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1. General theory

In [4], a particular fifth-order ODE whose solutions are the conics in CP? was noted as an example for
which the Wiinschmann conditions were satisfied, and a torsion-free, GL(2) (or paraconformal) connection
exists on the moduli space M of solutions, while the ODE is not contact equivalent to the trivial fifth-order
equation y® = 0. (The fact that this ODE has solutions which are these conics goes back at least to
Halphen [8] and may go back to Monge [10].) In this note we spell out all the steps to finding the metric and
curvature properties of M. These calculations are interesting in their own right, for illustrating the method,
and they crucially underpin the twistor construction of the Radon transform on conics in CP? described
in [5].
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We begin then with the fifth-order ODE

40 3 +5r5
9 ¢? q

y® = Alz,y,p,q,7,8) = (1)

where p = 3’ (which doesn’t appear yet), ¢ = y’/,r = ¢/ and s = y"”. With the conventions of [4] we
calculate the partial derivatives of A as

80 3 rs s 4072 r
A, =0=Ag=AN, Ao =—— —-5—,A3=5—-— ——, Ay =5-,
TR T s T T N 3 T g

and it is straightforward to verify that the Wiinschmann conditions, as in [4], are satisfied so that the moduli
space of solutions M admits a torsion-free, GL(2) (or paraconformal) connection, defined from A and its
derivatives.

Write the solution as

y=2Z(z,X*),a=1...5,

where X2 are coordinates on M, and concrete indices are bold. It will eventually be convenient to use
(y,p,q,7,s) at some fixed x for X2, when we’ll write them (y,p,q,r,s).

To say that M has a torsion-free, GL(2)-connection [4] is to say that the tangent bundle is a symmetric
fourth paper of a complex rank-2 spinor bundle, with compatible torsion-free connection preserving the
spinor symplectic form. Following the method of [4], we impose

Vol :=Zq = talplctp,
where ¢4 is a spinor field (and abstract indices are italic). With a slight change from [4] we shall suppose
!y = Poy
where prime means d/dz and P is to be found, and o 4t =1 or equivalently the spinor symplectic form is
€EAB := 04lLB — OBLA

and is independent of x.
This entails

0y = Qua,

with @ also to be found. Compress notation by introducing a constant spinor a* and writing : = 14a?,0 =
oaa?. Then with t* = aaPaaPl write dy = t*Z, etc. Then

dy =4
dp = (dy)' = (Z,t*) = (1*)' = 4Pol?,
dq = (dp) = 4PQu* + 4P'0.® + 12P%0%/%,

and

dr = (dq)' = At + Bo® + Co?.? 4+ 24P30%,
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with A, B,C, D to be found. By differentiating we obtain
A=8P'Q+4PQ',B = 4P" 4+ 40P?Q,C = 36PP'.
Next
ds = Eu* + Foi® + Go*® + Ho®u + 24P%0"
with F, F, G, H to be found, and again by differentiating one calculates
E=A+BQ,F=DB +4PA+2QC,G = C' +3PB + 72P3Q, H = 144P*P'.
At the next stage, from (1) we have
ZP) = NoZ + N3 Z) + Ny Z))"

so that

(ds) = t°Z) = Aydq + Asdr + Ayds.
Calculating the left-hand-side and equating coefficients gives:

o From o* a differential equation for P:
96P3P' + HP = 24P*Ay,

whence

Z///
240P3P' = 120P*~ = 120P*~_
q Z

which integrates to give
P= (Z//)l/Q _ q1/2.

3

e From 0°: an algebraic equation for () which solves as

_ 1 (Z///)Z _ 1 r2
O=RZyE B

e There should then be three identities from the remaining three terms, but we defer considering them

for a moment.

