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Gravitational Instantons

Euclidean solutions to classical field equations with finite action.

Semiclassical insight into quantum gravity. Only requires the validity
of GR as a low energy theory.

Asymptotically Euclidean with Rab = 0 implies flat R4. Gravitational
instantons are Asymptotically Locally Euclidean ALE or
Asymptotically Locally Flat ALF.

Look for instantons in Einstein–Maxwell theory

Gab = 2Fa
cFbc −

1
2
gabF

cdFcd, ∇aF
ab = 0.

There exist Asymptotically Euclidean solutions.
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Euclidean Israel–Wilson–Perjes solutions

g(4) =
1

UŨ
(dτ + ω)2 + UŨdx2

F = UŨ ?3 d(U−1 + Ũ−1)− 1
2
d(U−1 − Ũ−1) ∧ (dτ + ω),

where ∇2U = ∇2Ũ = 0, ∇× ω = Ũ∇U − U∇Ũ .

Take

U =
4π

β
+

N∑
m=1

am

| x− xm |
, Ũ =

4π

β̃
+

eN∑
n=1

ãn

| x− x̃n |
,

where β, β̃, am,xm, ãn, x̃n, N, Ñ are constants.

In the Lorentzian case these are nakedly singular unless U = Ũ .
Study the Euclidean solutions:

1 Global behaviour.
2 Uniqueness.
3 Lift to five dimensions.
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Asymptotics and Topology

If xm 6= x̃n then the regularity at the centers requires τ ∼ τ + 4π and

U(x̃n)ãn = 1 , Ũ(xm)am = 1 , ∀m,n .

4π
β = 4π

β̃
6= 0 gives ALF metric, tending to an S1 bundle over S2 at

infinity, with c1 = N − Ñ . Regularity:
∑

am −N =
∑

ãn − Ñ . If
N = Ñ the bundle is trivial and we obtain AF (∼ R3 × S1) solutions.
4π
β = 0, 4π

β̃
= 1 gives an ALE metric, tending to R4/Z|N− eN |.

Regularity:
∑

am = N − Ñ . If N = Ñ +1 the solution is AE (∼ R4).
4π
β = 4π

β̃
= 0 leads to an AL Robinson-Bertotti metric, tending to

AdS2 × S2 or AdS2/Z× S2. The former case only arises if all of the
centres are coincident, so that U = Ũ , and τ need not be made
periodic. Need N = Ñ for regularity.
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Killing Spinor and Uniqueness

Euclidean IWP=Most general Einstein–Maxwell instanton with a Killing
spinor ε = (αA, βA′) s. t.

∇AA′αB − i
√

2φABβA′ = 0 , ∇AA′βB′ + i
√

2φ̃A′B′αA = 0 ,

where Fab = φABεA′B′ + φ̃A′B′εAB .

Define U = (αAα̂A)−1, Ũ = (βA′ β̂A′
)−1. Find that

Ka = αAβ̂A′ − α̂AβA′ is a Killing vector, and deduce the form of the
metric.

Analogous to a Lorentzian result of Tod, but stronger:

FabF
ab = 2(φABφAB + φ̃A′B′ φ̃A′B′

) = |∇U−1|2 + |∇Ũ−1|2.

|∇U−1| and |∇Ũ−1| are bounded. Maximum principle implies that U
and Ũ are superpositions of fundamental solutions.
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Lift to Five Dimensions

Instantons in D dimensions are solitons in D + 1 dimensions.

Lift to (4 + 1) Einstein–Maxwell Chern–Simons theory

S5 =
∫

d5x

√
−g(5)

[
R(5) −HαβHαβ

]
− 8

3
√

3

∫
H ∧H ∧W ,

where H = dW is the five dimensional Maxwell field.

Equations of motion

Gαβ = 2Hα
γHβγ −

1
2
g
(5)
αβHγδHγδ, d ?5 H = − 2√

3
H ∧H.

Euclidean IWP (g(4), F = dA) lift to

g(5) = g(4) − (dt + Φ)2, W =
√

3
2

A, where

Φ = −
(
U−1 + Ũ−1

)
(dτ + ω)/2 + χ, ∇× χ =

1
2
∇

(
U − Ũ

)
.
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Regularity and Causality in 5D

U 6= Ũ leads to naked singularities OR closed time–like curves.
U = Ũ gives a regular and causal solution (solitonic string)

g(5) = −(dt− dτ/U)2 +
dτ2

U2
+ U2dx2, H = −

√
3 ?3 dU.

R4+1 or AdS3 × S2 away from the centres.
Near the centres, where U →∞ this is AdS3 × S2

g(5) = a2
m

[
dr2

r2
+ 2rdtdτ − dt2 + dΩ2

S2

]
.

Y =
1

r1/2 cos t
2

, X =
τ

2
− 1

2

[
1
r
− 1

]
tan

t

2
, T =

τ

2
− 1

2

[
1
r

+ 1
]

tan
t

2
,

so that the metric becomes

g(5) =
4a2

m

Y 2

(
−dT 2 + dX2 + dY 2

)
+ a2

mdΩ2
S2 .
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Outlook

Einstein–Maxwell vacuum as a function of temperature.

M–theory interpretation of

g(11) = g(5) + gT 6 , F = H ∧ ΩT 6 .

Metric on moduli space
1 Slowly moving solitonic strings in 5D.
2 Measure of 4D instantons.

Index theory for zero modes.
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