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Abstract: Spectral measures arise in numerous applications such as quantum mechan-
ics, signal processing, resonance phenomena, and fluid stability analysis. Similarly,
spectral decompositions (into pure point, absolutely continuous and singular contin-
uous parts) often characterise relevant physical properties such as the long-time dy-
namics of quantum systems. Despite new results on computing spectra, there remains
no general method able to compute spectral measures or spectral decompositions of
infinite-dimensional normal operators. Previous efforts have focused on specific exam-
ples where analytical formulae are available (or perturbations thereof) or on classes
of operators that carry a lot of structure. Hence the general computational problem is
predominantly open. We solve this problem by providing the first set of general algo-
rithms that compute spectral measures and decompositions of a wide class of operators.
Given a matrix representation of a self-adjoint or unitary operator, such that each col-
umn decays at infinity at a known asymptotic rate, we show how to compute spectral
measures and decompositions. We discuss how these methods allow the computation
of objects such as the functional calculus, and how they generalise to a large class of
partial differential operators, allowing, for example, solutions to evolution PDEs such as
the linear Schrodinger equation on L?(R?). Computational spectral problems in infinite
dimensions have led to the Solvability Complexity Index (SCI) hierarchy, which classi-
fies the difficulty of computational problems. We classify the computation of measures,
measure decompositions, types of spectra, functional calculus, and Radon—Nikodym
derivatives in the SCI hierarchy. The new algorithms are demonstrated to be efficient on
examples taken from orthogonal polynomials on the real line and the unit circle (giving,
for example, computational realisations of Favard’s theorem and Verblunsky’s theorem,
respectively), and are applied to evolution equations on a two-dimensional quasicrystal.
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1. Introduction

The analysis and computation of spectral properties of operators form core parts of many
branches of science and mathematics, arising in diverse fields such as differential and
integral equations, orthogonal polynomials, quantum mechanics, statistical mechanics,
integrable systems and optics [15,43,44,69,110,129,138]. Correspondingly, the prob-
lem of numerically computing the spectrum, o (T'), of an operator T acting on the canon-
ical separable Hilbert space /%(N) has attracted a large amount of interest over the last
60 years or so [5-8,21,22,24,26,27,34,38,40,46,49,73,79-81,94,98,99,116,120,122—
124]. However, the richness, beauty and difficulties that are encountered in infinite di-
mensions lie not just in the set o (7)) C C, but also in the generalisation of projections
onto eigenspaces and the possibility of different spectral types. Specifically, given a
normal operator T, there is an associated projection-valued measure (resolution of the
identity), which we denote by E”', whose existence is guaranteed by the spectral theorem
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and whose support is o (T) [86,87,113]. This allows the representation of the operator
T as an integral over o (T'), analogous to the finite-dimensional case of diagonalisation:

Tx = U AdET(A):|x, Vx € D(T), (1.1)
o (T)

where D(T') denotes the domain of 7. For example, if T is compact, then E” corresponds
to projections onto eigenspaces, familiar from the finite-dimensional setting. However,
in general, the situation is much richer and more complicated, with different types of
spectra (pure point, absolutely continuous and singular continuous). An excellent and
readable introduction can be found in Halmos’ article [77].

The computation of ET, along with its various decompositions and their supports, is
of great interest, both theoretically and for practical applications. For example, spectral
measures are intimately related to correlation functions in signal processing, resonance
phenomena in scattering theory, and stability analysis for fluids. Moreover, the com-
putation of ET allows one to compute many additional objects, which we provide the
first general algorithms for in this paper, such as the functional calculus (Theorem 4.1),
the Radon—Nikodym derivative of the absolutely continuous component of the measure
(Theorem 4.2), and the spectral measures and spectral set decompositions (Theorem
3.2 and Theorem 5.1). For instance, in Sect. 1.2.1 we show how our results allow the
computation of spectral measures and the functional calculus of almost arbitrary self-
adjoint partial differential operators on L?(R?). An important class of examples is given
by solutions of evolution equations such as the Schrodinger equation on L(R?) with a
potential of locally bounded total variation. We prove that this is computationally possi-
ble even when an algorithm is only allowed to point sample the potential. A numerical
example of fractional diffusion for a discrete quasicrystal is also given in Sect. 6.4.

Despite its importance, there has been no general method able to compute spec-
tral measures of normal operators. Although there is a rich literature on the theory of
spectral measures, most of the efforts to develop computational tools have focused on
specific examples where analytical formulae are available (or perturbations thereof) or
on classes of operators that carry a lot of structure. Indeed, apart from the work of Webb
and Olver [151] (which deals with compact perturbations of tridiagonal Toeplitz opera-
tors) and methods for computing spectral density functions of Sturm—Liouville problems
and other highly structured operators, there has been limited success in computing the
measure E7.! In some sense, this is not surprising given the difficulty in rigorously
computing spectra. One can consider computing spectral measures/projections as the
infinite-dimensional analogue of computing projections onto eigenspaces.> Thus, from a
numerical/computational point of view, the current state of affairs in infinite-dimensional
spectral computations is highly deficient, analogous in finite dimensions to being able
to compute the location of eigenvalues but not eigenvectors! It has been unknown if the
general computation of spectral measures is possible, even for simple subclasses such as
discrete Schrodinger operators. In other words, the computational problem of “diagonal-
isation” through computing spectral measures remains an important and predominantly
open problem.

In this paper, we solve this problem by providing the first set of algorithms for the
computation of spectral measures for a large class of self-adjoint and unitary opera-
tors, namely, those whose matrix columns decay at a known asymptotic rate. This is a

1 See Sect. 1.7 for connections with previous work.

2 Of course eigenvectors exist in the infinite-dimensional case, but not all of the spectrum consists of
eigenvalues. The projection-valued measure generalises the notion of projections onto eigenspaces.
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very weak assumption and covers the majority of operators, even unbounded, found in
applications. In particular, those whose representation is sparse (such as many of the
graph or lattice operators typically dealt with in physics) and also partial differential
operators, once a suitable basis has been selected (see Theorem 1.1 and Appendix B).
We also show how to compute spectral measure decompositions, the functional cal-
culus, the density of the absolutely continuous part of the measure (Radon—Nikodym
derivative) and different types of spectra (pure point, absolutely continuous and singular
continuous—these sets often characterise different physical properties in quantum me-
chanics [2,41,42,53,61,93,119,127]). A central ingredient of these new algorithms is
the computation of the resolvent operator with error control through appropriate rectan-
gular truncations (Theorem 2.1). Furthermore, we demonstrate the applicability of our
algorithms. The algorithms are efficient and parallelisable, allowing large scale compu-
tations.

1.1. The solvability complexity index and classification of problems. A surprise thrown
up by the infinite-dimensional spectral problem, which turns out to be quite generic, is the
Solvability Complexity Index (SCI) [81]. The SCI provides a hierarchy for classifying the
difficulty of computational problems. In classical numerical analysis, when computing
spectra, one hopes to construct an algorithm, I",;, with one limit such that for an operator
T,

Ir,(T)— o(T), asn — o0, (1.2)

preferably with some form of error control or rate of convergence. However, this is not
always possible. For example, when considering the class of bounded operators, the best
possible alternative is an algorithm depending on three indices n1, ny, n3 such that

lim  lim  lim Ty 0 (T) = o (T).

Nn3—> 00 Ny —> 00 N1 —>00

Any algorithm with fewer than three limits will fail on some bounded operator, and
neither error control nor convergence rates on any of the limits are possible since these
would reduce the required number of limits. However, for self-adjoint operators, it is
possible to reduce the number of limits to two, but not one [12,81]. With more structure
(such as sparsity or column decay) it is possible to compute the spectrum in one limit
with a certain type of error control [40]. Hence, the only way to characterise the compu-
tational spectral problem is through a hierarchy, classifying the difficulty of computing
spectral properties of different subclasses of operators. The SCI classifies difficulty by
considering the minimum number of limits that one must take to calculate the quantity
of interest (see Appendix A for a full definition). The SCI has roots in the work of
Smale [132,134], and his program on the foundations of computational mathematics
and scientific computing, though it is quite distinct. The notions of Turing computability
[145] and computability in the Blum—Shub—Smale (BSS) [17] sense become special
cases, and impossibility results that are proven in the SCI hierarchy hold in all models of
computation. The phenomenon of needing several limits also covers general numerical
analysis problems, such as Smale’s question on the existence of purely iterative algo-
rithms for polynomial root finding [133]. As demonstrated by McMullen [101,102] and
Doyle and McMullen [51], this is a case where several limits are needed in the compu-
tation, and their results become special cases of classification in the SCI hierarchy [12].
Extensions of the hierarchy to error control [33,36,37] also have potential applications
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in the growing field of computer-assisted proofs, where one must perform a computation
with absolute certainty. See, for example, the work of Fefferman and Seco on the Dirac—
Schwinger conjecture [55,56] and Hales on Kepler’s conjecture (Hilbert’s 18th problem)
[75], both of which implicitly provide classifications in the SCI hierarchy. As well as
spectral problems [12,33,36-40,81], the SCI hierarchy has recently been used to solve
problems related to computing resonances [ 13, 14], computing solutions of semigroups
and evolution PDEs [10,35], and computational barriers for stable and accurate neural
networks [4].

An informal definition of the SCI hierarchy is as follows, with a detailed summary
contained in Appendix A. The SCI hierarchy is based on the concept of a computational
problem. This is described by a function

E:Q—> M

that we want to compute, where €2 is some domain, and (M, d) is a metric space. For
example, we could take E(7T") = o (T') (the spectrum) for some class of operators €2 and
M the collection of non-empty closed subsets of C equipped with the Attouch—Wets
metric. The SCI of a computational problem is the smallest number of limits needed in
order to compute the solution. For a given set of evaluation functions (the information
our algorithm is allowed to read—in our case, A| or A, defined in (1.18)), class of
objects (in our case, subclasses of operators acting on [ 2(N)) and model of computation
o (in this paper general, G, or arithmetic, A) we define:

(i) AJ is the set of problems that can be computed in finite time, the SCI = 0.

(i) A{ is the set of problems that can be computed using one limit (the SCI = 1) with
control of the error, i.e. 3 a sequence of algorithms {I",; } such thatd (', (A), E(A)) <
27" VA € Q.

(iii) A% is the set of problems that can be computed using one limit (the SCI = 1) without
error control, i.e. 3 a sequence of algorithms {I',} such that lim,_ o [',(A) =
E(A), VA € Q.

(iv) A} ., form € N, is the set of problems that can be computed by using m limits,

(the SCI < m), i.e. 3 a family of algorithms {I'y,,, ... »,} such that
n (A) = B(A), YA € Q.

.....

lim ... lim [,

Ny —> 00 n|— oo
The class A is, of course, a highly desired class; however, non-trivial spectral problems
are higher up in the hierarchy. For example, the following classifications are known
[12,81]:

(i) The general spectral problem is in A4\ A3.
(i1) The self-adjoint spectral problem is in A3\ A».
(iii) The compact spectral problem is in A>\Aj.

Here, the notation \ indicates the standard “setminus”. Hence, the computational spectral
problem becomes an infinite classification theory to characterise the above hierarchy.
In order to do so, there will, necessarily, have to be many different types of algorithms.
Characterising the hierarchy will yield a myriad of different approaches, as different
structures on the various classes of operators will require specific algorithms.

This paper provides classifications of spectral problems associated with ET (such
as decompositions of the measure and spectrum) in the SCI hierarchy, some of which
can be computed in one limit. We provide algorithms for these problems, and one of the
main tools used is the computation of the resolvent operator R(z, T) := (T —zI Y~ with
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error control (Theorem 2.1). This is possible through appropriate rectangular trunca-
tions of the infinite-dimensional operator. This approach differs from finite-dimensional
techniques, which typically consider square truncations.

Remark 1. (Recursivity and independence of the model of computation) The constructive
inclusion results we provide hold for arithmetic algorithms and the impossibility results
hold for general algorithms. We refer the reader to Appendix A for a detailed explanation.
Put simply, this means that the algorithms constructed can be recursively implemented
with inexact input and restrictions to arithmetic operations over the rationals (it is also
straightforward to implement them using interval arithmetic), whereas the impossibility
results hold in any model of computation (such as the Turing or BSS models).

1.2. Summary of the main results

1.2.1. Partial differential operators For N € N, consider the operator formally defined
on L%(R?) by

Lux)= Y a®)dux), (1.3)
keZd o, IkI<N
where throughout we use multi-index notation with |k| = max{|k|, ..., |kg|} and ok =

8)](‘ ! 3)]2 ... a,’ij . We will assume that the coefficients a (x) are complex-valued measurable
functions on R and that L is self-adjoint. For dimension d and » > 0 consider the space

Ar = {f € M=, 11D | flloo + TV, 0 (f) < 00}, (1.4)

where M ([—r, r]?) denotes the set of measurable functions on the hypercube [—r, rl4

and TV|_, ,j« denotes the total variation norm in the sense of Hardy and Krause [103].
This space becomes a Banach algebra when equipped with the norm [18]

LA, o= [ Fliormgi o + G+ DTV ().
Let Qppg consist of all such L such that the following assumptions hold:

(1) The set C3° (R4) of smooth, compactly supported functions forms a core of L.
(2) For each of the functions ai (x), there exists a positive constant Ay and an integer
By (both possibly unknown) such that

ak ()] < A (1+1x125),

almost everywhere on R?, that is, we have at most polynomial growth of the coef-
ficients.
(3) The restrictions ag|_, .« € A, forall r > 0.

We consider the case where our algorithms can do the following:

1. Evaluate any coefficient ax (x) to a given precision at x € Q?, where Q denotes the
field of rationals, and output an approximation in Q + i Q.
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2. For each n, evaluate a positive number b, (L) such that the sequence {b;, (L)}, eN
satisfies

llakll 4,
su ax ——

1.5
nell\)] |1];I|15N by (L) (13)

In Appendix B, we prove (and state a more precise version of) the following theorem.

Theorem 1.1 (Spectral properties of self-adjoint partial differential operators can be
computed). Given the above set-up, there exist sequences of arithmetic algorithms that
compute spectral measures, the functional calculus, and Radon—Nikodym derivatives of
the absolutely continuous part of the measure over the class Qppg. In other words, these
objects can be computed in one limit with SCI = 1.

Remark 2. Asnoted in Appendix B, we can extend this result to computing the decompo-
sitions into pure point, absolutely continuous and singular continuous parts of measures
and spectra (with SCI > 1).

The above properties characterising Qppg are deliberately very weak, and hence
the class Qppg is very large. For example, Schrodinger operators L = —A + V with
polynomially bounded potentials of locally bounded total variation are a subclass of
Qppe.- Hence, in this case, the theorem says that we can compute the spectral properties
(measures, functional calculus etc.) of L by point sampling the potential V, if we have
an asymptotic bound on the total variation of V over finite rectangles. In particular, we
can solve the Schrodinger equation

[:;—I: =—iLlu, u;—9=ug (1.6)
by computing exp(—i¢L)uo with guaranteed convergence. Applications of some of our
results to semigroups (where error control can also be provided) are given in [35]. The
proof of Theorem 1.1 can also be extended to other domains such as the half-line, and
can be adapted to cope with other types of coefficients that are not of locally bounded
total variation (for instance, Coulombic potentials for Dirac or Schrédinger operators).
In order to prove Theorem 1.1, we prove theorems for operators on [2(N).

1.2.2. Operators on1*>(N) We consider self-adjoint operators given as an infinite matrix
T whose columns decay at a known asymptotic rate:

[(Pr@my = DT Pyl = O(an) (1.7)

for a sequence o, | 0 and function f : N — N, where P, denotes the orthogonal
projection onto the linear span of the first n canonical basis vectors. This set-up is
adapted in Appendix B to prove Theorem 1.1, where we make use of the following
theorems proven for operators on /2(N).

‘We consider the problem of computing spectral measures. Specifically, for operators
of the form (1.7) we develop the first algorithms and SCI classifications for:

e Theorem 3.1: Ag‘ classification for the projection-valued spectral measure and,
through taking inner products, the computation of the scalar spectral measures defined
via

ui ,(U) =(ET(U)x, y).
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This is done for open sets U and can be extended to other types of sets such as closed
intervals or singletons (Theorem 5.2 shows that the problem ¢ AIG in certain cases).
These scalar-valued spectral measures play an important role in, for example, quan-
tum mechanics, where they correspond to the distribution of the physical observable
modelled by a Hamiltonian 7.

e Theorem 3.2: A?\AZG classification for the decompositions of the projection-valued
and scalar-valued spectral measures into absolutely continuous, singular continuous
and pure point parts. These decompositions often characterise different physical prop-
erties in quantum mechanics [2,41,42,53,61,93,119,127]

e Theorem 4.1: A’z“ classification for the functional calculus of operators, i.e. the
computation of F(T') for suitable functions F. For brevity, we consider functions
that are bounded and continuous on the spectrum of 7. However, the proof makes
clear that wider classes can be dealt with. In some cases, Af‘ error control is possible,
for instance, when considering the holomorphic functional calculus (see Sect. 6.4).
A key application of this result is the computation of solutions of many evolution
PDEzs, such as the Schrodinger equation through the function F(z) = exp(—izt).

e Theorem 4.2: Af classification for the Radon—Nikodym derivatives (densities) of
the absolutely continuous parts of the scalar spectral measures with convergence in
the L' sense on an open set. This requires a certain separation condition, without
which our algorithm converges (Lebesgue) almost everywhere.

We also consider the computation of spectra as sets in the complex plane. Convergence
is measured using the Hausdorff metric in the bounded case and using the Attouch—Wets
metric in the unbounded case (i.e. uniform convergence on compact subsets of C).
Specifically, we provide the first algorithms computing these quantities and prove in
Theorem 5.1 that:

e The absolutely continuous spectrum o, (7") can be computed in two limits but not
one limit (A§\AY classification).

o The pure point spectrum o}, (7T") can be computed in two limits but not one limit
(A\AS classification).

e The singular continuous spectrum oy (7)) can be computed in three limits (Af

classification). If f(n) —n > 2+ 1 /2, then the computation cannot be done in
two limits (¢ Ag classification). That is, if the local asymptotic bandwidth is allowed
to grow sufficiently rapidly, three limits are needed, and this computational problem
is exceedingly difficult. We do not know whether this growth condition on f can be
dropped. However, without it, the problem still requires at least two limits (¢ Ag
classification).

The main tool used to prove the above results is

e Theorem 2.1 and Corollary 2.2: The action of the resolvent x — R(z, T)x can be
computed with error control. This also opens up potential applications in computer-
assisted proofs.

