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1. Introduction

A (pseudo) Riemannian four-manifold (M, g) is said to have cohomogeneity-one if it admits an isometry
group G acting transitively on codimension-one surfaces in M. Cohomogeneity-one Einstein metrics have
been much studied both in the literature of general relativity, where they provide a simple generalisation
of the Friedman—-Roberson-Walker cosmological models (see e.g. [4]), and in Riemannian geometry where
they provide large classes of explicit solutions (see e.g. [11]). In the Riemannian case, the metric on the
surfaces of homogeneity is inevitably positive-definite, while in general relativity the surfaces of homogeneity
are generally taken to be space-like when the metric is again definite (positive or negative according to
convention).

When the surfaces of homogeneity are 3-dimensional, which is the case most-studied in relativity, the
most general case has a 3-dimensional transitive group of isometries and these are classified by the Bianchi
classification of 3-dimensional Lie algebras, which has been an important part of mathematical cosmology
for many years (see the historical account in [6]). We won’t review the classification here, for that see e.g.
[4] or [11], but we will use the language of the classification. In [3] the authors exhibited an explicit Bianchi
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type VIII Einstein metric with self-dual Weyl tensor (a so-called ‘SD’ solution) which is nondiagonal in the
sense that the metric on the surfaces of homogeneity (which for brevity we shall call the spatial metric) is
not diagonal in any basis of left-invariant one-forms associated with the symmetry. The metric has signature
(2,2) (or neutral signature) so that the spatial metric is indefinite. It is known that an Einstein type VIII
or IX metric with definite spatial metric may always be assumed to be diagonal in the sense used here:
locally M = R x G, and the group coordinates do not appear in the Einstein tensor. The problem of finding
cohomogeneity-one Einstein metrics therefore reduces to solving a system of second-order ODEs on the
spatial metric with independent variable that can conveniently be called time regardless of the signature;
if the spatial metric is diagonalised at one time, then one of the Einstein constraints forces it to stay
diagonal at all times. This depends crucially on the field equations and does not necessarily hold for the
Einstein equations with matter sources. This is made explicit in [11] for Riemannian signature and in [4]
for many cases in relativistic cosmology. By an examination of the proofs in those references one can see
that real type IX metrics of any signature can be assumed to be diagonal without loss of generality, but if
one wants nondiagonal type VIII metrics, one may find them in neutral signature. The interplay between
diagonalisability and various signatures of g is related to the applicability of Sylvester’s Law of Inertia, and
can be seen as follows: A general cohomogeneity-one metric takes the form

g =dt® + hij (t)o'o?,
where the o’ are the left-invariant one forms on G such that
do’ + 101' Inek =0
o 5 iwo? Aot =0.

The matrix n¥ = C¢  e¥™J is symmetric for type VIIL If h;; is positive (or negative) definite, then one can
diagonalise h and n simultaneously by changing the basis ¢?. This is not always true if g is neutral, so that
h has indefinite signature.

Nondiagonal Einstein metrics of other Bianchi types are known (see e.g. [7] for a Lorentzian vacuum
solution and [1] and [10] for a variety of solutions). It is worth noticing that all types apart from VIII and
IX have an isometry group with a 2-dimensional Abelian subgroup, and when this group acts orthogonally-
transitively the Einstein vacuum equations in any signature are integrable and can be solved by the twistor
methods of Mason and Woodhouse and collaborators, [8], following [13] and [12].!

In this paper we set out to find real non-diagonal cohomogeneity-one Einstein metrics. We shall occa-
sionally consider complex metrics h;;(¢) and/or complex time ¢, but this will usually be in order to connect
real metrics of different signatures or different types. We begin in Section 2 with the simplest case, type I,
which has a three-dimensional Abelian isometry group. This case is fairly well-known but the calculation
highlights the interaction between the signature and the variety of canonical forms. Some new examples are
given by formulae (11) and (15). In Section 3 we show how to obtain nondiagonal real type VIII from com-
plex type IX, both diagonal and nondiagonal. In particular the class of metrics (29) contains the self-dual
Einstein example [3] with A # 0 as special case, and the three-parameter family of vacuum (equivalently,
Ricci—flat) metrics (30) generalises the Eguchi-Hanson solution. In Section 4 we briefly consider other types.
For vacuum, where these have orthogonally transitive subgroups of the isometry group they can be solved
by twistor methods so we consider direct integration of some examples which do not have orthogonally
transitive subgroups of the isometry group. An example of a non-diagonal, self-dual vacuum Bianchi II
metric is given by (40).

