight-dimensional
manifolds with holonomy Spin(7). The only currently known explicit solution on Mg = R® with its flat metric has a gauge
group Spin(7). The aim of this paper is to construct explicit solutions to the system

*g(F A 2) = —TF,

with gauge group SU(2). This will be achieved by exploiting the embedding SU(2) x SU(2) C Spin(7). This holonomy
reduction allows a canonical symmetry reduction to the Yang-Mills-Higgs system in four dimensions — a non-abelian
analogue of the Seiberg-Witten equations involving four Higgs fields [6,4,8]. The explicit SU (2) solutions arise from a t’Hooft-
like ansatz which turns out to be consistent despite a vast overdeterminancy of the equations. The resulting solutions on

* Corresponding author.
E-mail addresses: m.dunajski@damtp.cam.ac.uk (M. Dunajski), M.Hoegner@damtp.cam.ac.uk (M. Hoegner).

0393-0440/$ - see front matter © 2012 Elsevier B.V. All rights reserved.
doi:10.1016/j.geomphys.2012.03.013



1748 M. Dunajski, M. Hoegner / Journal of Geometry and Physics 62 (2012) 1747-1759

RR? fall into two classes, both of which are singular along a hypersurface. To overcome this, and to evade Derrick’s theorem
prohibiting finite action solutions in dimensions higher than four we shall consider the case of curved backgrounds of the
form Mg = M, x R* where M, is hyper-Kihler. The gauge fields on the Eguchi-Hanson gravitational instanton are still
singular, but if M, is taken to be a Bianchi II gravitational instanton representing a domain wall [9], then the Yang-Mills
curvature is regular away from the wall. This gives rise to a regular solution of the non-abelian Seiberg-Witten equation on
a four-dimensional nilpotent Lie group #¢ which carries a regular conformally hyper-Kihler metric.

Theorem 1.1. Let J¢ be the simply-connected Lie group whose left-invariant one-forms satisfy the Maurer-Cartan relations

dog = 209 A 03 — 01 A 09, do; = o1 A 03, doy, = 0y A 03, do3 = 0.

e The left-invariant metric § = 0¢? + 01 + 02% + 032 on # is regular and conformally hyper-Kihler.
e The su(2)-valued one-forms

3 V21
A=‘—1(02®T1—01®T2+00®T3), Q):—TA
with [Ty, T,] =Ts, [T3,T1] =Ty, [Ty, T3] = T; satisfy
1
Fr=310. 0L, (0P)-=0. Di®=0,

whereD =d + [A,...], F = dA + A A A, and = denote self-dual (+) and anti-self-dual (—) parts with respect to g.

Finally we should mention that there are other candidates for ‘self-duality’ equations in higher dimensions. One
possibility in dimension eight, exploited by Polchinski in the context of heterotic string theory [10], is to consider the system
*F AF = £F AF. These equations are conformally invariant, and thus the finite action solutions compactify R® to the eight-
dimensional sphere, but unlike the system (2.2) considered in this paper they do not imply the Yang-Mills equations.

2. Self-duality in eight dimensions

Let (Mg, gg) be an eight-dimensional oriented Riemannian manifold. The 21-dimensional Lie group Spin(7) is a subgroup
of SO(8) preserving a self-dual four-form £2. Set e*'?? = e* A e” A e’ Ae?.There exists an orthonormal frame in which the
metric and the four-form are given by

g = ()’ + () +---+ ()
9}

— 90123 + 60145 + eOlG7 + 60246 _ 60257 _ 0347 _ ,0356

e e

1247 _ e1256 _ e1346 + el357 + 62345 + 62367 + 84567. (2])

—e
Let T : A>(Mg) — A?(M;g) be a self-adjoint operator given by
w — *g3(2 N w),

where xg is the Hodge operator of gg corresponding to the orientation £2 A §2. The 28-dimensional space of two-forms in
eight dimensions splits into A%l @ A%, where A§1 and Ai are eigenspaces of T with eigenvalues —1 and 3 respectively. The