We demonstrate that the “one-limit” algorithms constructed in this paper are im-
plementable and efficient. These provide the first set of algorithms addressing these
problems, and we have provided extensive numerical experiments in Sect. 6. This in-
cludes orthogonal polynomials on the real line and unit circle (where we also discuss
acceleration through extrapolation), as well as fractional diffusion for a two-dimensional
quasicrystal. Since writing the initial version of this paper, our algorithms have also been
implemented in the software package SpecSolve of [39], which uses the machinery
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of high-order rational kernels to accelerate computation of the Radon—Nikodym deriva-
tive of regular enough measures. In the current paper, we also show that in the case
where the measure is regular enough, a global collocation method and local Richardson
extrapolation for the computation of the Radon—Nikodym derivative can both accelerate
convergence.

Finally, some brief remarks are in order.

(i) The impossibility results hold in general, even when restricted to tridiagonal oper-
ators. Furthermore, many of the impossibility results hold for structured operators
such as bounded discrete Schrodinger operators. Our results (constructive algo-
rithms and impossibility results) also carry over to a large class of normal operators,
including unitary operators or skew-adjoint operators, both of which are important
in applications. For the sake of clarity, we have stuck to the self-adjoint case in the
statement of theorems and proofs. Numerical examples for unitary operators are
given in Sect. 6.3.

(i1) The difficulty encountered when computing the singular continuous spectrum is
partly due to the negative definition of the singular continuous part of a measure. It
is the “leftover” part of the measure, the part that is not continuous with respect to
Lebesgue measure and does not contain atoms. The challenge of studying oy ana-
Iytically also reflects this difficulty—singular continuous spectra were once thought
to be rather rare or exotic. However, they are quite generic; see, for example, [128]
for a precise topological statement to this effect.

(iii) One might at first expect computational results to be independent of the function
f due to tridiagonalisation. However, the infinite-dimensional case is much more
subtle than the finite-dimensional case. Using Householder transformations on a
bounded sparse self-adjoint operator T leads to a tridiagonal operator, but, in gen-
eral, this operator is T restricted to a strict subspace of [>(N). Part of the operator
may be lost in the strong operator limit. Instead, one must consider a sum of possibly
infinitely many tridiagonal operators (see [78, Ch. 2 & 8]). Hence some spectral
problems may have different classifications for different f.

1.3. Open problems. The results of this paper form part of a program [33,34,36-40] on
determining the foundations of computation (boundaries of what is possible) for infinite-
dimensional spectral problems. As such, there remain many interesting open problems
related to this paper, such as:

e Computation of spectral measures for more general normal operators: Propo-
sition 2.4 demonstrates how the techniques of this paper can be generalised to certain
classes of normal operators whose spectrum does not necessarily lie along a curve.
However, it is not obvious how to extend the techniques to completely general nor-
mal operators. For example, the method of integrating the resolvent along a contour
cannot be easily extended to interior points of the spectrum.

e Brown measure for non-normal operators: There is an extension of spectral
measures to certain non-normal operators known as the Brown measure [25,71,72].
Computing spectra of non-normal operators is generally harder (in a sense made
precise by the SCI hierarchy) than for normal operators (issues such as numerical
stability are also present, even in the finite-dimensional case). It would be interesting
to see if this phenomenon is also present for computing the Brown measure. Some
works on approximating the Brown measure from matrix elements include [7,11,81].
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1.4. A motivating example. As a motivating example, consider the case of a Jacobi
operator with matrix

b1 ay
ay by ap

J = i by

where aj,b; € R and a; > 0. An enormous amount of work exists on the study of
these operators, and the correspondence between bounded Jacobi matrices and proba-
bility measures with compact support [45,143]. The entries in the matrix provide the
coefficients in the recurrence relation for the associated orthonormal polynomials. To
study the canonical measure 17, one usually considers the principal resolvent function,
which is defined on C\o (J) via

di; O
G(2) := (R(z, D)e1, e1) =/ dus ) (1.8)

R A—zZ

and then takes z close to the real axis. The function G is also known in the differential
equations and Schrodinger communities as the Weyl m-function [64,143] and one can
develop the discrete analogue of what is known as Weyl-Titchmarsh—Kodaira theory for
Sturm-Liouville operators. Going back to the work of Stieltjes [136] (see also [1,149]),
there is a representation of G as a continued fraction:

1
G(z) = — (1.9)

a
-+ bl - —z+hlz—...

One can also approximate G via finite truncated matrices [143].

However, there are two major obstacles to overcome when using (1.9) and its variants
as ameans to compute measures. First of all, this representation of the principal resolvent
function is structurally dependent. For example, (1.9) is valid for the restricted case of
Jacobi operators and hence one is led to seeking different methods for different operators
(such as tight-binding Hamiltonians on two-dimensional lattices which have a growing
bandwidth when represented as operators on /%(N)). Second, this would seem to give
the wrong classification of the difficulty of the problem in the SCI hierarchy, giving
rise to a tower of algorithms with two limits. One first takes a truncation parameter n
to infinity to compute G(z) for Im(z) > 0, and then a second limit as z approaches
the real axis. One of the main messages of this paper is that both of these issues can
be overcome. Measures can be computed in one limit via an algorithm I';, and for a
large class of operators. The only restriction is a known asymptotic decay rate of the
off-diagonal entries. As a by-product, we compute the m-function of such operators with
error control. Specific cases where this can be written explicitly do exist, such as periodic
Jacobi matrices or perturbations of Toeplitz operators [52] (see also Sect. 1.7). However,
there has been no general method proposed to compute the resolvent with error control.
This consideration is crucial to allow the computation of measures in one limit.
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To see how we might compute the measure using the resolvent, consider the Poisson
kernels for the half-plane and the unit disk, defined respectively by

1 1—x2+y?
2 (x — 1)2 4+ y2

1y
Pr(x,y) = P ) and Pp(x, y)
1—72

27 1 — 2rcos(0) +r2’

= Pp(r, 0) = (1.10)

where (r, 6) denote the usual polar coordinates. Let T be a normal operator, then for
z ¢ o(T), we have from the functional calculus that

1 T
R(z.T) = / dET (3).

(T) A—Z
For self-adjoint T,z =u +iv € C\R (u,v € R) and x € 12(N), we define

1
Ku(z; T,x) := %[R(z, T)—- Rz, T)lx

1 [/ 1 1 JET Gy
= — _—— X
2ri J_ oo\ XA —2 A —12Z (11D
o0
- / Py(u — A, v)dET (\)x.
—00

Similarly, if T is unitary, z = r exp(iyy) € C\T (with z # 0) and x € 12(N), we define

1

Kp@z T, x) = %[R(z, T)— R(1/z,T)lx
_ [ 1 _

S 2miJp|la—z A-—1/Z

We change variables . = exp(if) and, with an abuse of notation, write dET (1) =
i exp(i0)dET (). A simple calculation then gives

}dET(k)x. (1.12)

2
Kp(z; T, x) =[ Pp(r, ¥ —0)dET (9)x. (1.13)
0

Returning to our example, we see that the computation of the resolvent with error
control allows the computation of G (z) with error control through taking inner products.
By considering G (z) — G(2), this allows the computation of the convolution of the mea-
sure p y with the Poisson kernel Py . In other words, we can compute a smoothed version
of the measure p 7 with error control. We can then take the smoothing parameter to zero
to recover the measure (one can show that these smoothed approximations converge
weakly in the sense of measures). Fig. 1 demonstrates this for a typical example.

1.5. Functional analytic setup. We consider the canonical® separable Hilbert space H =
I12(N), the set of square summable sequences with canonical basis {e;, },,en. Let C(/ 2(N))
be the set of closed densely defined linear operators 7" such that span{e, : n € N} forms
a core of T and T*. The spectrum of T € C (I2(N)) will be denoted by o(T) and the
point spectrum (the set of eigenvalues) by op,(T'). The latter set is not always closed and

3 By a choice of basis our results extend to any separable Hilbert space.
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Fig. 1. Smoothed approximations of the Radon—-Nikodym derivative for the Jacobi operator associated to
Jacobi polynomials witha = 1, 8 = 1/2. Here the measure is absolutely continuous and supported on [—1, 1].
Left: Computation of convolutions for different € using the methods of this paper. Right: The associated Poisson
kernel 7~ le / (€2 + x%) which approaches a Dirac delta distribution as € | 0

in general the closure of a set S will be denoted by S. The resolvent operator (T —z/)™!
defined on C\o (T') will be denoted by R(z, T).

This paper focusses on the subclass QN C C(*(N)) of normal operators, that is,
operators for which D(T) = D(T*) and ||Tx| = ||T*x| for all x € D(T). The
subclasses C Qn of self-adjoint and unitary operators will be denoted by Q2sA and Qy
respectively. For T € Qga and T € Qu, 0(T) C Rand o(T) C T respectively, where
T denotes the unit circle. Given T € Qy and a Borel set B, E 17; will denote the projection
ET(B). Given x, y € [>(N), we can define a bounded (complex-valued) measure u){ y
via the formula )

ul ,(B) = (Epx,y). (1.14)

Via the Lebesgue decomposition theorem [76], the spectral measure ufy y can be decom-
posed into three parts

T _, T T T
lux,y - /’Lx,y,ac + /‘Lx,y,sc + /’Lx,y,pp7 (115)

the absolutely continuous part of the measure (with respect to the Lebesgue measure), the
singular continuous part (singular with respect to the Lebesgue measure and atomless)
and the pure point part. When considering Qsa, we will consider Lebesgue measure on
R and let

dii, () (1.16)
dm ’ '
the Radon—-Nikodym derivative of u? y,ac With respect to Lebesgue measure. Of course
this can be extended to the unitary (and, more generally, normal) case. This naturally gives
adecomposition of the Hilbert space H = I>(N). For Z = ac, sc and pp, we let H7 consist
of vectors x whose measure ,u;,x is absolutely continuous, singular continuous and pure
point respectively. This gives rise to the orthogonal (invariant subspace) decomposition

H:HaceaHsc@pr, (117)

T, P and PL respectively. These
projections commute with 7 and the projections obtained through the projection-valued

whose associated projections will be denoted by P.L
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measure. Of particular interest is the spectrum of T restricted to each H7, which will be
denoted by o7 (T'). These different sets and subspaces often, but not always, characterise
different physical properties in quantum mechanics (such as the famous RAGE theorem
[2,53,119]), where a system is modelled by some Hamiltonian 7' € Qgp [41,42,61,93].
For example, pure point spectrum implies the absence of ballistic motion for many
Schrodinger operators [127].

1.6. Algorithmic setup. Given an operator T € C (I2(N)), we can view it as an infinite
matrix

1 tiz 43
Iy 1ty 13
I'=\n tn 33

through the inner products* #; i = (Tej, e;). All of the algorithms constructed can also
be adapted to operators on [2(Z), either through the use of a suitable re-ordering of the
basis, or though considering truncations of matrices in two directions, which is useful
numerically since it preserves bandwidth. To be precise about the information needed
to compute spectral properties, we define two classes of evaluation functions as

Al = {(Tej, ei):i,jeN}, Ay= {(Tej, e, (T*ej, T*e;) :i,j € N}. (1.18)

These can be understood as different sets of information our algorithms are allowed
to access (see Appendix A for a precise meaning). All the results proven in this paper
can be easily extended to the case of inexact input. This means replacing the evaluation
functions by

8l F CPOD = Q410

such that |fif2m(T) —(Tej, e;)] <27 and mf?m(T) —(T*ej, T*e;)| < 27™. Hence,
the existence results carry over to algorithms that are only allowed to perform arithmetic
operations over Q. This could be useful for rigorous bounds using interval arithmetic
and computer-assisted proofs (for those familiar with the term, our algorithms are Turing
recursive), though for brevity, we stick to A1 and A throughout. For discrete operators,
the above information is often given to us, for example, in tight-binding models in physics
or as a discretisation of a PDE, and hence it is natural to seek to compute spectral
properties from matrix values. The set A, is motivated via variational problems. For
partial differential operators, such information is often given through inner products with
a suitable basis, and in this case, the inexact input model is needed due to approximating
the integrals (see Appendix B). For the classes considered in this paper, the evaluation
sets A1 and Aj are in general different, yet the classifications in the SCI remain the
same.

We will be concerned operators whose matrix representation has a known asymptotic
rate of column/off-diagonal decay. Namely, let f : N — N with f(n) > n and let

4 Our convention throu ghout will be that the inner product (-, -) is linear in the first component and conjugate-
linear in the second.
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o = {op}nenN, B = {Bn}nen be null sequences5 of non-negative real numbers. We then
define for X = SAor X = U,

QF,p=1{T € Qx : |(Prwy — DT Pl = Oa), as n — oo}

) (1.19)

x fx € I°(N) : [|[Ppx — x|l = O(Bn), asn — oo},
where P, denotes the orthogonal projection onto span{ey, ..., e,}. In using the O(-)
notation, the hidden constant is allowed to depend on the operator T or the vector x. We
will also use

Q?(,a ={T € Qx : [(Prny — DT Pyl = O(atp), asn — o0}, (1.20)

: : SA SA
When discussing Qf,a,ﬂ and Qf

o We will use the notation £2 7,4 g and €2 1,¢. The collec-
tion of vectors in I%(N) satisfying || P,x — x|| = O(B,) will be denoted by Vg. Finally,

when o, = 0, we will abuse notation slightly in requiring the stronger condition that
(Prny — DT Pyl = 0.

Thus €2 7o is the class of self-adjoint operators whose matrix sparsity structure is captured
by the function f. For example, if f(n) = n + 1, we recover the class of self-adjoint
tridiagonal matrices, the most studied class of infinite-dimensional operators. When
discussing classes that include vectors x, we extend A; to include pointwise evaluations
of the coefficients of x. Other additions are sometimes needed, such as data regarding
open sets as inputs for computations of measures, but this will always be made clear.
When considering the general case of 2 7,4, the function f and sequence « can also be
considered as inputs to the algorithm—in other words, the same algorithm works for
each class.

1.7. Connections with previous work. We have mentioned the literature on infinite-
dimensional spectral problems and the SCI hierarchy. Computationally, our point of
view in this paper is closest to the work of Olver, Townsend and Webb on practical
infinite-dimensional linear algebra [104—107,151]. Their work includes efficient codes,
such as the infinite-dimensional QL (IQL) algorithm [150] (see also [38] for the IQR
algorithm, which has its roots in the work of Deift, Li and Tomei [46]), as well as
theoretical results. A PDE version of the FEAST algorithm based on contour integration
of the resolvent has recently been proposed by Horning and Townsend in [84], which
computes discrete spectra. The set of algorithms we provide can be considered as a new
member within the growing family of infinite-dimensional techniques.

A similar, though different, object studied in the mathematical physics literature,
particularly when considering random Schrddinger operators, is the density of states [29,
89,91], which we mention for completeness and also to avoid potential confusion. This
objectis defined via the “thermodynamic limit”, where instead of considering the infinite-
dimensional operator 7', one considers finite truncations, say P, T P,, and the limitn —
oo of the measure ij co (P, T P,) Ox;/1- This measure is subtly different from the spectral
measure of 7 (for instance, on the discrete spectrum). The density of states is an important
quantity in quantum mechanics, and there is a large literature on its computation. We
refer the reader to the excellent review article [95], which discusses the most common

5 We use the term “null sequence” for a sequence converging to zero.
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methods. The idea of using the resolvent to approximate the density of states of finite
matrices can be found in the method of [82], which approximates the imaginary part
of Trace [R(z, P,T P,)] for Im(z) > 0. Similarly, in the random matrix literature, the
connection is made through the Stieltjes transformation (see, for example, [9]). There are
three immediate differences between our algorithms and those that compute the density
of states. First, we seek to deal with the full, infinite-dimensional, operator directly to
compute the spectral measure (and not the limit of increasing system sizes). Second,
the object we are computing contains more refined spectral information of the operator
and does not involve an averaging procedure. The density of states does not capture
the full spectral information, such as the contribution of eigenvalues in the discrete
spectrum, whereas the projection-valued spectral measure does. Third, there is a subtlety
regarding the limits as Im(z) goes to zero and the truncation parameter goes to infinity
(a similar trade-off also occurs in random matrix literature when theoretically analysing
the density of states—see [54]). In our case, appropriate rectangular truncations of the
infinite-dimensional operator are required to compute the resolvent with error control
(see Theorem 2.1). This approach differs from finite-dimensional techniques, which
typically consider square truncations.

For the C*-algebra viewpoint of the density of states, we refer the reader to the work
of Areveson [7] and the references therein. Estimating the spectrum of 7" via o (P, T Py,)
is known as the finite section method. This has often been viewed in connection with
Toeplitz theory. See, for example, the work by Bottcher [19,20], Bottcher and Silberman
[23], Bottcher, Brunner, Iserles and Ngrsett [21], Brunner, Iserles and Ngrsett [27],
Hagen, Roch and Silbermann [73], Lindner [96], Marletta [98], Marletta and Scheichl
[99], and Seidel [121].

The study of spectral measures also has a rich history in the theory of orthogonal
polynomials and quadrature rules for numerical integration going back to the work of
Szegd [50,139], briefly touched upon in Sect. 1.4. In certain cases, one can recover
a distribution function for the associated measure of the Jacobi operator as a limit of
functions constructed using Gaussian quadrature [31, Ch. 2]. Our examples in Sect. 6.1
can be considered as a computational realisation of Favard’s theorem.

There are several results in the literature considering the computation of spectral den-
sity functions for Sturm-Liouville problems. In the case of Sturm—Liouville problems,
the spectral density function corresponds to the multiplicative version of the spectral
theorem. This is subtly different from the measures we compute, which arise from
the projection-valued measure version of the spectral theorem. A common approach to
approximate spectral density functions associated with Sturm-Liouville operators on
unbounded domains is to truncate the domain and use the Levitan—Levinson formula,
as implemented in the software package SLEDGE [59,60,111]. This approach can be
computationally expensive since the eigenvalues cluster as the domain size increases;
often, hundreds of thousands of eigenvalues and eigenvectors need to be computed. More
sophisticated methods avoiding domain truncation are considered for special cases in
[57,58], and an application in plasma physics can be found in [152]. These make use of
the additional structure present in Sturm-Liouville problems using results analogous to
(1.9) in the continuous case. Our results, particularly Theorem 1.1, hold for partial differ-
ential operators much more complicated than Sturm-Liouville operators (see Appendix
B).

Finally, we wish to highlight the work of Webb and Olver [151], which is of par-
ticular relevance to the present study. There the authors studied, through connection
coefficients, Jacobi operators that arise as compact perturbations of Toeplitz operators.
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Similar perturbations (where a stronger exponential decay of the perturbation is cru-
cial for analyticity properties of the resolvent) were studied in the work of Bilman and
Trogdon [16] in connection with the inverse scattering transform for the Toda lattice.
(See also the work of Trogdon, Olver and Deconinck [144] for computations of spectral
measures for inverse scattering for the KdV equation.) The results proven in [151] can
be stated in terms of the SCI hierarchy:

o If the perturbation is finite rank (and known), the computation of op), lies in A?,
and the computation of the py lies in Ag (note that o, is known analytically).

o If the perturbation is compact with a known rate of decay at infinity, then the com-
putation of the full spectrum o lies in A]G.