This choice of P and @ imply

rd rs 2s r?
A= 5@t P gr e O
and then
s2 r’s 319 r* _ 28 rs 151 r3

6q>2 + 63 864qi’ " 3 @32 18 g%/’
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2
G =24s+, H=72q9"r.
q

Now it is straightforward to check that the three identities hold.
Note the inverse relation between the basis defined by the spinor dyad (call this the spinor pentad) and
the coordinate basis:

el = L4 = dy
. 1
2 3
P pu— —d
e oL 1P 9]
3 22 r ?
= = — (dq — — d
e’ =071 12q( 4= 54~ T y)
1 3r 19r2 s r3 rs
4 3
= = — —d —
€ ‘ 24qP ( 2q (24q2 2q) + (4q3 6q2) y)
= 1 3r 2s  53r2 rs 1703 s? r?s 323r*
5 4
=0t = ds — =d _=2 d 2 _o0or
T g2 ( sy T gt G T g Pt e T o  seagd) )

By a general argument the metric may be obtained from the spinor symplectic form as
JABCD.PQRS = 6(§5BL(SCM§DA)]6KP€LQ€MR6NS7
which is equivalent to
g=2e' @’ — 82 met +6e® 0 e?, (2)

but in the next section we follow a different route.
2. Metric

We obtain the contravariant metric in the chosen coordinates by starting from the condition ¢**Z,Z;, = 0
and differentiating repeatedly. We use the expressions for the coordinate basis in terms of the spinor pentad
to find at once

0 = g(dy,dy) = g(dy,dp) = g(dy,da) = g(dy,dr) = g(dp,dp) = g(dp. dq),
then
g(dy,ds) = Z*Z!"" = 24P* so g(dp,dr) = Z'*Z!" = —24P*
and then
g(da,dq) = 2" *Z; = 24P",

where recall that P? = q.
Next

g(dp,ds) = Z'*Z!"" = —144P3P’ so g(dq,dr) = Z" *Z!" = 48P3P’,

and recall 2P3P’ = qr.
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For the rest a harder calculation gives

g(dq, ds) = 48qs — 32r?, g(dr,dr) = 56r* — 24qs,

and finally
160 r3 2 2560 r*
g(dr,ds) = 2 16rs, g(ds,ds) = 104s? — 320> 4 20T
3 49 q 9 q*
The contravariant metric is then
0 0 0 0 24q>
0 0 0 —24q? —72qr
(9%°) = 0 0 24q2 24qr 48qs — 32r? ,
0 —24q? 24qr 56r2 — 24qs 160" — 16rs
160 r® r? 2560 r*
24q2 —T2qr 48qgs — 32r? 5 g — 16rs 104s2 — 32058 + 0
with coordinates ordered (y,p,q,r,s).
This inverts to:
r’s 5rt s? rs r3 13 r? s r —
245~ 162q° = T2q% W_@ 72q* T 129° T 8q® (24(12) !
* T35 — T8qT T —(24g%)~! 0
(gab) = * * (24q°)~! 0 0 ;
* * 0 0 0
* 0 0 0 0

where * indicates a term fixed by symmetry.

e Now we can check directly that
(gabdX?dXP) =0,

so that the metric is independent of the fixed but arbitrary choice we made of x, and also check that it
agrees with (2).

o Note also that gyy = ;:—qss — % — %24 is constant: this is a first-integral of (1).

e« A Maple calculation shows that the metric is Einstein with scalar curvature R = —60. That this
is Einstein is to be expected from the general theory of symmetric spaces, as the space of conics
is the symmetric space SL(3,C)/SO(3,C). This space contains two real forms: the positive definite
SL(3,R)/SO(3,R), and pseudo—Riemannian SL(3,R)/SO(1,2), where the metric has signature (2, 3).
This later case is what we obtain if (1) is regarded as a real ODE, and (x,y) are taken to be real. In [5]
the Riemannian form was used.

e The Laplacian has no first-order derivatives and so is just

A = ¢°9,0,.

Equivalently, the coordinates are harmonic.
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3. Connection

We assume the Levi-Civita derivative V, extends to spinors so the derivative of the spinor dyad can be
written

Va0B = ¢q0B + Yatp, ValB = Xa0B + AalB,

for vectors ¢q, V¥, Xa, Aa to be found, and that this preserves e4p:

0=Vaeap = Va(oatp —opLa).

Therefore ¢, + Ay = 0 so we may eliminate )\,. Note that

B B B B
0o = 1°Veop =0°Vaip, Yo =—0"Va0pB, Xa=1t"V4LB.

We also want this extended derivative to be torsion-free. Recall

Ya = tatptotp, Pa=4q"%0(atplolp),
so that

Vays = q71/2Xapb —40ays.