1 In particular all the examples in [1] and [10] do have orthogonally transitive G2 actions, and this is in a sense the reason why
the integrations there lead to Painlevé equations.
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2. Typel

The integrations are particularly simple in this case, but this enables one to see how the different metrics
arise from the classification of minimum polynomials of a relevant matrix, and introduces the methods
needed later for the more complicated types.

2.1. The vacuum and FEinstein equations

For ty e I, the invariant one-forms are all exact so that one may choose three spatial coordinates
P ) P
( 1 ,.2

2!, 22, 23) and the metric can be taken to be
g = dt* + hy;(t)da'dx? . (1)
We may calculate the curvature in an unsophisticated manner. First the Christoffel symbols are given by
Fgo = ng = Féo = F;’k =0
while
I = ——hy
I, = %h“fhjk,

with overdot for d/dt. Then with the definition of the Riemann tensor as

Ryeq = =205 q) — 205G
we find
1. 1, . .
Rfo; = =5 hij + P him s,
Ro’ijk - O, (2)

) 1. . . 1. . .
lekl = thmhjk;hm[ - thmhjlhmk.

(It follows rapidly from here that self-duality or anti-self-duality of the Riemann tensor at once implies that
the curvature entirely vanishes.)
For the Ricci tensor we obtain

1w 1,
Roo = —§h”hij + thmhkjh”him;
Ro; =0, (3)

1. 1 . 1 . .
Rij = =5 hij + " himhi = 5 (07" hnn ) i

For the vacuum equations, double the last of (3), multiply by —h** and adopt a matrix notation:

. . . 1 . .
h='h —h=thh='h + 5t1~(h—1h)h—1h =0. (4)



14 M. Dunajski, P. Tod / Differential Geometry and its Applications 54 (2017) 11-30

To simplify this introduce V' by

2V )V = tr(h™th) = %bg(deth),
so that |deth| = V2, then (4) becomes
d(Vh=th)/dt =0
which integrates at once to
Vh™'h = M = constant,

or equivalently

h=V~'hM.
Take the trace of (5) to find

tr(M) = 2V

so that V = 0 and V is linear in ¢.
Go back to the first of (3) to get another vacuum equation which becomes

tr(M?) — (ttM)? = 0,

(7)

and which constrains M. Since h and h are both symmetric, M is also constrained by (6). Clearly the

4-metric is flat if M = 0.
At this point it is worth noting the Einstein equations with A # 0. Suppose these are

R;; = Ahyj, Roo = A
then
d(Vh=rh)/dt = —2AVT
with 2V /V = tr(h~'h) as before. Now however, using the (00) equation
V = —3AV.
Solve this with V(0) = 1,V(0) = 0 to find
V = cos(3Ht) or cosh(3Ht)

when H? = A/3 or —A/3 respectively. Integrate (8) once to find
oy 2.
VA= M+ SV,
with constant M. Introduce k = V~2/3h then k satisfies

Vi k=M

which is (6) back again. Thus the solutions with A # 0 are readily obtained from the solutions with A = 0.
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2.2. Classification of vacuum solutions

(1)

The solutions depend on the canonical forms of i and M.

If h is definite (positive or negative) then, at any fixed instant say to of ¢, it can be diagonalised with
an orthogonal matrix and reduced to the identity by a diagonal matrix. At this instant, (6) forces M to
be symmetric so it too can be diagonalised by an orthogonal matrix preserving h. But M is constant
so now h is diagonal for all time. These are the Kasner solutions.