The current paper complements the work of [151] by; considering operators much more
general than tridiagonal compact perturbations of Toeplitz operators (we deal with ar-
bitrary self-adjoint operators and assume we know f such that (1.20) holds) and partial
differential operators, allowing operators to be unbounded, building algorithms that are
arithmetic and can cope with inexact input, and considering computation of a wider range
of spectral information. At the price of this greater generality, the objects we study are
generally not computable with error control (unless one has local regularity assumptions
on the measure—see [33, Ch. 4]), and some lead to computational problems higher up
in the SCI hierarchy, though still computationally useful as we shall demonstrate. Our
methods are also entirely different and rely on estimating the resolvent operator with
error control (Theorem 2.1).

1.8. Organisation of the paper. The paper is organised as follows. In Sect. 2 we con-
sider the computation of the resolvent with error control and generalisations of Stone’s
formula. The computation of measures, their various decompositions and projections
are discussed in Sect. 3. We then discuss the functional calculus and density of measures
in Sect. 4. The computation of the different types of spectra as sets in the complex plane
is discussed in Sect. 5. We run extensive numerical tests in Sect. 6, where we also intro-
duce a new collocation method for the computation of the Radon—Nikodym derivative.
We find that increased rates of convergence can also be obtained through iterations of
Richardson extrapolation. A summary of the SCI hierarchy can be found in Appendix
A and a proof of Theorem 1.1 in Appendix B. Throughout, our theorems and proofs use
the notation introduced in Sect. 1.5 and Sect. 1.6.

2. Preliminary Results

The algorithms built in this paper rely on the computation of the action of the resolvent
operator R(z, T) = (T — z2)"orz ¢ o (T) with (asymptotic) error control. Given this,
one can compute the action of the projections E ST for a wide range of sets S (Theorem
3.1 and its generalisations), and hence the measures ,u; y: This section discusses the
computation of the resolvent with error control and generalisations of Stone’s formula,
which relate the resolvent to the projection-valued measures.

2.1. Approximating the resolvent operator. The key theorem for computing the action of
the resolvent operator is the following, where we use o to denote the injection modulus
of an operator defined as

o (T) :=min{||Tx| : x € D(T), ||Ix| = 1}.
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The proof of the following theorem boils down to a careful computation of a least-squares
solution of a rectangular linear system.

Theorem 2.1. Let « = {ay}nen and B = {Bn}nen be null sequences, and f : N — N
with f(n) > n. Define

Stap = {(T,x,z) € Ql}{aﬁ xC:ze€ (C\a(T)}

and for (T, x) € Ql}{aﬁ (defined in (1.19)), let C1(T, x), Co(T, x) € R>o be such that

LI = Prn)T Pyl < Cray,
2. || Pux — x|| < Ca2By,

where, for notational convenience, we drop the (T, x) dependence in the notation for
C1 and C;. Then there exists a sequence of arithmetical algorithms

T Srap— 12(N),

each of which use the evaluation functions in A1 (defined in (1.18)), such that each
vector I',, (T, x, z) has finite support with respect to the canonical basis for each n, and

lim T,(T, x, 2) = R(z, T)x in I*(N).
n—oo

Moreover, the following error bound holds

T (T, x,2) — R(z, T)x||
- CrBrmy + Crop|\Tn (T, x, D + |1 Prony (T — 2Ty (T, x, 2) — Prmyx||
- dist(z, o (T)) ’

@2.1)

If a bound on C1 and C, are known, this error bound can be computed to arbitrary
accuracy using finitely many arithmetic operations and comparisons.

Proof. Let (T, x,z) € Sfqp. We have that n = rank(P,) = rank((T' — zI)P,) =
rank (Py ) (T —z1) P,) forlarge n since o1 (T —z1) > Oand ||( — Pyp))(T —zI) Py || <
Cia, — 0 (recall that z ¢ o (T')). Hence we can define

F(T.x.2) = {0 if 01 (Py(T* = ZD) Ppuy(T — 2D Py) < 3

T [Py(T* —ZD)Ppuy(T — z1) Py ]~ Py(T* — ZI)Pf(nyx  otherwise.
Suppose that 7 is large enough so that o1 (P, (T* — ZI) Py (u)(T — z1)P,) > 1/n. Then
Fn (T, x, z) is a least-squares solution of the optimisation problem argminy | Py (T —
zI)P,y — x||. The linear space span{e, : n € N} forms a core of T and hence also
of T — zI. It follows by invertibility of 7 — zI that given any € > 0, there exists an
m =m(e) and ay = y(e) with P, y = y such that

(T —zD)y — x| < e

It follows that for all n > m,
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(T — zDT(T, x,2) = x|| < |Ppuy(T — zDTu(T, x,2) — x| + Cra || T (T, x, 2]
<NPpy(T — 2Dy — x|l + Crap | Tu(T, x, 2) |
S NPy (T —zD)y — Prayxll + C2Brm) + Cran ITR(T, x, 2)]
<e+Cofrimy + CromlTn(T, x, 2)|.

This implies that

ITW(T, x,2) — R(z, T)x|| < |R(z, T)|I(T — zD)T(T, x, 2) — x|
< IRz, T)|l (€ + C2Bfmy + Cran ITH(T, x, 2)1I) -

In particular, since o and 8 are null, this implies that || f:,, (T, x, 2)| is uniformly bounded
in n. Since € > 0 was arbitrary, we also see that I', (T, x, z) converges to R(z, T)x.
Define the matrices

By = Py(T* —ZD)Pry(T —zI)Py, Cy = Po(T* —ZD) Py(y.

Given the evaluation functions in A1, we can compute the entries of these matrices to any
given accuracy and hence also to arbitrary accuracy in the operator norm using finitely
many arithmetic operations and comparisons (using the error in the Frobenius norm to
bound the error in the operator norm). Denote approximations of B, and C, by B, and
C, respectively and assume that

By — Bull < up, [Cp — Cyll < vp,

for null sequences {u,}, {v,}. Note that §n_ ! can be computed using finitely many arith-
metic operations and comparisons. So long as u,, is small enough, the resolvent identity
implies that

1B, 1%un

IB,' =B 'l < —2—<="— =w
" " 1 —u,|IB, |

By taking u, and v, smaller if necessary (so that the algorithm is adaptive and it is
straightforward to bound the norm of a finite matrix from above), we can ensure that
||Bn_l v, <n~!and (|Cyll + va)w, < n~'. From Proposition A.7 and a simple search
routine, we can also compute o1 (P, (T* — ZI) Py (T — zI) P,) to arbitrary accuracy
using finitely many arithmetic operations and comparisons. Suppose this is done to an

accuracy 1/n? and denote the approximation via 7,. We then define

. 1
0 lanS;

r,(r =y vy~ .
(T, %,2) {Bn_lCnxn otherwise,

where X, = Pyyx. It follows that I', (T, x, z) can be computed using finitely many
arithmetic operations and, for large n,

1T (T x,2) = T T, 21 = (1B ow + (UG, 1+ v ) x]) = 0,

sothat ", (T, x, z) converges to R(z, T')x. By construction, I',, (T, x, z) has finite support
with respect to the canonical basis.
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Furthermore, the following error bound holds (which also holds if 7, < 1/n)
IT: (T, x,2) = R(z, T)x|| = [R(z, THII(T — z2DTw (T, x, 2) — x|

- CrBrmy + CropITn (T, x, D + |1 Prony(T — 2T (T, x, 2) — Prap x|l
= dist(z, o (T)) ’

since T is normal so that ||R(z, T)|| = dist(z, o (T))~!. This bound converges to 0
as n — oo. If the C| and C; are known, the bound can be approximated to arbitrary
accuracy using finitely many arithmetic operations and comparisons. 0O

Remark 3. If T corresponds to a choice of basis in a space of functions (for example when
using a spectral method), there is often a link between the regularity of the functions x
and the decay of the terms 8,,. The bound (2.1) can then often be adapted to include such
asymptotics, and hence indicate how large n needs to be to gain a given approximation.

Of course, a vast literature exists on computing R(z, T), especially for infinite ma-
trices with structure (such as being banded) and we refer the reader to [70,96,112,121]
for a small sample. Note that if 7 is banded with bandwidth m, then we can take
f(n) = n + m and the above computation can be done in O (nm?) operations [66]. The
following corollary of Theorem 2.1 will be used repeatedly in the following proofs.

Corollary 2.2. There exists a sequence of arithmetic algorithms
Ty Qpap x C\R — 2(N)

with the following properties:

1. Forall (T, x) € Qyq.pand z € C\R, I',(T, x, 2) has finite support with respect to
the canonical basis and converges to R(z, T)x in 12(N) as n — oo.
2. For any (T, x) € Qf,4,p, there exists a constant C(T, x) such that for all z € C\R,

ITW(T, %, 2) = R Dxll = S0 [ 4 Bl
m()|

Proof. Let I')(T,x,2) = ’l:m(n,T’x,Z)(T, X, z), where fk are the algorithms from the
statement of Theorem 2.1 and m(n, T, x, z) is a subsequence diverging to infinity as
n — 00. Clearly statement (1) holds so we must show how to choose the sequence
m(n, T, x, z) such that (2) holds (and hence our algorithms will be adaptive). From
(2.1), it is enough to show that m = m(n, T, x, z) can be chosen such that

Bromy +@mITon (T, %, )| + 1Py (T — 2D T (T, x, 2) — Pramyx|l S + B

The left-hand side can be approximated to arbitrary accuracy using finitely many arith-
metic operations and comparisons. Hence by repeatedly computing approximations to
within o, + B,, we can choose the minimal m such that these approximate bounds are
at most 2(a, + B,). 0O
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2.2. Stone’s formula and Poisson kernels. Here we briefly discuss Stone’s famous for-
mula [32,113,137], which relates the convolution of spectral measures with Poisson
kernels to the pointwise action of the projection-valued measures associated with an
operator T € Qga as € | 0 (see Sect. 1.4). Stone’s formula can also be generalised to
unitary operators and a much larger class of normal operators (see Proposition 2.4). We
include a short (and standard) proof of Proposition 2.3 for the benefit of the reader.

Proposition 2.3 (Stone’s formula). The following boundary limits hold:

(i) Let T € Qsa. Then for any —oo < a < b < 0o and x € 1*(N),
b
lim Kyw+ie; T,x)du = EL x+1ET X
el0 J, HUWTLE L, XA = E(@,pX T 5 Eapt
(ii) Let T € Qu. Then forany 0 <a <b <2m and x € 12(N),

b
. S . 1
L‘f&/ i exp(iY)Kp((1 =€) exp(iv): T, x)dyr = E{, , x + EE{Texp(m)Mpm}x,
a

where (a, b)T denotes the image of (a, b) under the map 6 — exp(if).

Proof. To prove (i), we can apply Fubini’s theorem to interchange the order of integration
and arrive at

b o) b
/KH(u+i6;T,x)du=[/ /PH(u—x,e)dudET(,\)]x

[ Lo (527) e (7))
Py(u— A, €)du = — | tan — tan
a b4 € €

is bounded and converges pointwise as € | 0t0 x(4,5)(A) + X{a,p) (A) /2, where xg denotes
the indicator function of a set S. Part (i) now follows from the dominated convergence
theorem.

To prove (ii), we apply Fubini’s theorem again, now noting that

But

iexp(if) (P=¢ (2 — €} exp(iy)
2 a—p €2+2(1 —e)(1 —cos(y))

dy.
2.2)

b
/ P exp(iY) Pp((1 — ), Y — O)dy =

We can split the interval into small intervals of width p (where 0 < p < 1) around each
point where cos(y) = 1, and a finite union of intervals on which 1 — cos(1/) is positive,
bounded away from 0. On these later intervals, the limit vanishes as € | 0. Hence by
periodicity and considering odd and even parts, we are left with considering

) e (2e — €2) cos (V)
1(p,€) = /(; €2+2(1 —e)(1 —cos(y))

e (2€ — €2)sin(y)
hp.€) = /0 €2+2(1 —e)(1 — COS(W))CN['
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(@ (b)

exterior
cone

Fig. 2. Left: Exterior cone condition for Proposition 2.4. Right: Deformed contour y, to compute fe(z;)

Explicit integration yields I>(e, p) = O(e log(€)) and hence the contribution vanishes
in the limit. We also have

— P
(€ —20)p+202 +€> — 26 tan”! (E200))
2(1 —¢)

Ii(p,e) =

This converges to 7 as € | 0. Considering the contributions of 71 and I> in (2.2), we see
that (2.2) converges pointwise as € |, 0 to

i exp(i0) { X(a,p)(©) + [X1a) (0) + x5} ()1/2} .

Since the integral is also bounded, part (ii) now follows from the dominated convergence
theorem and change of variables. O

This type of construction can be generalised to 7 € Qx whose spectrum lies on a
regular enough curve. However, it is much more straightforward in the general case to
use the analytic properties of the resolvent. The next proposition does this and also holds
for operators whose spectrum does not necessarily lie along a curve.

Proposition 2.4 (Generalised Stone’s formula). Let T € QN and y be a rectifiable posi-
tively oriented Jordan curve with the following properties. The spectrum o (T) intersects
y at finitely many points z1, . . ., Zm and in a neighbourhood of each of the z;, y is formed
of a line segment meeting o (T) only at z;, at which point o (T) has a local exterior cone
condition with respect to y (see Fig. 2). Let x € I*>(N). Then we can define the Cauchy
principal value integral of the resolvent R(z, T)x along y and have

~1 T [ -
%PV/V R(z T)xdz = Egg.,x = 5 ; Ef x|, (2.3)

where o (T'; y) is the closure of the intersection of o (T) with the interior of y.

Proof. We will argue for the case m = 1, and the general case follows in exactly the
same manner. Let € > 0 be small so that in a neighbourhood of the € —ball around z1, y
is given by a straight line. We then decompose y into two disjoint parts

y =vi Uyl
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where )/62 denotes the line segment of y at most € away from z; (as shown in Fig. 2).

We set
1
Fé(x,T)=/ R(z, T)xdz = / / dzdET () | x.
yd oMyl A =2

€

We then consider the inner integral

1
fe(k)=/y€1 e

If X is inside y then lim¢ o fe(A) = —2mi via Cauchy’s residue theorem. Similarly, if
A is outside y then lim¢ o fe(A) = 0. To calculate f¢(z1), consider the contour integral
along y, in Fig. 2. We see that

fe(z1) —im = =2iw

and hence f.(z1) = —im. We would like to apply the dominated convergence theorem.
Clearly, away from z1, fc is bounded as € |, 0. Now let 0 < § < € then

< 1 1 e+l §+ 228
_ _ w _ w
fi0 - e = | e = el =y B ey

w w

for some w € T. Taking the pointwise limit § | 0, we see that fc () is bounded for
A € 0(T) in a neighbourhood of z; as € | 0 if the same holds for

€+ )»;}Z]
ge() =log | ———).
et

By rotating and translating, we can assume that w = 1 and z; = 0 without loss of
generality. Let .; = Re(A) and A, = Im(}). Using the cone condition gives & |A1| < |A2|
for some o > 0. Assume A; # 0 then

€+ A
—€+ A

2 (e+a)?+23 LM
Ce—AD2+A3 (= D4y

where x = €/A1 and y = A5/A1. Note that y> > o2 and without loss of generality we
take y > «. Define
4x

SR

Note that h(x, y) — O as Ix|? + |y|2 — 00. We must show that A(x, y) is bounded
above —1 for y > «. It is enough to consider points where d#/dx = 0 which occur

when x4+ = £./1 + y2. We have
h( ) +2 - -2
X+, Y) = = >
VI+y2Fl  V1+a?+1

-1,
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and hence we have proved the required boundedness. We then define
PV/ R(z, T)xdz =lim F.(x, T).
y €l0

The relation (2.3) now follows from the dominated convergence theorem. 0O

3. Computation of Measures

For the sake of brevity, the analysis in the rest of this paper will consider the self-
adjoint case T € Qsa, which is the case most encountered in applications. However,
the algorithms we build are based on Theorem 2.1 (and Corollary 2.2) and the link with
Poisson kernels/Cauchy transforms. Given the relation (1.13) and Proposition 2.4, many
of the results can be straightforwardly extended to the unitary case and more general
cases where conditions similar to that of Proposition 2.4 hold. We consider examples of
unitary operators in Sect. 6.3.

3.1. Full spectral measure. We start by considering the computation of E lT/x, where
U C R is a non-trivial open set. In other words, U is not the whole of R or the empty
set. The collection of these subsets will be denoted by U. To be precise, we assume that
we have access to a finite or countable collection a,, (U), b, (U) € R U {£o00} such that
U can be written as a disjoint union

U = @), bu(U)). 3.1)

With an abuse of notation, we add this information as evaluation functions to A; (defined
in (1.18)).

Theorem 3.1 (Computation of measures on open sets). Given the set-up in Sects. 1.5,
1.6 and the previous paragraph, consider the map

Ermeas : Qfap X U — 2(N)
(T,x,U) — E}x.

Then {Bmeas, QLfa,p x U, A1} € Aé. In other words, we can construct a convergent
sequence of arithmetic algorithms for the problem.

Remark 4. Essentially, this theorem tells us that if we can compute the action of the
resolvent operator with asymptotic error control near the real axis, then we can compute
the spectral measures of open sets in one limit. In the unitary case, this can easily be
extended to relatively open sets of T if we can evaluate the resolvent near the unit circle.
For any U € U, the approximation of E 5x has finite support, and hence we can take

inner products to compute ,u; y ().

Remark 5. One may wonder whether it is possible to upgrade the convergence of the
algorithm in Theorem 3.1 from Aj; to Aj. In other words, whether it is possible to
compute the measure with error control. However, this is difficult because the measure
may be singular. Theorem 5.2 shows this is impossible even for singleton sets and discrete
Schrodinger operators acting on /2(N).
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Proof of Theorem 3.1. Let T € Qsa and z1, z2 € C\R. By the resolvent identity and
self-adjointness of T,

IR(z1, T) — R(z1, )|l < Im(z)|™" [Im(z2)| 7" 21 — 22l .

Hence, for z = u+ie withe > 0, the vector-valued function K g (u+ie; T, x) (considered
with argument u) is Lipschitz continuous with Lipschitz constant bounded by e =2 ||x | /7.
Now consider the class Q7,4 g x U and let (T, x, U) € Q.4 g x U. From Corollary 2.2,
we can construct a sequence of arithmetic algorithms, fn, such that

C(T, x)
€

ITW(T,u,2) — Ky(u+ie; T, x)|| <

(an + By)

for all (T, x) € Q¢ p. It follows from standard quadrature rules and taking subse-
quences if necessary (using that {o,} and {8, } are null), that for —o0 < a < b < oo,

the integral
b i
/ Ky (u+—; T, x) du 3.2)
a n

can be approximated to an accuracy C (T, x)/n using finitely many arithmetic operations
and comparisons and the relevant set of evaluation functions A; (the constant C now
becomes C due to not knowing the exact value of | x||).