21-dimensional space A; can be identified with the Lie algebra spin(7) C s0(8) = A%(Ms).
Let A be a one-form on R® with values in a Lie algebra g of a gauge group G. The Spin(7) self-duality condition states that
the curvature two form

1
F=dA+ A Al

takes its values in AZ,. This leads to a system of seven first order equations

*g(F A 2) = —F, (2.2)
explicitly given by

Fo1 + Fa3 + Fg5 + Fe7 = 0,

Fopy — Fy3 + Fg6 — F57 = 0,

Fos + F1a — F47 — F56 = 0,

Fos + F14 + Fp7 + F36 = 0,

Fog — F17 + Faq — F35 = 0,

Fo7 + F16 — a5 — F34 = 0,

Foq4 —F15 — Fa6 + F37 = 0.
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This is a determined system of PDEs as one of the eight components of A can be set to zero by a gauge transformation

1 1

A —> pAp " —dp p~°, where p € Map(Mg, G).

Eq. (2.2) were first investigated in [ 1], and some solutions were found in [11,2] for the gauge group Spin(7). If A is a solution
to (2.2), then it is a Yang-Mills connection because

DxgF=—DF A2 =0, whereD=d+[A,...]
by the Bianchi identities.'

2.1. Non-abelian Seiberg-Witten equations

2.1.1. Holonomy reduction

Eq. (2.2) are valid on curved eight-dimensional Riemannian manifolds with holonomy equal to, or contained in Spin(7),
as such manifolds are characterised by the existence of a parallel four-form given by (2.1). We shall consider the special case
of product manifolds [13]

Mg = My x My, 88 = &4 + &4, (2.3)

where M, and I\~/I4 are hyper-Kihler manifolds. Let y;* span the spaces Ai (My) and A% (My) of self-dual and anti-self-dual
two-forms respectively. Thus

. 1 . .
2=E"2+ e+ @)+ €2 and YT =enAe+ Esljkeﬂ Aek, (2.4)

wherei,j, ... =1, 2, 3 with analogous expressions for g,. The Spin(7) four-form (2.1) is then given by

3
2 = vol + vol + Zn,;%* AT,
ij=1
where n = diag(1, 1, —1) and vol, vol are volume forms on M, and 1% respectively. The self-dual four-form §2 is closed as a

consequence of the closure of 1/; and 1},- which can always be achieved by a choice of the orthonormal frame on hyper-Kahler
manifolds.

2.1.2. Symmetry reduction

We shall now consider the self-duality equations (2.2) for a g-valued connection A over an eight-manifold Ms of the form
(2.3), where My is an arbitrary hyper-Kéhler four-manifold, and My = RR* is flat. We shall look for solutions A that admit a
four-dimensional symmetry group generated by the translations on R*. If x** are local coordinates of Mg, then we denote the
coordinates of M, by x* and those of R* by . The Greek indices run from 0 to 7 as Latin indices run from 0 to 3. We choose a
frame e* in (2.1),/ wheree* (u =0, ... , 3)isaframe (2.4) on M, in which v; are closed and e* = dx*~* (u =4, ... ,7).
We can then write

7
A= ZAM(xb)e“
n=0

3
=D A" + Po(x)e’ — D1 (x")e° — Da(x)e + P3(x')e’
a=0
=A+9 (2.5)

where we have re-labelled coefficients and consequently defined A, A;, @’ and &,. Thus A is a g-connection on M. Let F
denote the curvature of A, and let F1. be the SD and ASD parts of F with respect to the Hodge operator %4 of g4. Furthermore,
we introduce the following notation: Let @ = @®,e be a g-valued one-form and let V, be four vector fields dual to €7, i.e.
V, e = 8b.SetD = e*®V,+[A, -],and Dy @y = 3,Pp+[Aq, @p]. Thus D& = Dy, ®pje Ael captures the antisymmetric part
of D,®;. Note that A, F, @ and D@ are su(2)-valued forms over My. We are thus splitting up the connection and curvature
in various pieces. Note that @’ £ @.e” due to the choice of indices and signs in (2.5).

