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OUTLINE

e Twistor theory in (2 + 1) dimensions
o Einstein—-Weyl geometry

o Dispersioness integrable system
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TWISTOR THEORY

o M = 2 + 1-dimensional Minkowski space, ds? = dy? — 4dxdt.

n=x+\y+ \t, (n,\) € TS?

Minkowski Space «— Twistor Space Z = T'S!
null plane «— point

point «— projective line

z=Ts'
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TWISTOR THEORY

o Complexified Minkowski space, M = C3. Z = TCP!, points =
holomorphic sections of Z — CP!. Points in R>! = 'real’ sections.
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TWISTOR THEORY

o Complexified Minkowski space, M = C3. Z = TCP!, points =
holomorphic sections of Z — CP!. Points in R>! = 'real’ sections.

o Application: 2+1 Wave equation

u(z,y,t) = / Fn, A)dA satisfies gy — Uyy = 0.
I'CL,
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TWISTOR THEORY

o Complexified Minkowski space, M = C3. Z = TCP!, points =
holomorphic sections of Z — CP!. Points in R>! = 'real’ sections.

o Application: 2+1 Wave equation

u(z,y,t) = / Fn, A)dA satisfies gy — Uyy = 0.
I'CL,

o Extend this:

Wave equation
Minkowski space
TCP!

Dispersionless systems
Curved metrics (Einstein—Weyl structures)
Complex Surface Z containing a rational curve

L, C Z with self-intersection number 2
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TWISTOR THEORY

o M =moduli space of curves L, H*(L,O(2)) = 0,Kodaira Theorems:
dim M = H°(CP',0(2)) = 3.
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TWISTOR THEORY

o M =moduli space of curves L, H*(L,O(2)) = 0,Kodaira Theorems:
dim M = H°(CP',0(2)) = 3.

o Z =M x CP'/(Ly, L1). Lax pair:
L—W—/\V+f2 L—V—)\WJrfﬁ
0— Oa)\a 1= 18A7

where (W,W, V') are vector fields on M, and (fo, f1) are cubic
polynomials in X\ € CP!.
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GEOMETRY ON THE SPACE OF CURVES

o Conformal structure
W =VeoV-20WeW+WaeW)

is Einstein—Weyl, which means
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o Conformal structure
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is Einstein—Weyl, which means
@ There exists a torsion—free connection D such that

Dh=w® h, for some one—form w
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o Conformal structure
W =VeoV-20WeW+WaeW)

is Einstein—Weyl, which means
@ There exists a torsion—free connection D such that
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@ Equations R(qy) = Ah(ap) hold
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is Einstein—Weyl, which means
@ There exists a torsion—free connection D such that
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@ Equations R(qy) = Ah(ap) hold
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GEOMETRY ON THE SPACE OF CURVES

o Conformal structure
W =VeoV-20WeW+WaeW)

is Einstein—Weyl, which means
@ There exists a torsion—free connection D such that

Dh=w® h, for some one—form w

@ Equations R(qy) = Ah(ap) hold
@ Conformal invariance

h — c*h, w— w+ 2d (In(c)).

@ Lax formulation: Einstein-Weyl condition = existence of 2 parameter
family of totally geodesic null surfaces in M.
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DISPERSIONLESS SYSTEMS

e This is a framework for dispersionless integrable systems (alternative
to Ferapontov's hydrodynamic reductions, Manakov—Santini's Cauchy
problem, Konopelchenko—Martinez Alonso’s d—formulation, ...).
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DISPERSIONLESS SYSTEMS

e This is a framework for dispersionless integrable systems (alternative
to Ferapontov's hydrodynamic reductions, Manakov—Santini's Cauchy
problem, Konopelchenko—Martinez Alonso’s O—formulation, )

e Coordinate independent, geometric point of view: solutions are
parametrised by complex manifolds with embeded rational curves.
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DISPERSIONLESS SYSTEMS

e This is a framework for dispersionless integrable systems (alternative
to Ferapontov's hydrodynamic reductions, Manakov—Santini's Cauchy
problem, Konopelchenko—Martinez Alonso’s O—formulation, )

e Coordinate independent, geometric point of view: solutions are
parametrised by complex manifolds with embeded rational curves.