Torsion-free-ness necessarily requires V43, = 0 and this will also be sufficient as priming it up to four times
shows. Thus

X(aPb) — 44" 2ppayy = 0
from which it follows that

ba = aya —a~?yp,

Xa = 47Ya + 0Pa
for some «, "y, d to be found.

We may calculate primes of X, ¢u, e by using ¢y = Poa, 0y = Qua to obtain

X, = (tPVarp) = 2Pp, + VP
'(/):1 = _2Q¢a + VaQ
¢:1 —P% + QXaa

r

where, recall, P = q'/2,Q = %8q5—2~
Substitute into xJ:

1
49"y 4 + 47Pa + 0'Pa + 040 = 24"/} (ays — a2 yp,) + 5(1_1/2%
so that
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1
6 + ¢ = 0 whence v = ﬂ(;1—3/21-7
and
2
- 2 71/2 ! = 5 — r—
o q Y g 8¢

Thus ¢, and x, are now known. For 1), consider ¢/,:

P¢a = _¢:1 + QXa = _(aya - q71/27pa)/ + Q(4’YYa + 5pa)
= (= +4QY)ya + (—a+ (@ *y) + Qd)ps + a ' /?*vq,

whence

1 (5 r? s

r
¢a=—@—q9/2}’a %q7/2_24q5/2>pa+24q5/2qa.

The equation for ¢/, should now be an identity and indeed it is.
Note now that
LALBLCVABEFLC =0.

This is the condition for integrability of the distribution spanned by 1AV spep and the integral manifolds
of the distribution are the surfaces of constant y. Such a surface is defined by all conics through a fixed
point of CP?, which will recur in the final section. In fact we have here a stronger result:

1
Vapepte = t*(xABcDOE — PaBcDLE) = LBLCLD(§0E —E), (3)

a formula which is needed in [5].

4. The SO(3)-structure

We first recall some SO(3)-theory following [1] and [6]. The metric g, is defined from the spinor epsilon
as in (2) but here we introduce a new notation for this:

Yae = 9ABCDEFGH = S(ABCD) (EAE€BFECGEDH)

where the symbol Sapcp) is introduced to define symmetrisation of the following expression over the
indices ABCD with the usual factor (4!)~!. We may define an analogous symmetric tensor Gyep from six
epsilons by

Gaep = GaBCDEFGHPQRS = S(ABCD)S(EFGH) (EAE€BFEGPEHQECREDS) -
It is straightforward to check that
Gabe = Glave), 9°Gave =0, VoGpea =0,
and the normalisation
6G° ,(,Ged)e = Ja(b9ed) (4)

holds.
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More identities follow: trace (4) to obtain

. 7 e 3D
GeraG = T59ab a0d GG be oL

Commute derivatives on G to obtain a condition on the curvature tensor:

Rabc(dGef)C =0.

Define
Xabed = 6Geachdev Fbcad = Xa[bc]dv
and claim
2 2
Xabed = X (abed) + = Fycqa + _deaca
3 3
with
X(abed) = 6Ge(achd)e = Ya(bYGcd)-
Expand (5):

Rabchvefc + Rabcerdc + RabCdeec -0

and contract with Gy, to deduce

. 7
Rabch dpq = ZRabpqy

after relabelling of indices.
We need these identities in the next section.

5. A system of equations

In [5] and following Moraru [9] we consider the system of equations:

G,V V .F = AV,F,
AF := g"V,V,F = uF,

203

(8)
9)

on a scalar F', where A, pu are real constants. These can be written down in any SO(3)-structure but we are

interested principally in the case of Section 1, which is also Einstein.
Compress notation by writing F,, = V,F then from (8)

6A2F® = 6G°G, 1V VF, = YV V F,

_ (ga(cgde) + ;chae + ;Fcead)vcvdFe

using identites from the previous section. Here the first term is
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1
g(gacgde _|_gadgec +gaegcd)vcvdFe
1
= S (V'AF +2V.V"F")
1
= g(V“AF + 2R™F, 4+ 2V°AF)
2
=V*AF + —RF
(AF + = RF),

using the Einstein condition.
The other two terms become

4 2

chdaevcvdFe — —gFCdaeRcdfeFf

7

= -R* Fl=__R".F/ = - —_RF®
fe f 3 )

using the Einstein condition again.
Putting these together

1
6A*F, = V,(AF — ERF),
whence

R
=6\ + —.
H 10

(10)