1 The Derrick scaling argument (see e.g.[12]) shows there are no nontrivial finite action solutions to the pure Yang-Mills equations on R®. This obstruction
can be overcome if some dimensions are compactified. If (Mg, gg) is a compact manifold with holonomy Spin(7), then the YM connections which satisfy
(2.2) are absolute minima of the Yang-Mills functional

1
E(A) = — IF|* voly,.
4 Mg
To see this write F = F, + F_, where F, € A2, F_ € A%, and verify that
FA#gF=F, AsgF, + 2 AFAF.

The integral of the trace of the second term on the RHS is independent of A.
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Now we shall investigate Eq. (2.2) on the chosen product background Ms. Invoking translational symmetry along R* as
explained, we find the following.

Proposition 2.1. For a connection of the form (2.5) Eq. (2.2) reduce to the following system of equations for the differential forms
Aand @ over My:

[D®]_ =0 (2.7)
D@ =0, (2.8)

where the & denote the SD (+) or ASD (—) part with respect to the Hodge operator .

Proof. This reduction has been performed before [4,6,14,8], but in a slightly different context.? We shall present a proof
adapted to our setup. One obtains these equations by inserting the explicit expression for A = A + &’ and the definition of
the curvature, F = dA + %[A, A] into the system (2.2). For the curvature, we find

1
F = dA + —[A, A]
2
1 1
=dA+do’ + 5[A,A] +[A @]+ E[cp’, ?']
1
=F+D® + 5[@’, @]

In the expression F = %IFWe“ AeY, the two-form F accounts for coefficients F,,, with both indices in therange 0 < u, v < 3,

the term %[CD’, @’] for those coefficients F,,,, with indices in the range 4 < u, v < 7 and D@’ for coefficients with one index
each. This allows us to translate the components F,,,, e.g.

1 , 1
Fo1 = For, Fas = (D®')35 = —D, Py, Fe7 = 5[‘15/7 D']e7 = —5[@152, D3].
The sign and index changes are a result of the labelling of the components of @'. Applying this to the system (2.2), we find
1 1
For + Fa3 — i[q)o, Dq] — E[fpz, &3] =0,
1 1
Fop — F13 — 5[‘1’07 D3] + 5[951, @3] =0,

Fo3 + F12 — %[‘po, &3] — %[‘151, &,] =0,
—Do®1 + D1®o + D@3 — D3P, =0,
—Do@; — D@3 + D@ + D3P = 0,
Do®3 — D1@; + D@1 — D3Py = 0,
Do®o + D1P1 + D@D, + D33 = 0.
This is exactly the system (2.6) with all components written out. O

The resulting system is a set of equations for a connection A and four non-abelian Higgs fields @, over M. In particular they
can be regarded as a non-abelian version [4,6,15,14,8] of the equations found by Seiberg and Witten [16]. We will call (2.6)
the non-abelian Seiberg-Witten equations.

3. Ansatz for SU (2) solutions

To find explicit solutions to (2.6) and (2.2) with the gauge group SU(2) we shall proceed with an analogy to the t'Hooft
ansatz for the self-dual Yang-Mills equations on R*.

Let T;, (i = 1, 2, 3) denote a basis of su(2) with commutation relations [T;, T;] = €Ty and T,T! = TiTjSif = —%12. We
can then define two su(2)-valued two-forms o and & such that x40 = o and %46 = —& by
1 a b + ~ 1 ~ a b —
o:zaabe Ne ZZTilﬂi , a:zaabe Ne ZZTI'W,' , (39)

2 Inthe approach of [8] Mg is the total space of the spinor bundle over M4 and Egs. (2.7) and (2.8) are combined into the non-abelian Dirac equation.
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where y;* are given by (2.4). Thus the forms oy, select the three-dimensional space of SD two-forms Ai (My) from the six-

dimensional space A%(M,) and project it onto the three-dimensional subspace su(2) of so(4). An analogous isomorphism
between A2 (M) and another copy of su(2) is provided by &. The following identities hold

3
Gao® =0, oo’ = :11128ac + Ogc, oo ® = —31,. (3.10)
We now return to Eq. (2.6) and make the following ansatz for the su(2)-valued one-forms A and @,

A= #4(c AdG) = 0, VPGe®, @ = #4(c AdH) = 045V He", (3.11)

where G, H : My — R are functions on M4 and V,, are the vector fields dual to e”. Let O = *d * d + d * d* be the Laplacian
and V be the gradient on My, and let d(e®) = C%.e’ A €. The following proposition will be proved in the Appendix.

