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OUTLINE

e Twistor theory (Penrose 1967).
e Non—local theory of space—time.
e Light rays more fundamental than events.
o Non—perturbative physics constrained by self-duality.
o Impact on pure mathematics (differential geometry, integrability, .. .).

o Newton-Cartan theory (Cartan 1923, Trautman 1963, ...).

o Space—time description of Newtonian (non—relativistic) gravity.
o Baroque mathematical structure (connection, degenerate metric,
one=form, ...).
o A degenerate limit of General Relativity when ¢ — co.
o Recently resurrected in non—relativistic AdS—CFT correspondence.
o Non—relativistic limit of twistor theory.
Jumping lines in twistor space.
Unstable under holomorphic deformations.
Describes all Newtonian space—times (not constrained by self-duality).
Non-—relativistic limits of gravitational instantons.
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TWISTOR THEORY

o Integral formula
1
M) = § o+ ig 2= i) = (= i), VA
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Differentiate inside the integral
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o Complex 3—fold PT,. Covering U = {(Q,T,\)}, U ={(Q,T,\)}.

=5 ()06 T )(§) mune

o 4—parameter family M¢ of CP's in PT,.

Q= —(x4iy) — 2e+ No(w —iy), T—t— %(z C Az — i)
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VECTOR BUNDLES OVER CP! AND JUMPING LINES

e Vector bundle ;1 : PT, — CP! with a patching matrix

F, = < é ‘fi;_l )

e Grothendieck (1928-2014): PT, = O(m) & O(n)

o H(N), ( ) € GL(2,C), such that F, = H diag(A™™,A™") H~L.
o c=o00. PT.=0®0(2).
o c#o00. PT. =0(1)® O(1).

@ Real structure o : PT, — PT,

o@AT) = ( -XTQ AT+ (cX)_IQ).

o—invariant curves: (x,y, z) real, t = iT imaginary.
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TWISTOR CORRESPONDENCE

e Twistor correspondence
Complexified space-time M¢ +—  Twistor space PT,
Point p <— Complex line L, = CP!
null self-dual (=«) two-plane +— Point.

Mc

PT
@ p1,p2 null separated iff Ly and Lo intersect at one point.

5Q(z",\) =0, 0T(z",\) =0.

@ ¢ # oo conformal structure.

e c=o00. T =T global twistor function
o Fibration M — M /ker(0) = R, where § = dr (clock).
o Degenerate metric h = (0/0x)? + (0/0y)? + (0/0z)?.
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NEWTON-CARTAN THEORY

Cx = _VV, V:R®-=R.

Geometric perspective: &+ I'f. 3¢ =0, T, =0Y9,V.

o
e Newton—Cartan structure (V, h,0)
o h e T'(Sym?(TM)), signature (0,3).
o 0 eT(T*M).
e Torsion-free connection V s.t. VA = V60 =0, so 6 = dt.
e Einstein eq: Galilean coordinates z® = (t,x), h = diag(0,1,1,1).

o V& FeA* (M) I¢, = H(an)dhdc- Trautman condition dF = 0.
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NEWTON-CARTAN PHYSICS

@ Physical consequences of NC formalism

I'— geodesic

Il s

o Free fall +— geodesics of V.
e Time simultaneity <— fibration M — R.
o NO absolute space. Needs a choice of Galilean coordinates.

Time

@ Newton—Cartan from GR.
o Null Kaluza-Klein reductions (Eisenhart, Duval, Gibbons, ...)
o Non-relativistic limit lim._, . GR = NC (Dautcourt, Kunzle, Ehlers).
@ One parameter family of (pseudo)—Riemannian metrics g(¢) such that
o h® =lim._,0 g®(e) exists and has signature (0, 3).
o lim. 0 egap(€) = 0,0y, where df = 0, and h?*¢, = 0.