Conversely, a solution F' of (8) with some A\ will necessarily satisfy (9) with the value of u given by (10),

possibly after adding a constant to F.
In spinor notation the system (8) can be written

OacpF ==V 4p EFVCD)EFF = AVaBcpF,
accompanied by
AF = pF.
To write out the system in coordinates we need to calculate two sets of quantities:
G,V V.X? and GV, XPV.X°,

but we have all the necessary information for these, so we may assume them known.
For a function F', the one-form G,%V;,V.F decomposes in the coordinate basis as:

dy : 4qFyq + 6rFyy + 88Fys — 2qFpp — 2rFpq — 28Fp, — 28’ Fps — Fy,
dp : 6qFy; + 16rFys — 2qFpq — 4rFp, — 65Fps — I

80r2 4013
dq : 4qFys + 2qFoy — 28 Fgr — 2qFqq + (—16s + %)Fqs +(7s — % )Fer
70rs  400r® 70s®  320r®s 3200 r*
s A g (28 22T Y e R
+ 3q 9q2) s 3q+ 3 q? 27 q3) =
80r? 80rs 640 r3
dr : 4qus — 16I'Fqs — 2qur + GI'FI-I- =+ (-25 + W)Frs =+ (—EH + T?)Fss — Fr
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80r?
—>Fss _FS7

ds : 4qFys — 3qFyy — 12rFys + (8s — 3
q

and this must be equated to AdF'.
This system is considered further in [5] and it is shown there that solutions are given as follows: pick
f(z,y) and perform the integral

FO) = [ fo 200, X0)q oo
over a suitable contour. This is a translation of a formula in [9] and generates solutions of the system (8)—(9).
6. Further examples

The methods of this paper can be extended to a wider selection of examples but it follows from [4]
and [7] that, while there are other fifth-order ODEs giving rise to SO(3)-structures in the sense used
here, the connection preserving the tensor G,p. in general has torsion — the unique non-trivial torsion-free
case is the one presented above. We’ll give below an example of another fifth-order ODE leading to an
SO(3)-structure, and also an example of a fourth-order ODE where the moduli space admits one of Bryant’s
exotic Gs-holonomy connections ([2]; for this example, the theory in the form we need it can be found in [4]).

6.1. The fifth-order ODE

From [7] and with the notation of (1) we consider the equation

5 s2

) = A == 11
y (z,y,p,q,7,5) 3 (11)

This is readily solved to give
y=cs+car + 32”4 (1 + 02:17)3/2,

but the interest in the equation for us is that the relevant Wiinschmann invariants vanish [7]. As before we
write the solution as y = Z(x; X?) with conventions for the coordinates (y,p,q,r,s) on the moduli space
as before, and we introduce spinors with

4
Yo = tatptotp or dy = (1)
We assume
! /
Uty = Pos, 04=0Qa,

where 04 forms a normalised spinor dyad with ¢4, and P, Q are to be found.
Then

dp = (dy)' = 4Po/?,
dq = (dp)’ = 4PQu* + 4P’ o.® + 12P?0%/?
dr = (dq)' = Au* + Bo® + Co.? 4+ 24P30%,

with
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A=8P'Q+4PQ',B =4P" +40P?Q,C = 36PP’,
and so
ds = Eu* + Foi® + Go*® + Ho®u + 24P%0"
where one calculates
E=A"4+BQ,F =B +4PA+2QC,G = C' +3PB + 72P3Q, H = 144P*P'.

Finally, using (11),

5s? 10s
/ —_ P — —_—
(ds)’ = Apdr + Agds = 32 dr + ar ds.
From the coefficient of ds:
1 P’
240P3 P = E.24P4 whence — = S and P =r!/3.
3r P 3r

Next from the coefficient of dr we find that @ = 0, and then the three equations from dy, dp,dq are all
identities. Summarising:

482 12s 20s3 20s?
AZO, BZW’ C:m, E:O, Fzng/g, G:m7 H:48S
The orthonormal basis is
e1 =" =dy,
1
er =o0® = Eclp7
e3 = 0% = ! (dg — idp)
3 12P2 3r
1
eq4 =01 = YNEE (dr — =dq)
1 s2
4 _
€5 [0} 24P4(d dr—l— 3?dq),
with duals
E, =0y

S
E2 = 4P(5p + gaq)

) s 5s?
By = 12P*(0 + 20, + -04)

2
By = 24P3(8, + ?Sas)

E5 = 24P*9,.