Proposition 3.1. The non-abelian Seiberg—Witten equations (2.6) are satisfied by the ansatz (3.11) if and only if G and H satisfy
the following system of coupled partial differential equations:

0G + |VG|> — |[VH|]? = 0, (3.12)
(€ea”Chc0®! — 0Clap) VG = 0, (3.13)
Gacop(VIVPH — 2VGVPH) = 0, (3.14)
oa(VIVPH — 2VGVPH) = 0. (3.15)
Note that Eq. (3.15) is equivalent to the anti-self-duality of the antisymmetric part of
V*VPH — 2V°HVPG.
A similar interpretation of Eq. (3.14) is given by the following.

Lemma 3.2. Let X, be an arbitrary tensor. Then
~ab__c 1 b
0 0 pYe=0& E(ac) = ZZ‘b Sac- (3.16)

Proof. Starting from the left-hand side we first define a two-form (X0) = o X € A eP. Therefore
60 T = 60 pZae = *[6 A (Z0)] =0,
and so (X'o) is self-dual, i.e.
(o)1 = (Xo)s,  (Xo)p =—(Zo)i3,  (Fo)3 = (o). (3.17)

Using the definition (3.9) of o, in terms of the generators of su(2) this is equivalent to a system of nine linear equations for
the components of X : six of them set off-diagonal terms to zero, three more equate the four diagonal terms of X.. Solving
this system is straightforward: the only solution is X',y = X84 for some scalar function ¥. O

Thus Eqgs. (3.14) and (3.15) together imply that V¢V?H —2VH VG is the sum of a (symmetric) pure-trace term and an (anti-
symmetric) ASD term. To continue with the analysis of (3.12) we need to distinguish between flat and curved background
spaces.

3.1. Flat background

Our first choice for My is the flat space R* with e* = dx® for Cartesian coordinates x“. Since the one-forms e” are closed
we have C%,. = 0 and the dual vector fields V, = 9, commute. This implies that (3.13) is identically satisfied. Eq. (3.15)
implies that the simple two-form dG A dH is ASD. Therefore this form is equal to zero, since there are no real simple ASD
two-forms in Euclidean signature and thus H and G are functionally dependent. Therefore we can set H = H(G). Thus the
tensor Xy = 9,0pH — 20,H0,G is symmetric. Next, we turn our attention to (3.14). Applying Lemma 3.2 we deduce that
X b is pure trace. Defining a one-form f = exp(—2G)dH we find that

defe = Ze 268, (3.18)

for some X. Equating the off-diagonal components of (3.18) to zero shows that f. depends on x° only, and the remaining
four equations yield dH = e**dw, where

1
w = nyaxa + KgX?,
for some constants y, k4. Thus G also depends only on w and, defining g(w) = exp G(w), Eq. (3.12) yields
g'Qyw+x?) +4yg — g Qyw +«*) =0. (3.19)
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,2 -
Fig. 1. Numerical plot of solutions to g” = g°.

