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COMPUTING SEMIGROUPS WITH ERROR CONTROL*

MATTHEW J. COLBROOKT

Abstract. We develop an algorithm that computes strongly continuous semigroups on infinite-
dimensional Hilbert spaces with explicit error control. Given a generator A, a time ¢ > 0, an
arbitrary initial vector ug, and an error tolerance € > 0, the algorithm computes exp(tA)ug with
error bounded by €. The algorithm is based on a combination of a regularized functional calculus,
suitable contour quadrature rules, and the adaptive computation of resolvents in infinite dimensions.
As a particular case, we show that it is possible, even when only allowing pointwise evaluation of
coefficients, to compute, with error control, semigroups on the unbounded domain L2 (]Rd) that are
generated by partial differential operators with polynomially bounded coefficients of locally bounded
total variation. For analytic semigroups (and more general Laplace transform inversion), we pro-
vide a quadrature rule whose error decreases like exp(—cN/log(N)) for N quadrature points, that
remains stable as N — oo, and which is also suitable for infinite-dimensional operators. Numerical
examples are given, including Schrodinger and wave equations on the aperiodic Ammann—Beenker
tiling, complex perturbed fractional diffusion equations on L?(R), and damped Euler-Bernoulli beam
equations.
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1. Introduction. Given a linear operator A on an infinite-dimensional separable
Hilbert space ‘H, can we numerically compute, with error control, the solution of

(1.1) u'(t) = Au(t) for t > 0, with initial condition u(0) = ug € H?

The desired solution is written as u(t) = exp(tA)up and made rigorous through the
theory of semigroups [3, 74]. Equation (1.1) arises in numerous applications, and
there exist many numerical methods designed to approximate u(t), including but not
limited to contour methods (the method adopted in the current paper) [42, 79, 85, 94];
domain truncation and absorbing boundary conditions (e.g., when A represents a
differential operator on an unbounded domain) [2, 4, 30, 82, 87]; Galerkin methods
[53, 54, 60]; Krylov methods [39, 41, 56]; rational approximations [13, 24, 72]; and
series expansions, splitting methods, and exponential integrators [1, 45, 46, 48, 61, 63].

The majority of convergence results in the literature concern specific cases of the
operator A. If A is unbounded with domain D(A), it is common to assume regularity
on ug (e.g., ug € D(AY) for some v > 0) to obtain asymptotic rates of convergence. In
particular, the important problem of explicit error control of solutions for arbitrary
initial data is largely open. In this paper, we consider the following question.

Q.1: Can we compute semigroups with error control? That is, does there exist an
algorithm that, when given a generator A of a strongly continuous semigroup on H,
time t > 0, arbitrary ug € H, and error tolerance e > 0 computes an approrimation
of exp(tA)ug to accuracy € in H?
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We provide a positive answer in Theorem 3.1, with minimal assumptions on the
operator A and the initial condition ug. Our method combines a regularized func-
tional calculus, suitable contour quadrature rules, and the adaptive computation of
resolvents in infinite dimensions. To the best of our knowledge, this provides the first
answer to Q.1.

A prototypical example of (1.1) is when A is a partial differential operator (PDO)
on some domain. For unbounded domains, such as H = L?(R9), this is a well-studied
yet notoriously difficult challenge. The methods listed above yield invaluable insight
into many computational issues. However, the answer to Q.1 for unbounded domains
remains largely unknown in the general case. For example, only in specific cases
does one know how to truncate the domain and set appropriate boundary conditions.
Even if one can prove the existence of suitable truncations and boundary conditions,
there may not be an algorithm that does this (the original results of [31] reflect
this). Moreover, difficulties are intensified in the case of irregular geometry or variable
coefficients (see subsection 6.1). For the case of the Schrodinger equation,

0
(1.2) iai; = —Au+Vu, uye L*RY),
Q.1 has only just been answered for general classes of potential V' by using weighted
Sobolev bounds on the initial condition for rigorous domain truncation [7]. In light
of this, a second question we consider is the following

Q.2: For H = L%*(R%), is there a large class of PDO generators A (more general
than (1.2)) on the unbounded domain RY where the answer to Q.1 is yes?

We provide a positive answer in Theorem 4.1 for PDOs formally defined by

[Au](z) = > a(@)dtu(x)

kEZL o, [IKlloo <N

with minimal regularity assumptions on the coefficients a;. Our method uses Hermite
functions (for convenience only) to reduce the problem to Q.1 via quasi-Monte Carlo
numerical integration. Similar results can be shown via this technique for domains
different to R% and using other choices of basis.

The solution of (1.1) is, at least formally, the Bromwich complex contour integral

21

o+ioc0
(1.3) exp(tA)ug = [1/ e (A —zI)"tdz| uy for sufficiently large o € R,
O —100
and computing solutions of (1.1) is a special case of inverting an operator-valued
Laplace transform. The first use of (1.3) as a method for solving the heat equation
goes back to Talbot [83], though with no reported numerical results for time-evolution
problems. For early numerical work on this problem, see Gavrilyuk and Makarov [37],
as well as Sheen, Sloan, and Thomée [79]. Since these early works, there have been
numerous methods using (1.3), with a focus on parabolic PDEs [27, 36, 59, 64, 79, 92,
94] (see also the discussion in section 5). For analytic semigroups, one can deform the
contour of integration to obtain exponential decay of the integrand (see Figure 1).
An excellent survey of contour methods is provided in the paper [85] of Trefethen
and Weideman. Contour methods possess many potential advantages, particularly
when the resolvents (A — zI)~! can be computed efficiently. The linear systems that
result from quadrature rules can be solved in parallel, and their solutions can be reused
for different times. When direct methods are impractical, Krylov subspace methods
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Fic. 1. Left: The spectral picture of a general semigroup with w = 0. The shaded region
encloses the spectrum of the generator A, and the contour 7y is parallel to the imaginary axis. Right:
Ezample sector containing the spectrum of a generator A of an analytic semigroup (complement of
Ss for § = 0.4) and the corresponding deformed hyperbolic contour .

are useful since only one Krylov basis needs to be constructed and computations for
different z reduce to a sequence of upper-Hessenberg systems of small dimension [80].
In the present paper, we demonstrate an additional key advantage: contour methods
can be used in the infinite-dimensional setting to tackle Q.1 directly, even for non-
analytic semigroups. In the general case, contour deformations may not be possible,
and one needs to be careful even when defining exp(tA) for unbounded, possibly
nonnormal operators A [5]. For example, the integrand in (1.3) is not absolutely
convergent. To overcome this issue, we combine a regularized version of the functional
calculus and numerical quadrature of an appropriate contour integral. We compute
the resolvent in an adaptive manner, providing explicit error control.

Dealing with the operator A directly, as opposed to a truncation or discretiza-
tion, allows us to provide rigorous convergence results under quite general assump-
tions. In many problems, there is an additional practical benefit in that it is easier
to bound the resolvent (see (6.1) for how to do this using the numerical range).
In contrast, previous approaches to (1.1) are typically of the flavor “truncate-then-
solve.” A truncation/discretization of A is adopted, and methods for computing
the exponential of a finite matrix are used. In rigorously answering Q.1, it is vital
to adopt a “solve-then-discretize” approach! with the main steps outlined in Algo-
rithm 3.1. The “solve-then-discretize” paradigm has recently been applied to spectral
computations [16, 20, 23, 47, 51], extensions of classical methods such as the QL
and QR algorithms [21, 89] (see also [84]), Krylov methods [38, 66], and spectral
measures [18, 22, 90]. Related work includes that of Olver, Townsend, and Webb,
providing a foundational and practical framework for infinite-dimensional numerical
linear algebra and computations with infinite data structures [67, 68, 69, 70].

1.1. Summary of main results. Paraphrases of our main theorems are as
follows.

Theorem 3.1: Given an infinite matrix representation of A, the answer to Q.1
is yes.

Theorem 4.1: The answer to Q.2 is yes for PDOs that generate a strongly
continuous semigroup and whose coefficients are polynomially bounded and of locally

IThe term “solve-then-discretize” can be traced at least as far back as the Chebfun package for

computing with functions in MATLAB [28].
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bounded total variation. This result holds even if we only allow our algorithm to
point sample the coefficients and can be extended to domains other than R?.

Theorem 5.1: We provide a stable and rapidly convergent quadrature rule for
analytic semigroups, summarized in Algorithm 5.1. The quadrature error decreases
like exp(—cN/log(N)) for N quadrature points, and the quadrature remains stable
as N — 00.2 To deal with infinite-dimensional operators, contours are evaluated far
from the spectrum of A so that computing (A — 21)~! does not become prohibitively
expensive or require large truncations. Our quadrature rule can also be used for
inverting more general Laplace transforms (subsection 6.2).

We demonstrate the practicality and versatility of our approach on a range of
examples in section 6. The only implementation requirement is computing (A —2I)~!
with error bounds. This flexibility allows users to compute semigroups for a wide range
of problems and employ their favorite discretization.

1.2. Extensions to high-order Cauchy problems. Our results extend to

(1.4) uN) 4 Ay w4 Agu =0 for ¢ > 0,
u(0) =u; for j=0,...,N —1,

for suitable operators Ao, ..., Ay_1. Here, the notation ) means the Ith deriva-
tive of u with respect to time. One can study (1.4) directly, under the assumption
that u; € H, via the characteristic polynomial p(ny(z) = 2N+ Z;V;Ol 23 Ay, and the
generalized resolvent R(yy(z) = p(ny(2) . However, a stronger form of the usual
well-posedness [95] is required when N > 1 to prevent paradoxical situations such
as loss of exponential bounds of solutions and nonexistence of phase spaces [32]. A
generalization of the Hille-Yosida theorem holds under these conditions [95, Chapter
2], and our methods of building algorithms with error control can be extended under
strong well-posedness by replacing (A — zI)~! with R(y)(z). A special case, where
strong well-posedness is not needed, is the generalized wave equation

u’(t) = Au(t), t>0, w(0) =ug € H, u(0)=wu; €H,

whose solutions can be computed using sines and cosines of v/ —A.
A far more common approach reduces (1.4) to the first-order system [29, Chapter
VI

0 I U
0 I u®
U =AU fort >0, A= _ ) . U=
—Ay —A; - —An uW-1)

This approach allows a more flexible treatment of initial conditions (e.g., u; could lie
in different subspaces of a Banach space). Our results apply directly to this case if A
generates a strongly continuous semigroup (see the example in subsection 6.3).