If £ is indefinite, it can still be reduced at any fixed instant to a diagonal matrix whose entries are £1.
For simplicity suppose this is

h(tg) = n = diag(1,1,-1),

since the other possibility not so far covered follows by z/ — iz?. We are at liberty to perform the
transformation

h—h=L"hL, M — M=L""ML,

where L is a three-dimensional Lorentz matrix. By (6), at time ¢y the matrix S := nM is symmetric.
To classify canonical forms of M we consider the eigenvalue equation

M, PX* = \XP,

where Greek indices are 3-dimensional Lorentz indices (and sometimes omitted) and h = 1, is the

Lorentz metric. There are three possibilities:

(a) If there are three distinct real A then M can be diagonalised and we obtain Kasner again.

(b) If there are repeated real roots we need to consider the minimum polynomial m(z) of M. Taking
account of (7) there are three nontrivial cases namely

('jtj - A)(.I‘ - M)Qa 332, x3

(we don’t need to consider (z — A\)* for nonzero A as this would violate (7), and we don’t need to
consider m(z) = x as this gives flat space).
(i) m(z) = (x — A)(z — p)? with \, u distinct. Necessarily A and u are real and (7) requires

p(A +2p) =0,

so in particular A = 0 implies 4 = 0 and we have the next case so w.l.o.g. A\ # 0; also A = p
implies A = 0 and is therefore ruled out.
There is a basis of vectors X, Y, Z (omitting the indices) with

MX =XX, MY =uY, MZ=upZ+Y.
In terms of the matrix S = S,3 we deduce
AXo Y = SopXOYP = X,V
so XoY® =0 and similarly X,Z% = 0. Next
WYoZ® = SopYZP = Yo Z% + Y, YO

so that Y is a null vector.



16

M. Dunajski, P. Tod / Differential Geometry and its Applications 54 (2017) 11-30

Since we are free to add multiples of Y to Z and perform Lorentz transformations, we can
assume

X =(1,0,007, Y=(0,1,)F, Z=(0,4,-A)T,
for some nonzero, real A and we find

A 0 0
M=10 p+v —v
0 v w—rv

where v = 1/(2A), and still u(A + 21) = 0. To find the metrics, take

a B v
h=1p8 0 €|,
v o€ ¢

with h(0) =  and substitute into (6). Symmetry of A requires

(p+v—=XNB+w=0=—-Pr+y(p—v—-2A), v2e+d+() =0.

Since A — p # 0, the first pair imply 5 =« = 0 and the vacuum equations reduce to

1
o= V}\O{
b= (3(u+v) +ev)
=7 w+v)+ev
é= (vt elu—v)) (9)
(= e+ C(u—v)
V= %()\ +2v)
There are two cases:
(A) p=0 when
2
h=(1+t/to)2da? + dy® — dz* + 7” log(1 + t/to)(dy — dz)? (10)

The resulting 4-metric (1) is a pp-wave (see e.g. [9]).
(B) A+ 21 =0 when

h=e 2 dz? + et ((dy* — d2?) + vt(dy — dz)?). (11)
(ii) m(x) = 22 this follows from the previous case by setting A = = 0 in M, and in fact in (11),
but the metrics turn out to be flat.

(iii) m(x) = 23: there will be a basis X,Y, Z with

MX =0, MY=X, MZ=Y,
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and we are free to perform the changes

Z—=Z+aX+pY, Y =Y+3X

By similar considerations to those used above, we deduce

X X=0=X,Y*=X,Z2%-Y,Y"
so, using Lorentz transformations and the available freedom, w.l.o.g.