Recall that we assumed the disjoint union

U = J@n, bm)

where a,,,, b, € RU{£00} and the union is at most countable. Without loss of generality,
we assume that the union is over m € N. We then let a,, ,, by, € Q be such thata,, , |
am and by, , 1 by as n — oo with aym n < by and hence (am n, bn.n) C (@ms bm).
Let

n
U, = U (am,na bm,n)»

m=1

then the proof of Stone’s formula in Proposition 2.3 (essentially an application of the
dominated convergence theorem) can be easily adapted to show that

. i
lim Ky <u+—;T,x>du=ElT]x.
n—o0 Jg; n
Note that we do not have to worry about contributions from endpoints of the intervals
(am, by,) since we approximate strictly from within the open set U. To finish the proof,
we simply let I',, (T, x, U) be an approximation of the integral

/ Ky (u+l—;T,x>du
U, n

with accuracy C (T, x)/n.By the above remarks, such an approximation can be computed
using finitely many arithmetic operations and comparisons from the relevant set of
evaluation functions Ay. O
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This theorem can clearly be extended to cover the more general case of Proposition
2.4 if y is regular enough to allow approximation of

PV/ R(z, T)xdz,
Y

given the ability to compute R(z, T)x with asymptotic error control. Note that when it
comes to numerically computing the integrals in Propositions 2.3 and 2.4, it is advan-
tageous to deform the contour so that most of the contour lies far from the spectrum
so that the resolvent has a smaller Lipschitz constant. The proof can also be adapted to
compute Ejx, where I = [a, b] is a closed interval, by considering intervals shrinking
to [a, b] (a, b finite). A special case of this is the computation of the spectral measure
of singleton sets. However, for these it much easier to directly use the formulae

E{Tu}x = léiirolenKH(u +ie; T, x),
E{Texp(m)}x = lei?(} eniexp(i0)Kp((1 —e€)exp(if); T, x),

for T € Qga and T € Qy respectively.

3.2. Measure decompositions and projections. Recall from Sect. 1.5 that PIT denotes the

orthogonal projection onto the space HZ, where 7 denotes a generic type (ac, sc, pp, ¢
or s). We have included the continuous and singular parts denoted by ¢ or s which
correspond to Hae @ He and Hye @ H,yp respectively. These are often encountered in
mathematical physics. As in Sect. 3.1, we assume the decomposition in (3.1) and add
the {a,,, b,,,} as evaluation functions to A; (defined in (1.18)). In this section, we prove
the following theorem.

Theorem 3.2. Given the set-up in Sects. 1.5, 1.6 and 3.1, consider the map

E7:QfapxVgxU - C
(T,x,y,U) = (P{E{;x, y) = ul , 7(U),

forZ =ac,sc,pp,cors. Then fori = 1,2
A§ F{B1, Qap x Vg x U, Ai} € AL

To prove this theorem, it is enough, by the polarisation identity, to consider x = y
(note that all the projections commute). We will split the proof into two parts: the Ag‘
inclusion, for which it is enough to consider A1, and the AZG exclusion, for which it is
enough to consider Aj.

3.2.1. Proof of inclusion in Theorem 3.2

Proof of inclusion in Theorem 3.2. Since PpT[; =I1-PI',PL =71—P!Iand PL =
PST - Ppg, it is enough, by Theorem 3.1 and Remark 4, to consider only Z = ¢ and
I =s.

Step 1: We first deal with Z = c, where we shall use a similar argument to the proof of
Theorem 4.1 (which is more general than what we need). We recall the RAGE theorem
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[2,53,119] as follows. Let Q, denote the orthogonal projection onto vectors in 12(N)
with support outside the subset {1, ..., n} C N. Then for any x € [*(N),

1 . 2
(PTELx, x) = |PTEDx|? = lim lim - e—'TSE,ExH ds
0

n—o0t—0oo t

(3.3)

= lim lim -
n—>00t—>00 t

. 2
—iTs Y (T)x ” ds.

The proof of Theorem 4.1 is easily adapted to show that there exists arithmetic algorithms
'y m using Ay such that

» ~ C(T,x,U)
1Qne™ TS xy (T)x = T (T, x, U, 5)|| < ————=

for all (T, x,U,s) € Qyfqp x U x R. Note that this bound can be made indepen-
dent of s (as we have written above) by sufficiently approximating the function A —
exp(—iAs)xy(2) (it has known total variation for a given s and uniform bound). We
now define

2
1 & o ,
Com(T, 2, U) = — Zl T (T, x, U, j/m)|?.

Using the fact that for a, b € ZQ(N),
a,a) — (b, b)| < |la — bl Qllall +lla = b]), (3.4)

it follows that

2lxll +

By ~ C(T,x,U)
10ne™ ™ xu (T2 = [T (T, U, )| < T(

C(T, x, U))
— )

Hence

Fom (T x, U)——/ [0ue ™ (s as

2
1 < C(T,x,U) C(T,x,U)
< =y ) + —— =2
—mzz - (nxu ” )

eutim = m [ guo1ds).

m

1 m
T

where g,(s) = || Qne_[TSXU(T)x||2. Clearly the first term converges to 0 as m — oo,
so we only need to consider the second. Using (3.4), it follows that for any € > 0

[8n(5) = gn(s + ) < 41 Que™ " (7T = Dxu (x|l |1x]l
< 4lxlllle™" = Dxu (T)x].

But eiT¢ — I converges strongly to 0 as € | 0 and hence the quantity

i

gn(i/m) —m f gn(s)ds

m

-0
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uniformly in j as m — oo. It follows that
: : 1 ! —iTs T 2
lim Typn(T,x,U) = lim - H Qne  TSETx H ds
m— 00 t—oo t 0

and hence

lim lim T, (T,x,U) = (PTE}x, x).

n—o0 m— oo

Step 2: Next we deal with the case Z = s. Note that for z € C\R, (R(z, T)x, x) is
simply the Stieltjes transform (also called the Borel transform) of the positive measure

i x
1 T
(R(z, T)x, x) = /\—dux,x(/\).
RA—2Z
The Hilbert transform of M; . 1s given by the limit
L. .
H,r (1) = —limRe ((R(t + i€, T)x, x)),
x:% 7T €l0

with the limit existing (Lebesgue) almost everywhere. This object was studied in [108,
109], where we shall use the result (since the measure is positive) that for any bounded
continuous function f,°

1)
lim —/ FOXqwiH 7 w)z0y(B)dt =f fwaunl , @. (3.5)
f—o0 2 R My, x R
Now let (T, x,U) € Q4 p x U with

U= U(ama bn),

where a,,, by, € RU{zo00} and the disjoint union is at most countable as in (3.1). Without
loss of generality, we assume that the union is over m € N. Due to the possibility of
point spectra at the endpoints a,,, b,,, we cannot simply replace f by xy in the above
limit (3.5). However, this can be overcome in the following manner.

Let 3U denote the boundary of U defined by U\U and let v denote the measure
,u; lou. Let { fi}ien denote a pointwise increasing sequence of continuous functions,
converging everywhere up to xy, such that the support of each f; is contained in

(-1 (Llj (am + 1)1, by — 1/¢7)> .

m=1

Such a sequence exists (and can easily be explicitly constructed) precisely because U is
open. We first claim that

ol
lim —/ SO X 7 @=n@dt = pl  (U). (3.6)
I-00 2 Jr Hx,x

6 Note that this is stronger than weak™ convergence which in this case means restricting to continuous
functions vanishing at infinity. That the result holds for arbitrary bounded continuous functions is due to the
tightness condition that the result holds for the function identically equal to 1.
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To see this note that for any k£ € N, the following inequalities hold
N 7) .. ml
liminf — [ fiO)x@w: 8 7 w)=®Odt > liminf — [ fir(O) X8 7 @)z @)dt
l—oo 2 Jr Hi,x I—oo 2 Jr Hi,x

= / fe@dul (0,
R

where the last equality is due to (3.5). Taking k — oo yields

1
lim inf — / [ X 7 y=n@®dt = pl . (U), (3.7)
o0 2 Jr My x

so we are left with proving a similar bound for the limit supremum. Note that any point

in the support of f; is of distance at least 1/+/1 from dU. It follows that there exists a
constant C independent of ¢ such that for any ¢ € supp(f}),

|H,(1)] < CVI
Now let € € (0, 1). Then, for large /, ] — C+/1> (1 — €)l and hence
supp(f1) N{w : |HMI,X(w)| > 1} Csupp(f) N{w : |HMX7‘X_U(w)| > (1 —¢)I}.(3.8)

Now let f be any bounded continuous function such that f > yy. Then using (3.8),

. ml
hmsupr fz(t)X{w:|HMT ()= (D)dt
R X, X

[—o0

. 1 7(l—e)

< lim sup Tf JiOXwiH ¢ )=-eny(1)dt
[—00 - R Bxa v
. m(l —e)l

< lim sup —/ FOxwiH 7 w)=-en@)dt
l—00 - 2 R Hx,x v

1 T
- / FOdET =10,

Now we let f | xz, with pointwise convergence everywhere. This is possible since

the complement of U is open. By the dominated convergence theorem, and since € was
arbitrary, this yields

. il _
limsup — | fiOxwia + wyzn®dt < [ul —vl@) = ul , (U),
I>00 2 Jr borx

where the last equality follows from the definition of v. The claim (3.6) now follows.

Let x, be a sequence of non-negative continuous piecewise affine functions on R,
bounded by 1 and such that x,(¢) = 0ift <n—1and x,(¢) = 1ift > n+ 1. Consider
the integrals

an
Iy =2 fR Fo) 1 (En (0,

where F,(t) is an approximation of

b £7)o)
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to pointwise accuracy O(m~Y) over t € [—n, n]. Note that a suitable piecewise affine
function f; canbe constructed using A1, as can suitable yx,, and a suitable approximation
function F;, can be pointwise evaluated using A (again by Corollary 2.2). To see this,
recall the definition of A1 in (1.18) and that we added {a,,,, b;, } from (3.1) to A ;. To define
fn, we can define the function by suitable piecewise affine functions on each interval
[—n,n] N (am + 1//n, by — 1/4/n). It follows that there exists arithmetic algorithms
Iym (T, x, U) using A such that

C(T,x,U
Fom) =TT, 0] < S 200,

The dominated convergence theorem implies that

lim Iy (T, x,U) = lim I(n,m) = @/ Fn@xn(|H,r (@)])dt.
m— 00 m—00 2 Jr x,x

Note that continuity of y, is needed to gain convergence almost everywhere and prevent
possible oscillations about the level set {H,r (1) = n}. We also have

XtwiH,r @)zn+1} () = Xn((Hyr (D)) = Xqwiit gz @)izn-1) ()

The same arguments used to prove (3.6), therefore show that

. 7n
lim == | SaOxn(Hyg, ODdt = Uy s (U).

n—oo
Hence,

lim lim Ty (T, x,U) = pul (),

n—o00 m—0oo

completing the proof of inclusion in Theorem 3.2. O

3.2.2. Proof of exclusion in Theorem 3.2 To prove the exclusion, we need two results
which will also be used in Sect. 5. First, we consider a result connected to Anderson
localisation (Theorem 3.3) and, second, we consider a result concerning sparse potentials
of discrete Schrodinger operators (Theorem 3.4). The free Hamiltonian Hy acts on 12(N)
via the tridiagonal matrix representation

2 -1

We define a Schrodinger operator acting on /2(N) to be an operator of the form
H, = Hy + v,

where v is a bounded (real-valued) multiplication operator with matrix diag(v(1),
v(2),...).

Since Anderson’s introduction of his famous model 60 years ago [3], there has been
a considerable amount of work by both physicists and mathematicians aiming to un-
derstand the suppression of electron transport due to disorder (Anderson localisation).
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A full discussion of Anderson localisation is beyond the scope of this paper, and we
refer the reader to [29,42,90] for broader surveys. When considering Anderson local-
isation, we will assume that v = v, = {v(1), v(2), ...} is a collection of independent
identically distributed random variables. Following [67], we assume that the single-site
probability distribution has a density p € L'(R) N L>®(R) with ||p||; = 1 (with respect
to the standard Lebesgue measure). For such a potential, a measure of disorder is given
by the quantity ||p||5. The first result we need is the following theorem which follows
straightforwardly from the technique of [67], and hence we have not provided a proof
which would be almost verbatim to [67].

Theorem 3.3 (Anderson Localisation for Perturbed Operator [67]). There exists a con-
stant C > Osuchthatif ||pllcc < C and p has compact support, then the operator H,, +A
has only pure point spectrum with probability 1 for any fixed self-adjoint operator A of
the form

M
A= b o | 39)

In other words, the operator A’s matrix with respect to the canonical basis has only
finitely many non-zeros.

The second result we need is the following from [92].

Theorem 3.4 (Krutikov and Remling [92]). Consider discrete Schrodinger operators
acting on 1*(N). Let v be a (real-valued and bounded) potential of the following form:

o0
v(n) = Zgj&q,mj, mj_1/mj — 0.
j=1

Then [0, 4] C oess(Hy) and the following dichotomy holds:

(a) IijeN g% < oo then H, is purely absolutely continuous on (0, 4).
(b) IijeN gjz. = 0o then H, is purely singular continuous on (0, 4).

Proof of exclusion in Theorem 3.2. Since Ppg =1-PI' PL =71— P and PL =
P, r Pp7£,, it is enough, by Theorem 3.1 and Remark 4, to consider Z = pp, ac and sc.
We restrict the proof to considering bounded Schrodinger operators H, acting on [*(N),
which are clearly a subclass of Qo for f(n) = n + 1. Note that since the evaluation
functions in A, can be recovered from those in A1 in this special case, we can assume
that we are dealing with Aj. We also set x = ej, with the crucial properties that this
vector is cyclic and hence ,ugljel has the same support as o (H,), and that x € V.
Throughout, we also take U = (0, 4).

Step 1: We begin with Ppr. Suppose for a contradiction that there does exist a sequence
of general algorithms I';, such that

lim T (Hy) = (P E'yer, e1).

We take a general algorithm, denoted T',,, from Theorem 3.1 which has

lim T, (H,) = uf, ((0,4)).

n—o00
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Since e; is cyclic, this limit is non-zero if (0, 4) N o (H,) # . We therefore define

- 0 ifT,(Hy) =0
y(Hy) = Fn(HU)n ’

=L2vl - otherwise.
Tn(Hy)

We will use Theorem 3.3 and the following well-known facts:

1. Ifforany! € Nthereexists m; suchthatv(m; +1) = v(m; +2) =--- =v(m; +1) =
0, then (0,4) C o (Hy).

2. If there exists N € Nsuch that v(n) is 0 forn > N, then opp (Hy) N (0, 4) = P [114],
but [0,4] C o (Hy) (the potential acts as a compact perturbation so the essential
spectrum is [0, 4]).

3. If we are in the setting of Theorem 3.3, then the spectrum of H,, + A is pure point
almost surely. Moreover, if p = x[—,¢]/(2¢) for some constant c, then [—c, 4+¢] C
opp(Hy, + A) almost surely.

The strategy will be to construct a potential v such that (0, 4) C o (H,), yet F,, (Hy)
does not converge. This is a contradiction since by our assumptions, for such a v we
must have

H, -H,
<Ppp E(()’4)e] ,er)
i, ((0,4))

To do this, choose p = x[—¢.]/(2c) for some constant ¢ such that the conditions of
Theorem 3.3 hold and define the potential v inductively as follows.
Let v be a potential of the form v,, (with the density p) such that O’(Hvl) is pure

T.(Hy) —

point. Such a v; exists by Theorem 3.3 and we have (sz”' E gf’j‘)e ey = ue 16, (0, 4)).

Hence for large enough n it must hold that F,, (Hy,) > 3/4. Fix n = n such that this
holds. Then I, (H,,) only depends on {vi(j) : j < N;} for some integer N by (i) of

Definition A.2. Define the potential v, by v2(j) = v1(j) for all j < Niand v2(j) =0

otherwise. Then by fact (2) above, (Pop Eqg’3 €1, e1) = 0 but e, %, (0, 4)) # 0, and

hence l"n (Hy,) < 1/4forlarge n, say forn = np > ny.Butthen I',, (H,,) only depends
on {va(j) : j < N} for some integer N.

We repeat this process inductively switching between potentials which induce

Ty, (Hvk) < 1/4 for k even and potentials which induce Fnk (Hy,) > 3/4 for k odd.

Explicitly, if k is even then define a potential vi+1 by vi+1(j) = vk (j) for all j < Ni
and vg41 (j) = vy (j) (with the density p) otherwise such that the spectrum of H,, is pure
point. Such a w exists from Theorem 3.3 applied with the perturbation A to match the
potential for j < Ni. If k is odd then we define vii1 by vk+1(j) = vk (j) forall j < Ni
and vg41(j) = 0 otherwise. We can then choose ng. such that the above inequalities
hold and N4 such that I'y,,, (H,,,,) only depends on {vi+1(j) : j < Nigs1}. We also
ensure that Ny, > N +k.
_ Finally set v(j) = v (j) for j < Ny. It is clear from (iii) of Definition A.2, that
Iy, (Hy) = 'y, (H,y,) and this implies that I',;, (H,) cannot converge. However, since
Ni+1 = Ny +k, for any k odd we have v(Ng + 1) = v(Ng +2) = --- = v(Np +k) = 0.
Fact (1) implies that (0,4) C o(Hy), hence Mg’fel ((0,4)) # 0 and therefore F,, (Hy)
converges. This provides the required contradiction.

Step 2: Next we deal with Z = ac. To prove that one limit will not suffice, our strategy
will be to reduce a certain decision problem to the computation of E,.. Let (M’, d’)
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be the discrete space {0, 1}, let ' denote the collection of all infinite sequence {a;} jen
with entries a; € {0, 1} and consider the problem function

E'({aj}) : ‘Does {a;} have infinitely many non-zero entries?’,

which maps to (M’, d”). In Appendix A, it is shown that SCI(Z’, ') = 2 (where the
evaluation functions consist of component-wise evaluation of the array {a;}). Suppose
for a contradiction that I, is a height one tower of general algorithms such that

. Hy, - Hy
nll)rgo Fl’l(HU) = (PdC E(0,4)ela el)'

We will gain a contradiction by using the supposed tower to solve {&, Q'}.
Given {a;} € €', consider the operator H,, where the potential is of the following
form:

o
vim) =Y agdm k- (3.10)
k=1

Then by Theorem 3.4, (P E(j'y 1. e1) = péite, ((0.4)) if Y, ax < oo (that is, if
€'({aj}) = 0) and (PaIC{”Eg”4)el, e1) = 0 otherwise. Note that in either case we have

,ufl'je, ((0,4)) # 0. We follow Step 1 and take a general algorithm, denoted T, from
Theorem 3.1 which has

lim Ty (Hy) = uf, ((0,4)).
n—oo

Since e is cyclic, this limit is non-zero for H,, where v is of the form (3.10). We therefore
define

- 0 ifT,(H) =0
I'y(Hy) = {rn(Hv)n ’

otherwise.
Ty (Hy)

It follows that

L~ 1 if&{a;}) =0
lim T, (Hy) = ( ,]})
n—>00 0 otherwise.