2This is a well-known difficulty in the literature—instabilities occur for quadrature rules whose
points have unbounded real part as N — oo [92]. An advantage of a stable quadrature rule is that
it no longer becomes essential to determine an optimal value of N or optimal contour parameters,
which often requires a heavy burden of case-specific analysis on the user. Taking N larger no longer
incurs a stability penalty, and fine-tuning to achieve high accuracy is no longer needed.
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1.3. Notation and outline. We use (-,-) to denote the inner product on H.
The induced norm and corresponding operator norm are denoted by |- ||. The identity
operator on a Banach space X is denoted by I, and the algebra of bounded linear
operators on X is denoted by £(X). The spectrum and domain of a linear operator
A are denoted by Sp(A) and D(A), respectively. The resolvent operator (A — 2I)~1,
defined on the resolvent set p(A) := C\Sp(A), is denoted by R(z, A). When dealing
with I2(N) (the space of square summable sequences), P, denotes the orthogonal
projection onto the span of the first n canonical basis vectors.

In section 2 we recall basic properties of strongly continuous semigroups and
suitable definitions of computational problems in infinite-dimensional spaces. Results
for the canonical Hilbert space [2(N) are presented in section 3 and extended to PDOs
in section 4. Quadrature rules for analytic semigroups are presented in section 5,
along with numerical examples. Further numerical examples are given in section 6
and concluding remarks in section 7. We also include an appendix of some results
needed in our proofs.

2. Mathematical preliminaries.

2.1. Recalling basic properties of semigroups. We first recall the following
two definitions, found in any textbook that treats semigroup theory, for example,
[3, 74]. The first definition defines a semigroup, and the second provides standard
notions of a solution of (1.1). Theorem 2.3 then connects these two definitions.

DEFINITION 2.1. A strongly continuous semigroup (Co-semigroup) on a Banach
space X is a map S : [0,00) = L(X) such that
1. S(0) =1,
2. S(s+1t)=5(s)S(t) foralls,t>0,
3. S(t) converges strongly to I ast ] 0 (i.e., limyoS(t)x =z for all x € X).
The infinitesimal generator A of S is defined as Az = limyyo +(S(t) —I)z, where D(A)
is all x € X such that the limit exists, and we write S(t) = exp(tA).

DEFINITION 2.2. A continuous function u : [0,00) — X is a
1. classical solution of the Cauchy problem (1.1) if it is continuously differen-
tiable, u(t) € D(A) for allt >0, and (1.1) is satisfied;
2. miald solution of the Cauchy problem (1.1) if for all t > 0,

/ u(s)ds € D(A) and A/ u(s)ds = u(t) — up.
0 0

The following theorem tells us precisely when a unique mild solution exists.

THEOREM 2.3 (see [3, Theorem 3.1.12]). Let A be a closed operator acting on
the Banach space X. The following assertions are equivalent:
(a) For any ug € X, there exists a unique mild solution of (1.1).
(b) p(A) # 0, and for every ug € D(A), there is a unique classical solution of (1.1).
(¢) The operator A generates a Cy-semigroup S.
When these conditions hold, the solution is given by u(t) = S(t)ug = exp(tA)ug.

The Hille-Yosida theorem tells us precisely when an operator A generates a
strongly continuous semigroup and thus, by Theorem 2.3, when (1.1) admits a unique
solution.

THEOREM 2.4 (Hille-Yosida theorem). A closed operator A on X generates a
Co-semigroup if and only if A is densely defined and there exist w € R, M > 0 with
the following:
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(1) {AeR:A>w} Cp(A4).
(2) For all A\ > w andn € N, (A —w)"||[R(\, A)™|| < M.
Under these conditions, ||exp(tA)| < M exp(wt), and if Re(\) >w, then A€ p(A) with

" M
(2.1) 1RO A < ey = VP EN

We show below that Theorem 2.4 can be exploited to give an algorithm that
positively answers Q.1. In particular, the resolvent bound in (2.1) is used in the proof
of Theorem 3.1 and allows error estimates for regularized contour integrals.

2.2. Computational problems. Since the general Hilbert space H we consider
is infinite-dimensional, care must be taken when defining a computational problem
and when stating the information that we allow our algorithms to access. We begin
with a precise and general definition of a computational problem, following the setup
of Solvability Complexity Index (SCI) hierarchy [8, 17, 19, 44]. The SCI hierarchy
provides a general framework for scientific computation.

DEFINITION 2.5. A collection {Z,Q, M, A} is a computational problem if the fol-
lowing hold.
(i) Domain: Q is some set.
(ii) Ewaluation set that distinguishes elements of Q: A is a set of complex-valued
functions on Q such that if 11,12 € Q has f(t1) = f(t2) for all f € A, then
L1 = lg.

(iii) Problem function: Z: Q — M, where M is a metric space with metric dp.

The domain €2 is the set of objects that give rise to our computational problems.
The problem function = : Q — M describes what we want to compute. Finally, the
evaluation set A is the collection of functions that provide the information we allow
algorithms to read. With this in hand, we can define a general algorithm, which shows
the interplay and purpose of each part of a computational problem.

DEFINITION 2.6. Given a computational problem {Z,Q, M,A}, a general algo-
rithm is a mapping I' : Q@ — M such that for each ¢ € €,
(i) there exists a finite (nonempty) subset of evaluations Ap(t) C A;
(ii) the action of T' on v only depends on {ty}fenr (), where vp = f(1);
(iii) for every m € Q such that ny = vy for every f € Ap(v), it holds that Ap(n) =
A[‘(L).
We will sometimes write I'({Ay}ren(a)) to emphasize that I'(A) only depends on the
results {Ay}reapay of finitely many evaluations.

These three properties are the most fundamental properties we would expect any
deterministic computational device to obey. The first condition says that the algo-
rithm can only take a finite amount of information, though it is allowed to adaptively
choose the information, depending on the input it reads. The second condition ensures
that the algorithm’s output only depends on its input. The final condition ensures
that the algorithm produces outputs consistently. The goal is for the algorithm I" to
approximate the problem function = : 2 — M in a suitable sense.

The type of algorithms in this paper. In this paper, we exclusively consider
arithmetic algorithms (shortened to “algorithms”), meaning that T is recursive in its
input ({f(¢)}ren for ¢ € Q) and outputs a finite string of complex numbers that can
be identified with an element in M. For example, when considering computations in
12(N), our algorithms compute a vector in 1?(N) of finite support with respect to the
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canonical basis. By recursive we mean the following. If f(¢) € Q+iQ for all f € A,
¢ € Q, then I'({f(t)}fen) can be executed by a Turing machine. If f(:) € C for
all f € A, then T'({f(¢)}fen) can be executed by a Blum-Shub-Smale machine [9]
(in both cases with an oracle consisting of {f(¢)}fea). The reader need not worry
about these matters, but note that this means that our algorithms can be adapted
and executed rigorously through methods such as interval arithmetic [77, 88].% For
all of the numerical examples of this paper, we have performed computations using
standard IEEE double-precision floating-point arithmetic.

3. Co-semigroups on [?(N) can be computed with error control. First,
we consider the canonical separable Hilbert space I?(N) of square summable sequences,
using ej, ez, ... to denote the canonical orthonormal basis. Let C(I?(N)) denote the
set of closed and densely defined linear operators A such that span{e, : n € N} forms
a core of A and its adjoint A* [52, Chapter 3]. If A € C(I3(N)), then we can associate
an infinite matrix with the operator A through the inner products A, = (Aex, e;).
Given (A, ug) € C(I*(N)) xI?(N), we consider the following evaluation functions (recall
that this is the readable input to our algorithm), denoted by A;, which include the
case of inexact input:

e Matrix evaluation functions: {f;l) @ J,k,m € N} such that

kom J g k,m

0 (A) = (e e) <27™, £33 (A) = (Aex, Aej)| <27™ Vjk,m € N.

k,m

e Coefficient and norm evaluation functions: {f; : j € NU {0}, m € N} such that
B-1)  fom(uo) = {uo,uo)| <27, [fjm(uo) = (uo, ;)| <27™  Vj,m € N.

Following Definition 2.5, we let Q¢, denote the set of triples (A, ug,t), where
A € C(I*(N)) generates a strongly continuous semigroup, uy € [2(N) and ¢ > 0. We
define the set of evaluation functions for such triples to be Ac, = AfU{M(A),w(A)},
where M = M(A) and w = w(A) are constants satisfying the conditions in Theo-
rem 2.4 for the generator A. Finally, we consider the problem function Z¢, : Q¢, —
I2(N), (A, ug,t) — exp(tA)ug. In other words, the computation of the solution of
(1.1). The following theorem provides a positive answer to Q.1 in the introduction.

THEOREM 3.1 (Cp-semigroups on [?(N) computed with error control). — There
exists an algorithm T using Ac, such that for any € > 0 and (A, uo,t) € Qc,,

HF(A7 Uo, tv 6) - eXp(tA)Uo” <e.

The algorithm is summarized in Algorithm 3.1, which outlines the key steps.
First, we write the exponential exp(tA) as an absolutely convergent integral using a
regularized functional calculus. We then reduce the problem to computing this inte-
gral acting on span{e, : n € N}. Finally, the integral is computed using quadrature
and adaptive computation of the resolvent with error control.

Proof of Theorem 3.1. Let (A, uq,t) € Qc,, and set w = w(A4) and M = M(A)
throughout the notation of this proof. It suffices to show that given any e¢ > 0,

3The results of the current paper can be interpreted in terms of the SCI hierarchy. A computa-

tional problem {Z, 2, M, A} lies in A{ if there exists an algorithm T such that daq(I(¢,€),E(1)) < ¢
for all « € Q and € > 0. For the other classes in the SCI hierarchy, see [17]. For example, most
infinite-dimensional spectral problems of interest do not lie in A‘f, and there is a classification the-
ory determining which spectral problems can be solved and with what type of algorithm [17].
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Algorithm 3.1 Algorithm for computing semigroups on [?(N) with error control.
The details of how to do each step are provided in the proof of Theorem 3.1. Steps 2,
3, and 5 require a solve-then-discretize approach for computing the action of A and
the resolvent R(z, A) with error control via the available input information A¢,. We
have used the notation w = w(A) and M = M(A) (constants in Theorem 2.4).

Input: (A, ug,t) € Q¢, through evaluation set Ac,, where A generates a strongly
continuous semigroup, ug € I2(N), and ¢ > 0, as well as error bound € > 0.

1 /“""1‘“‘>o e*'R(z, A)

Let B=|— ————~—dz| denote the regularized integral.
[ Hloice (2= (W+2))?