There are two cases to consider

e Assume that y = 0, in which case

1
g ==+ ggﬁ + 1. (3.20)

To obtain an explicit solution we set the constant y; = 0. Using the translational invariance of (2.6) we can always put
w = x°. Reabsorbing the constant of integration and rescaling yields

/3

1
G=—=In|x*|, H=-""In|x*. (3.21)
2 2

Using these functions in the ansatz (3.11) for the pair (A, @) will give rise to a curvature F such that (2.2) holds. Note
however that the connection is singular along a hyperplane in R* and thus A is also singular along a hyperplane in R®
because of the translational symmetry. The curvature for this solution is singular along a hyperplane with normal «,, and
blows up like |x*| =2, thus the solution is singular. A numerical plot of solutions of (3.20) for different y; is displayed in
Fig. 1. Since the equation is autonomous, one can obtain the general solution by translating any curve in the x> direction.
The red li113e corresponds to (3.21). Note that all other curves have two vertical asymptotes and do not extend to the whole
range of x°.

e We will now present a second, radially symmetric solution. If y # 0 we translate the independent variable by

w— w— g.then(&lg)is

g'w+2g —g’w=0. (3.22)

Figs. 2 and 3 contain the numerical plots of two one-parameter families of solutions. An explicit analytical solution is
given by

1

gw) = ——=.
Jaw?—1

If we define the radial coordinate r := | /ﬁg(xa + "7“)|. then w = +/3r% and

2 _
G(r) = —% In(r* — 1), H(r) = %g In [%} . (3.23)

The pair (A, @) in (3.11) is singular on the sphere r = 1in R*. In R® this corresponds to cylinders of a hypersurface type.
The curvature is given by

Kipri
(rt —1)2

where K! wv are quadratic polynomials in r2. The numerical results suggest that there are no regular solutions to (3.22)
and most solution curves do not even extend to the full range of r.

F = et Ae',
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Fig. 2. Solutions of ODE (3.22) .

Fig. 3. Solutions of ODE (3.22) IL.

This concludes the process of solving the initial system of coupled partial differential equations (3.12). We have shown
that the most general solution to this system is given by two functions of one variable, G and H with w := %yxax" + KaX?,
which are determined by an ordinary differential equation. We presented two classes of solutions in closed form.

3.2. Curved backgrounds

The solutions we have found in the last subsection have extended singularities resulting in an unbounded curvature and
infinite action. While we could argue that the former is an artefact resulting from the form of our ansatz, there is no hope to
cure the latter. The existence of the finite action solutions to pure Yang-Mills theory on R® or to Yang-Mills-Higgs theory
on R* is ruled out by the Derrick scaling argument [12].

To evade Derrick’s argument we shall now look at curved hyper-Kahler manifolds M, in place of R*. The one-forms e in
the orthonormal frame (2.4) are no longer closed and the vector fields V, do not commute, as C;, # 0.Eqs. (3.14) and (3.15)
imply that V,V,H — 2V,GV,H is a sum of a pure-trace term and an ASD term, but examining the integrability conditions
shows that the trace term vanishes unless the metric g4 is flat. Thus

V,H = 8., (3.24)

where §, are some constants of integration. We shall analyse two specific examples of M. The first class of solutions on
the Eguchi-Hanson manifold generalises the spherically symmetric solutions (3.23), which were singular at r = 1. In the
Eguchi-Hanson case the parameter in the metric can be chosen so that r = 1 does not belong to the manifold. The second
class of solutions on the domain wall backgrounds generalises the solutions (3.21).
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Fig. 4. Solutions of ODE (3.27) L.

3.2.1. Eguchi-Hanson background
Consider (My, g4) to be the Eguchi-Hanson manifold [17], with the metric

)™ 2, 1, a\ , 1, , 2
84 = (1 — r_4> dr +Zr (1 — r—4>03 +Zr (o7 +03).
Here 0;,i = 1, 2, 3 are the left-invariant one-forms on SU (2)
o1 +ioy = e V(dh + isinf@dg), o3 = dy + cosOdp
and to obtain the regular metric we take the ranges
r > a, 0<6<m, 0<¢ <2m, 0 <4y <2m. (3.25)
Choose an orthonormal frame

e = ! dr el—r,ll a4a ez—ra e3—ra (3.26)
— ” 9 _2 r437 _22? _21' -

Computing the exterior derivatives d(e®) explicitly we can evaluate (3.13) and find that it is trivially zero. Furthermore, we
know that Egs. (3.14) and (3.15) are equivalent to (3.24). The integrability conditions d?H = 0 imply
df = 2f AdG, wheref = §4e°.
The condition dG # 0 implies §; = 0. Then
(Sodr
f=