Given N, we can evaluate any matrix value of H using only finitely many evaluations
of {a;} and hence the evaluation functions A can be computed using component-wise
evaluations of the sequence {a;}. We now set

— 0 ifT,(Hy) > 1
T,({a;}) = 2
n(ta;}) {1 otherwise.
The above comments show that each of these is a general algorithm and it is clear that
it converges to E'({a;}) as n — oo, the required contradiction.
Step 3: Finally, we must deal with Z = sc. The argument is the same as Step
2, replacing (Palg”Eg”4)el, e1) with (Pslc{” E(I;)I”“)el, e1) and the resulting ', (H,) with

1-T,(H,). O
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4. Two Important Applications
Two important applications of our techniques are the computation of the functional
calculus and of the Radon-Nikodym derivative of /’LZ;,y,ac with respect to Lebesgue

measure, denoted by ,o£ y- Both of these have applications throughout mathematics and
the physical sciences, some of which are explored numerically in Sect. 6. For example,
suppose that we wish to solve the Schrodinger equation

du
dt
where H is some self-adjoint Hamiltonian. We can express the solution at time ¢ as

= —iHu, u;=0 = uo,

u(t) = exp(—i HHug = [ / exp(—irt)d ET (A)] uo.
R
For example, the quantity

L(1) = (u(1), uo) = fR exp(—iAn)dpp 4, (1),

known as the autocorrelation function [141], is simply the Fourier transform of the spec-
tral measure d /’LI%,M()' In particular, if d /‘LIZ),uo is absolutely continuous, then ,oMHO’ uo and
L form a Fourier transform pair. The computation of evolution generated by an operator
is in some sense dual to the computation of the spectral measure. This interpretation of a
time evolution can be adapted to describe many signals generated by PDEs [48,85,126]
and stochastic processes [65,88] [118, Ch. 7]. In this section, we show how to compute
the functional calculus and ,oxT’ »*

4.1. Computation of the functional calculus. Recall that given a possibly unbounded
complex-valued Borel function F, defined on o (T), and T € QN, F(T) is defined by

F(T) = / FO)dET (0.
o(T)
F(T) is a densely defined closed normal operator with dense domain given by

D(F(T)) = {x e P(N) : / IFOPdul (W) < oo} )
o(T)

For simplicity, we will only deal with the case that F is a bounded continuous function
on R, that is, F € Cp(R). In this case D(F(T)) is the whole of I2(N) (the variations
|,u£ ,| are finite) and we can use standard properties of the Poisson kernel. We assume
that given F € C,(RR), we have access to piecewise constant functions F;, supported in
[—n, n] such that ||F — F,|[poo(—n,n])) < n—l. Clearly other suitable data also suffices
and, as usual, we abuse notation slightly by adding this information to the evaluation

sets A; (recall that A; are defined in (1.18)).

Theorem 4.1 (Computation of the functional calculus). Given the set-up in Sects. 1.5
and 1.6, consider the map

Efun © Lfap X Cp(R) — P(N)
(Ta-x5 F) — F(T).x

Then {Efun, Q. X Cp(R), A1} € A4,
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Proof. Let (T, x, F) € Qyq p x Cp(R) then by Fubini’s theorem,

n o n
/ Kyw+i/n; T, x)F,(u)du = |:/ / Py(u— X, 1/n)F,(u)du dET(A):| X
—n —0oQ J—n

The inner integral is bounded since F is bounded and the Poisson kernel integrates to
1 along the real line. It also converges to F'(1) everywhere. Hence by the dominated
convergence theorem

n

lim Kywu+i/n; T,x)F,(u)du = F(T)x.
n—oo J_,

We now use the same arguments used to prove Theorem 3.1. Using Corollary 2.2, together
with [|[Kgu+i/n; T, x)||Lo®) < nCy and the fact that Ky (u+i/n; T, x) is Lipschitz
continuous with Lipschitz constant n>C, for some (possibly unknown) constants C; and
C»,, we can approximate this integral with an error that vanishes in the limit n — oo.
O

If o (T) is bounded, then, with slightly more information available to our algorithms,
a simpler proof holds using the Stone—Weierstrass theorem. Suppose that given x, the
vectors 7" x can be computed to arbitrary precision. There exists a sequence of polyno-
mials p,, (z) converging uniformly to F(z) on o (T). Assuming such a sequence can be
explicitly constructed (for example using Bernstein or Chebyshev polynomials), we can
take p,, (T)x as approximations of F(T)x. If we can bound || p;,, (z) — F(2)llo(T) < €m
with €,, null, then the vector F(7)x can be computed with error control. However,
computing 7" x for large n (even if x = e1) may be computationally expensive as was
found in the example in Sect. 6.4. We will also see in Sect. 6.4 that if ¢ (T") is bounded
and F' is analytic in an open neighbourhood of o (T'), then F(T)x can be computed
with error control by deforming the integration contour away from the spectrum. Such
a deformation is useful since the resolvent does not blow up along such a contour, and
we can bound its Lipschitz constant.

4.2. Computation of the Radon—Nikodym derivative. Recall the definition of the Radon—
Nikodym derivative in (1.16) and note that ,oxT’ y € LY(R) for T € Qsa. We consider
its computation in the L' sense in the following theorem, where, as before, we assume
(3.1), adding the approximations of U to our evaluation set A (defined in (1.18)), along
with component-wise evaluations of a given vector y. However, we must consider the
computation away from the singular part of the spectrum.

Theorem 4.2 (Computation of the Radon—Nikodym derivative). Given the set-up in
Sects. 1.5 and 1.6, consider the map

BrN : Qfap X P(N) xU — LY(R)
(T.x,y.U) = p},lu

We restrict this map to the quadruples (T, x, y, U) such that U is strictly separated from
supp(ux v, SC)Usupp(,ux y, pp) and denote this subclass by Qj a,p- Then {ErN, Qfa.5, A1} €

AA. Furthermore, each output T, (T, x, y, U) of the algorithms constructed in the proof
consists of a piecewise affine function, supported in U with rational knots and taking
(complex) rational values at these knots.



Computing Spectral Measures and Spectral Types

Remark 6. Essentially, this theorem tells us that if we can compute the action of the
resolvent operator with asymptotic error control, then we can compute the Radon—
Nikodym derivative of the absolutely continuous part of the measures on open sets which
are a positive distance away from the singular support of the measure. The assumption
that U is separated from supp( H?,y,sc) U supp(u; y,pp) May seem unnatural but is needed

to gain L' convergence of the approximation. However, without it, the proof still gives
almost everywhere pointwise convergence.

Proof. Let (T, x,y,U) € S~2f,a,,3. For u € U we decompose as follows
(Kgp(u+ie; T,x),y) f o szy()\)d)\

T T

“.1)

The first term converges to ,oxT’y|U in L'(U) as € | 0 since ,oxT’y|U e L'(U). Since
we assumed that U is separated from supp(li;, yose) Y Supp(,uv;’y’pp), it follows that the
second term of (4.1) converges to O in L'(U) as € J 0. Hence we are done if we
can approximate (Kg(u +i/n; T,x), y) in L'(U) with an error converging to zero as
n — oo.

Recall that Ky (u + i/n; T, x) is Lipschitz continuous with Lipschitz constant at
most n2||x|| /7. By assumption, and using Corollary 2.2, we can approximate K (u +
i/n; T, x) to asymptotic precision with vectors of finite support. Hence the inner product

Sao) = (Kgu+i/n;T,x),y)

can be approximated to asymptotic precision (now with a possibly unknown constant
also depending on ||y||) and f; is Lipschitz continuous with Lipshitz constant at most

n*lxlliyll/z.
Recall that U can be written as the disjoint union

U =J@n, bw),

where a,,, b, € R U {£oo} and the union is at most countable. Without loss of gen-
erality, we assume that the union is over m € N. Given an interval (ay,, b;,), let a,, <

Imn < Zm2n < < Zmrpyn < by such that Zm,jn € Q and |Zm,j,n - Zm,j+l,n| =<
(b —am) " 'n3m=? and |am - zm,l,n} , !bm - zm,rm,n} <n ! Let fm.n be apiecewise
affine interpolant with knots z,; 1, - - ., Zm.r,,.n SUpported on (zu. 1,n, Zm,r,.n) With the

property that |fm,n(zm,.,',n) — fa (zm,.,',n)| < C(bm — am)~'n~'m=2. Here C is some
unknown constant which occurs from the asymptotic approximation of f, that arises
from Corollary 2.2 and we can always compute such f, , in finitely many arithmetic
operations and comparisons.

Let ', (T, x, y, U) be the function that agrees with f;, , on (am, b,,) form < n and
is zero elsewhere. Clearly the nodes of I',, (T, x, y, U) can be computed using finitely
many arithmetic operations and comparisons and the relevant set of evaluation functions
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A1. A simple application of the triangle inequality implies that

— ol w)| du
U
< Z/ pr ()| du + Z/ pr ()| du
m>n am m m<n (am;bm)\(zm,l,nyzm.rm,n)
Cx,y,T) 1
> 020 = ot du+ 52T S
m<n @m,1.nZm,rm n) n m=n

where the last term arises due to the piecewise affine interpolant. The bound clearly
converges to zero as required. O

5. Computing Spectra as Sets

We now turn to computing the different types of spectra as sets in the complex plane.
Specifically, define the problem functions Eg(T) = o7(T) for Z = ac, sc or pp. Note

also that opp(T') = 0y, (T), the closure of the set of eigenvalues. Recalling the definition
of a computational problem in Appendix A, we compute these quantities in a metric
space M with metric d . Since we wish to include unbounded operators, we use the
Attouch—Wets metric defined by

|x|<n

daw (C1, Cp) = 22 mmil sup |dist(x, C1) — dist(x, C2)|} (5.1)

n=1

for Cq, C, € CI(C), where CI(C) denotes the set of closed non-empty subsets of C.
When considering bounded 7, whose spectrum is necessarily a compact subset of C,
we let (M, dpq) be the set of all non-empty compact subsets of C provided with the
Hausdorff metric dyq = du:

dg(X,Y) = max { sup inf d(x, y), sup 1nf dx,y) (5.2)
xeXx YeY yey X

where d(x,y) = |x — y| is the usual Euclidean distance. Note that for compact sets
(and hence for bounded operators), the topological notions of convergence according to
dy and daw coincide. To allow the possibility that the different spectral sets o7 (7") are
empty, we add the empty set to our metric space as an isolated point (the space remains
metrisable).’

The main theorem of this section is the following:

Theorem 5.1. Given the above setup and that in Sects. 1.5 and 1.6, fori = 1, 2 it holds
that

Ag ?{E;C(;a Qf,c(vAi} € A?v A2 3{ scanC(vA } € A4v
AY F{ES. Qra. Ai} € AS.

If f(n) —n>2n+ %, then {E(S%, Qro, Ai} & Ag; also holds.

7 This simply means that F, — @ if and only if F,, = # eventually.
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In order to prove Theorem 5.1, we only need to prove the lower bounds for A, and
the upper bounds for A (recall that A; are defined in (1.18)). These results show that
despite the results of Sects. 2—4, in general it is very hard to compute the decomposition
of the spectrum in the sense of (1.17). We also answer the question posed in Sect. 2.2
and prove that the spectral measures, while computable in one limit, cannot, in general,
be computed with error control (see Theorem 5.2), unless one has additional regularity
assumptions such as in [39] (computation with error control is made precise in [33, Ch.

4)).

5.1. Proof for point spectra. Proof that {Egp, Qro, A2} ¢ A2G, To prove this, it is

enough to consider bounded Schrédinger operators acting on /2 (N) (defined in Sect. 3.2.2),
which are clearly a subclass of Qo for f(n) = n + 1. Note that since the evaluation
functions in A» can be recovered from those in A1 in this special case, we can assume
that we are dealing with A 1. Suppose for a contradiction that there does exist a sequence
of general algorithms, I',,, with

lim T, (H,) = &5, (H,).
n—0oo

We will construct a potential v such that I';;(H,) does not converge. To do this, choose
P = X[—c,c]/(2c) for some constant ¢ such that the conditions of Theorem 3.3 hold. We
will use Theorem 3.3 and the following well-known facts:

1. If there exists N € N such that v(n) is O forn > N, then op,p(H,) N (0, 4) = @ [114],
but [0,4] C o(H,) (the potential acts as a compact perturbation so the essential
spectrum is [0, 4]).

2. If we are in the setting of Theorem 3.3, then the spectrum of H,_ + A is pure point
almost surely. Moreover, if p = x[—¢,¢]/(2c) for some constant ¢, then [—c, 4 +¢c] C
opp(H,y, + A) almost surely.

We will define the potential v inductively as follows. Let v; be a potential of the
form v, (with density p) such that [—c,4 + c¢] C o(H,,) and o (H,,) is pure point.
Such a v exists by Theorem 3.3 and fact (2) above. Then for large enough n there exists
Zn € I'y(Hy,) such that |z, — 2| < 1. Fix n = ny such that this holds. Then I';,, (Hy,)
only depends on {v{(j) : j < Ni} for some integer Ny by (i) of Definition A.2. Define
the potential vy by v2(j) = v1(j) forall j < Ny and v2(j) = 0 otherwise. Then by fact
(1) above, I',,(Hy,) N [1/2,7/2] = @ for large n, say for ny. But then I', (H,,) only
depends on {va(j) : j < N3} for some integer N;.

We repeat this process inductively switching between potentials which induce
[y (Hy,)N[1/2,7/2] = @ for k even and potentials which induce Iy, (H,, ) N[1, 3] # @
for k odd. Explicitly, if k is even then define a potential vi.1 by vk+1(j) = vk (j) for all
J < Ny and vi41(j) = vy, (j) (with the density p) otherwise such that [—c,4 + ¢] C
o (Hy,,,) and o (H,,,,) is pure point. Such a @ exists from Theorem 3.3 and fact (2)
above applied with the perturbation A to match the potential for j < Ni. If k is odd then
we define vi41 by vr+1(j) = vr(j) for all j < Ny and vg41(j) = 0 otherwise. We can
then choose n41 such that the above intersections hold and Ny such that I'y, | (H,,,,)
only depends on {vi+1(j) : j < Ni41}. Finally set v(j) = vk(j) for j < Ni. Itis
clear from (iii) of Definition A.2, that 'y, (H,) = I';,, (Hy,). But then this implies that
', (H,) cannot converge, the required contradiction. O

A similar argument gives the following theorem, where V is used to denote the set of
bounded real-valued potentials on N and A3 denotes the pointwise evaluations of such
potentials.
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Theorem 5.2 (Impossibility of computing spectral measures with error control). Con-
sider the problem function

Z:VxN-— R>o
. H, .
v, j) — (E{l}ej, ej)

Then {@,V x N, Az} € A‘24 but {@,V x N, A3} ¢ A?. In other words, E can be
computed in one limit, but it cannot be computed with error control.
Proof. Theresult {@, VxN, A3} € A? follows directly from the remarks after Theorem

3.1 and Theorem 2.1. Suppose for a contradiction that {@, V x N, A3} € A? and that
I, is a sequence of general algorithms solving the problem with error control. It follows

that for each j € N, there exists a sequence of general algorithms I';, such that

. ; 1, if 8, j)>0

lim Ty (v) =1’ ’ .

o T @) {O, otherwise

Informally, these are described as follows. Fix j and consider the lowgar bound on @(v, J)
computed by ([ (v, j):m < r;}. If this is greater than O then set I';, (v) = 1, otherwise
set I';, (v) = 0. It follows that I';; (v) also converges from below. It holds that 1 € oy, (H,)
if and only if E(v, j) > 0 for some j € N. Now define

Ty(v) = sup I} (v).
j<n

It is clear that this is a general algorithm using A3. Furthermore,

Lo 1, if1 € op(H,y)
nlggo Fn() = {0, otherwise
with convergence from below.

Now we may choose a v such that 1 € o, (H,) (this can be achieved for example by
taking a potential which induces pure point spectrum and shifting the operator accord-
ingly). It follows that for large n, we have I',,(v) = 1. But the computation of I, (v) is
only dependent on v(;j) for j < N for some N € N. Define vg € V by vo(j) = v(j) if
J < N and vo(j) = 0 otherwise. It follows that F (vo) = 1. But since the potential has
compact support, 1 ¢ o}, (Hy,) and hence F (vg) = 0, the required contradiction. 0O

We now prove that € can be computed using a height two arithmetical tower. The
first step is the following technical lemma, whose proof will also be used later when
considering ES

Lemma 5.3. Let a < b with a, b € R and consider the decision problem
Ea,b,pp : Qf,oz — {0, 1}
_ :1 if opp(T) N [a, b] # 0

0 otherwise.

Then there exists a height two arithmetical tower Iy, », (with evaluation functions A1)
for Eq ppp. Furthermore, the final limit is from below in the sense that I'y,(T) =
limn1—>oo rnz,nl(T) =< Ea,b,pp(T)-
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Proof. Step 1 of the proof of Theorem 3.2 yields a height two arithmetical tower
F/zz,,,l(T) for the computation of ueT/’e/’C((a, b)). Note that the final limit is from
above and using the fact that /LET]_, ej’c({a, b}) = 0, we obtain a height two tower for

,ueTf’ej’C([a, b]). We can then use the height one tower for ,ueTj’ej ([a, b]) constructed in
Sect. 2.2, denoted by F,ﬁ ,(T), and define

@jnyny (T) = T (T) = Ty ny (T).

This provides a height two arithmetical tower for Me e lDp([a b]) with the final limit

from below. Without loss of generality (by taking successwe maxima), we can assume
that these towers are non-decreasing in 7. Now set

T, T) = max a; T).
nz,nl( ) 1<j<ns J,nz,ﬂl( )

Then it is clear that the limit lim,, oo Yn,.n, (I) = Yy, (T') exists. Furthermore, the
monotonicity of a; », », (T) in ny implies that

. _ T
nzlgnoo Tnz(T) - Sug Menaenspp([a’ b])’

ne

with monotonic convergence from below. This limiting value is zero if E, 5 pp(T) = 0,
otherwise it is a positive finite number.