211

N

1: Compute u§ = ZJO 1 ugfj)ej such that ||ug — u§|| < eexp(—wt)/(2M).
Compute u§ = ZJl 1 ugej)ej such that ||u§ —(A—(w+2)1)ug| < eexp(—wt)/(2M?).
(—wt)/(2M?).

Compute u§ = Zf 1 ué])ej such that ||u§+(A—(w+2)uf|| < eexp

Compute weights w; and nodes z; such that | B — Zj:l w;R(zj, A)|| < €/16.
Using the input bounds on the resolvent provided by the Hille-Yosida theorem and
Proposition A.2 to control the total error in computing the resolvents, compute

75 ~ R(zj, A)u5 so that Z —1 [wjlllr§ — R(25, A)us| < €/16.

Output: T'(A, ug, t,€) = Z;V:1 w;r§, an e-accurate approximation of exp(tA)ug

we can compute an e-accurate approximation of exp(tA)ug. We use the following
reqularization to define the needed holomorphic functional calculus [6]:

1 w+1+1i00 ztR A
/ € (Z? ) dZ u07

270 Jurimine (2= (W+2))?

=B

exp(tA)ug = —(A — (w + 2)1)? [

where the integral is taken in the direction w+1—i00 to w+141400. The point of this
regularization is that the integral now converges absolutely. With this representation
in hand, we can now prove Theorem 3.1 via the following three steps.

Step 1: Reduction to a finite sum. Using Lemma A.1 in the appendix, we can
compute u§ = Z;’O 1 ué;) e; such that |lug — u§|| < eexp(—wt)/(2M) (approximating
this quantity from below using A¢,). This bound is chosen so that, using || exp(t4)] <
M exp(wt), we have ||exp(tA)(up — u§)|| < €/2. So it suffices to compute exp(tA)u
to accuracy €/2.

Step 2: Reduction to an absolutely convergent integral. Since uf is a
finite sum of elements in D(A), u§ € D(A), and we can rewrite the exponential as

exp(tA)uf = —(A — (w+2)1)B(A — (w+ 2)1)ug
Note that the evaluation functions in A¢, allow us to compute the inner products
(A= (w+2)D)uf, (A—(w+2)1)uf) and ((A—(w+2)1)uf, e;) to any specified accuracy.
We can therefore apply Lemma A.1 to the vector (A — (w + 2)I)u§ to compute u§ =
Zjl 1 ugz)ej such that [|u§ — (A — (w + 2)D)u§|| < eexp(—wt)/(2M?). Since

(3-2) I(A=(w +2)) B <[l exp(tA) || R(w + 2, A)|| < MZe" /2,

we must have that || exp(tA)u§ + (A — (w+2)I)Buf|| < €/4. So it suffices to compute
—(A — (w+ 2)I)Buj to accuracy €/4. Since u§ € D(A) (it is a finite sum of elements
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in D(A)), —(A — (w+ 2)I)Buf = —B(A — (w + 2)I)uj. Using the same argument
as before, we can compute u§ = Zjil ugsj)ej such that [|u§ + (A — (w + 2)T)u§|| <

eexp(—wt)/(2M?). By Theorem 2.4,
IB]| < [ exp(tA)||[| R(w + 2, A)?|| < M? exp(wt) /4.

It follows that |Bu§ + (A — (w + 2)I)Bu§|| < ¢/8. Combining these inequalities, we
therefore have that

| exp(tAyug — Busl| < 5+ + <.

Hence it suffices to compute an e/8-approximation of Bu§. Since u§ is a finite linear
combination of canonical basis vectors, it suffices to show that for any | € N we can
compute the following to any given accuracy:

B 1 w~1+4i00 eZtR(Z7A)
(3.3) Ber = { /w+1—ioo m

271
Step 3: Approximation of the integral through adaptive approximation
of the resolvent and quadrature. To prove this, fix [ € N, and define

dz| e;.

exp((w + 1)t + ist)
2m(is — 1)2

(3.4) F(s) = R(w+1+1s, A)e; € I*(N).

Then (3.3) can be rewritten as [, F/(s)ds. Note that by (2.1),
(3.5) I (s)ll < Mexp((1+w)t)(1+ )7/ (27).

Given € > 0, we can therefore compute a cutoff L € N such that

H /y|>L F(s) dSH = J\W/S>L (1 +52)_1 ds < w <eé

Hence it suffices to compute ffL F(s)ds to arbitrary accuracy. By bounding each
term of the derivative separately and using (2.1), we have

(3.6) IF'(s)I < B+ IF ()] < (3 + )M exp((1 +w)t)/(2m).

Using (3.5) and (3.6), for a given é > 0, we can compute an integer m such that

L L-m . ’
1 2L|F'leo _ .
[ roae-t § p(L)] <2l
_L m m m

j=—L-m+1

Hence it suffices to be able to compute F'(gq) for rational ¢ to arbitrary accuracy. This
follows from Proposition A.2 (applied to the shifted operator T = A — (w+1+iq)I),
standard approximations of exp((w + 1)t +iqt)/(2n(ig — 1)?), and the fact that we
can use (2.1) to bound the resolvent norm appearing in Proposition A.2. d

In practice, one uses a method such as Gaussian quadrature for the truncated
integral in the final step. The resulting error bounds after truncation decrease expo-
nentially in the number of quadrature points. Optimal contours could also be found by
studying regions of analyticity and bounds on the function F in (3.4). For large times,
one can also use quadrature methods for oscillatory integrals [25]. Such bounds are
more complicated, so we present the above contour and quadrature rule in the proof.
We provide a detailed analysis of quadrature for analytic semigroups in section 5.
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4. Extension to PDOs on LZ(R%). We now extend the above technique to
PDOs. As an example, we consider the closure, denoted by A, of the initial operator

(4.1) [Au)(z) = Z ar(x)0u(z), D(A) = {u smooth with compact support}.
keZL ,|k|<N
We use multi-index notation with |k| = max{|ki|,...,|ka|} and 8% = 9f19%2 ... 9k,

We assume that A is closable and that the coefficients ay(z) are complex-valued
measurable functions on R%. For dimension d and r > 0, consider the space

AT = {f € Meas([—n r]d) : ||f||oo + TV[*’I",T]d(f) < OO},
where Meas([—r, r]¢) denotes the set of measurable functions on the hypercube [—r, r]¢
and TV|_, e the total variation norm in the sense of Hardy and Krause [65]. This
space becomes a Banach algebra when equipped with the norm [10]

1flLa, == | fliermall, + BF+ DTV (_pga(f).

We let Qppg be all such (4, ug,t) with ug € L2(R?) and ¢ > 0, for which A generates
a strongly continuous semigroup on L?(R?) and the following hold:

(1) The set of smooth, compactly supported functions forms a core of A and A*.

(2) At most polynomial growth: There exist positive constants C}, and integers By,
such that almost everywhere on RY, |ay(z)| < Ci(1 + |2[?B*).

(3) Locally bounded total variation: For all r > 0, wuo|(_ a4, Gk|[—r, e € A

These assumptions are very mild as the class of functions with locally bounded
variation includes discontinuous functions and functions with arbitrary wild oscilla-
tions at infinity. For input (A, ug,t) € Qppg, we define Appg as the set of evaluation
functions (where ranges of indices have been suppressed for notational convenience):

a) Pointwise coefficient evaluations: {Sk ;. } such that for all m € N,
() a
|Sk.qm(A) —ar(q)] <27™ Vg€ Q.
b) Pointwise initial condition evaluations: {5, ,,} such that for all m € N,
a,
|Sqm(u0) —uo(g)] <27™ Vg eQ”.

(c¢) Bounds on growth and total variation: {Cy, By} such that the bound in (2)
holds and positive sequences {by,},cy and {c,}, oy such that for all n € N,

max llaklla, <bn uolla, < en

(d) Decay of initial condition: A positive sequence {d, },y such that

||u0|[7n,n]d - u0||L2(Rd) < dp, lim d, =0,
n—o0

together with constants M = M(A) > 0 and w = w(A) > 0 satistying the
conditions in Theorem 2.4 for the generator A.
We consider the problem function Zppg : Qppr — L2(R?), (A, ug, ) — exp(tA)uo,
in other words, the computation of the solution of (1.1) for PDOs A on L?(R%). The
following theorem provides a positive answer to Q.2 in the introduction.
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Algorithm 4.1 Algorithm for computing PDO semigroups on L%(R%) with error
control. The details of how to do each step are provided in the proof of Theorem 4.1.
The choice of Hermite functions is simply for convenience—the algorithm for other
choices of bases and for different domains is analogous.

Input: (A, ug,t) € Qppgr through evaluation set Appg, where PDO A generates a
strongly continuous semigroup, ug € L?(R?), and ¢ > 0, as well as error bound € > 0.

1: Convert the problem to one on [?(N) via
(Aey, Aej) = /Rd(Awm(k))(Awm(j))dma (Aey,e;) = /}Rd(A¢m(k))¢m(j) dz,
(to, e5) = / UoYm(j) dx,  (To, o) = / uglg dx,
R4 Rd

where {thm ;) }jen denotes an ordering of a tensor product Hermite basis of L?(R%).
The integrals are computed using the total variation and growth bounds of coef-
ficients/intial condition and quasi-Monte Carlo numerical integration.
2: Using step 1 to provide the A¢, evaluation functions, apply Algorithm 3.1 with
input (A g, t) and e. Call this output F(A g, t, €).
3: Using the finite number of coefficients of T'(A, @ig, t, €) computed in step 2, generate
the solution o
F(A7 Uo, t) = Z[P(Av ﬁ'Oa t, E)me(j) € LQ(Rd)
J
Output: I'(A, ug,t), an e-accurate approximation of exp(tA)ug expressed as a finite
linear combination of tensor products of Hermite functions.

THEOREM 4.1 (PDO Cp-semigroups on L?(R?) computed with error control).
There exists an algorithm I' using Appg such that for any € > 0 and (A, ug,t) € Qppg,

HF(A7 Uo, t7 6) - eXp(tA)UOH S €.

The algorithm is summarized in Algorithm 4.1. Theorem 4.1 says the following
for PDOs with coefficients that are polynomially bounded and have locally bounded
total variation. If the PDO generates a strongly continuous semigroup, then we
can compute the semigroup with error control via point sampling the coefficients
and initial condition. For example, we can solve the time-independent Schrodinger
equation (1.2) on L2(R%) with error control (here M(A) = 1,w(A) = 0) for potentials
satisfying the conditions in (2) and (3). As discussed in section 1, this is a decidedly
difficult problem. Moreover, the result in Theorem 4.1 is much more general than just
Schrodinger operators.