X = (Oa 17 1)Ta Y= (AaOaO)T’ Z = (OaDa _D)Ta

with AD # 0. We can deduce S and from it calculate M:

-
0
0

with A # 0. Note trM = 0 so w.l.o.g. V =1, and taking

=

I
> > o
o o >

>

Il
=2 @ Qo
A o @

Ve e )

with h(0) = 5, substitute into (6). Symmetry of / forces

a=d0+e=—C—¢ B+7=0,

reducing the vacuum equations to the system

(12)

a=0
B:)\a
§=A\8
é=-\j3
¢=-M\

which are solved by
L2 12, Lo
=1, B=—y=XM, =1+ N e=—oN (=-14 N

The metric is

1
g = dt? +dz? + dy? — dz® + 2\tdx(dy — dz) + §>\2t2(dy —d2)%. (13)

For this metric, the components of the Riemann tensor as in (2) are constant (and not all zero)
but the resulting space-time is not homogeneous as the Riemann tensor is not parallel.?

2 This is the metric found in [10] equation (4.10).
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(c) If there is one real root, say A and a complex conjugate pair, say u %+ iv with real p,v (and v # 0

or we are in an earlier case) then there are real Lorentz vectors X, U,V with
MX =XX, MU+iV)=(u+iv)(U+iV).

With the aid of the symmetric matrix S we can write these equations as

SupXP =Xy, Sap(UP +iVP) = (u+iv)(Us +1iVa),
and deduce

XU =0=X,V*=U0,U%+V, V.
By rotating U and V in the 2-plane they span:
(UY 44V = (U 4iVe)

we can arrange that U,V® = 0. Now they cannot both be null so one, say U is space-like and then
the other, V, is time-like. Since X is orthogonal to both, it must be space-like and we have an
orthogonal triad which we can suppose to be normalised. Choose

X =(1,0,0", U=(0,1,00", V=(0,01)"

then
A0 O
M=|0 u —-v
0 v pu

We need to impose (7), which implies
M+ 2+ 12 =0.

We know that v # 0 so this also forces p # 0 and we can solve for A:

A= _M_
2
To find the metric explicitly, first parametrise h:
a By
h=|p o0 €],
v e ¢

with h(0) = n and substitute into (6). Symmetry forces 5 = = ( + ¢ = 0 and leaves the system

a = %)\a

6= l(m + ve) (14)
v

€= l(— 0 + pe)
v

V=142

\V]
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(i) If A+ 2u # 0 then

t t t ,
V=1+—, a=1+-2)" §+ie=(1+—)>a+n
to to to
with
o (p—) 2
P= Nt ow gt 220 YT N+2u
Note that

p+(g+ir)+(g—ir) =1=p" + (g +ir)* + (¢ —ir)?,

so that this metric is essentially a real slice of a complex Kasner metric. This family of metrics
appears in [10] as Harrison metrics.

(i) If A+ 2x = 0 then also v = /3 and there is just one free parameter. We can assume V = 1
without loss of generality and then

a=e M §=clcos(vt), €= —e'sin(vt). (15)

We have found all type I vacuum metrics of all signatures, of which (11) and (15) seem to be new. All type I
Einstein metrics with nonzero A can then be found by the method at the end of section 2.1.

3. Types VIII and IX

As noted in the Introduction, real type IX Einstein metrics of any signature can be assumed to be
diagonal without loss of generality. Similarly type VIII Einstein with positive or negative definite spatial
metric can be assumed diagonal without loss of generality. Thus for nondiagonal real Einstein metrics one
should consider neutral signature type VIII.

3.1. Nondiagonal type VIII from diagonal type IX

It is possible to obtain all real analytic nondiagonal definite or indefinite type VIII examples by taking
real slices of complex type IX solutions. This can be seen as follows: suppose the left-invariant one-forms
are X; for type IX and o; for type VIII, so that

d¥, =%Y9ANX3, d¥e=3X3AX1, d¥3=31AXg
and
doy =09 Ao, doy=—03ANoy, doz=o01 A0, (16)
then given a real analytic type VIII metric g set
o1 =11, 09=2Xo, 03=—iX3 (17)

which, following [5], we shall call ‘Kamada’s choice’, to obtain a complex type IX metric; either this can
be diagonalised at any choice of time and will then remain diagonal, so that the original type VIII metric
is defined on a real slice of this complex (and diagonal) type IX metric, or it cannot be so diagonalised in
which case there are different solutions (that we find below).
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However an explicit general solution of the vacuum equations for type IX metrics is not known (and,
being chaotic, is never likely to be known) so to find explicit solutions we impose an extra condition, namely
self-dual or anti-self-dual (SD or ASD) Weyl tensor. Now we may follow the method of [11], at least for
diagonal type IX.