To convert this to a height two tower for the decision problem & p, pp, that maps to the
discrete space {0, 1}, we use the following trick. Consider the intervals JI" 2 =10, 1/n3],
and J3? = [2/ny, 00). Let k(np, n1) < n; be maximal such that Yy, », (T) € J;? U
J5?. If no such k exists or Yy, x(T) € J;* then set 'y, ,, (T) = 0. Otherwise set
[y, (T) = 1. These can be computed using finitely many arithmetic operations and
comparisons using Aj. The point of the intervals 11"2 and J;z is that we can show
limy, 00 Tnyony (T) = 'y, (T) exists. This is because limy,, 00 Yy (T) = Yo, (T)
exists and hence we cannot oscillate infinitely often between the separated intervals J 1" 2
and J2"2. Now suppose that E, p pp(T) = 0, then lim,, Fnz,nl (T) = 0 and hence
limy,, 00 Iy ny (T) = 0 for all ny. Now suppose that E, p pp(T) = 1, then for large
enough n we must have that Y,,,(T) > 2/n, and hence I',,(T) = 1. Together, these
prove the convergence and that I';,, (T') < Eq p pp(T). O

Proof that {:pp,

Jcp, we will use Lemma 5.3 repeatedly. Let f‘\nz,nl (-, I) denote the height two tower
constructed in the proof of Lemma 5.3 for the closed interval I (I = [a, b]), where
without loss of generality by taking successive maxima in 1, we can assume that this
tower is non-decreasing in n; (this is where we use convergence from below in the final
limit in the statement of the lemma). For a given n and n, we construct Iy, ,,, (T') as
follows (we will use some basic terminology from graph theory).

Define the intervals Ir?z n.j =[j,j+ 1] for j = —ny, ..., ny — 1 so that these cover

theinterval [—n2, n]. Now suppose that I¥

Qry, A1} € Ag‘. To construct a height two arithmetical tower for

aredeﬁnedforj =1,...,rx(ny,n, T).

np,ni,j
Compute each Fnz n (T, o ) and if this is 1, bisect I, k - via its mldpoint into two
equal halves consisting of closed intervals. We then take all these bisected intervals and

label them as I,’l”}l J for j = 1,...,rke1(n2, ny, k, T). This is repeated until we have
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no further bisections or the intervals In n1.j have been computed. By adding the inter-

val [—n2, n2] as a root with children / ,92’"1’ ;» this creates a finite tree structure where a
non-root interval / is a parent of two intervals precisely if those two intervals are formed
from its bisection and I'y, », (T, I) = 1. We then prune this tree by discarding all leaves
I which have 1",1z n (T, I) = 0 to form the tree 7, ,, (T). Finally, we let 'y, ,, (T') be
the union of all the leaves of 7, ,, (T). Clearly this can be computed using finitely many
arithmetic operations and comparisons using A 1. The construction is shown visually in
Fig. 3.

In the above construction, the number of intervals considered (including those not
in the tree 7, »,(T)) for a fixed ny is n22"*1 + 1 and hence independent of nj. It
follows that Tnyn (T) and 'y, ,, (T') are constant for large n; (due to the convergence
of the T'y, ,,, (T, I) in {0, 1}). We denote these limiting values by 7, (T) and I',,, (T)
respectively and also denote the corresponding intervals in the construction at the m—th
level of this limit by Ir:';j. Note also that if Epp(T) =f@thenl,,(T) = 0.

Now suppose that z € Ep,(T), then there exists a sequence of nested intervals

Iy, I,Z’; oy containing z for m = 0, ..., ny, where these intervals are independent
of ny. Fix m, then for large n, we must have that Tnz(T, I[j))y=1forj=1,....m. It

follows that [, has a descendent interval /,, ,, contained in I',, (T") and hence we must
have

dist(z, T, (T)) <27

Since m was arbitrary it follows that dist(z, I',, (T")) converges to 0 as n, — oo.
Conversely, suppose that z,; € 'y, (T) withm j — oo, then we must show that all

limit points of {z,; } lie in E;,(T). Suppose this were false, then by taking a subsequence

if necessary, we can assume that Im; —> 2 and dlSt(ij, u(c (T)) = 6 for some § > 0.
We claim that it is sufficient to prove that the maximum length of the leaves of 7,,(T)
intersecting a fixed compact subset of R, converges to zero as no, — 00. Suppose
this has been shown, then z,,. ; € In for some leaf I, ; of 7, (T) It follows that
Ip; N EC o(T) # ¥ and |Im | — 0. But this contradicts z,, bemg positively separated
from (C (T)

We are thus left with proving the claim regarding the lengths of leaves. Suppose
this were false, then there exists a compact set K C R and leaves /; in ’]7, (T) such
that the lengths of /; do not converge to zero and /; intersect K. By takmg subse-
quences if necessary, we can assume that the lengths of each I; are constant. Then by
the compactness of K and taking subsequences if necessary again, we can assume that
each of the I; are equal to a common interval /. It follows that Lp; (T, I) = 1 but that

T\b (T, L) = Tbj (T, I) = O since [ is a leaf, where I; and I, form the bisection of /.
Takmg bj — oo, this implies that 7 N :C (T) Z@but 1N EC (TY=I5LnN E(C (T)=90
which is absurd Hence we have shown the required contrad1ct10n and we have finished
the proof. O

5.2. Proof for absolutely continuous spectra. To prove the lower bound (that one limit
will not suffice), our strategy will be to reduce a certain decision problem to the compu-
tation of E;CC. Let (M, d’) be the discrete space {0, 1}, let Q' denote the collection of all
infinite sequences {a;} jen with entries a; € {0, 1} and consider the problem function

E/({aj}) : ‘Does {a;} have infinitely many non-zero entries?’,
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Fig. 3. Example of tree structure used to compute the point spectrum for ny = 3. Each tested interval is shown
in green (T, 5 (T, I) = 1) or red (I'yy 5 (T, I) = 0). The arrows show the bisections and the final output
is shown in blue

that maps to (M’, d’). In Appendix A, it is shown that SCI(EZ’, Q') = 2 (where the
evaluation functions consist of component-wise evaluations of the array {a;}).

Proofthat {Eac, Q. A2} ¢ Ag. We are done if we prove the result for f(n) = n+1
and o = 0. In this case Aj and A, are equivalent so we can restrict the argument to
Al Suppose for a contradiction that '), is a height one tower of general algorithms
solving {uac, Q¢0, A2}. We will gain a contradiction by using the supposed tower to
solve {E/, Q.

Given {a;} € ', consider the operator H = Hy + v, where the potential is of the
following form:

o
v(m) = ard k.
k=1
Then by Theorem 3.4, [0, 4] C ouc(H) if ), axp < oo (that is, if E'({a;}) = 0) and
oac(H) N (0,4) = B otherwise. Given N we can evaluate any matrix value of H using
only finitely many evaluations of {a;} and hence the evaluation functions A; can be
computed using component-wise evaluations of the sequence {a;}. We now set

0 ifdist2, ' (H)) < 1
1 otherwise.

Tu({ajh) =

The above comments show that each of these is a general algorithm, and it is clear that
it converges to E'({a;}) as n — oo, the required contradiction. O

To construct the height two (arithmetical) tower for ’“;CC, we require the following
lemma.

Lemma 5.4. Let a < b with a, b € R and consider the decision problem
Ea,b,ac : Qf,oz — {0, 1}
. {1 if 6ac(T) N [a, b] # &

0 otherwise.

Then there exists a height two arithmetical tower Iy, », (with evaluation functions A1)
for Eq.p,ac. Furthermore, the final limit is from below with ', (T) := lim, — 00 T'ny 0 (T) <
Ea,b,ac (T).
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Proof. Fix such an a and b and let x;,, be a sequence of non-negative, continuous piece-
wise affine functions on R, bounded by 1 and of compact support such that y,, converge
pointwise monotonically up to the constant function 1. Define the function

Unn, T) =(Kgu+i/n,T,ep), en)

and set

b
Am,no,ny (T) = / Um,ny (u, T)Xn2(|Um,n1 (u, T)|)du
a

Since each y,, is continuous and has compact support (which implies that the integrand is
bounded for fixed n7), and since vy, , (4, T') converges almost everywhere to ,oeTm e, (W)

(the Radon—Nikodym derivative of the absolutely continuous part of the measure u[m o)
it follows by the dominated convergence theorem that

b
WM nyony (T) =2 Gy (T) = f P o W)Xy (P2 o (W))du.
a

np—oo

We now use the fact that the y, are increasing and the dominated convergence theorem
again (with bounding integrable function ,oeT” .e,,) t0 deduce that

. T
nzlgnoo am,nz (T) = M(gm,em,ac([a3 b]),
with monotonic convergence from below.

Using Corollary 2.2 (and the now standard argument of Lipschitz continuity of the
resolvent), we can compute approximations of a, »,,», (1) to accuracy 1/n; in finitely
many arithmetic operations and comparisons. Call these approximations @ sy, (T)
and set

v, T)= max d; T).
nz,nl( ) 1) %) j,nz,m( )

The proof now follows that of Lemma 5.3 exactly. O

Proof that {E;CC, Q. A1} € Ag“. This is exactly the same construction as in the
above proof of the inclusion {Egp, Qrg, A1} € A?. We simply replace the tower con-
structed in the proof of Lemma 5.3 by the tower constructed in the proof of
Lemma 5.4. O

5.3. Proof for singular continuous spectra. We first prove the lower bound for the sin-
gular continuous spectrum via Theorem 3.4. Note that the impossibility result {E;Cc,

Q. A2} ¢ Ag follows from the same argument that was used to show { EEC, Q. A2} ¢
AZG . To show that two limits will not suffice for f (n) —n > +/2n+1/2, our strategy will

be to again reduce a certain decision problem to the computation of EE:C. Let (M’,d") be
the discrete space {0, 1}, let Q' denote the collection of all infinite matrices {a; jli,jeN
with entries a; ; € {0, 1} and consider the problem function

&' ({ai, i} ‘Does {a; j} have a column containing infinitely many non-zero entries?’,
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that maps to (M’,d"). In [12], a Baire category argument was used to prove that
SCI(Z’, Q)¢ = 3 (where the evaluation functions consist of component-wise eval-
uations of the array {a; ;}).

Proof that {SSC, Qra, A2} ¢ A if f(n) —n > «/2n+ 1/2. Assume that the function

f satisfies f(n) —n > +/2n+ 1/ 2. The proof will use a direct sum construction. Given
{a; j} € €/, consider the operators H; = Ho+v(), where the potential is of the following
form:

o0
vy (n) = Z A, O, k!-

Using Theorem 3.4, [0, 4] C ox(H;) if ), ar j = oo (that is, if the j-th column has
infinitely many 1s) and os.(H;) N (0,4) = @ otherwise. Now consider an effective
bijection (with effective inverse) between the canonical bases of [ 2(N) and eaoo 12(N):

b :len:neNy— {ex : ke NV, |K|o =1}
Set H({a; ;j}) = EB;”;l Hj;. Then through ¢, we view H = H({q; ;}) as a self-adjoint
operator acting on [2(N). Explicitly, we consider the matrix
Hyn = (Hegn), epm))-

We choose the following bijection (where m lists the canonical basis in each Hilbert
space):

j=1 j=2 j=3

A straightforward computation shows that H € Q9. We also observe that if
E’({a,‘,j}) = 1 then [0, 4] C os.(H), otherwise o (H) N (0,4) = @.

Suppose for a contradiction that I',, ,, is a height two tower of general algorithms
that solves {usc, Qy 0. A1}. We will gain a contradiction by using the supposed height
two tower to solve {E’, Q}. We now set

Toyny (@i ;) = 1 — min{1, dist(3, Ty, 0, (H({ai D)},

where we use the convention dist(3, ) = 1. The comments above show that each of
these is a general algorithm. Furthermore, the convergence of I';, ,,, implies that
lim  lim Ty ({ai,j}) = 1 — min{1, dist(3, o5 (H ({a; 1)} = &' ({ai;}).
np—>0on|—
We are not quite done since the convergence here takes place on the interval [0, 1] with
the usual metric as opposed to {0, 1} with the discrete metric. To get round this, we use
the following, now familiar, trick.

Consider the 1ntervals J1 = [0,1/2], and J, = [3/4,1]. Let k(na,n1) < np be
maximal such that Fnz x({a;, j}) € J1 U Jo. If no such k exists or Fn2 x(ai,j}) € Ji then
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set 'y, ,, ({ai j}) = 0. Otherwise set I';, , ({a; j}) = 1. As in the proof of Lemma 5.3,
we can show lim,, oo Ty, , (@i j}) = T}, ({a; ;}) exists. If E'({a; ;j}) = 0, then for
large n2, limy,, 0 fnz,k({ai,j}) < 1/2 and hence lim,, o F;zz({ai,j}) = 0. Similarly,
if 2'({a;,j}) = 1, thenforlarge no we musthave lim,, Fnz,k({ai’j}) > 3/4 and hence
limy, 00 'y, ({ai j}) = 1. Hence T, , is a height two tower of general algorithms
solving {E’, '}, a contradiction. O

Finally, we will use the following lemma to prove that the singular continuous spec-

trum can be computed in three limits.

Lemma 5.5. Let a < b with a, b € R and consider the decision problem
Ea,b,sc : Qf,oz — {0, 1}
. :1 if 0se(T) N[a, b] # 0

0 otherwise.

Then there exists a height three arithmetical tower I, n, n, (With evaluation functions
Ay) for By p,sc. Furthermore, the final limit is from below with Ty, (T) = lim,,_
limnl—>oo Fn3,n2,n1 (T) < Ea,b,sc(T)~

Once this is proven, we can use the same construction that was used to prove
{Epp: Qrar A1) € A and {ER, o, A1} € Af to show that (EG, Qa, A1} € AL,
but with an additional limit. Namely, we replace (n2, n1) by (13, n2) in the proof and use
the tower constructed in the proof of Lemma 5.4 instead of Iy, ,,, (T, I) for an interval
1. We still gain the required convergence, since the only change is an additional limit in

the finite number of decision problems that decide the appropriate tree.

Proof of Lemma 5.5. Note that we can write

e onselab) =ug . (a, b)) =l , o (a.b) —pl . . b]).

From this and the proofs of Lemmas 5.3 and 5.4, it is clear that we can construct a height
two arithmetical tower, @, n,.n, (T), for y,eTm emsc([a b]), where the final limit is from
above. Now set

Yosnan (T) = Max ajn,p,-
1<j<n3

We see that each successive limit converges, with the second from above and the fi-
nal from below. By taking successive maxima, minima of our base algorithms, we
can assume that the second and final limits are monotonic and that Y, », ,, (T) is
monotonic in both ny and n3. Define Y, 4, (T) = limy, 00 Vgm0 (1), Yus(T) =
limy;, — 00 Ygn (T) and Y(T') = limyy— 00 Yy (7). Then Y(T') is zero if Eq p,5c(T) =
0, otherwise it is a positive finite number.

With a slight change to the previous argument (the monotonicity in n, and n3 is
crucial for this to work), consider the intervals J;" = [0, 1/m], and J}" = [2/m, 00).
Let k(m, n, n1) < ny be maximal such that Y, 5, », (T) € J{" U J3". If no such k exists
or Yy nk(T) € Jlm then set Fm,n,nl(T) = 0. Otherwise set T‘\m,n,nl (T) = 1. We then
define

Cugngny = max  min Iy, 0, (T).
e 1<m<n3 1<n<nj o
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These can be computed using finitely many arithmetic operations and comparisons using
A1, and, as before, the first limit exists with
Ly, (T) = 1im Ty pp e (T) = max min Iy, ,(T).
ny—oo 1<m=<n3 1<n<njp

Note also that the second and third sequential limits exist through the use of maxima
and minima.

Now suppose that B, p sc(T) = 0 and fix n3. Then for large nz, we must have that
Yin,n, (T) < 1/(2n3) forallm < nj3 due to the monotonic convergence of 1, as p — oo.
It follows in this case that

lim Ty, 0, (T) =0, forallns.
ny— 00 -

Now suppose that B, p «c(T) = 1. It follows in this case that there exists M € N
such that if m > M then Y,,,(T) > 3/m. Due to the monotonic convergence of Y, p
as p — oo it follows that for all p we must have Y}, , > 3/m and hence there exists
N(m, p) € Nsuch thatif ny > N(m, p) then we must have Y, ., > 2/m. It follows
that if n3 > M then we must have fm, p(T) =1 for all p and hence that

lim T,,(T) = 1.
n3—o0

The conclusion of the lemma now follows. 0O

6. Numerical Examples

We now demonstrate the applicability of the new algorithms. In particular, these are the
first algorithms that compute their respective spectral properties for the whole class 27 o,
and even for the restricted case of tridiagonal self-adjoint matrices. The algorithms are
also implicitly parallelisable, allowing large scale computations. We focus on discrete
operators and the numerical implementation of the algorithms for ODEs, PDEs and
integral operators will be the focus of a future software package.®

6.1. Jacobi matrices and orthogonal polynomials. For our first set of examples, we con-
sider the natural link between the spectral measures of Jacobi operators and orthogonal
polynomials on R. Let J be a Jacobi matrix

b] al
a1 by ap

J= by

with aj,b; € R and a; > 0. In this case, under suitable conditions, the probabil-

ity measure p; = ,ue]L ¢, 1s the probability measure associated with the orthonormal
polynomials defined by

X Pr(x) = ags1 Prg1(x) + bpg Pr(x) + ag Pr—1(x),
P_1(x) =0, Py(x)=1,

8 Since writing the initial version of this paper, our algorithms have been implemented in the software
package SpecSolve of [39], which treats general discrete, differential and integral operators.
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Fig. 4. Results for Jacobi polynomials with « = 0.7 and g = 0.3. Left: Convergence in L' and at the points
+1 and 0. The rates O(¢), 0(60‘7) and 0(50'3) are also shown as dashed lines. Right: Convergence with
Richardson extrapolation. The rates 0(62), 0(61'3), 0(60'7) and 0(60‘3) are also shown. As discussed in
the text, the rates reflect the local smoothness properties of the density fy g

and the spectral measure that appears in the multiplicative version of the spectral theorem
(see, for example, [45,137,143]). Classically, one usually first considers the measure and
then constructs the orthogonal polynomials and the corresponding J. In some sense,
the algorithms constructed in this paper, and in particular Sect. 4, compute the inverse
problem (note that J € €2,,_,,+1,0)- In other words, we compute the measure jt; given
the recurrence coefficients defining the orthogonal polynomials. This is a very difficult
problem to study theoretically, and, until now, there has been no numerical method able
to tackle the problem in this generality (see Sect. 1.7 for comments on methods that tackle
compact perturbations of Toeplitz operators). To verify our method, we will consider
problems where the measure 1 is known analytically.

We begin with the well-known class of Jacobi polynomials defined for o, 8 > —1
which have

ar =2 k(k+a) (k+pB) (k+a+p)
k= 2y Qkra+p—1)k+a+p)? Ckra+prl)’
by = p2—a?