Proof of Theorem 4.1. The proof strategy is to reduce the computational problem

to the case covered by Theorem 3.1. We consider the Hermite functions
m —1/2 _—x?/2 m x> dam —x?
Ym(z) = (2"mlym) " 2e H,(z), Hpy(x)=(-1)"¢ prrri i m € Z>g.
xm =

As an orthonormal basis of L?(R%) we consider tensor products ¢, = ¥m, @@y,
for m = (mq,...,mq) € Z‘éo. Let (A, ug,t) € Qppg. The conditions on A imply that
the orthonormal basis of tensor products of Hermite functions forms a core of A
and A* [20]. We can choose a suitable ordering (such as the hyperbolic cross [60])
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m : N — Z%, of these basis functions to identify L?(R?) = I?(N). The point of this is
that any (A, ug,t) can be represented by (/1, g, t) € Q¢, through the inner products

d

(42 (Aendes) = [ (A Amg o (erees) = [ (At do.

(4.3) (o, e5) = /Rd U U () da.

Theorem 4.1 follows from Theorem 3.1 if we can show that the evaluation functions
in Ag, can be computed via an algorithm from the evaluation functions in Appg.

In [20] (which considered computation of spectra), quasi-Monte Carlo numerical
integration was used to show that the inner products in (4.2) can be computed with
error control using Appg. To finish the proof, we need only consider the evaluation
functions in (3.1). Let 6 > 0, and compute n € N such that d,, < J. It follows that

’<U0, u0> - <u0|[—n,n]da uO‘[—n,n]dH < 627 |<u0’ 6j> - <u0|[—n,n]d7ej>| < J.

Since § > 0 was arbitrary, it suffices to show that for any n € N, suitable fy ., and f; .,
in (3.1) can be computed for ug|[_, ;)¢ instead of ug. But this follows from the results
of [20] that were used to compute the integrals in (4.2) (the bound in assumption (2)
of the definition of Qppg is used to truncate the relevant integrals—it is not needed
for ug because of the compact support of wuo|[_y, n)a)- 0

The choice of Hermite functions in the proof is convenient for many practical
scenarios (e.g., it generates sparse matrices for polynomial coefficients) and is chosen
since it allows a very large class of coefficients to be treated, namely, those satis-
fying assumptions (2) and (3). There are, of course, many different basis choices
for L?(R?) for which similar results can be proven with correspondingly different
classes of coefficients for A. The key point is the ability to reduce the problem to
{26y, Q5 12(N), Ac, } through computation of the relevant integrals and apply The-
orem 3.1. The choice of basis can also impact the computational efficiency in either
the matrix representation of the operator itself or the solution’s representation. Sim-
ilarly, Hilbert spaces different to L?(R%) and computational domains different to R¢
can be treated: examples are provided in subsection 5.2 and section 6.

5. Stable and rapidly convergent quadrature for analytic semigroups.
In this section, we assume that A generates an analytic semigroup and that the sector
Ss = {z € C: |arg(z)| < m — §} is contained in p(A) for some 6 € [0,7/2). This is
shown in Figure 1 (right), where we remind the reader that p(A) = C\Sp(A). We take
the shift w in the definition of sectorial operators to be zero without loss of generality
since it can be factored back in via multiplication by a suitable exponential.

As discussed in section 1, there exists a large literature on quadrature of the
integral appearing in (1.3). The typical approach deforms the contour of integration
into a contour 7y (parametrized by z € R) that begins and ends in the left half-
plane such that Re(y(z)) — —oo as |z| — oo. This idea can be traced back to
the 1950s and Talbot’s doctoral student Green [40], as well as Butcher [15]. Later,
Talbot published a landmark paper [83], where he generalized and improved the earlier
work of Green. Popular contour choices include variations of Talbot’s contour [27],
parabolic contours [37, 93], and hyperbolic contours such as Figure 1 (right) [59,
79] (see [86] for interpretations in terms of rational approximations). After such a
deformation, the trapezoidal rule provides a simple and very effective quadrature
rule:
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_n X
(51) exp(tAuo ~ 55 3 e Rz AN, =1 0h)
j—

For example, [93, Table 1] provides a comparison of the order of exponential conver-
gence in the number of quadrature points for various methods in the literature.

In our setting, however, there are two important factors that must be consid-
ered. The first is the numerical stability of the sum in (5.1). Even in the unrealistic
situation of computing each R(z;, A) with zero error, if ¢ max(Re(z;)) is unbounded
as N — oo, then the exponential terms in (5.1) increase and render the sum un-
stable. This instability is demonstrated in the beautiful error plots of [94], which
considers optimal choices of parameters for parabolic and hyperbolic contours (see
also Figure 2).* The second factor is the numerical cost of computing R(z, A). This
point is largely neglected in the literature, which focuses on finite-dimensional systems
(such as truncations of differential operators). Here we are referring to the cost of
approximating the full infinite-dimensional R(z, A), as opposed to the cost of com-
puting (A — 2I)~! for a truncation/discretization A of A. For infinite-dimensional
systems, the cost typically increases as z approaches the spectrum of A (some reasons
for this are given in [22] in the setting of computing spectral measures). For exam-
ple, in [27], the contour passes through a point on the positive real axis whose real
part decreases like O(N ~2t~1), which leads to an increased truncation size needed to
accurately compute the resolvent if 0 € Sp(A). We therefore seek a quadrature rule
that simultaneously

(a) avoids the growth of ¢t max(Re(z;)) as N — oo and

(b) has a distance to the spectrum of A that does not shrink as N — oo for a

fixed t.
Both points are demonstrated via numerical examples below.

We consider a hyperbolic® contour parametrized as in [94]:

(5-2) Y(w) = p(1 +sin(iz — @), p>0, 0<a<g—5.

Since it is beneficial to reuse the computed resolvents at different times in (5.1), we
consider computing exp(tA) for ¢t € [to,t1], where 0 < ¢y < ¢;. Using the arguments
in [94], there are three error terms associated with the choice (5.2):

B, =0 (e—QTr(%—a—ts)/h) ., E=0 (eyt172rr%) , E3=0 (eutg(lfsin(a) cosh(hN))) )

The first two terms correspond to the discretization error of the integral, whereas the
third corresponds to the truncation error when using a finite value of N. We seek
to asymptotically optimize the parameters h,a, and p under the assumption that
~v(0)t; = pt1(1 —sin(e)) < B for some S > 0 as N — oo. The extra free parameter 3

4 A mechanism for providing stability for Talbot contours and for operators whose spectrum lies
on the negative real axis (§ = 0, 0 ¢ Sp(A)) is given in [27]. See also [92]. Regarding hyperbolic
contours, [58] shows weak instability for h = log(N)/N and contour parameters p,« (see (5.2))
independent of N. This leads to O(nlog(log(N)) + exp(—cN/log(NN))) convergence, where 7 is the
error in computing the resolvent. As noted [59], for N-dependent p and «, stability plays a key role.
A choice of (n, N)-dependent parameters is proposed in [59] that leads to O(n + exp(—cN/log(N)))
convergence.

5We do not consider parabolic contours for two reasons. First, we wish to include the case
that 6 > 0, which is impossible for parabolic contours. Second, if max(tRe(z;)) is bounded above
as N — oo, one can show that the optimal quadrature error when using parabolic contours is
O(exp(—cN?/3)), which is worse than the bounds we derive below.
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Algorithm 5.1 Stable and rapidly convergent algorithm for analytic semigroups.

Input: A (a generator of an analytic semigroup with Ss C p(A) for 6 € [0,7/2)),
ug €EH,0<tyg <ty <oo, >0, NeN, and n > 0.

1: Let v be defined as in (5.2) with a,p, and h given by (5.3), (5.4), and (5.5),

respectively, where Ay = t1/tg.
2: Set z; = v(jh) and w; = 4/ (jh).
3: Solve (A — z;I)R; = —ug for —N < j < N to an accuracy 7.

Output: ay(t) = Z;\fsz e*itw;R; for t € [to, t1].

controls the maximum size of the exponential terms in the sum (5.1) and is introduced
to ensure stability (point (a) above).
Equating the exponential factors in E; and Fs yields the equation

(5.3) a = (huty + 7% — 276) / (4r).

Since h — 0 as N — oo, o — (7w — 28) /4. We therefore choose

(5.4) i = (1= sin((r — 26)/4)) 7 B/t1.

We then equate the exponentials in Ey and F3 and set A; = t1/tg, yielding
(1 — Ay)h + 2w /ty — phsin(a) cosh(hN) = 0.

Considering the limit & — 0, we see that hN — oo as N — oo. With the above
choices, it follows that the optimal h satisfies

he"™™ = sin((7 — 26)/4) " 7 (m — 26)/(top) + O(h).

Using W to denote the principal branch of the Lambert W function, we therefore set
(5.5)

1 m(m — 20) _ 1 7(m — 20) _sin T =20
"‘NW<Ntousm<u%>> NW<AtNﬁsin(”f5)<1 (= )))

Algorithm 5.1 summarizes this procedure, and the following theorem gives an
error bound for the computed exponential. The two terms in (5.6) correspond to
the error in computing resolvents and the quadrature error, respectively. The error
bound 7 in the resolvent can be realized using the adaptive methods in section 3 and
section 4, and bounds on the resolvent in a suitable sector Ss_, [29, Chapter 2.4].
Bounds can often be found in practice, for example, by bounding the numerical range
as is done via (6.1) in section 6. The quadrature error, which contains the constant
C, can be made explicit by chasing the constants in [94] (that appear in the Ey, Es,
and Ej3 terms) and by controlling the analytic properties of the resolvent. For brevity,
we have not given the explicit result. Finally, we remind the reader that Theorem 5.1
does not apply to general Cy-semigroups, for which one cannot deform the contour as
in Figure 1 and must instead apply the regularization trick of Theorem 3.1.

THEOREM 5.1. Suppose that A generates an analytic semigroup and Ss C p(A)
ford € 10,7/2). Let up € H, 0 <ty <t; < oo, B>0, andn > 0. Let uy(t) denote
the output of Algorithm 5.1 for N € N and a = sin(r/4—46/2) "t —1. Then there exists
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a constant C such that the following bound holds for any ty <t <t; as N — oo:

8 0 y ,
llexp(tA)ug — un (t)]] < <2uelsin(a)7r_1/ @ Htsin(a) COSh(m)dw) n
0

numerical error due to inexact resolvent

Nm(mw —20)/2
(AegNm(m —20)) |-

(5.6)

g
+ CeT—sinla) . exp (
log

quadrature error

Proof. Let tg <t < t;. The analysis preceding the theorem shows that
max{Ey, By} = O(exp((1 — sin(r/4 — §/2)) '8 — 2wa/h).
Using sin(«) > sin(7/4 — 6/2) for small h and the definition of a, we see that

- 3 Nr(m—268)/2
(5.7) max{Ey, Ex} = O <exp (1 —sin(a) W(AN Gm(m — 25»)) .