With the conventions of [11], write the type IX metric as

woW3 w3 w1 w1W2

21+ 23+ 2. (18)

w1 w2 w3

g = wywowsdT? +

In [11] the SD Einstein equations are solved for this metric. In brief, the Levi-Civita connection is coded

into three connection variables (A1, A, A3) obtained as first-derivatives of the w;, and the first-order system
A—A

A Ar

We shall find nondiagonal real type VIII solutions by imposing a particular set of reality conditions,

for the A; is reduced to a Painlevé VI equation for the variable x =

different from Kamada’s choice, and we shall show in an Appendix that these two choices are the only two
choices, up to an appropriate equivalence.
We set

El = 751 = 77:0'1, 22 = Eg = (0'2 + iO’g) (19)

1
V2
for real o;, then relations (16) hold, as required.

To obtain a real metric, we have

1
h= A%} + BYS + OF5 = Aot + 5 (B + C)(03 — 03) +i(B = C)oz0s, (20)
which will be real if A is real and B = C. Returning to (18) we see that these conditions require w; real
and we = w3 (w.l.o.g. we take wy = W3 as the other choice simply changes the overall sign of the metric).
Following the conventions of [11], we find that the functions A; that encode the connection coefficients
must satisfy 41 € R, Ay = As. Introduce

X _Al—Ag
I*l_A17A27

z =

in terms of (T (with T related to t in (1) by dt? = wiwewzdT?) then the reality conditions force 2z = 1
or equivalently x + Z = 1. Substituting « = % + iy into (4.8) of [11] we obtain an equation for y:

d (( /)73/2 //) 1( /)3/2 % — y2 h ’ d/dT
R = — _—_— where = .

ar \0 )T ey

This will have real solutions for y, which will in turn give appropriate z. To find the metric, continue as in
[11], and there will be new SD vacuum metrics in this class.

3.2. Nondiagonal type VIII from non-diagonalisable type I1X

While every real symmetric 3 x 3 matrix can be diagonalised by conjugation with a real orthogonal
matrix, this is not true for complex symmetric 3 x 3 matrix. Consequently a real analytic type VIII metric
may complexify to a nondiagonalisable type IX metric and then it will not lie in the previous class.

There are two relevant canonical forms of nondiagonalisable complex symmetric 3 x 3 matrix, which are
distinguished by the minimum polynomial. If the minimum polynomial has distinct roots then the matrix
is diagonalisable so for nondiagonalisability there must be repeated roots and the cases are:
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(1) Minimum polynomial (z — A)(x — u)? with A # u, which leads to a spatial metric of the form

A 0 0
0 p+v w
0 W pu—v

(2) Minimum polynomial (z — A\)? which leads to spatial metric

A —iu L v
I A+ip
v i A

From these by the Kamada choice we obtain two type VIII metrics. Choose the invariant one-forms to
satisfy (16) and parametrise the metrics as

(1)
g:dtzfAQU%Jr(Jz —03)((B+C)oz + (B — C)o3s), (21)

with AB # 0.
(2)

g =dt* — (o1 + 02)((A? + B)oy — (A* — B)og + 2Co3) — A3, (22)
with A # 0.
These are evidently real for A, B,C real, and both have neutral signature. We will solve the Einstein

equations in the two cases, sometimes completely and sometimes reducing to a second-order linear ODE
which can be regarded as integrable.

3.2.1. Solving the Einstein equations for the metric (21)
The Einstein equations R, = Aggp for (21) are

_A_B B,

A B 2B
P+§PCC%%>O
_B_AB & 1_,

2B 2AB 2B? B
where

L

P=
2B

(BC — CB).