9
_at
o

and df = 0.Thusf Adr = dH A dr = dH A dG = 0 and consequently H and G depend on r only and satisfy the following
relation:

dH 50€2G

dar &
v

Using this in Eq. (3.12) and substituting g := j—% yields
a’ 1 a
1-=)g"+-(3+=]g -g’=0. (3.27)
r4 r r4

The numerical results (Figs. 4 and 5, where a = 1) indicate that yet again there are no regular functions among the solutions.
Analysing the limits r — a and r — oo we find that the solution curves either blow up for r — a or, if they intersect with
the line r = ain the (r, g) plane, they will satisfy g’ = (a/4)g”. For the second limit (3.27) tends to g = g° which we have
investigated in the previous section. Thus the behaviour for r — o0 is determined by Fig. 1. In the flat limit a — 0, in which
the Eguchi-Hanson manifold becomes R4, Eq. (3.27) does not reduce to the one we found for the ansatz over R*. This is to
be expected, since the frame e we are working with will not reduce to an integrable coordinate frame even in the flat limit.
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Fig. 5. Solutions of ODE (3.27) IL.

3.2.2. Non-abelian Seiberg-Witten equations on Bianchi Il domain wall

In this subsection we shall prove Theorem 1.1. Consider the Gibbons-Hawking [18] class of hyper-Kidhler metrics
characterised by the existence of a tri-holomorphic isometry. The metric is given by

g4 = V((dx")? + (dx*)? + (dx*)?) + V1 (dx° + o). (3.28)
The function V and the one-form o = «;dx’ depend on X and satisfy
*3dV = —da,
where x3 is the Hodge operator on R3. Thus the function V is harmonic.
Choose the orthonormal frame
e = %(dx0 + ), el = \/dei,

and the dual vector fields Vy and V;. In comparison to the Eguchi-Hanson background, for the Gibbons-Hawking case
Eq. (3.13) is no longer trivially satisfied. It only holds if dG A dV = 0. Thus, in particular VoG = 0. Egs. (3.14) and (3.15)
are equivalent to (3.24). The integrability conditions force 8, = 0. Setting w = 8;x', we can determine H from the relation
dH = +/Ve*“dw. Thus H and +/Ve®® are functions of w only. We claim that ~/Ve?¢ # C for any constant® C. Therefore
dV Adw = dG A dw = 0, since dV A dG = 0, and we must have V := V(w), G := G(w). Furthermore V (w) is harmonic, so
the potential must be linear in w, i.e. without loss of generality

V=X, a = x%dx".
The resulting metric admits a Bianchi II (also called Nil) group of isometries generated by the vector fields
i X; = i Xy = i _ 11
9x0° ox1’ 0x2 X0
with the Heisenberg Lie algebra structure

[Xo, X1]1 =0, [Xo, X2] =0, X2, X1] = Xo.

Xo =

There is also a homothety generated by

p=a0l +x1i +xzi +x3i
T ax0 ax! 0x2 ax3’

3 Suppose the opposite. Using V = C2e~% in (3.12) we find 8;9'G + 8,G9'G = C28;8'. The Laplace equation on V implies 8;3'G = 43,G3'G, and
C25;8!

V5
Differentiation of the first relation reveals that all derivatives of G are harmonic. Two partial differentiations of the second relation and contracting the
indices then yields \a,-ajc|2 = 0. This implies ¢ = 0 and thus 9;G = 0, which rules out this special case.

9:0'G = 4c?, 3G 9'G =%, wherec =
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Fig. 6. Solutions of ODE (3.2) L.

such that
Lpgs = 3g4.