Now the metric from (2) is
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g=2(€1@65—4€2®€4+363®€3)

1 2

2s S S S 9
or as a matrix
2
0 02 72:10/3 B 121«?7/3 241»14/3
S S
02 216r10/3  36r7/3  24ri/3 0
(gap) = 72:10/3 361-571/3 24r173 0 0
- 12:7/3 T 24r4/3 0 0 0
ST 0 0 0 0

The method of Section 2 to obtain the metric starts from
g(dy,dy) =0
whence by differentiating

0 = g(dy,dp) = g(dy,dq) = g(dy,dr), g(dy,ds) = 24r*/3,
g(dpa dp) = O = d(dpa dq)7 g(dp7dr) = 7241‘4/37 g(dp7 dS) = 7481‘1/357

and so on, culminating in

0 0 0 0 24r4/3
0 0 0 —24r/3 —48r!/3s
(9%P) = 0 0 24r/3 16r!/3s 24r—2/32
0 —24r%/3  16r'/3s 8r—2/3g2 —%r*5/3s3
24rt/3  —48r1/3g  24r—2/3g2 —%r*5/3s3 %1‘*8/354

It is straightforward to check that these matrices are inverses, and that the metric has six independent
Killing vectors and a homothety, and is scalar-flat but not Ricci-flat.

If we next follow the method of Section 3 to seek a torsion-free spinor connection inducing the Levi-Civita
connection on vectors and annihilating e4p we reach a contradiction, since we know from [4] and [7] that
the connection preserving the SO(3, C)-structure has torsion. We shall leave this example here.

6.2. The fourth-order ODE

The association of an exotic Gz-holonomy connection in four-dimensions to a fourth-order ODE satisfying
certain conditions is due to Bryant [2]. The conditions are the vanishing of certain Wiinschmann invariants
of the ODE as was made explicit in Theorem 1.3 of [4]. An example is provided by the ODE determining
the conics in CP? which pass through a given fixed point. It is straightforward to check that the relevant
Wiinschmann invariants do vanish, so that the moduli space admits what was called a paraconformal
structure in [4] and this is nontrivial, in the sense that the ODE is not contact-equivalent to the trivial
equation ) = 0 by a criterion from [3] quoted in Theorem 3.5 of [4]. There will be a connection preserving
the paraconformal structure but it will necessarily have torsion. We won’t compute it but we will describe
it below.

We consider then the ODE satisfied by conics through a fixed point in CP2. These can be taken to have
equation
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ax? + 2bxy + 2 + 2cx + 2ey = 0

when the fixed point is (0,0) in an affine patch, and the fourth-order equation annihilating y(x) is

4r? N 2zqr + 6¢° 3 322¢3

4) — A = .
y (@, 9,p,¢,7) 37 p— @ =9

This looks a little simpler in terms of W := xp — y, when

A 4_7‘2 n 2:r:qr+6q2 - 3m2q3.
3q w w2

Note that for this example we expect a preserved symplectic form or equivalently a symmetric quartic as
shown in [4], but not a metric. In coordinates (y, p, q,r) introduced in the now standard way we note that
the two-form is

Q= (1)> A (0)® = 30(1)% A (0)%e (13)

and claim that, in coordinates,

1
- 6q*/3(zp —y)

_ﬁ((mp ~¥)(er —3q) — 32°q’)dy A dp). (14)

4r 2x
3q rp-y

(dy Adr —dp Adq + ( )dy A dq

To see this, we first introduce spinors as before so with solution y = Z(z; X?) to (12), set

dy = (1) = Latpie.

