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1. Let ¢ : R2! — §2. Set

1= uf?
14 |ul?’

0 +i? = o

u
and deduce that the Bogomolny equations
0;¢" = L1580 0;0°, ¢ =0

imply that u is holomorphic or antiholomorphic in 2z = 21 + ix,.

Find the expression for the total energy
1 a a j2
Elg] =5 | 0;¢"0;¢"d’

in terms of w.

By counting the pre—images or otherwise find the topological degree of
¢ corresponding to u(z) = up +uiz + ... + upz®, where o, ..., uy, are
constants with uy # 0.

2. Derive the SU(2) Yang—Mills theory on R* form the action. Let A,(z)
be a solution to these equations. Show that, for any nonzero constant
¢, the potential A,(z) = cA,(cx) is also a solution and that it has the
same action.

3. Consider the map g : S® — SU(2) defined by
g(x1, T2, 3, 24) = x4 + (101 + X209 + 303),

where o; are Pauli matrices and z? + 235 + 25 + 3 = 1 and find its
degree. By calculating Tr((dg g=')3) at the point on S* where z4 = 1,
or otherwise deduce that the formula

deals) = 55 [ Tri(dg g7

is correctly normalised.



4. Let Ty, Ty, T3 form a basis of su(2) such that
T, T5) = —€apy Ty, «,B,7v=1,2,3,
and let the symbols 0., = —0p, where a,b=1,...,4 be defined by
OaB = €apyly, Oaa ="1T,.

Show that
1
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Oab = §€ab Ocd, and OabTac = _Z]-Csbc — Obe-

Identify A*(R*) with the Lie algebra so(4) and deduce that so(4) =
50(3) @ s0(3).
5. Let V =1+ 172, where 72 := §2%?. Show that the oneform
Lov .
A= Oab V@dl‘ (1)
is a solution of the anti-self-dual Yang—Mills equations on R*.

The one—form A is singular at » = 0. What can you say about the
behaviour of the field strength F' at r = 07

6. Find, by explicit integration, the Chern number of the solution (1).

7. Let I be a two—form on R*. Show, from the definition of the Hodge
operator, that

(a) **x F'= £ F depending on the signature.
(b) xFA*xF =FAF.

Show that in the U(1) theory F' — [ interchanges the electric and
magnetic fields with factors of +1 or +¢ and determine the different
cases in the corresponding signatures.

Let F' be a non-zero real self-dual two—form on R* such that FAF = 0.
What is the signature of the underlying metric?

8. Let A be a 1-form gauge potential on R" with values in su(2), and let
F be its curvature. Verify that Tr(A), Tr(AANA),Tr(ANANANA)
and T'r(F) all vanish.

Verify that Cy = dY3, where C5 and Y3 are the second Chern form, and
the Chern—Simons three—form respectively.
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9.

10.

Let A = A;dz,i = 1,2,3 be a gauge potential on R? with values in the
Lie algebra g. Find the Euler-Lagrange equations arising from varying
the Chern—Simons functional

2
W[A]:/ Te(ANdA+ZANANA)
R3

with respect to A.

Now consider a one parameter family of g—valued one—forms A = A(t)
on R3, and define a one-form on R* by A = A+ ¢dt, where the function
¢ = ¢(x',t) takes its values in su(2). Show that, in a gauge where
¢ = 0, the anti-self-dual Yang—Mills equations on A take the gradient
flow form
dA;(t)  0WI[A]
dt  §A;

Consider a connection w = v 1Ay + v~ 'dy on a principal G-bundle
P — B, where A is a one—form on B and v~ 'dy is the Maurer—Cartan
form on G.

(a) Show that the transformation of the fibres v/ = g7, where g € G
depends on the coordinates on B, does not change w if A trans-
forms like a gauge potential.

(b) Let Q = dw + w A w. Show that Q = v !F for some F which
should be found.

(¢) Let D,,a=1,...,dim(B) be linearly independent vector fields on
P such that
D,1w=0.

Show that D, = 9, — A% R, where 0, = 0/0x* are vector fields
on B and R, are right-invariant vector fields on G. Demonstrate
that

[Da7 Db] = _F(S;)Rﬂé‘