Ounly the third of (23) contains C' so we leave it until last. From the others, by elimination of second
derivatives, we obtain
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oy . ,
B AB L A2 oac, (24)

Hi=_— 4222+ 2
252 " ‘AB "Tomr B
which is the Hamiltonian constraint (and is conserved by virtue of the others).
Define
B 1
RV EN: I

then ¢ = 0 by virtue of (23), so ¢ = ¢1. Evidently the system (23) is now equivalent to this and (24), together
with the equation for P, and we deduce
2 _ B?
1 + ClB

(25)

for constant ¢;. Use this to eliminate A from (24) to find

(2 — ClB)

———-_B?=1-AB.
4B(1+ ¢1B)

B+
This integrates to give, if ¢; # 0
B? = F(B)

with

2 20
F(B) = = (3(1 +c1B)? 4+ 2(c1 + 20) (1 + e1B)? + 2(cy + A)(1 + 1 B) + c2(1 + clB)s/Q) , (26)
1

with a second constant of integration co, while if ¢; = 0

. 2A
B%*=F(B) := %2 +B- B (27)

Now go back to (23) to find C. First note

up_ B (dCc_C\__BF(B) d (C
214+ B)Y2\dB B) 2(1+c¢B)Y/2dB\B)’

so that the third of (23) is

i (awvemran (5)) “sareme (T F ) @

This is a second-order linear ODE for C' which we can suppose has been solved, the solution incorporating

two more constants cs, c4. The metric is
g=dt? — A%6? 1 (09 — 03)((B+ C)oz + (B — C)o3),
so use B as time-coordinate to obtain a solution depending on ¢y, ...,c4 and A:

dB*>  F(B)
F(B) 1+4aB

9= o1 + B(o3 — 03) + C(B)(02 — 03)?, (29)

where we are assuming F'(B) and C(B) are known.
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In the special case ¢; = co =0 we have FF' = B — %BQ and (28) has the general solution

B(1-ABJ6)  8A’B® —8AB+3
(1-2AB/3)2 ' “ (1-2AB/3)2B

0203

which, with ¢4 = 0, is recognisable as the solution in equation (7.5) of [3]. Thus that particular nondiago-
nalisable type VIII Einstein metric complexifies to a nondiagonalisable type IX metric.
There is another simple special case: ¢; = 0 = A. Then F(B) = B + B!, and (28) has the general
solution
3B+ 3040232 + C4B4

C: ’
02—|—B2

with constants of integration cs,cy. With B = r%/4 the metric can be written

dr? 72 r? 9

403 _
g= W 1 (1 + C5/r4)o'% + Z(o’% - 0'3) + <’/‘_2 + 3cqcs + C4T4) (]_ + C5/r4> 1(02 - 0’3)2, (30)

The Riemann tensor for this metric is SD iff ¢4 = 0. This metric bears some resemblance to the Eguchi-

Hansen metric but it seems to be new.

3.2.2. Solving the Einstein equations for the (22)
The metric is

g =dt* — (o1 + 02)((A* + B)oy — (A* — B)og + 2Co3) — A3,
with A # 0. Choose the basis of forms to be
00 =dt, 0'=Aos, 0*°=o01+0,, 6= %(AQ + B)oy — %(A2 — B)oy + Cos,
so that

goo = —g11 = —g23 = 1.

Now calculate the Einstein equations as

3% =—A (31)
% + 2% 5 = (32)
c-% 20(% %)—o (33)
B—%—23<§+%>=6%+(%—2i—§)2 (34)
Eliminate A from the first pair to obtain
A? I A3,
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which is the Hamiltonian constraint. Solutions are

1 1
For A = —3H?, A:ﬁsinth; for A = 3H?, A:ﬁsinHt. (35)

We can deal simultaneously with both signs of A by introducing

/3 1/2 . A 1/2 A , 1/2
Z__2A<K> ,sothatz-QA(§> = <1—§z> .