Using cosh(z) > /2 and W (2)e(*) = 2, we have that
Nr(m —26)/2 sin(a) S Nr(m—26)/2
W(AN G (m —20)) sin(m/4 —6/2) = W(AN Gm(m — 20)) '

utosin(a) cosh(hN) >

Since to < t1, it follows that E3 satisfies the same bound as F; and Es in (5.7). Using
| - || to denote the operator norm, it follows that

Nn(m — 26)/2
z]t l < ﬂ —
H exp(tA) + Z (JR)R(z;, A H Chexp (1 — sin(a) W(AtN%W(W — 25)))

for a constant C’l. Since ||[R;+R(zj, A)]uo|| <m, the left-hand side of (5.6) is bounded
by

N
(5.8) }Z €%t/ (jh)| + CreTmm xp<

Nn(m — 26)/2
W(AN Gm(m —20)) )

A simple calculation shows that | exp(y(z)t)y'(z)| < pexp(|z|+put—pt sin(a) cosh(x)).
For notational convenience, set ¢ = ptsin(a). Using this bound in (5.8), the resulting
sum for nonnegative j is a Riemann sum for the integral in (5.6) (up to constants).
The region of integration can be split into two regions {0 < z < sinh™'(¢)} and
{z > sinh™ (¢ 1)}, on which the integrand has positive and negative derivatives,
respectively. Let Jh < sinh™*(¢=!) < (J 4 1)h for J € N. In a neighborhood of the
turning point sinh_l(cfl), the integrand is concave, and hence for small A we can
also bound the sum from j = J to j = J + 1 by the integral over [(J — 1)k, (J + 2)A].
It follows that

N oo
s e cosh(a
Z hle®'/ (jh)] < dpeT=m / e®=ecosh@dy  for large N.
j=—N 0
Bounding the second term of (5.8) using W(z) > log(x) for large z yields (5.6). O
Smaller [ leads to a smaller error plateau for a given 7 as N — oo but a slower
rate of convergence (with the rate depending only logarithmically on 3). In practice,

we found that results were not strongly dependent on reasonable choices of 3 and
have used a default value of 8 = 3 in what follows.
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5.1. Numerical example showing stability. As a simple example to demon-
strate the numerical stability of the proposed quadrature rule, we consider

zt
a1 e

T 2mi 7z—)\

e

dz, A<0.

To model the situation of singularities at 0 corresponding to 0 € Sp(A), we take A =0
(similar behavior occurs for other choices) and consider the maximum error
(59) MN: max |1—QN(t)|,

te[to,t1]
where Q denotes the output of the quadrature rule under consideration. Figure 2
shows the error for ¢y = 0.1 and a range of A; values for the quadrature rule in [94]
(using the optimal values of parameters in Table 1 of [94]) and the quadrature rule of
Theorem 5.1. In both cases, the dashed lines represent the theoretical convergence rate
estimates and agree well with the convergence seen in practice. We see the instability
of the quadrature rule in [94]. Such instabilities can be a problem for (1.3), where
estimating the optimal value of N and optimal contour parameters can be difficult for
an operator A with an unknown spectrum (corresponding to unknown singularities of
the resolvent). This can be difficult even in the scalar case when singularities can be
analyzed ([35, Figure 1] shows an example of loss of accuracy) and typically requires
the user to perform substantial case-specific analysis [73]. In contrast, the quadrature
rule of Theorem 5.1 is completely stable. An advantage of a stable quadrature rule is
that it no longer becomes essential to determine the optimal value of N and optimal
contour parameters. Increasing N no longer incurs a stability penalty. Moreover,
within the stable region for the quadrature rule in [94], there is very little difference
between the convergence rates of each method.

proposed quadrature rule

10° 10° ‘ ‘
— A=l
— A =5
A =50
10°F 10°°
= <
10710 10710
L R U S S 107%] A 4 Vo e e A
20 40 60 80 100 120 140 20 40 60 80 100 120 140
N N

F1G. 2. Left: Mazimum error My (defined in (5.9)) for the optimal hyperbolic contour of [94],
showing instability for large N. Right: Same but for the parameter choices from Theorem 5.1
and B = 3, showing stability for large N. In both cases, the dashed lines represent the theoretical
convergence rates.

5.2. Numerical example demonstrating (5.6). To demonstrate the bound
(5.6) and the effects of computing the resolvent near the spectrum of an infinite-
dimensional operator, we consider the variable diffusion equation on L?(R):

(5.10) wy=[11-1/(1+ xz))um]x, ug(z) = e*@ cos(2z) + 2[1 + (= + 1)4]*1.

To represent the operator, we use the Malmquist—Takenaka functions, defined by

¢n(z) = V/L/7(1 +iLlx)*(1 —iLz)~ "D nez,
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solutions at different time ¢ relative errors of u
25 i i i i i 100 : . . )
—t=0 —_—t=1
2 —t=1 |] —t=5
=5 \ t =100
15 t =100 | o5l N
.
05
10—10 L
0 _ §
05 ] . 7
1015 N
- . . . . . . . . .
30 20 -10 0 10 20 30 0 5 10 15 20 25
T N

Fi1a. 3. Left: Computed solutions of the variable diffusion equation (5.10) with an error bound
€ = 10712, Right: Relative errors of the computed solutions in terms of N, where resolvents R(z;,A)
are computed with an adaptive number of basis functions so that the second term on the right-hand
side of (5.6) dominates the n term. Errors are computed in the L?(R) norm.

where L > 0 denotes a scaling factor (we take L = 1/5, which has not been optimized).
Following the remarks after Theorem 4.1, we can still compute the relevant evaluation
functions A for this basis. The orthonormal basis {¢, },cz has an interesting history
[49], and approximation properties can be found in [11, 91]. We rapidly compute
expansions in this basis using the fast Fourier transform. The basis also simultaneously
provides sparse matrices for differentiation and multiplication. Even for the most
computationally expensive examples in this section (those with the largest number
of quadrature points and basis functions), the computation (including forming the
linear system, solving for all quadrature points, etc.) took less than half a second on
a modest laptop without parallelization.

Figure 3 (left) shows computed solutions with a rigorous error bound e = 10712,
As a first demonstration of (5.6), we compute the resolvents so that the second term
on the right-hand side of (5.6) dominates the 7 term. Figure 3 (right) shows the
convergence (where errors are computed by comparison with larger parameter values
to approximate the true error as opposed to a computed bound) in the number of
quadrature points for Ay = 1. The error is almost independent of ¢ as expected from
(5.6) (recall that ut < ).

The situation becomes quite different when we consider the first error term on
the right-hand side of (5.6). Figure 4 shows errors in terms of m, where we take
{¢n : |n| < m} as our basis functions and fixed N = 30 quadrature points so that the
first term on the right-hand side of (5.6) dominates. The dashed lines in the left panel
show relative errors in the computed resolvents R(y(0), A), where A is the generator.
As t increases, more basis functions are needed to compute the resolvent to a given
accuracy n since v(0) ~ t~1 decreases to 0 € Sp(A). However, we can still compute
accurate solutions for large time using a modest number of basis functions. In this
example, the cost per solve scales as O(m) owing to the banded matrix representa-
tion. In general, the bandwidth depends on the regularity of the coefficients of the
PDO. For this example and in subsections 6.2 and 6.3, we do not include this when
reporting the complexity in terms of m. The solid lines in Figure 4 (right) show the
errors of the full approximation, which behave similarly to the error in the computed
resolvent.

6. Numerical examples. We now provide three examples to demonstrate the
versatility of our approach: an infinite discrete system, a PDE on an unbounded
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relative errors of R(y(0), A) relative errors of u
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Fic. 4. Left: Relative errors of the computed resolvents R(v(0), A) in terms of m (the number
of basis functions used is 2m+1). Right: Relative errors of the computed solutions u in terms of m.
Errors are computed in the L2(R) norm. The number of quadrature points (2N + 1 with N = 30) is
chosen such that the first term on the right-hand side of (5.6) dominates.

domain, and a second-order (in time) PDE on a bounded domain. To gain error
bounds for nonnormal generators A, we bound the resolvent® and spectrum using

(6.1) Sp(A) C N(AUN(A*),  [|R(z, A)|| < [dist(z, N (A))]" Vz ¢ N(AUN (A7),

where N(A) := {(Az,z) : x € D(A),||z|| = 1} denotes the numerical range. Working
in infinite dimensions has the advantage that it is often much easier to obtain such
bounds for A than for a discretization or truncation of A. In what follows we use
standard floating-point arithmetic to compute solutions and error bounds, though it
is simple to adapt the algorithms using interval arithmetic [77, 88]. Bounds only need
to be verified for residuals of the solved linear systems. For example, this could be
useful in the growing area of computer-assisted proofs [33, 34, 43].

6.1. Schrodinger and wave equations on the Ammann—Beenker tiling.
In this example, we consider semigroups on the aperiodic Ammann—Beenker (AB)
tiling, a model of a 2D quasicrystal (aperiodic crystals), shown in Figure 5 (left).
Quasicrystals were discovered in 1982 by Shechtman [78] who was awarded the Nobel
prize in 2011 for his discovery. They have generated considerable interest because of
their exotic physical and spectral properties [81]. While physical transport properties
of quasicrystals are well-studied [50, 75], computing the relevant semigroups on the
infinite-dimensional space is challenging because of the aperiodicity. For example, one
cannot use absorbing boundary conditions. We consider the graph Laplacian

[Aap]i = > (15 — i)

i~j

with summation over nearest neighbor vertices. A natural ordering of the vertices
leads to an operator acting on I2(N) whose local bandwidth grows. We consider the
(free) Schrodinger equation and the wave equation given by

tug = —Axagu  and  uy = AaBU,

respectively. As our initial condition, we take ug to be 1 on the vertices shown as red
dots in Figure 5, and zero otherwise (for the wave equation, we set u’(0) = 0).

6See also [92] for pseudospectra considerations when choosing contours.
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FiG. 5. Left: Finite portion of the infinite aperiodic AB tiling, generated from an incommensu-
rate rotation and projection of the 4D hypercubic lattice. The AB tiling is aperiodic with global 8-fold
rotational symmetry around a central point, and the lattice is obtained by considering all vertices of
the tiling. The red dots correspond to ug (see main text). Right: Difference in norm between the
solution computed using the method of this paper (u, which has a guaranteed error bound of 10~10)
and the solution computed using Galerkin projection (ups). Ast increases, the difference begins to
grow quickly as urs becomes inaccurate because of boundary effects.