@ Interpolating integrable system

Uy + wy = 0, ug + wy — c(uw, — wuy) + buu, = 0.

where u = u(x,y,t),w = w(z,y,t) and (b, c) are constants.

9 L 0 P
Ly = 8t+(cw—|—bu—)\cu—)\)%—I—b(wm—)\ux)a)\,
0 0 0
L = 2= A Y
1 By (cu—l—)\)ax bu Y
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DISPERSIONLESS SYSTEMS

e This is a framework for dispersionless integrable systems (alternative
to Ferapontov's hydrodynamic reductions, Manakov—Santini's Cauchy
problem, Konopelchenko—Martinez Alonso’s O—formulation, )

e Coordinate independent, geometric point of view: solutions are
parametrised by complex manifolds with embeded rational curves.

@ Interpolating integrable system

Uy + wy = 0, ug + wy — c(uw, — wuy) + buu, = 0.

where u = u(x,y,t),w = w(z,y,t) and (b, c) are constants.

9 L 0 P
Ly = 8t+(cw—|—bu—)\cu—)\)%—I—b(wm—)\ux)a,
0 0 0
L = 2= A Y
1 By (cu—l—)\)ax bu Y

o Einstein-Weyl: h = (dy — cudt)? — 4(dx — (cw + bu) dt) dt,
w = —cuy dy + (4dbu, + Auny — 2cuy) dt.
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DISPERSIONLESS SYSTEMS

@ Manakov—-Santini system

Uyt — Uyy + (UUx)m + VmUmy - VyU:m: =0,
Vot — Vyy + UV + VmV:py — ‘/yvxx = 0.
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DISPERSIONLESS SYSTEMS

@ Manakov—-Santini system

Uyt — Uyy + (UUx)m + VmUmy - VyU:m: =0,
Vot — Vyy + UV + VmV:py — ‘/yvxx = 0.

e Contains the interpolating system if cU = bV/,.
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DISPERSIONLESS SYSTEMS

@ Manakov—-Santini system

Uyt — Uyy + (UUzp)m + VmUmy - VyUxa: =0,
Vot — Vyy + UV + VmVazy — Vnyx = 0.

e Contains the interpolating system if cU = bV/,.
e Equivalent to general 2+1 Einstein—-Weyl (?)
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@ Solutions in one—to—one correspondence with complex surfaces with a
rational curve with self intersection 2.
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DISPERSIONLESS SYSTEMS

@ Manakov—-Santini system

Uyt — Uyy + (UUzp)m + VmUmy - VyUxa: =0,
Vit — Vg + UV + ViV — V, Vi = 0.

Contains the interpolating system if cU = bV,,.

Equivalent to general 241 Einstein—-Weyl (?)

@ Solutions in one—to—one correspondence with complex surfaces with a
rational curve with self intersection 2.

Contains the interpolating system if cU = bV,

o Open questions

o Dispersionful analogues (beyond deformation quantisation).
dKP— KP (Moyal), hyper-CR (U = 0) — nlin.SI/0702040.
Manakov—Santini— 777
Lichnerowicz obstruction: Diff(3?) is rigid.
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DISPERSIONLESS SYSTEMS

@ Manakov—-Santini system

Uyt — Uyy + (UUzp)m + VmUmy - VyUm: =0,
Vit — Vyy + UVyr + VmVazy - VyV:L“x =0.

Contains the interpolating system if cU = bV,,.

Equivalent to general 241 Einstein—-Weyl (?)

@ Solutions in one—to—one correspondence with complex surfaces with a
rational curve with self intersection 2.

Contains the interpolating system if cU = bV,

o Open questions

o Dispersionful analogues (beyond deformation quantisation).
dKP— KP (Moyal), hyper-CR (U = 0) — nlin.SI/0702040.
Manakov—Santini— 777
Lichnerowicz obstruction: Diff(3?) is rigid.

e Explicit solutions with regular metrics.
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