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Twistor Theory

M = 2 + 1–dimensional Minkowski space, ds2 = dy2 − 4dxdt.

η = x + λy + λ2t, (η, λ) ∈ TS1

Minkowski Space ←→ Twistor Space Z = TS1

null plane ←→ point

point ←→ projective line
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Twistor Theory

Complexified Minkowski space, M = C3. Z = TCP1, points =
holomorphic sections of Z −→ CP1. Points in R2,1 = ’real’ sections.

Application: 2+1 Wave equation

u(x, y, t) =
∫

Γ⊂Lp

f(η, λ)dλ satisfies uxt − uyy = 0.

Extend this:

Wave equation −→ Dispersionless systems

Minkowski space −→ Curved metrics (Einstein–Weyl structures)

TCP1 −→ Complex Surface Z containing a rational curve

Lp ⊂ Z with self–intersection number 2
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Twistor Theory

M =moduli space of curves L, H1(L,O(2)) = 0,Kodaira Theorems:
dim M = H0(CP 1,O(2)) = 3.

Z

L=CP
1

Z = M × CP1/(L0, L1). Lax pair:

L0 = W − λV + f0
∂

∂λ
, L1 = V − λW̃ + f1

∂

∂λ
,

where (W, W̃ , V ) are vector fields on M , and (f0, f1) are cubic
polynomials in λ ∈ CP1.

Dunajski (DAMTP, Cambridge) Diff(Σ2 19 June 2007 5 / 8



Twistor Theory

M =moduli space of curves L, H1(L,O(2)) = 0,Kodaira Theorems:
dim M = H0(CP 1,O(2)) = 3.

Z

L=CP
1

Z = M × CP1/(L0, L1). Lax pair:

L0 = W − λV + f0
∂

∂λ
, L1 = V − λW̃ + f1

∂

∂λ
,

where (W, W̃ , V ) are vector fields on M , and (f0, f1) are cubic
polynomials in λ ∈ CP1.

Dunajski (DAMTP, Cambridge) Diff(Σ2 19 June 2007 5 / 8



Geometry on the space of curves

Conformal structure

[h] = V ⊗ V − 2(W ⊗ W̃ + W̃ ⊗W )

is Einstein–Weyl, which means

1 There exists a torsion–free connection D such that

Dh = ω ⊗ h, for some one–form ω

2 Equations R(ab) = Λh(ab) hold
3 Conformal invariance

h −→ c2 h, ω −→ ω + 2d (ln (c)).

Lax formulation: Einstein–Weyl condition = existence of 2 parameter
family of totally geodesic null surfaces in M .
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Dispersionless systems

This is a framework for dispersionless integrable systems (alternative
to Ferapontov’s hydrodynamic reductions, Manakov–Santini’s Cauchy
problem, Konopelchenko–Martinez Alonso’s ∂–formulation, ...).

Coordinate independent, geometric point of view: solutions are
parametrised by complex manifolds with embeded rational curves.
Interpolating integrable system

uy + wx = 0, ut + wy − c(uwx − wux) + buux = 0.

where u = u(x, y, t), w = w(x, y, t) and (b, c) are constants.

L0 =
∂

∂t
+ (cw + bu− λcu− λ2)

∂

∂x
+ b(wx − λux)

∂

∂λ
,

L1 =
∂

∂y
− (cu + λ)

∂

∂x
− bux

∂

∂λ
.

Einstein–Weyl: h = (dy − cu dt)2 − 4(dx− (cw + bu) dt) dt,

ω = −cux dy + (4bux + c2uux − 2cuy) dt.
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Dispersionless systems

Manakov–Santini system

Uxt − Uyy + (UUx)x + VxUxy − VyUxx = 0,

Vxt − Vyy + UVxx + VxVxy − VyVxx = 0.

Contains the interpolating system if cU = bVx.

Equivalent to general 2+1 Einstein–Weyl (?)

Solutions in one–to–one correspondence with complex surfaces with a
rational curve with self intersection 2.

Contains the interpolating system if cU = bVx

Open questions
Dispersionful analogues (beyond deformation quantisation).
dKP→ KP (Moyal), hyper-CR (U = 0) → nlin.SI/0702040.
Manakov–Santini→ ???
Lichnerowicz obstruction: Diff(Σ2) is rigid.

Explicit solutions with regular metrics.
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