We compute u with an error bounded by € = 1071Y. Because of the larger trun-
cation size needed to compute the solution at larger times, the total computation
time for u for this example was of the order of minutes (with parallelization over
quadrature points using 20 CPU cores) as opposed to seconds. The cost per linear
solve to compute R(z, Aap) scales as O(m?/?) for m basis sites, since the local band-
width of the infinite matrix grows. The number of basis sites needed depends on the
tolerance required and the distance of z to the spectrum. To demonstrate the diffi-
culties of finite-dimensional approaches, we also consider upg, the solution obtained
by direct diagonalization” of the Galerkin truncation P,AagP, for n = 10001 (cho-
sen to maintain rotational symmetry). Figure 5 (right) shows the difference in norm
between the computed v and upg. The difference is small for small time t. However,
the difference begins to grow quickly as upg becomes inaccurate because of bound-
ary effects. This is demonstrated in Figure 6, which plots the computed solutions .
As t increases, we need more vertices (basis vectors) to capture the solution. The
method of this paper allows this to be done automatically in a rigorous and adaptive
manner.

6.2. Complex perturbed fractional diffusion equation. Our next example
demonstrates the results of section 5 for § > 0 and also deals with more general
Laplace transform inversions. We consider the following equation on L?(R):

(6.2) Diu =ty +iu/(1+2%), 0<1<1,

where Dy denotes Caputo’s fractional derivative [62]. Such fractional diffusion prob-
lems are attracting increasing interest and have many applications [26, 96]. The
solution is computed using the same method as in section 5 but now with the resol-
vent (A — zI)~! replaced by (Az'~* — 2)~1. We use the Malmquist-Takenaka basis
functions and the initial condition uy from (5.10). Figure 7 shows solutions com-
puted with an error bound e = 10~'2 for various ¢ and times ¢. Even for this small
value of €, the computational times for this example (including forming the linear

7This method was chosen to distill the error associated with truncating the AB tiling as opposed

to errors when approximating the exponential of a finite matrix via other methods.
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K-

015
0.0

o

F1G. 6. Top row: log10(|u(t)|) computed for the Schrédinger equation at times t = 1 (left),
t = 10 (middle), and t = 50 (right). The white circle corresponds to the truncation of the tiling
(10001 vertices) when computing ups for Figure 5. Bottom row: u(t) computed for the wave equation
at times t = 1 (left), t = 30 (middle), and t = 50 (right). The green circle corresponds to the
truncation of the tiling when computing urs, and we have zoomed in compared with the top row for
clarity.

v =0.25 t=0.7 =1

N

F1G. 7. Solution of (6.2) for various ¢ att =1 (blue), t =5 (red), and t = 50 (yellow). The
real parts are shown as solid lines, and the imaginary parts as dashed lines (ug shown in black).

system, solving for all quadrature points, etc.) were at most on the order of sec-
onds on a modest laptop without parallelization. Again, the cost of approximating
(Az'7t—2)~1 scales as O(m) (using O(m) basis functions) owing to the banded matrix
representation. The size of m needed depends on the point z, as well as the required
accuracy.

Despite the same initial conditions, the diffusion changes dramatically with ¢,
with a slower diffusion process occurring for smaller ¢ (¢ < 1 is known as subdiffusion).
When applying domain truncation techniques, it can be challenging, particularly for
small ¢, to determine a suitable truncation for a given desired accuracy. Similarly,
even when using global basis expansions that do not use a domain truncation, the
number of basis functions needed to capture the solution can be hard to predict a
priori (and one would also want a proof of convergence). Again, the method of this
paper overcomes these issues rigorously and adaptively. Another benefit of contour
methods for fractional PDEs is the reduced memory requirement compared to time
stepping methods, which typically store the history of the solution because of the
nonlocal nature of D} [55]. Moreover, we avoid having to resolve singularities of the
solution as ¢ | 0. Instead, we compute accurate solutions simultaneously over large
time intervals using Algorithm 5.1.
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FIG. 8. Solutions to (6.3) computed at different times t with an error bound ¢ = 10712, The
dashed line shows the transition region between small and large damping function b.

6.3. Euler—Bernoulli beam equation with Kelvin—Voigt damping. As a
final example, we consider the following second-order problem on the interval [—1,1]:

(6.3) p(x)uy = —[a(X)uge + b(X)Ugt] e, w(El,t) = uy(E,t) =0
with u(z,0) = (1 — 2?) sin(5mx), us(z,0) =  and the choices
plr) =1+2/2, a(x)=1+2%/2, b(z)=tanh(10(x —0.7)) + 1.01.

The damping function b models the suppression of vibrations of a clamped elastic
beam [57]. This example has a nonnormal generator with complex spectrum and
has nonempty continuous spectrum [97] despite being posed on a finite interval. The
problem is well-posed for (ug,u)) € HZ([—1,1]) x L*([~1,1]), but for simplicity, we
measure the error of computed solutions in L?([—1,1]). To solve the shifted linear
systems, we use the ultraspherical spectral method [68].® Figure 8 shows computed
solutions with an error bound € = 1072, Even for this small value of €, the compu-
tational times (including forming the linear system, solving for all quadrature points,
etc.) were at most on the order of seconds on a modest laptop without paralleliza-
tion. The cost of approximating the resolvent using m basis functions scales as O(m)
owing to the almost banded matrix representation (filled in rows correspond to the
boundary conditions). Since b is only significant from zero for x > 0.7, this region
exhibits the anticipated damped behavior, while the section z < 0.7 undergoes almost
free vibration.

7. Concluding remarks. We have developed an algorithm that computes semi-
groups on infinite-dimensional separable Hilbert spaces with explicit and rigorous
error control. Algorithm 3.1 summarizes the approach. We combine a regularized
functional calculus, suitable contours and quadrature, and machinery used to com-
pute the resolvent with error control. We derive results for both the canonical Hilbert
space [2(N) and PDOs on unbounded domains. For analytic semigroups, we derive a
stable and rapidly convergent scheme. Algorithm 5.1 summarizes this method, which
is suitable for infinite-dimensional operators and more general Laplace transform in-
versions. The result is a fully adaptive and rigorous method with the flexibility of
only requiring solving linear systems with error control.

8By using sparse approximations and suitable rectangular truncations, corresponding to bounding
tails of expansions of coefficients and solutions in ultraspherical polynomials, we gain error control.
See [12] for an interval arithmetic implementation of the ultraspherical spectral method.
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There are numerous possible extensions of the current work where error control is
an advantageous feature. Our algorithm could be a building block for inhomogeneous,
nonautonomous, and nonlinear evolution equations. For example, by controlling the
numerical error of exponentials and similar functions of linearized operators, this
could be useful for low regularity integrators [14, 71, 76]. Other avenues to explore
include generalizations of Theorem 4.1 for different classes of coefficients (e.g., singular
terms, which are particularly relevant to the Scréodinger case in (1.2)) and different
choices of basis functions. Another possibility is an error control algorithm using
finite element discretizations instead of spectral methods. This extension would be
particularly useful for complicated domains. For conforming finite elements with
sufficient regularity, it should be possible to reduce the problem to one over I2(N) (as
done in Theorem 4.1) by computing the needed inner products and modifying our
algorithm with a suitable Gramian matrix.

Finally, we point out that contour methods are certainly not the most efficient
method for every type of semigroup. This point is reflected by the diverse list of meth-
ods in section 1 and the fact that contour methods have historically been used mainly
for analytic semigroups. Contour methods do, however, provide a positive answer to
the questions Q.1 and Q.2 in the introduction and lend themselves readily to an infi-
nite-dimensional “solve-then-discretize” approach. In the future, we will explore using
other techniques in answering similar questions in infinite dimensions.

Appendix A. Auxiliary results. We give two results needed in our proofs.

LEMMA A.1. Let x € I2(N), and suppose that we have access to evaluation func-
tions {fjm} as in (3.1). Then given any € > 0, we can compute an approximation x°
with finite support (with respect to the canonical basis) such that ||z — z¢|| < e.

Proof. Let ¢ = Z]M:1 fjm(x)ej, where we choose M and m in the following
manner. Clearly ¢ has finite support with respect to the canonical basis. We also
have that ||z — z¢||? < Z]J\il 272m dism |z;], and so we must choose M and m
so that this bound is less than 2. Given M, we can choose m so that the first term
is bounded by €2/2, so it suffices to choose M so that the second term is bounded
by €?/2. But we have that ./ |z;* = (z,z) — Zj\il |z;]%. Given the evaluation
functions (now making use of the fo ., that approximate ||x||?), we can compute the
right-hand side of this equation to any given accuracy. By doing this for successive
M, we can compute an M adaptively such that >, ), lz;]? < €/2. O

Next, we consider evaluating the resolvent. The following proposition uses an
adaptive least-squares approximation [P,T*TP,| 'P,T*x and a posteriori bounds
on residuals of the corresponding infinite-dimensional linear system.

ProproSITION A.2. Consider the setup in section 3. Given € > 0, there exists an
algorithm T that, when given (T,z) € C(I*(N)) x I2(N) with 0 ¢ Sp(T), uses Ay (but
now for T instead of A) to compute a vector (T, x) such that

1. T(T,x) has finite support with respect to the canonical basis;
2. for any input, |Tc(T,z) — T 'z| < €||T7.

Proof. Let (T, x) denote a suitable input as in the statement of the proposition.
Since 0 ¢ Sp(T), n = rank(P,) = rank(T'P,). Hence we can define the least-squares
solution

[.(T, x) := argmin, | TP,y — x|| = [P, T*T P, ' P, T*x.

ol
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The space span{e, : n € N} forms a core of T. It follows by invertibility of T that
given any § > 0, there exist an m = m(d) and a y = y(6) with P,y = y such that

[Ty — x| < 0.
It follows that for all n > m, ||TT,(T,z) — z|| < |Ty — #|| < & and hence that
T (T, 2) = T~ ') < 77

Since § > 0 was arbitrary, we see that fn(T, x) converges to T~ 'z as n — oo.
For n,m € N, define the finite matrices

Bn = P,T*TP,, Cpn=P,T*Py,.