Set C = F/A? in (33) then
A d’F  4AzdF  4A
1-22 ) =5 +—— - —F=
( 3Z>dz2+3 iz 3t =0

which is solved by

18 , 27

F=cz+c <z4—Kz AQ)'

Then with B = G/A?, (34) becomes

(1 AZ) @G 4AzdG  4A
z
3

aG 40Nz aG 4N _ 2 - . 2
oty g 3 0=60"+ (AC —240)",

with solution

1 2
G=Pl+c3z+cy (z‘lAszzAZ),

where PI is the particular integral. Again the metric is obtained subject to solving a second-order linear
ODE.
For vacuum (A = 0) we can obtain the general solution in (4-parameter) closed form:

2
4cy

C1
A:*, C:§+62t4, B:tT

2.6 , €3 4
B — 166102 + 702t + th + cqt”.

This is flat iff B = C = 0 and it has Weyl tensor which is SD for ¢ = 0 = ¢4, or ASD for ¢; =0 = c3.
4. Other types

If the isometry group admits a 2-dimensional Abelian subgroup and the metric is orthogonally transitive
(OT) then the methods of twistor theory can be used to find all vacuum solutions of any signature (see [8],
examples in [1,10] and self-dual Kéhler examples in [2]). This will include all Bianchi types except for VIII
and IX. Generically, there should be a reduction to a Painlevé equation (as happens in [1] for the Bianchi ITI
examples treated there, which are OT for the group generated by < 0,9, >) but type I, as seen above, is
actually solvable in elementary functions (and the metrics found are all OT for the subgroup generated by
(0y, 0,)). It is possible to solve type II and obtain some examples which are not OT (and not in [10]).
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4.1. Type I1
Consider the metric
g = dt* + a*0? + b?03 + (foo + co3)?,
with
do1 =09 Nos, dos =0=dos,
which is therefore Bianchi type II. It is convenient to introduce coordinates (x,y, z) by
o1 =dx+ydz, o9=dy, o3=dz,
with corresponding Killing vectors

Xlzax, ngé)y—zaz, X3:(9Z

25

Abelian subgroups of the isometry group are generated by < X;, Xs > or < X3, X3 > but in both cases

orthogonal transitivity implies diagonalisable, so that nondiagonalisable examples will not be OT.
For later use we note that the differential algebra of invariant 1-forms has the symmetry

(01,09,03) = (u v oy, p o, v o)

for nonzero constants u, v and under which the metric components change according to
(a,b,c, f) = (uva, ub,ve, uf).

We exploit this symmetry below to fix some constants.
The Einstein equations are

Shg4taar=-A

a ab ac a?

— __|_— =

a ab ac 2b%c?

b b b ey @
b ab bc 2b2¢2
¢ ac be a?

€L or2 -
c ac+b +2b22
¢

where

The Hamiltonian constraint is

(36)

(37)
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From the last of (37) deduce

C1

ac?

In fact ¢; is one of the two twist potentials for the Abelian subgroup generated by < X7, X3 >, the other
being automatically zero. We insist that ¢; # 0 since otherwise the metric is both OT and diagonalisable.
To proceed, change the time-coordinate by

d
dt = ac*dr, so = ac pre

for then

i (i> = 2abcL = 2¢; (l—)> .
dr \ c c

Next set b = Xe¢, eliminate A between the third and fourth of (37) and substitute to find

X a ¢\ X
= S 422 )= 442 =0
X—|—<a+ C)X+ ’

or equivalently

2X
W + 4C1X = O7

which is readily solved. Under the symmetry (36) we have X — ur~!X so without loss of generality we
may suppose that

X =sin(2¢17),

and the symmetry is reduced to (36) but with g = v. Next the second of (37) translates to

d (X da a*
— [ ==) = — — Ad%*X.
dT(adT) 2X ac

To make progress, set A = 0, when

da\* 1
X2 (d_i> :Z(a6+02a2),

for new constant ¢y which we suppose for now is nonzero and positive. The residual freedom in (36) allows
us to set cg = 4. Now

2da dr

@ )X
This can be simplified by setting a* = 16g/(g — 1)? for then

g = cs(tanc )~/
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To find ¢ we go back to the Hamiltonian constraint and calculate

’ / I\ 2 N\ 2
9 4 ¢ d X 1 /X 9 1
- H= (S % 2 ) 2 () 2
0=a%c (c+a+2X> 4<X a~xz

with prime for d/d7. With X known, this gives
acX/? = ¢y(tan ¢ 7)%/% where 82 = ¢2 + 1.