It is important not to confuse y here with y in Sections 1-5, which solves (1) rather that (11), nor to confuse
t A here with ¢4 there.
Suppose

Uy =Pos, 04=Qua
with P, @ to be found, then

dp = (dy)' = 3Po/?,
dq = (dp)’ = 3PQ.* + 3P'0/* + 6 P%0%L,

and
dr = (dq)' = A® + Boi® + Co*t + Do?,
with

A=3PQ +6P'Q,
B =3P" +21P?Q,
C = 18PP’
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D =6P3.
It is convenient to invert the relations between the normalised and coordinate tetrads:

(1)* = dy,

1
o(1)? = 3—Pdp

o= (g —5d — 3PQd
= o3 (da— Hdp y
1 C CP' B cQ
3
= (dr— = L % A)dy).
? D(dr gzl (gps —3p) P+ (5p )dy)

209

To write the symplectic form (13) in coordinates we need P,Q, B and C'. From the two expressions for ds:

ds = dA = Aydy + Apdp + Aqdq + Ardr
=E2 + Fol? + Go>.+ Ho®

we obtain

E=A"+ BQ,
F =B +3AP+20Q
G =C'+2BP +3DQ,
H=D'+CP=36P*P'.

Use the relation of the spinor tetrad to the holonomic tetrad to write:

Aydy + Apdp + Aqdq + Apdr = AyL3 + Ap3P0L2
+Aq(3PQu* 4+ 3P 01 + 6P%0%1) + Ap(Al® + Boi® + Co®t + Do?),

and then read off corresponding terms. From o3
DA, = H = 36P*P’

so that

and integrate to obtain

4 1
log P = 5 logq + 2 log(zp ~ y),
dropping the constant of integration. Exponentiating
P=q"?(zp —y)"/%

From o
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G =C'+2BP +3DQ = CA, + 6P?*Ag,
i.e.
18PP" +18(P")* + 2P(3P" + 21P?Q) + 18P3Q = 18PP'A, + 6P*A4,
which solves for @:

1 PI/ P/ 5 P/
Q= G0P (24F - 18(?) + 6Aq + 18FA‘") :

1 2r? + Tr z2q?
9P \9q2  3W W2 )’
Next

D =6P® =6q"/*W,

4r zq 2q'/3
C=18PP' =18P* | — + = | = 4rW + 3zq>
(9q+3W> p W 3z,
14r? 1 T22q?
_ 20) _
B—3P”+21PQ—P(?+W(16xr+27q)— W )

Now that we have P, @, B and C we can be explicit about ), substituing for the spinors in (13) and we
obtain precisely (14). We readily check that Q2 is z-independent, and closed and non-degenerate in the sense

1

QAQ=—
A 186

dy Adp A dgq A dr # 0.
We could go on to calculate A and check the two remaining equations

B'+3AP +2CQ = 3PA, + 3P'A, + BA,,
A"+ BQ = A, +3PQA, + AA,,
but these must be identities, by general theory.
We shall leave this example here but note that it has an interpretation in terms of the five-dimensional
example treated in Sections 1-5 above. There the moduli space, say M5, was the set of all conics in CP?;
here it is the set, say N4, of such conics through a fixed point. Evidently N* is a hypersurface in M?®, and

in fact a hypersurface of constant y, using y in the sense of Section 1. This is a null hypersurface so has
only a degenerate metric. The normal to it, using ¢4 from Section 1 is

dy = (1)* = tatpiotp,
with ¢4 in the sense of Section 1. A tangent vector to AM* takes the form
VABCD _ (Ay/BCD)

VBCD

and can be represented by in TN. A covariant derivative D 4pc can be defined on N4 by

D
Dypc :=t"VaBcD,
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using the Levi-Civita derivative V sgpcp from Section 3. Evidently this derivative annihilates functions on
M? which are constant on N4, and it preserves e4p and therefore Qyy, but it will have torsion as we see
by commuting on scalars:

(DapcDpor — DpgrDapc)f = (1PVapept®)Vegrsf — (5Vegrst®)Vasep f

= B%(tatptcVpgrs — trtoirV aBcs)f

where
Ba =504 —ta,
after substituting from (3), and then

= B%uatsecypDorysf = Toy " Dinf,

for a torsion tensor T,, ™ which can be expressed in terms of €45, 5AB and the vector papc = tatBBc) as

L N
Tapopor MV = GE(A(S(B ¢C)(pM5Q)5§).
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