Given the evaluation functions in A;, we have access to the entries of these matrices
to any desired accuracy. It follows that we can compute approximations of B, and
Cp,n denoted B,, and C,, ,, respectively, with

max {| By = Bull. | B;* = Bl |Comn = Connll } <07,

We then define L
Fm,n (Ta -T) = Bﬁlcm,nﬂﬁ(m),

where Z(,,) = P (m) is an approximation of P,z to accuracy m~'. The bounds n~*
and m~! are for convenience only. Using the above bounds, we have that

T (Ts ) =L (T ) | 1B = B I Comen oy |11 B M Con = Comen 2 oy I

so that Ty, (T, x) converges to T 'a(,) as n — co. By construction, Ty, (T, x)
has finite support with respect to the canonical basis. Given ¢ > 0, we choose, using
Lemma A.1, m = m(e) such that ||z — z(,)|| < ¢/2. Letting I'y, , denote I'y, (T, ),

(A1) [T = T ) I? < NPT = 2y 12
(A.2) = 1T [ITTmonll® = 2Re({TT s Ty )) + [l () 1] -

Since we have access to approximations of both (T'e;, T'e;) (norms of the columns of
T) and (Te;,e;) in Ay, we can approximate all of the terms in the squared brackets
of (A.2) to any desired accuracy. We therefore choose n = n(e¢) so that ||TT,, , —
Z(my|? < €2/4 and set Te(T, ) =Ty n(e) (T, x) so that

€

_ _ _ _ € _
[P, 2) = Tl S IT =2 I =T 2 | I (545 ) = el

This bound completes the proof. 0

In practice, we approximate Pz, B,, and Cy, , using floating-point arithmetic
and then apply the above argument to bound the residual. The discretization size is
increased adaptively until the specified tolerance has been reached.

Acknowledgments. I would like to thank Lorna Ayton, Andrew Horning, Arieh
Iserles, and Alex Townsend for interesting discussions during the completion of this
work and helpful comments regarding a draft version of this paper. I would also like
to thank the referees for their feedback and insightful comments.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 02/16/22 to 193.52.24.28 by Matthew Colbrook (mjc249@cam.ac.uk). Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

[20]

21]
22]
23]
24]
[25]

[26]

COMPUTING SEMIGROUPS WITH ERROR CONTROL 419

REFERENCES

A. H. AL-Mony AND N. J. HIGHAM, Computing the action of the matrix exponential, with an
application to exponential integrators, SIAM J. Sci. Comput., 33 (2011), pp. 488-511.

X. ANTOINE, A. ARNOLD, C. BESSE, M. EHRHARDT AND A. SCHADLE, A review of transpar-
ent and artificial boundary conditions techniques for linear and nonlinear Schrédinger
equations, Comm. Math. Phys., 4 (2008), pp. 729-796.

W. ArRenDT, C. J. K. BATTY, M. HIEBER, AND F. NEUBRANDER, Cauchy problems, in Vector-
Valued Laplace Transforms and Cauchy Problems, Springer, New York, 2001, pp. 109-240.

A. ArRNOLD, M. EHRHARDT, AND I. SOFRONOV, Discrete transparent boundary conditions for
the Schriodinger equation: Fast calculation, approximation, and stability, Commun. Math.
Sci., 1 (2003), pp. 501-556.

C. BArTY, Unbounded operators: Functional calculus, generation, perturbations, Extracta
Math., 24 (2009), pp. 99-133.

C. BATTY, M. HAASE, AND J. MUBEEN, The holomorphic functional calculus approach to
operator semigroups, Acta Sci. Math.(Szeged), 79 (2013), pp. 289-323.

S. BECKER AND A. HANSEN, Computing Solutions of Schrodinger Equations on Unbounded
Domains - On the Brink of Numerical Algorithms, arXiv preprint, 2020, https://arxiv.
org/abs/2010.16347.

J. BEN-ARTZI, M. J. COLBROOK, A. C. HANSEN, O. NEVANLINNA, AND M. SEIDEL, Comput-
ing Spectra — On the Solvability Complexity Index Hierarchy and Towers of Algorithms,
preprint, 2020, https://arxiv.org/abs/1508.03280v5.

L. Brum, F. CUCKER, M. SHUB, S. SMALE, AND R. M. KArP, Complexity and Real Computa-
tion, Springer, New York, 1998.

M. BLUMLINGER AND R. F. Ticuy, Topological algebras of functions of bounded variation I,
Manuscripta Math., 65 (1989), pp. 245-255.

J. P. BoyD, Spectral methods using rational basis functions on an infinite interval, J. Comput.
Phys., 69 (1987), pp. 112-142.

F. BREHARD, N. BRISEBARRE, AND M. JOLDES, Validated and numerically efficient Chebyshev
spectral methods for linear ordinary differential equations, ACM Trans. Math. Software,
44 (2018), pp. 1-42.

P. BRENNER AND V. THOMEE, On rational approzimations of semigroups, SIAM J. Numer.
Anal., 16 (1979), pp. 683-694.

Y. BRUNED AND K. SCHRATZ, Resonance Based Schemes for Dispersive Equations via Decorated
Trees, preprint, 2020, https://arxiv.org/abs/2005.01649.

J. BUTCHER, On the numerical inversion of Laplace and Mellin transforms, in Proceedings
of the Conference on Data Processing and Automatic Computing Machines, Salisbury,
Australia, 1957, pp. 117-1.

M. J. COLBROOK, On the Computation of Geometric Features of Spectra of Linear Operators
on Hilbert Spaces, arXiv preprint, 2019, https://arxiv.org/abs/1908.09598.

M. J. COLBROOK, The Foundations of Infinite-Dimensional Spectral Computations, PhD thesis,
University of Cambridge, 2020.

M. J. COLBROOK, Computing spectral measures and spectral types, Comm. Math. Phys., 384
(2021), pp. 433-501.

M. J. COLBROOK, V. ANTUN, AND A. HANSEN, Can Stable and Accurate Neural Networks Be
computed? - On the Barriers of Deep Learning and Smale’s 18th Problem, preprint, 2021,
https://arxiv.org/abs/2101.08286.

M. J. CoLBROOK AND A. C. HANSEN, The Foundations of Spectral Computations via the
Solvability Complezity Index Hierarchy: Part I, arXiv preprint, 2019, https://arxiv.org/
abs/1908.09592.

M. J. COLBROOK AND A. C. HANSEN, On the infinite-dimensional QR algorithm, Numer.
Math., 143 (2019), pp. 17-83.

M. J. COLBROOK, A. HORNING, AND A. TOWNSEND, Computing spectral measures of self-adjoint
operators, SIAM Rev., 63 (2021), pp. 489-524.

M. J. COLBROOK, B. ROMAN, AND A. C. HANSEN, How to compute spectra with error control,
Phys. Rev. Lett., 122 (2019), 250201.

M. CROUZEIX, S. LARSSON, S. PISKAREV, AND V. THOMEE, The stability of rational approxi-
mations of analytic semigroups, BIT, 33 (1993), pp. 74-84.

A. DEANO, D. HUYBRECHS, AND A. ISERLES, Computing Highly Oscillatory Integrals, STAM,
Philadelphia, 2017.

K. DiETHELM, The Analysis of Fractional Differential Equations: An Application-Oriented
Ezxposition Using Differential Operators of Caputo Type, Springer, New York, 2010.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.


https://arxiv.org/abs/2010.16347
https://arxiv.org/abs/2010.16347
https://arxiv.org/abs/1508.03280v5
https://arxiv.org/abs/2005.01649
https://arxiv.org/abs/1908.09598
https://arxiv.org/abs/2101.08286
https://arxiv.org/abs/1908.09592
https://arxiv.org/abs/1908.09592

Downloaded 02/16/22 to 193.52.24.28 by Matthew Colbrook (mjc249@cam.ac.uk). Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

MATTHEW J. COLBROOK

B. DINGFELDER AND J. A. C. WEIDEMAN, An improved Talbot method for numerical Laplace
transform inversion, Numer. Algorithms, 68 (2015), pp. 167-183.

T. A. DriscoLL, N. HALE, AND L. N. TREFETHEN, Chebfun Guide, Pafunty Publications,
Oxford, 2014.

K.-J. ENGEL AND R. NAGEL, One-Parameter Semigroups for Linear Ewolution Equations,
Springer Science & Business Media, New York, 1999.

B. ENGQUIST AND A. MAJDA, Absorbing boundary conditions for numerical simulation of waves,
Proc. Natl. Acad. Sci. USA, 74 (1977), pp. 1765-1766.

B. ENGQUIST AND A. MAJDA, Radiation boundary conditions for acoustic and elastic wave
calculations, Comm. Pure Appl. Math., 32 (1979), pp. 313-357.

H. O. FATTORINI, Second Order Linear Differential Equations in Banach Spaces, Elsevier, New
York, 2011.

C. FEFFERMAN AND L. SECO, On the energy of a large atom, Bull. Amer. Math. Soc. (N.S.),
23 (1990), pp. 525-530.

C. FEFFERMAN AND L. SECO, Interval arithmetic in quantum mechanics, in Applications of
Interval Computations (El Paso, TX, 1995), 1996, pp. 145-167.

R. GARRAPPA AND M. PoproLizio, Evaluation of generalized Mittag—Leffler functions on the
real line, Adv. Comput. Math., 39 (2013), pp. 205-225.

I. GAVRILYUK, V. MAKAROV, AND V. VASYLYK, Ezponentially Convergent Algorithms for Ab-
stract Differential Equations, Springer Science & Business Media, New York, 2011.

I. GAVRILYUK AND V. L. MAKAROV, Ezponentially convergent parallel discretization meth-
ods for the first order evolution equations, Comput. Methods Appl. Math., 1 (2001), pp.
333-355.

M. A. GILLES AND A. TOWNSEND, Continuous analogues of Krylov subspace methods for dif-
ferential operators, STAM J. Numer. Anal., 57 (2019), pp. 899-924.

T. GOCKLER AND V. GRIMM, Convergence analysis of an extended Krylov subspace method for
the approximation of operator functions in exponential integrators, STAM J. Numer. Anal.,
51 (2013), pp. 2189-2213.

J. S. GREEN, The Calculation of the Time-Responses of Linear Systems, PhD thesis, Depart-
ment of Applied Mathematics, Imperial College London, 1955.

V. GRIMM, Resolvent Krylov subspace approzimation to operator functions, BIT, 52 (2012),
pp- 639-659.

N. HaLg, N. J. HigHAM, AND L. N. TREFETHEN, Computing A%, log(A), and related matriz
functions by contour integrals, STAM J. Numer. Anal., 46 (2008), pp. 2505-2523.

T. C. HALES, A proof of the Kepler conjecture, Ann. of Math. (2), 162 (2005), pp. 1065-1185.

A. HANSEN, On the solvability complexity index, the n-pseudospectrum and approrimations of
spectra of operators, J. Amer. Math. Soc., 24 (2011), pp. 81-124.