This will give ¢ and therefore the general vacuum solution. Solutions with ¢y < 0 can be obtained by analytic
continuation and solutions with co = 0 are SD. They have neutral signature, and are not cited in the list of
type II solutions in [10]. The metric can be written in the form

1 2 -
9= —(vo —v)e *dv* + a o+ (vo —v) e”" (coshv(o3 + 03) + 2sinhvoy0os) . (40)
8¢y Vg — U 2cy

Appendix

Here we address the question of how many distinct ways there are to obtain real type VIII metrics by
taking slices of diagonal complex type IX metrics. We shall see that the two choices made in Section 3.1 are
essentially all, up to equivalences.

With o;,%; the invariant 1-forms for type VIII and type IX respectively, set ¢ = (01, 09,03)7 and
¥ = (X1, 29,%3)T. There is freedom

o— Lo, ¥ — Py
for real Lorentz transformation L and complex orthogonal P. Suppose the forms are related by
oc=MY =M%,
where the second equation is the reality condition. The allowed freedom has the effect
M — LMP,
so, provided the top row of M is not a null vector we can use complex P to set the top row of M to be
(,0,0) with « # 0. (If the top row of M is a null vector then we can use real P to set it to be a(1,4,0) for
nonzero real a, in which case

01 = a(X1 +i¥2) when o1 Adoy =0,

which is a contradiction.)
Now

o1 =aXy, o= +7¥2+0%3, o03=A¥+ pudy+vis
for some 3,7,6, A, u, v. From the exterior derivatives
dop = ad¥] = aXo A X3

but also
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= 20’2 Nog = 2(521 + ’}/22 + (523) N (/\21 + /,622 + VZ:),).
Thus
Br—Ao=0=Bu— Ny, 2(w-—du)=aq,

whence =0 = A. With M parametrised as

M:<g ;})
()

parametrise M as

then
dog = Bd¥e + vdXs = X3 ALy + 71 A 2o
but also
= —03ANop = —a(dXy + €X3) A X
so that

ad =7, ac=-—0.
Consideration of dos similarly leads to
O[B =€ ay = _67

so that, since e.g. 3 and ~ are not both zero, we deduce that a? = —1. Without loss of generality we may
choose a = 7 whence also

e=1i8, 6= —iv.
The remaining condition from consideration of do; now entails
BE4+4%=1. (41)
The complex type IX metric is
g =dt* + AY? + BY3 + C¥3,
and we wish to obtain a real type VIII metric as

= dt* — Ao} + B(fBos + ivo3)? 4 C(yoz — iBo3)?
=dt* — Ao} + (BB* 4+ Cy*)o3s + 2ipy(B — C)ogo3 — (By? + CB?)o3.
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For this to be real we require the following to be real
Aa B62+C/727 B’Y2+Cﬂ2, 157(3_0)

By taking combinations of the last three (first minus second plus or minus twice the third) we see that
(B +i7)%(B — C) must be real and therefore so must (3 + iv)?/(8 — iy)?, so that

(B+in)*(B +7)* = (B—i7)*(B - i7)*
whence
(B8 —9)(vB + B7) = 0. (42)
Note that
(BB =7+ (vB+B7)* =1
by virtue of (41) so that there is no loss of generality in supposing that whichever factor is zero in (42) the

other factor can be assumed to be one.
The reality conditions on the ¥; are

$1=-3%1, BE+Y3=p+7%s, —ivN +ifEs = 7L, —ifLs,
whence also
B2 = (BB = NE2 + (B + BNEs, Bz = (78 + £7)E2 — (B8 — 77)s.
Now by (42) these simplify and we have just two choices: either
Yo =3, X3z=-33
which is Kamada’s choice (17) or

2o

Il
\g|
w

which is (19), the other choice.
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