The conformally rescaled metric § = (x*) g4 admits D as a proper Killing vector. Thus {Xo, X1, X2} span the Bianchi II
algebra of isometries of g and {Xy, X1, D} span the Bianchi V group of isometries of . Setting x> = exp(p) puts g4 in the
form

ga =¥ (dp? + e 2 ((dx")* 4 (dx*)?) + e (dx" + Xdx')?).
This metric is singular at p — 00 but we claim that this singularity is only present in an overall conformal factor, and

g4 is a conformal rescaling of a regular homogeneous metric on a four-dimensional Lie group with the underlying manifold
H# = Nil x R* generated by the right-invariant vector fields {Xy, Xi, X5, D}. To see it, set

oo = e 2P (dx° + x*dx"), oy = e Pdx!, o, = e Pdx?, o3 = dp.
Then

g4 =e*g where g = 0o’ 4 012 + 02> + 032, (3.29)
and the left-invariant one-forms satisfy

dog = 209 A 03 — 01 A 03, doy = 01 A 03, doy, = 0y A 03, dos = 0. (3.30)
Thus the metric g is regular.

In [9] the singularity of g4 at p = —oo has been interpreted as a single side domain wall in the space-time
M, x RP=31

with its product metric. This domain wall is a p-brane: either a nine-brane of 11D supergravity if p = 6 or a three-brane
of the (4 + 1)-dimensional space-time g4 — dt2. In all cases the direction p is transverse to the wall. In the approach of [9]
the regions x> > 0 and x> < 0 are identified. In this reference it is argued that (My, g4) with such identification is the
approximate form of a regular metric constructed in [19] on a complement of a smooth cubic curve in CP?.

Using this linear potential V = w = x® in (3.12) and setting g (w) := ™ yields

g// _ wgS =0.
This equation changes its character as w changes from positive to negative sign; we find infinitely many singularities for
G(w) for w < 0. We thus focus on the region w > 0, which is in agreement with the identification of these two regions
proposed by Gibbons and Rychenkova [9]. Numerical plots for solutions of this equation are given in Figs. 6 and 7. One
explicit solution is given by

3

g(w) = i%f/ﬁum. (3.31)

If we choose w = x3, the curvature for this solution blows up like (x*) 3. This is singular only on the domain wall.
Explicitly, the solution (3.31) gives
V21

3
G=—2p+-In21—1In2, H=-Y"1¢
2?3 3
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Fig. 7. Solutions of ODE (3.2) II.
and
3 /21
A= 4_1(02®T1 —01®T + 00 ®T3), @ Z—TA, (3.32)

9 3 9 3 3 3
F = <]—60'()/\O‘1 +ZGZAG3> RT; + <1—60‘0/\O‘2— ZO‘1 /\O’3> RT, + (50‘0/\0‘3— EO} /\O’2> R Ts.
We claim that (A, @) is aregular solution to the non-abelian Seiberg-Witten equations on the Lie group corresponding to the
Lie algebra (3.30) with its left-invariant metric g given by (3.29). To justify this claim, we need to consider the invariance of
the non-abelian Seiberg-Witten equations under the conformal rescalings of the underlying metric. The first two Egs. (2.6)
and (2.7) are clearly invariant, which follows from the conformal invariance of the Hodge operator acting on two-forms in
four dimensions. The third Eq. (2.8) is not invariant in general, but it still holds in our case with g4 replaced by g4, as the
conformal factor depends only on p and dp A x4 @ = 0 for the Higgs fields (3.32). We should stress that this solution does
not lift to a solution of Yang-Mills equations in eight dimensions, as the product metric &, + g4 on # x R* is not Spin(7).

4. Conclusions and outlook

In this paper we have used the identification of R® with R* x R?, or the curved analogue when one of the R* factors
is replaced by a hyper-Kéhler four-manifold (Mg, g4) to construct explicit solutions of the ‘self-duality’ equations in eight
dimensions with a gauge group SU(2). The solutions all admit four-dimensional symmetry group along the R* factor, and
thus they give rise to solutions of the non-abelian Seiberg-Witten equations on M.

We have analysed three cases, where M, is R* with the flat metric, the Eguchi-Hanson gravitational instanton, and finally
the cohomogeneity one hyper-Kahler metric with Bianchi Il group acting isometrically with three-dimensional orbits. In this
last case the singularity of the gauge field is regular on a conformally rescaled four-manifold. Alternatively, the singularity
is present only on a domain wall in the space-time with the metric g, — dt2.