N. J. HicHAM, The scaling and squaring method for the matriz exponential revisited, SIAM J.
Matrix Anal. Appl., 26 (2005), pp. 1179-1193.

M. HOCHBRUCK AND A. OSTERMANN, Ezponential integrators, Acta Numer., 19 (2010), pp. 209
286.

A. HORNING AND A. TOWNSEND, FEAST for differential eigenvalue problems, SIAM J. Numer.
Anal., 58 (2020), pp. 1239-1262.

A. IsErLES, K. KROPIELNICKA, AND P. SINGH, Magnus—Lanczos methods with simplified com-
mutators for the Schrodinger equation with a time-dependent potential, SIAM J. Numer.
Anal., 56 (2018), pp. 1547-1569.

A. ISERLES AND M. WEBB, A family of orthogonal rational functions and other orthogonal
systems with a skew-Hermitian differentiation matriz, J. Fourier Anal. Appl., 26 (2020),
p. 19.

T. JANSSEN, G. CHAPUIS, AND M. DE BoIssIEU, Aperiodic Crystals: From Modulated Phases
to Quasicrystals: Structure and Properties, Oxford University Press, Oxford, 2018.

D. JOHNSTONE, M. J. COLBROOK, A. NIELSEN, P. OHBERG, AND C. W. DUNCAN, Bulk Localised
Transport States in Infinite and Finite Quasicrystals via Magnetic Aperiodicity, preprint,
2021, https://arxiv.org/abs/2107.05635.

T. KATO, Perturbation Theory for Linear Operators, Springer, New York, 2013.

K. KorMANN, C. LASSER, AND A. YUROVA, Stable interpolation with isotropic and aniso-
tropic Gaussians using Hermite generating function, SIAM J. Sci. Comput., 41 (2019), pp.
3839-3859.

C. LaAsser AND C. LUBICH, Computing quantum dynamics in the semiclassical regime, Acta
Numer., 29 (2020), pp. 229-401.

X. L1 anD C. Xu, A space-time spectral method for the time fractional diffusion equation,
SIAM J. Numer. Anal., 47 (2009), pp. 2108-2131.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.


https://arxiv.org/abs/2107.05635

Downloaded 02/16/22 to 193.52.24.28 by Matthew Colbrook (mjc249@cam.ac.uk). Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

56]
57)
58]
/59]
[60]
f61]
[62]
63
f64]
/65]

(66]

(68]

(69]

COMPUTING SEMIGROUPS WITH ERROR CONTROL 421

J. LIESEN AND Z. STRAKOS, Krylov Subspace Methods: Principles and Analysis, Oxford Uni-
versity Press, Oxford, 2013.

K. Liu, S. CHEN, AND Z. L1u, Spectrum and stability for elastic systems with global or local
Kelvin—Voigt damping, STAM J. Appl. Math., 59 (1998), pp. 651-668.

M. LOPEZ-FERNANDEZ AND C. PALENCIA, On the numerical inversion of the Laplace transform
of certain holomorphic mappings, Appl. Numer. Math., 51 (2004), pp. 289-303.

M. LOPEZ-FERNANDEZ, C. PALENCIA, AND A. SCHADLE, A spectral order method for inverting
sectorial Laplace transforms, SIAM J. Numer. Anal., 44 (2006), pp. 1332-1350.

C. LuBICH, From Quantum to Classical Molecular Dynamics: Reduced Models and Numerical
Analysis, Zur. Lect. Adv. Math, European Mathematical Society, Ziirich, 2008.

C. LUBICH, On splitting methods for Schrodinger-Poisson and cubic nonlinear Schrédinger
equations, Math. Comp., 77 (2008), pp. 2141-2153.

F. MAINARDI AND R. GORENFLO, On Mittag-Leffler-type functions in fractional evolution pro-
cesses, J. Comput. Appl. Math., 118 (2000), pp. 283-299.

R. I. McLACHLAN AND G. R. W. QUISPEL, Splitting methods, Acta Numer., 11 (2002), pp. 341-
434.

W. MCLEAN AND V. THOMEE, Time discretization of an evolution equation via Laplace trans-
forms, IMA J. Appl. Math., 24 (2004), pp. 439-463.

H. NIEDERREITER, Random Number Generation and Quasi-Monte Carlo Methods, CBMS-NSF
Regional Conf. Ser. in Appl. Math. 63, STAM, Philadelphia, 1992.

S. OLVER, GMRES for the differentiation operator, SIAM J. Numer. Anal., 47 (2009), pp. 3359—
3373.

S. OLVER, ApprozFun.jl, version 0.8, Github, 2018.

S. OLVER AND A. TOWNSEND, A fast and well-conditioned spectral method, SIAM Rev., 55
(2013), pp. 462-489.

S. OLVER AND A. TOWNSEND, A practical framework for infinite-dimensional linear algebra,
in Proceedings of the 1st First Workshop for High Performance Technical Computing in
Dynamic Languages, IEEE Press, 2014, pp. 57-62.

S. OLVER AND M. WEBB, SpectralMeasures.jl, Github, 2018.

A. OSTERMANN AND C. Su, Two exponential-type integrators for the “good” Boussinesq equa-
tion, Numer. Math., 143 (2019), pp. 683-712.

C. PALENCIA, A stability result for sectorial operators in Banach spaces, STAM J. Numer. Anal.,
30 (1993), pp. 1373-1384.

H.-K. PANG AND H.-W. SUN, Fast numerical contour integral method for fractional diffusion
equations, J. Sci. Comput., 66 (2016), pp. 41-66.

A. Pazy, Semigroups of Linear Operators and Applications to Partial Differential Equations,
Springer Science & Business Media, New York, 2012.

S. RoCHE, G. TRAMBLY DE LAISSARDIERE, AND D. MAYOU, Electronic transport properties of
quasicrystals, J. Math. Phys., 38 (1997), pp. 1794-1822.

F. Rousser AND K. SCHRATZ, A general framework of low regularity integrators, SIAM J.
Numer. Anal., 59 (2021), pp. 1735-1768.

S. M. Rump, Verification methods: Rigorous results using floating-point arithmetic, Acta Nu-
mer., 19 (2010), pp. 287-449.

D. SuecHTMAN, I. BLECH, D. GRrATIAS, AND J. W. CAHN, Metallic phase with long-range
orientational order and no translational symmetry, Phys. Rev. Lett., 53 (1984), pp. 1951
1953.

D. SHEEN, 1. H. SLOAN, AND V. THOMEE, A parallel method for time discretization of para-
bolic equations based on Laplace transformation and quadrature, IMA J. Numer. Anal., 23
(2003), pp. 269-299.

V. SIMONCINI AND D. B. SzYLD, Recent computational developments in Krylov subspace meth-
ods for linear systems, Numer. Linear Algebra Appl., 14 (2007), pp. 1-59.

Z. M. STADNIK, Physical Properties of Quasicrystals, Springer, New York, 2012.

J. SZEFTEL, Design of absorbing boundary conditions for Schréodinger equations in R®, SIAM
J. Numer. Anal., 42 (2004), pp. 1527-1551.

A. TALBOT, The accurate numerical inversion of Laplace transforms, IMA J. Appl. Math., 23
(1979), pp. 97-120.

A. TOwNSEND AND L. N. TREFETHEN, Continuous analogues of matrix factorizations, Proc.
A, 471 (2015), 20140585.

L. N. TREFETHEN AND J. A. C. WEIDEMAN, The exponentially convergent trapezoidal rule,
SIAM Rev., 56 (2014), pp. 385-458.

L. N. TREFETHEN, J. A. C. WEIDEMAN, AND T. SCHMELZER, Talbot quadratures and rational
approzimations, BIT, 46 (2006), pp. 653—-670.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 02/16/22 to 193.52.24.28 by Matthew Colbrook (mjc249@cam.ac.uk). Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

422

(87]
(88]
(89]
[90]
[91]
[92]
(93]
(94]
[95]

[96]

[97]

MATTHEW J. COLBROOK

S. V. Tsynkov, Numerical solution of problems on unbounded domains. A review, Appl. Nu-
mer. Math., 27 (1998), pp. 465-532.

W. TUCKER, Validated Numerics: A Short Introduction to Rigorous Computations, Princeton
University Press, Princeton, NJ, 2011.

M. WEBB, Isospectral Algorithms, Toeplitz Matrices and Orthogonal Polynomials, PhD thesis,
University of Cambridge, 2017.

M. WEBB AND S. OLVER, Spectra of Jacobi operators via connection coefficient matrices, Comm.
Math. Phys., 382 (2021), pp. 657-707.

J. A. C. WEIDEMAN, Computation of the complex error function, SIAM J. Numer. Anal., 31
(1994), pp. 1497-1518.

J. A. C. WEIDEMAN, Improved contour integral methods for parabolic PDEs, IMA J. Numer.
Anal., 30 (2010), pp. 334-350.

J. A. C. WEIDEMAN, Gauss—Hermite quadrature for the Bromwich integral, SIAM J. Numer.
Anal., 57 (2019), pp. 2200-2216.

J. A. C. WEIDEMAN AND L. N. TREFETHEN, Parabolic and hyperbolic contours for computing
the Bromwich integral, Math. Comp., 76 (2007), pp. 1341-1356.

T.-J. X1a0 AND J. LIANG, The Cauchy Problem for Higher Order Abstract Differential Equa-
tions, Springer, New York, 2013.

F. ZeEnG, F. Liu, C. L1, K. BURRAGE, I. TURNER, AND V. ANH, A Crank-Nicolson ADI spectral
method for a two-dimensional Riesz space fractional nonlinear reaction-diffusion equation,
SIAM J. Numer. Anal., 52 (2014), pp. 2599-2622.

G.-D. ZHANG AND B.-Z. GuUo, On the spectrum of Euler—Bernoulli beam equation with Kelvin—
Voigt damping, J. Math. Anal. Appl., 374 (2011), pp. 210-229.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



	Introduction
	Summary of main results
	Extensions to high-order Cauchy problems
	Notation and outline

	Mathematical preliminaries
	Recalling basic properties of semigroups
	Computational problems

	C0-semigroups on l2(N) can be computed with error control
	Extension to PDOs on L2(Rd)
	Stable and rapidly convergent quadrature for analytic semigroups
	Numerical example showing stability
	Numerical example demonstrating (5.6)

	Numerical examples
	Schrödinger and wave equations on the Ammann–Beenker tiling
	Complex perturbed fractional diffusion equation
	Euler–Bernoulli beam equation with Kelvin–Voigt damping

	Concluding remarks
	Appendix A. Auxiliary results
	Acknowledgments
	References