Ckva+f)Ck—2+a+p)

and measure on the interval [—1, 1] given by

(=01 +x)f
 N@Bp)

where N («, ) is a normalising constant, ensuring the measure is a probability measure.
To assess the convergence of the algorithm in Sect. 4.2 that approximates the Radon—
Nikodym derivative fy g, in this section we will plot various errors as a function of €,
the distance from the points at which we compute the resolvents to the real axis.
Figure 4 (left) shows a typical error plot for « = 0.7 and 8 = 0.3. We plot both
the L' error (computed using a large number of discrete points), and the pointwise
errors at —1, 0 and 1. The procedure of Theorem 2.1 is used to determine adaptively
how large our (rectangular) matrix truncations should be for a given €. We see that both
the L! error and error at 0 appear to decrease as O (¢),” whereas the errors at —1 and

duy dx = fo p(x)dx, (6.1)

9 This can be proven, though there is an additional log(e ~ 1) factor. We shall omit such terms in the ensuing
discussion.
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Fig. 5. Results for Laguerre polynomials with @ = 0.5. Left: Convergence in L! and at the points 0 and 1. The
rates O(€) and 0(60'5) are also shown as dashed lines. Right: Convergence with Richardson extrapolation.
The rates 0(52), 0(51‘5) and 0(50‘5) are also shown

+1 decrease as O(e?) and O (e%) respectively, shown in the plot. This suggests using
Richardson extrapolation to accelerate convergence [115]. This is shown in the right
of Fig. 4, where the extrapolation was computed at distances € and €/2 from the real
axis. Now the error at 0 decreases as O (e2), whereas the L! error appears to decrease
as O(e'?). We found similar results for different o and B. In general, interior points
decrease at the rate O(€) and then 0(62) after extrapolation. The left end point error
decreases as O (™™1.A}) and then O (e™"2-A}) after extrapolation. The right end point
error decreases as O (e™™1.2}) and then O (e™™2%}) after extrapolation. Finally, the
L' error decreases as O (™M1 1+ 1481y and then O (e™M2 1+« 148}y after extrapolation.
These rates for pointwise and L errors reflect the local Holder exponent and integrability
of the density and its first derivative respectively, and can be proven using a Taylor
series argument for general measures.'” Moreover, we found that increased rates of
convergence could be obtained (and again proven) locally near smoother parts of the
measure by using further iterates of extrapolation. Note also that we took a uniform
value € over the whole interval. However, € could just have easily been a function of
the position x, allowing it to be smaller for points where the resolvent is estimated more
accurately for a given matrix size.

To demonstrate the algorithm on unbounded operators, we next consider the class of
generalised Laguerre polynomials for « > —1 which have

ar =vkk+a), bp=2k+a—-1,

and measure on the interval [0, co) given by

x%e™*

dpy

Results are shown in Fig. 5 for @ = 0.5, where we have plotted the (relative) L' error
over the interval [0, 1], as well as pointwise errors at 0 and 1. Similar conclusions can
be drawn as before. Pointwise errors are also shown for this example and the Jacobi
operator, but now using the 10th iterate of Richardson extrapolation, in Fig. 6. The
errors decay at the expected rates (also shown), with 0(€'9) convergence at smooth

10 These results can be proven using the theory of high-order rational kernels developed in [39].
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Fig. 6. Left: Pointwise errors for the Jacobi example (¢« = 0.7 and g = 0.3) and (10th) iterated Richardson
extrapolation. Right: Same but for the Laguerre example (o = 0.5). The dotted lines show the expected rates
of convergence, with O (e 10y convergence at smooth parts of the measure
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Fig. 7. Left: Computation of e (K (x +i€; T, e1), 1) (denoted e (K ) for e = 1077 and @ = 5. Right:

Same but for o = 0.5. The blues crosses represent the weights of the atoms of the measure, corresponding to

projections onto eigenspaces

parts of the measure. Near singular points (namely at x = —0.99 and x = 0.01 for the
Jacobi and Laguerre cases, respectively), the prefactor in front of the O (¢'?) term is
larger, and smaller € is needed before the expected rate kicks in.

Finally, we demonstrate the computation of measures for a Jacobi operator with
non-empty discrete spectrum. The Charlier polynomials are generated by

ar =~vak, bp=k+a—1,

for « > 0, and have measure

00 a™
duy = exp(—a) Z — O, (6.3)

m=0

where §,, denotes a Dirac measure located at the point m. Figure 7 shows plots of
en(Ky(x +ie; T,ey), er) fore = 1077, computed using an (n + 1) x n matrix with
n = 1000. The peaks clearly coincide with the atoms of the measure. The difference
between the peak values and the weight exp(—a)a™ /m! was of the order 10~13 for both
examples. This demonstrates that an effective way to compute eigenvalues (particularly
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the challenging case of those in gaps of the essential spectrum, where spectral pollu-
tion occurs, or even those embedded in the essential spectrum) and projections onto
eigenspaces may be to find local maxima or spikes of e (K (x +i€; T, e1), e1). Sucha
routine would only require the solution of shifted linear systems (the resolvent), without
diagonalisation, and could be executed rapidly in parallel.

6.2. A global collocation approach. Typically, the size of the linear system needed to
approximate the resolvent accurately (Theorem 2.1) grows as € | 0 and we approach the
spectrum. It is therefore beneficial to increase the rate of convergence of approximating
the measures as € |, 0. One local (in terms of x € R) approach, Richardson extrapolation,
was used in Sect. 6.1. Here we briefly outline a different, more global approach.

Suppose that we know the spectral measure of an operator T has support included
in I C R and is absolutely continuous. Alternatively, we may analytically know, or be
able to estimate, the singular part of the measure and subtract this from what follows.
In this case, a natural way to approximate the Radon—Nikodym derivative is through a
formal basis expansion

pr () = Z amm (1),
m=1

where ¢,, are functions with support / whose Cauchy’s transforms are easy to compute.
To approximate the coefficients a,,, we collocate in the complex plane as follows. Let C
be a finite collection of complex points in the upper half-plane and truncate the approx-
imation of ,ox y to M terms. To generate a linear system for {a,,}*_,, we evaluate the
Cauchy transform at points z € C. The Cauchy transform satisfies

m=1>

/ pry )d)»—(R(z T)x. y).
R A

which can be computed with error control using the results of Sect. 2.1. Call this ap-
proximation by ,(z) and define

Gm (1) &

I —Z

(/ﬁm () =

Then for each z € C, an approximate linear relation can be written as

M -~
Y (D) = by ().
m=1

Evaluating this relation at > M points in C gives rise to a linear system, which can be
inverted in the least-squares sense for the approximation of the coefficients {a,, }nnf:]
If x = y, and the basis functions are real, then the coefficients are real. Hence, in this
case, taking real and imaginary parts of the linear system gives further linear relations
without having to compute further resolvents.

If our basis functions satisfy recursion relations of the form

Om+1(A) = Ay (A) + B (A) + Vi Pm—1(A),
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Fig. 8. Left: Convergence of collocation method using Chebyshev polynomials. Right: Convergence of col-
location method using Laguerre functions on [0, co)

then

~ A (A ~ ~
Om+1(2) = am/] f ( )d)‘ + Bin®m (2) + Yinbm—1(2)

—Z

=%ﬁ%ﬁwﬂﬂm%@+%%@+m%4@.

Hence, given the values of the integrals
f%mﬁ,a@, (6:4)
1

we can compute am (z) for all m € N. The integrals in (6.4) have simple forms for all
the bases used in this paper. This method of computation of ¢,, is fast, meaning that the
most expensive part of the collocation method is the computation of the right hand side
of the linear system, that is, computing the resolvent.

Figure 8 (left) revisits the Jacobi polynomials example in Sect. 6.1 and shows the
collocation method in the case of using Chebyshev polynomials as the basis functions
¢ (taking the first 1500). For collocation points, we took M Chebyshev nodes offset
by an additional €i to lie just above the interval [—1, 1] in the complex plane. Note that
the rate of convergence is faster than O (™2 1+ 148}y achieved with the methods of
Sect. 4 after extrapolation. There are at least two prices to pay, though. First, there is no
current proof that collocation converges and, second, global regularity of the measure
is needed. At the very least, we need to be able to subtract off the singular part of the
measure. In practice, even if the measure is absolutely continuous, a large number of
basis functions may be needed to capture the Radon—Nikodym derivative. Examples
are given in Sect. 6.3, where collocation performs worse than the techniques of Sect. 4
due to either of these regularity conditions. Figure 8 (right) revisits the (generalised)
Laguerre polynomials example in Sect. 6.1 and shows the collocation method in the
case of using Laguerre functions (the polynomials multiplied by the square root of the
weight function) as the basis functions with M = 1000. The collocation points were
{12 /M 292 /M zZ ..., 1} + €i. Again, this method converges with faster rates than that
in Sect. 6.1.
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6.3. CMV matrices and extensions to unitary operators. We now demonstrate that the
algorithms extend to the unitary case through use of the functions Kp, namely, the
convolution with the Poisson kernel of the unit disk. We will consider the class of
CMYV matrices (named after Cantero, Moral and Veldzquez [28]) linked with orthogonal
polynomials on the unit circle. A full discussion of this subject is beyond the scope of
this paper, and we refer the reader to the monographs of Simon [130,131]. However,
the background for this example is as follows. Given a probability measure p on the
unit circle T, whose support is not a finite set, we can define a system of orthogonal
polynomials {®,}7° , by applying the Gram—Schmidt process to {1, z, z2,...}. Givena
polynomial 0, (2) of degree n, we define the reversed polynomial Q7 (z) via Q) (z) =
2" 0,(1/7). Szegd’s recurrence relation [139] is given by

D,11(2) = 2P, (2) — @ P (2), (6.5)

where the «,, are known as Verblunsky coefficients [148] and satisfy }oe | | < 1. Verblun-
sky’s theorem [147] sets up a one-to-one correspondence between p and the coefficients

{aj}j?ozo. Define also
/ 2
Pj = 1 - ‘Olj’ > 0.

The CMV matrix associated with {o; }°° o 18

ag a@po pipo O 0
po —arag —p1ag 0 0
C = 8 wmpr —omar a3 p3p2 o | 6.6)
P2P1 —pP20] —0302 —P30¢2 + - -

0 O 0  agp3 —aga3---

This matrix is unitary and banded (and lies in Qn_m +2.0)- This last property does not hold
for the so-called GGT representation [62,68,142], which has infinitely many non-zero
entries in each row. The GGT representation uses the basis {®,,}°2 . Whereas the CMV
representation obtains a basis via applying Gram—Schmidt to {1, z, z~!, z2, z, .. .}. The
key result is that uc = uecl ., 1s precisely the measure 4 on the unit circle. Hence our
new algorithms can be considered as a computational tool for the correspondence

{aj} O_)Mv

in much the same way as for orthogonal polynomials on the real line in Sect. 6.1.
The first example we consider are the Rogers—Szeg6 polynomials [117] given by

aj = (_1)jq(j+1)/2’

where ¢ € (0, 1). In this case,

0 — 2mwm)>
duc = S exp (-Gt ) as
V2r 10g(q*‘ ) 2log(g~1)
which can be expressed in terms of the theta function. Figure 9 (left) shows the conver-

gence of the new algorithm for various g and we see algebraic convergence as before,
with rates O(e) and O (e?) before and after extrapolation respectively (here € is such
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Fig. 9. Left: Convergence of algorithm for Rogers—Szegd polynomials. Right: Corresponding Radon—
Nikodym derivatives (densities of the measure)

that we evaluate the convolutions with the Poisson kernel at radius r = (1 + €)™ 1).
Radon—Nikodym derivatives for larger values of ¢ (shown in the right of Fig. 9) have
larger derivatives and hence larger pre-factor in front of these rates. We can use a similar
collocation method as in Sect. 6.2, using the standard Fourier basis {e!™?},,c7. Note that
the relevant Cauchy transforms can be computed explicitly using Cauchy’s residue the-
orem. Collocation points inside and outside the unit disk are needed (collocating inside
the unit disk causes the Cauchy transforms of the basis functions with negative m to
vanish). This achieved machine precision using just 41 basis functions and collocating
at distance € = 0.1 from T.

The next example we consider are the Geronimus polynomials [63], which have
aj = a with |a| < 1. In this case, for |a + 1/2| < 1/2,

V/c0s2(0,/2) — cos2(6/2)
27 |1 +al|sin((6 — b)/2)|

dirc = X19|>6,

where 0 € [—m, ], b = 2arg(l +a) and 6, = 2sin~!(jal). Figure 10 (right) shows
some typical examples, and note that these density functions are not smooth. When
la +1/2| > 1/2, there is also a singular part of the measure (see [130] for the exact
formula).

In the cases shown in Fig. 10, the collocation method struggles to gain an accuracy
beyond 10~* owing to discontinuity in the derivative of the Radon-Nikodym derivative
and the algorithm based on convolutions is able to gain much more accurate results.
Finally, a typical example is shown in Fig. 11 (left) for ¢ = 0.8 (there is now a singular
part located at & = 0), where we have shown the output of the algorithm and the
exact convolution with the Poisson kernel for r = 1/1.01, as well as the collocation
method using 21 basis functions and collocation points {(1 +0.1)27 /21, (1 £0.1)27 -
2/21,...,(1 £0.1)27}. Here, we see an exact agreement between the algorithm and
convolution. Unsurprisingly in the presence of point spectra, the collocation method
is unstable. Consistent with Theorem 4.2, the algorithm in Sect. 4.2 converges to the
density over the portion of the spectrum, which is purely absolutely continuous. This is
shown in the right of Fig. 11.

6.4. Fractional diffusion on a 2D quasicrystal. In this example, we demonstrate compu-
tation of the functional calculus and consider operators acting on the graph of a Penrose
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Fig. 10. Left: Convergence of algorithm for Geronimus polynomials. In this case the algorithm can obtain
much more accurate results than collocation owing to the non-smoothness of the density functions. Right:
Example density functions for the cases considered
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Fig. 11. Left: The smooth part of the density function (black) for the case of an additional point mass at6 = 0.
Note that the algorithm’s output agrees almost perfectly with the exact convolution of the measure. We have
also shown the output of the collocation method, which is unstable in the presence of the point mass. Right:
Convergence of the algorithm from Theorem 4.2 over the portion of the spectrum which is purely absolutely
continuous

tile—the canonical model of a two-dimensional quasicrystal [47,140,146] (aperiodic
crystals which typically have anomalous spectra/transport properties). Quasicrystals
were discovered in 1982 by Shechtman [125] who was awarded the 2011 Nobel Prize
in Chemistry for his discovery. Since then, quasicrystals have generated considerable
interest due to their often exotic physical properties [135], with a vast literature on the
physics and spectral properties of such aperiodic systems.!! Unlike the one-dimensional
case, little is known about the spectral properties of two-dimensional quasicrystals. A
finite portion of the infinite tile is shown in Fig. 12, and we consider the natural graph
whose vertices are the vertices of the tiling and edges correspond to the edges of the
rhombi. Such a graph posses no periodic structure, and it is generically impossible to
study its spectral properties analytically with current methods. The free Hamiltonian H

u Recently, there has been renewed interest in aperiodic systems connected to graphene in the field of
twistronics [30,97].
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Fig. 12. Left: Finite portion of Penrose tile showing the fivefold rotational symmetry. We labelled vertices from
the centre in a spiral outwards in increasing distance from the origin. Right: Contours used for the fractional
diffusion on the Penrose tile (¢ € N top, & ¢ N bottom). The red line represents the interval containing the
spectrum of — Hy, the branch cut for z¢ is taken to be R<q
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Fig. 13. Left: Convergence for « = 1/2. Right: Convergence for « = 1. We have plotted the errors as a
function of the matrix size (number of matrix columns in the rectangular truncations) used

(Laplacian) is given by
(Hoy)i =Y (¥ — i), 6.7)

i~

with summation over nearest neighbour sites (vertices). The first rigorous computation
of the spectrum of Hy (also with additional error control) was performed in [40]. We
chose a natural ordering of the vertices as in Fig. 12, which leads to an operator Hy acting
on [(N). The local bandwidth grows for this operator (our ordering is asymptotically
optimal) and hence computation of powers Hj" is infeasible for m 2 50, rendering
polynomial approximations of the functional calculus intractable. In the above notation,
Hy € Qo with f(n) —n = O(y/n), and so this example provides a demonstration of
the algorithm for a non-banded matrix. Throughout, we take uy = e, though different
initial conditions are handled in the same manner.

The ability to compute the functional calculus allows the solution of linear evolution
equations. Given A € 2N, a function F (continuous and bounded on o (A)) and ug €
12(N), consider the evolution equation

du

E = F(A)M, Ur—=0 = UQ. (68)
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Fig. 14. Evolution of initial wavepacket under fractional diffusion

The solution of this equation is
u(t) = exp(F(A)uo

and can be computed via the algorithm outlined in Sect. 4.1.
We consider fractional diffusion governed by

du

— = —(=Ho)"u, =0 = uo,

dr !
fora > 0.If « is an integer, then the solution can be represented via contour deformation
as

u(t) = ZLm / exp(—z*t)R(z, —Hoy)uopdz, (6.9)
y

where y is a closed contour looping once around the spectrum. Typically we took
the rectangular contour shown in Fig. 12 and approximated the integral via Gaussian
quadrature. This allows us to compute the solution with error control (we known the
minimal distance between y and o (—Hp) so can bound the Lipschitz constant of the
resolvent) and clearly, this holds for other functions F', holomorphic on a neighbourhood
of o (—Hp). Note that other methods, such as direct diagonalisation of finite square
truncations or discrete time stepping (which is difficult if « ¢ N), do not give error
control and are slower. In fact, for this example, direct diagonalisation was impractical.
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When o ¢ N, we can still deform the contour, but not at 0 since 0 € o (—Hp). Hence
we deform the contour to that shown in Fig. 12. For a discussion of contour methods
applied to finite matrices (in the case that the spectrum is strictly positive), we refer the
reader to [74]. Unfortunately, such methods cannot be applied here since 0 € o (—Hp).
Moreover, 0 appears to not be an isolated point of the spectrum, meaning that dealing
with this point separately is also impossible.

Figure 13 shows the convergence of the algorithm for « = 1/2 and ¢« = 1. For
o = 1/2, error control is not given by our algorithm, so we computed an error by
comparing to a “converged” solution using larger n. The I? error refers to the error in
I(N). The method converges algebraically for & = 1/2 (owing to the contour touching
the spectrum at 0) but converges exponentially for « = 1 with similar convergence
observed over a large range of times 7. Figure 14 shows the magnitude (log scale) of
the computed solution for various times. Note that the techniques presented here can be
applied to any evolution equation of the form (6.8) on infinite-dimensional Hilbert spaces.
They may also be useful for splitting methods/exponential integrators, which require fast
computation of matrix/operator exponentials (see [83,100] and the references therein)
and more generally in the field of infinite-dimensional ODE/PDE systems. For methods
that compute general semigroups on infinite-dimensional separable Hilbert spaces with
error control, see [35].
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A. The SCI Hierarchy: A Framework for Computation

Cornerstones in the SCI hierarchy are the definitions of a computational problem, a
general algorithm and towers of algorithms. The basic objects in acomputational problem
are as follows:

(i)  is some set, called the domain.