The symmetry reduction to four dimensions was based on the holonomy reduction SU(2) x SU(2) C Spin(7). An
analogous reduction from R® with split signature metrics may provide a source of Lorentz invariant gauged solitons in
3 4 1 dimensions. Moreover, there are other special realisations of Spin(7) in terms of Lie groups G,, SU(3) and SU (4). Each
realisation leads to some symmetry reduction [20,21], and picks a preferred gauge group, where the ansatz analogous to
(3.11) can be made.

Witten [22] considered a complex-valued connection 4 = A + i® on bundles over four-manifolds of the form
Ms = R x M; with the product metric g, = dw? + g3, where (M3, g3) is a three-dimensional Riemannian manifold.
He showed that the gradient flow equation

dA 84
— = — %3 —
dw 8A
for the holomorphic Chern-Simons functional { yields Egs. (2.6) and (2.7). In this setup neither A nor @ have a dw
component.,
The example (3.21) fits into this framework: g3 is the flat metric on R3, and the corresponding ODE is the reduction of the

gradient flow equations. In all other examples in our paper the underlying four-manifold is also of the form My = R x M3,
where M3 is a three-dimensional Lie group with left-invariant one-forms o;. Moreover in all cases there exists a gauge
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such that neither A nor @ have components in the R direction orthogonal to the group orbits. However the Riemannian
metric gg = dw? + h;j(w)ojo; on My is not a product metric unless h; does not depend on w. It remains to be seen
whether the gradient flow formulation of the non-abelian Seiberg-Witten equations can be achieved in this more general
setup.
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Appendix

Proof of Proposition 3.1. Rewrite Eq. (2.6) using the two-forms o and 6:

*[GA <F—%[@,q§])} =0 (Fyp — ®g A Pp) =0, (A1)
#(6 A [DP]) = —6De®y = 0, (A2)
D'®, = 0. (A3)

Now, substituting (3.11) and using (3.10) in Eq. (A.1) yields

1 ab 1
0= 50' Fop — E[(pa: Dy

3 3 3
= Zvavac + 04 VVG + 0,4VIGo™Pd () g + Z|vc|2 - Z|VH|2.

The term o4 V¢Go ®d(e°) 4, decomposes as
1
0. VIGoPd(e ) ey = 2[Claat €da” COhc1V?G 1o + €0q" Cc VG

The closure condition do = 0 yields o,;;,C%4; = 0, which is a system of 12 linear equations. These equations imply the four
relations €4,"°C%,. = 2C%jq. Then the identity-valued part of (A.1) becomes

2 V.G + Ec“b VPG + E|vc|2 — E|VH|2 =0
4 4 4 4 ’
The first two terms of these combine to give OG, as can be seen by computing

0G = xd * dG = *d (%eabcdvaceb AeS A ed)
= %x(V,VG + C’, V°G) = (V,V® + C’;, VI)G.
The other components of (A.1) are given by*
(€ea”COe0® — CY,) V4G = 0.
We now move to Eq. (A.2),
Gap (D D) = 64 (VPP + A%PP — DAY
= 60p0 " VIVH + 260" V((GVyH
= 640 (VOVH — 2VHV G).

4 Using the spinor decomposition [12]
Che = ¥y IMpce + ey
with the anti-self-duality conditions do = 0 equivalent to v pcc = 0 gives
00 Vg G =0,

where 04% = ¢ @®) and 0® = o*'® ¢"8, Thus the three-dimensional distribution "2 4 Vg is integrable and G is in its kernel.
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Here we had to explicitly evaluate and symmetrise a product of three o-matrices to obtain the last line. And finally, for
Eq. (A.3) we obtain

Da¢a = (Vacba + [Aa, ®a])
= V,(6®V,H) + 04,0 V’GV°H — 04,.0%V’GV‘H
= 04(V'VPH — 2V'GVPH) = 0. O
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