Dunasskl (DAMTP, CAMBRIDGE) TwisTOR THEORY JUNE 2015



NEWTONIAN LIMIT OF GRAVITATIONAL INSTANTONS

o Abelian monopole. V € C*®(R?), A € A}(R3), and *dV = dA.
@ One—parameter family of Gibbons—Hawking (GH) metrics

g =1+ eV)(da? + dy? + dz?) + (dr 4 €2 4)2.
€

(1+eV)

Anti—self-dual and Ricci flat for all ¢ € RT.

Newtonian limit

1559V

h _57 I1T7'_2 Oxﬂ’

0 = dr.

Example. ASD Taub-NUT.

V =m/r, ALF =5 AF.
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KODAIRA INSTABILITY OF NETWTONIAN GRAVITY

e Curvature on (M, g) «— Holomorphic deformations of PT..

e Kodaira theorems: Normal bundle N(Lp) = (PT ), /TLy
Hl(LG N(Lp)) =0, (Lp7 N(Lp)) = TpMc.
e Deforming PT,, MAY lead to curves jumping to O(1) & O(1) as
HY(CP',End(N))=C if N=0a0O(2).
e Example. Replace PT,, = C x O(2) by a line bundle L — O(2).
T=T+ef, where fe HY(CP',O0).
o L — O(2) leads to a GH metric with V(x,y,2) = 35 frc, g5
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INERTIAL ELECTROMAGNETISM

e EM forces are inertial in the Newton-Cartan theory

x=E+2BA%, T, =-E Tj;=¢;B"

Electric field=Gravitational force. Magnetic field=Coriolis force.
B =VW. Time independence— £ = —VV.

VW =0, VA2(V4+W?=0.

e Holomorphic patching for GH twistor space
O=Lto To7-9_ 1, f=f(Q,T,\ € H'(CP',0)
A2 ) CA C3 9y 9 ) 9y M

e Line bundle v : E — PT,, patching F = yox ' =ef
X:v ' U)—»UxC, x:v ' (U)—=UxC

o f € HY(PT o, O) — harmonic Newtonian potential V.
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TWISTOR THEORY OF NEWTONIAN CONNECTIONS

o Second order tangent bundle TN = Uperr(J,/1,°%)*.

vE e T(rPa), VI = ve(2)0, + V(2)0.0.
@ Torsion free affine connection

7 TPMe —» TMe, A(VP) = (VO 4+ T, V")d,.

e Construction of 7 (after S. Merkulov)
Q w' = (T,Q), 4" = (T,Q).
A dut . .
Fg = 0B | patching matrix for N(L,) — L,.
L

P

@ Find 0-cochain (o, &) such that
% ) (OwPow®) = 64 FEFE + FoD..

@ Read off T'%,,. from 8,0, w* + a‘gcﬁawBE)wa = F‘;bach.
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TWISTOR THEORY OF NEWTONIAN CONNECTIONS

o Existence: H' (CP', N ® (®2N*)) = 0.
e Uniqueness: H* (CP!, N ® (®?N*)) =0.
e ¢ # 00. Unique Levi—Civita connection for g.
e ¢ = 0o. Nonuniqueness.
(097, 680) ~ (097 + E,6%, + E), where E e H'(CP!, O(2))

e ¢ — oo limit: . of
EF=-V— —d\.
27TZ FCLP 8@

o Serre duality: H°(CP', O(2)) = H(CP', O(—4)) = C3.
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CONCLUSIONS

Newtonian limit = jumping twistor lines, O(1) & O(1) — O & O(2).
GH gravitational instantons — NC connections with no Coriolis force.

Twistor space unstable under general Kodaira deformations.

Newtonian connection from formal neighbourhoods.

Coriolis force. Vector bundles non—trival on twistor lines (7).
(Sparling equation)
e NCin (2 + 1) dimensions. Integral formula

1

1 I
¢(£U, Y, u) Py % 1 e—imz(x—zy))\g(x + Zy + /\U, )\)d)\a
IcCP

- 21

241 Schrodinger equation 2md,y = (9, + 6y2)¢
Thank You.
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