(i) A is a set of complex-valued functions on €2 called the evaluation set.
(iii) M is a metric space with metric d 4.
@iv) E:Q — M is called the problem function.

The set 2 is the set of objects that give rise to our computational problems. The problem
function & : Q2 — M is what we are interested in computing. Moreover, the set A is
the collection of functions that provide us with the information we are allowed to read.

Remark 7. Throughout the paper we have relaxed the condition that A € A maps into C
by considering evaluation functions consisting of intervals exhausting a set, piecewise
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constant functions of compact support etc. These seemingly more complicated objects
can be effectively encoded by functions that map into C. For example, when considering
the decomposition (3.1):

U= U(a’”(U)’ bm(U))

of an open set U, we consider Ay, A2, With A1 ,,(U) = a, and A3, (U) = by,.
For the sake of clarity of presentation of the proofs, such encodings are used implicitly
throughout the paper.

This leads to the following definition.

Definition A.1 (Computational problem). Given a primary set €2, an evaluation set
A, a metric space M and a problem function & : @ — M we call the collection
{E, 2, M, A} a computational problem.

The goal is to find algorithms that approximate the function E. More generally, we
need the concept of a tower of algorithms, which is needed to describe problems that need
several limits in the computation. However, first one needs the definition of a general
algorithm.

Definition A.2 (General algorithm). Given a computational problem {E, Q, M, A}, a
general algorithm is a mapping I' : © — M such that foreach A € Q

(i) There exists a finite non-empty subset of evaluations Ar(A) C A,
(ii) The action of I" on A only depends on {A ¢} rear(a) Where Ay := f(A),
(iii) For every B € Q2 such that By = Ay for every f € Ar(A), it holds that Ar(B) =
Ar(A).

Note that the definition of a general algorithm is more general than the definition of
a Turing machine or a Blum—Shub—Smale (BSS) machine. A general algorithm has no
restrictions on the operations allowed. The only restriction is that it can only take a finite
amount of information, though it is allowed to adaptively choose the finite amount of
information it reads depending on the input. Condition (iii) assures that the algorithm
consistently reads the information. Note that the purpose of such a general definition is
to get strong lower bounds. In particular, the more general the definition is, the stronger
a lower bound will be.

With a definition of a general algorithm, we can define the concept of towers of
algorithms.

Definition A.3 (Tower of algorithms). Given a computational problem {E, 2, M, A},a
tower of algorithms of height & for {E, 2, M, A} is a family of sequences of functions

L i Q> M, Ty Q> M, oo, Ty 22— M,

where ng, ..., n1 € Nand the functions Iy, ,, at the “lowest level” of the tower are
general algorithms in the sense of Definition A.2. Moreover, for every A € €,

..........

In addition to a general tower of algorithms (defined above), we will focus on arith-
metic towers. The definition of a general algorithm allows for strong lower bounds;
however, to produce upper bounds we must add structure to the algorithm and towers of
algorithms. An arithmetic tower allows for arithmetic operations and comparisons.
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Definition A.4 (Arithmetic towers). Given a computational problem {E, 2, M, A},
where A is countable, we define the following: An arithmetic tower of algorithms
of height k for {E, 2, M, A} is a tower of algorithms where the lowest functions

i (A) = Ty 0y ({A ¥} ren) is recursive, the action of I' on A
consists of only finitely many arithmetic operations and comparisons on {A r} rear(a),
and 'y, »,(A) is a finite string of complex numbers that can be identified with an
element in M.

Remark 8 (Recursiveness). By recursive we mean the following. If f(A) € Q for all
f €A, A € Q,and Aiscountable, thenT';, . » ({Af}ren) canbe executed by a Turing
machine [145], that takes (ng, ..., n1) as input, and that has an oracle tape consisting of
{Ar}ren.If f(A) e R(orC)forall f € A, thenT,, ., ({Ar}rea) can be executed
by a Blum—Shub—Smale machine [17] that takes (ng, ..., n1), as input, and that has an
oracle that can access any A for f € A.

Given the above definitions, we can now define the Solvability Complexity Index:

Definition A.5 (Solvability complexity index). A computational problem {E, 2, M, A}
is said to have Solvability Complexity Index SCI(E, 2, M, A), = k, with respect to a
tower of algorithms of type «, if k is the smallest integer for which there exists a tower of
algorithms of type « of height k. If no such tower exists then SCI(E, 2, M, A), = oo.
If there exists a tower {I';},en of type o and height one such that E = I';;; for some
ny < oo, then we define SCI(E, 2, M, A), = 0. We may sometimes write SCI(E, ),
to simplify notation when M and A are obvious.

The definition of the SCI immediately induces the SCI hierarchy:

Definition A.6 (The solvability complexity index hierarchy). Consider a collection C of
computational problems and let 7 be the collection of all towers of algorithms of type
o for the computational problems in C. Define

&:={{E,Q} € C|SCI(E, Q) = 0}
A%, = {{E, Q) e C|SCI(E, Q)y < m)}, m €N,

as well as
AY ={{E,Q} eC|I{Thlpen € T s.t. VA ([, (A), E(A)) <27}

In certain cases, the SCI hierarchy can also be refined with notions of error control—
see [12,33,36,37]. We also need the following result.

Proposition A.7. Given a matrix B € C™*" and a number € > 0 one can test with
finitely many arithmetic operations on the entries of B whether the smallest singular
value o1(B) of B is greater than €.

Proof. The matrix B* B is self-adjoint and positive semidefinite, hence has its eigenval-
ues in [0, 00). The singular values of B are the square roots of these eigenvalues of B*B.
The smallest singular value is greater than € if and only if the smallest eigenvalue of B* B
is greater than €2, which is the case if and only if C := B*B — €21 is positive definite.
The matrix C is positive definite if and only if the pivots left after Gaussian elimination
(without row exchange) are all positive. Thus, if C is positive definite, Gaussian elim-
ination leads to pivots that are all positive, and this requires finitely many arithmetic
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operations. If C is not positive definite, then at some point a pivot is zero or negative, at
this point the algorithm aborts. An alternative is the Cholesky decomposition. Although
forming the lower triangular L € C™**" (if it exists) such that C = LL* requires the
use of radicals, the existence of L can be determined using finitely many arithmetic
operations. This follows from the standard Cholesky algorithm, and we omit the details.

0

Finally, we also need the following result.

Proposition A.8. Let (M’, d’) be the discrete space {0, 1}, let Q' denote the collection
of all infinite sequences {a;}jen with entries a; € {0, 1}, let A’ consist of pointwise
evaluations of the {a;} and consider the problem function

E'({aj}) : ‘Does {aj} have infinitely many non-zero entries?’

Then A§ #{E', ', A"} € A

Proof. Consider the arithmetic tower of algorithms defined by

1 if Z?:laj >m,

Fm,n({aj})z 0 otherwise.

This provides a height two arithmetic tower for & and hence {E', @', A’} € A{.
To prove the lower bound, suppose for a contradiction that {I",} is a sequence of
general algorithms, using A’, such that

Jim T (fa;}) = E'({a,}).

We will construct a sequence {a;} such that I';, ({a;}) does not converge, providing the
required contradiction.

Set {a}} jen = {0,0,...}, then there exists n; € N such that Fnl({a}}) = 0.
Moreover, Ar,, ({a}}) C {{aj}jen — am : m < N} for some integer Ny by (i)
of Definition A.2. We choose {ajz.} jeN such that ajz. = a/l. for j < N and a? =1
otherwise. Then there exists no € N such that n, > n; and Fnz({a?}) = 1. Moreover,
Ar,, ({ajz.}) C {{aj}jen — am : m < N,}for someinteger No > Ny by (i) of Definition
A.2. We now repeat this inductively. Explicitly, given the construction up to the kth step,
we define {ai‘.“}jeN by alj‘.“ = af forall j < Nj and af“ = (1+(=1)**1)/2 otherwise.
Then there exists ng.1 € N such that ng41 > ng and Ty, ({ai‘.*l}) = (1+(=DH*hy)2.
Moreover, Ar, ({aﬁ‘.+1
by (i) of Definition A.2.

Finally seta; = a§ for j < Ny.lItis clear from (iii) of Definition A.2, that ', ({a;}) =

D C {{aj}jen = am 1 m < Niy1} for some integer Niy1 > Ni

Iy, ({a’j‘. HD=0+(— 1)]‘)/2 and this implies that I', ({a; }) cannot converge, the required
contradiction. O
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B. Partial Differential Operators: Proof of Theorem 1.1

Before stating and proving a more mathematically precise version of Theorem 1.1, we
need to be precise about the computational problems involved. Recall that we consider
L formally defined on L2(RY) by

Lu(x) = Z ag (x) 3% u(x)
kezd,lki<N

with the class Qppg consisting of self-adjoint L satisfying certain conditions given in
Sect. 1.2.1. We take Appg to consist of

Sk.q.m : QpDE = Q+iQ,
where |Sg,q,m (L) — ar(g)| < 27" for all g € Q, together with
by : Qppe —> Q-0
such that

lakll 4,
sup max
neN [kI=N bn (L)

We also implicitly assume that for any given L, the dimension d and integer N (order) are
known. As well as this, we need to consider the pairs of vectors (members of L2(R%Y))
with which we compute the spectral properties. By the polarisation identity, we can
consider equal functions of norm 1. We let Vppg consist of all f € Lz(Rd) of norm 1
such that

(1) There exists a positive constant C and an integer D (both possibly unknown) such
that

@)1= (1+1x2P),

almost everywhere on R?, that is, f is polynomially bounded.
(2) The restrictions f|_, .« € A, forallr > 0.

We then add to Appg the evaluation functions
Sg.m : VpDE = Q+iQ,
where | Sy (f) — f(g)| <27 forall ¢ € Q, together with
cn : VepE = Q=0

such that

/1l 4,
sup ———— < 00
neN ¢n(f)

With an abuse of notation, we can consider the computational problem from Theorem
3.1

Ermeas : 2pDE X VppE X U — L*(RY)

(L, f,U) — Ef f.
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Recall that I/ is the collection of non-trivial open sets and we have access to a finite or
countable collection a,, (U), b, (U) € R U {00} such that U € U can be written as a
disjoint union

U =J @) b))

Similarly, from Theorem 4.1 we consider
Efun : 2pDE X VppE X Cp(R) — L*(R?)
(L, f, F)— F(L)f.
We assume that given F € Cp(R), we have access to piecewise constant functions Fj,

supported in [—n, n] such that || F — Fy || (—n,n)) < n~L Finally, from Theorem 4.2
we consider

ERN : S2PDE X VepE X U — LY(R)

(L’f,U)HleéﬂU

We restrict this map to the quadruples (L, f, U) such that U is strictly separated from
supp(,u% ) U supp(u% .pp) and denote this subclass by 2ppE.
We can now state the precise form of Theorem 1.1.

Theorem B.1 (Precise form of Theorem 1.1). Given the above set-up,
{Emeas» 2pDE X VPpE X U, AppE} € AY,
{Efun, 2pDE X VepE X Cp(R), AppE} € A,
{ErN, QpDE, APDE} € AL

In other words, we can construct a convergent sequence of arithmetic algorithms for
each problem.

Remark 9. The proof will make clear that we can assume different conditions on the
operator L and function f. We simply choose an appropriate basis so that we can apply
Theorem B.2. We can also extend this to scalar measures (through inner products) and
also to the towers of algorithms (of height > 2) used to compute the decompositions
into pure point, absolutely continuous and singular continuous parts of measures and
spectra.

To prove Theorem B. 1, we need the following theorem, which is similar to the results
of Sect. 2.1.

Theorem B.2. Consider the class Qsa % Sp ), where Sp () denotes the unit sphere
(vectors of norm 1). Assume that for each (T, x) € Qsa X Sp ) we have access to

evaluation functions A= {fi(lj)m, fi(?m, fl(fz 14, j,m € N} with

0, = (Tej e, | £, () = (Tej, Te)
=0Q2™), Vi,jeN,

FO0) — (xer)

’ ’

where the hidden constant depends only on T and x. Then there exists a sequence of
arithmetic algorithms using A

Ty : Qsa X Spayy X C\R — (N)

with the following properties:
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1. Forall (T, x,z) € Qsa x Spyy X C\R, Un(T, x, z) has finite support with respect
to the canonical basis and converges to R(z, T)x in [>(N) as N — oo.

2. For any (T, x) € Qsa X Spy), there exists a constant C(T, x) such that for all
z € C\R,

C(T, x)
ICN(T, x,2) — R(z, T)x|| < N (B.1)

Proof. The proof is similar to that of Theorem 2.1. Let (T, x, z) € Qsa X Sy X C\R.
We have that n = rank(P,) = rank((T — zI) P,) for large n since o1 (T — zI) > 0
(recall that z ¢ o(T)). Hence we can define

0 if 01 (Po(T* —ZI)(T — z1)P,) <

F T =
(T, %,2) {[P,,(T* —ZI)(T — zI)P,]" " P.(T* —ZD)x  otherwise.

Suppose that n is large enough so that o1 (P,(T* — ZI)(T — zI)P,) > 1/n. Then

I'» (T, x, z) is aleast-squares solution of the optimisation problem argmin || (7' —z1) Pry—
x||. The linear space span{e, : n € N} forms a core of T and hence also of 7 — z/. It

follows by invertibility of T — zI that given any € > 0, there exists an m = m(¢) and a

y = y(e) with P,y = y such that

(T —zDy — x| < e

It follows that for all n > m, ||[(T — zI)Fn(T,x, 2)—x|| <|(T —zl)y —x|| <eand
hence that

I (T, x,2) = R(z, T)x|| < @)

Since € > 0 was arbitrary, we see that F,I(T, X, z) converges to R(z, T)x.
For n, m € N, define the finite matrices

B, = Pn(T* —zI)(T — zI) Py, Cm,n = Pn(T* —z)Py.

Given the evaluation functions in A, we have access to the entries of these matrices to
asymptotic accuracy (i.e. for a given diverging subsequence ay, to precision O (27%)).
It follows that we have access to approximations of B, and C, , denoted B,, and C,, ,
respectively with

IBy — Bull = O™, ICin — Counll = O™ Y).

Recall that the O (-) notation also means independently of z and other parameters (though
itmay depend on 7" and x). Note that B, ! can be computed using finitely many arithmetic
operations and comparisons and the resolvent identity implies that

IB;' =B ' =0@m™).

From the proof of Proposition A.7 and a simple search routine, we can also compute
o1(B,) to accuracy n~2 using finitely many arithmetic operations and comparisons.
Denote the approximation via t,. We then define

. 1
0 1fr,,§;

Copn (T, x,2) = 4 =1~ '
m,n( ,X,Z) {Bn—lcm’nx(m) OthﬁrWISe,
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where X() = PpuX(m) is an approximation of Py,x to accuracy O (m~"). It follows that
'y (T, x, z) can be computed using finitely many arithmetic operations. We also have
that

T (T, %, 2) = T (T Xuy, D < 1By = By HICon H1x6my Il + 1By 11 Conn = Conn N 1xmy Il

sothatI'y, , (T, x, z) convergesto R(z, T)x(x) asn — oo.By construction, I';, , (T, x, z)
has finite support with respect to the canonical basis. Furthermore, since Py, X(n) = X(m),
the following error bound holds for any / > m

ICmn (T, x,2) = R(z, T)X(m) |l
< IRz DINT = zDTm (T, x,2) — X(m) |l
_ N = PYT = 2D) PllICnn (T, . )| + 1 PUT = 2D) T (T %, 2) — X(m)ll'
- [Im(z)]
Since we have access to both (Te;, Te;) (norms of the columns of T') and (Te;, e;),
we can estimate ||(I — P;)(T — zI) P, || to asymptotic accuracy O (n~"). It follows that

we can can compute, in finitely many arithmetic operations and comparisons, /(n) > n
such that

A

(I — Piny))(T — zD) Pyl = O(n™").

Similarly, we can estimate || P,y (T — z0) Ty 1) (T, X, 2) — X(m)|l to accuracy omn
and call this approximation v,, ,, and estimate ||I";,; ;) (T, x, 2)|| to accuracy omn
and call this approximation w,,_,. It follows that we have

(Wi + O™ NOM™) + v+ 0"

F Ty s & _R ’T S
I m,n( X,2) (z )x(m)“ Im(2)|

It follows that

Xy — xIl + Win + OO + vy + O™
[Im(z)| '

”Fm,n(Tv x,2) — Rz, T)x|| <

For a fixed m, vy, — 0and wy, , — [|R(z, T)x@m)ll as n — oo. It follows that we can
compute n(m) (again in finitely many arithmetic operations and comparisons) such that

Xy — x|l + O(m™1)

F T5 ) - R -y T S
I m,n(m)( X,2) (z, THx|| IIm ()|

(B.2)

We know that ||x|| has norm 1 and hence we must have
o m
Iy = %112 < D xjP+0m™) =1 |xml*+0m™).
j=m+l j=1

However, we can compute 1 — Z',": 11X |2, which converges to zero as m — 0o. For
a given N, it follows that we can compute m(N) > N such that

m
1— Z x> < N72.
j=1
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This implies that [ x(,) — x|| = O(N~") and hence by setting
n(T,x,2) = Tinwynmawy (T, x, 2)
we see that (B.2) implies (B.1). O

Proof of Theorem B.1. We choose an orthonormal basis of L?(R?) so that we can carry
over the results for /2(IN) proven in this paper. In [37] it was shown that (the orthonormal
basis of) tensor products of Hermite functions form a core for any L € Qppg. Namely
for d = 1 we choose the Hermite functions

Y (x) = Q" mIT) " e 2 Hy (x), m € Lo,

where

n

n 2 d 2
Hy(x) = (=1)" exp(x”) exp(—x7).

dx"
For d > 1 we abuse notation and write ¥, = ¥, ® - - ® ¥y,. The point of this is
that by a suitable ordering of {V},,end = {¥m), ¥m@), ...}, any L € Qppg can be
represented by T € Qga and f € Vppg by f € 1%2(N) with the inner products

(Tej, Tei) = /H;d(Llﬂm(j)(X))(LI/fm(i)(X))dx (B.3)
(Tej,ei) = /Rd(LWm(j)(x))Wm(i)dx (B.4)
(e = / F O Ym (¥)dx. (B.5)

Rd

In [37] it was shown, using the theory of quasi-Monte Carlo numerical integration,
that the inner products in (B.3)—(B.5) can be computed using Appg to asymptotic error
control. In other words, that we can compute any of the evaluation functions in A in the
statement of Theorem B.2 in finitely many arithmetic operations and comparisons. The
result now follows by using Theorem B.2 instead of Corollary 2.2 in simple adaptations
of the proofs of Theorems 3.1,4.1 and 4.2. O
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