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Abstract. Koopman operators globally linearize nonlinear dynamical systems and their spectral
information is a powerful tool for the analysis and decomposition of nonlinear dynamical systems.
However, Koopman operators are infinite dimensional, and computing their spectral information is
a considerable challenge. We introduce measure-preserving extended dynamic mode decomposition
(mpEDMD), the first Galerkin method whose eigendecomposition converges to the spectral quantities
of Koopman operators for general measure-preserving dynamical systems. mpEDMD is a data-driven
algorithm based on an orthogonal Procrustes problem that enforces measure-preserving truncations
of Koopman operators using a general dictionary of observables. It is flexible and easy to use with
any preexisting dynamic mode decomposition (DMD)-type method, and with different types of data.
We prove convergence of mpEDMD for projection-valued and scalar-valued spectral measures, spectra,
and Koopman mode decompositions. For the case of delay embedding (Krylov subspaces), our
results include the first convergence rates of the approximation of spectral measures as the size of
the dictionary increases. We demonstrate mpEDMD on a range of challenging examples, its increased
robustness to noise compared to other DMD-type methods, and its ability to capture the energy
conservation and cascade of a turbulent boundary layer flow with Reynolds number > 6 x 10* and
state-space dimension > 10°.
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1. Introduction. We consider dynamical systems whose state x evolves over a
state space  CR? in discrete time steps according to a function F:Q — Q, i.e.,

(1.1) Tpy1 = F(zy), n>0,

for an initial condition g € Q. Throughout this paper, we assume that (1.1) is
measure-preserving (also called volume-preserving) with respect to a positive measure
w on Q). Measure preserving means that w(E) =w({x : F(x) € E}) for any measurable
set £ C €. This assumption covers many systems of interest such as Hamiltonian
flows [2], geodesic flows [31], Bernoulli schemes [83], physical systems in equilibrium
[43], and ergodic systems [90]. Moreover, many dynamical systems admit invariant
measures [56] or have measure-preserving posttransient behavior [66].

In many modern applications, the system’s dynamics are too complicated to de-
scribe analytically, or we only have access to incomplete knowledge of its evolution.
Therefore, we do not assume explicit knowledge of the function F'in (1.1). Instead, we
assume that we have access to discrete-time snapshots of this system, i.e., a dataset
(1.2) {™) y(mIM_ - guch that y™ = F(x™), m=1,...,M.

m=
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Suitable data could be collected from one long trajectory, corresponding to =™ =
Fm=1(zq) (i.e., m — 1 applications of F)), or from multiple shorter trajectories. The
data could come from experimental observations or numerical simulations, both of
which occur in this paper. We approximate quantities of (1.1) using the data (1.2).
With the arrival of big data and machine learning, this data-driven viewpoint is
currently undergoing a renaissance [48, 80, 13, 14, 16, 95, 37].

We introduce a new Galerkin discretization that maintains the measure-preserving
nature of (1.1) and allows us to prove convergence to the spectral quantities of (1.1).
Convergence of spectral quantities is crucial for recovering the correct dynamical
behavior. Preserving the measure is crucial for stability, and improved qualitative and
long-time behavior (see Figures 7 and 8). Moreover, the fact that our discretization
preserves a measure is a key factor in proving convergence.

1.1. Koopman operators. Koopman operators are a widely used and powerful
tool for the data-driven study of dynamical systems. First introduced by Koopman
and von Neumann in the 1930’s [52, 53], Koopman operators allow a global lineariza-
tion of (1.1) using the space of scalar functions on € [70]. Their increasing popularity,
known as “Koopmanism” [15], has led to thousands of articles over the last decade
[12]. Popular applications include epidemiology [76], finance [63], fluid dynamics
[79, 78, 67], neuroscience [10], molecular dynamics [50, 82], and robotics [6, 9].

Since (1.1) is measure preserving, its Koopman operator, I, is defined by

(1.3) [Kgl(x)=(g0 F)(®), x€Q,  gel*(Quw),

and is an isometry on the space L?(£),w) with inner product (-,-) and norm || - || [77].
The functions g are also called “observables” because they indirectly measure the state
of the dynamical system. The Koopman operator transforms the nonlinear dynamics
in the state variable & into equivalent linear dynamics in the observables g. Hence,
the behavior of the dynamical system (1.1) is determined by the spectral information
of K. Obtaining linear representations has the potential to revolutionize our ability
to predict and control nonlinear systems.

However, there is a price to pay for this linearization—K acts on an infinite-
dimensional space. Therefore, its spectral information can be far more complicated
and more difficult to compute than that of a finite matrix [91, 20, 5, 24, 22]. Common
challenges include: computing spectral measures and continuous spectra [11, 61, 25];
spectral pollution [92], where discretizations cause spurious eigenvalues (and hence
spurious coherent structures) to appear [58, 26]; and, in the context of this paper, pre-
serving the isometric nature of IC. This last issue is often critical to ensuring that ap-
proximations retain the physical properties of the original system (e.g., energy conser-
vation). Structure-preserving algorithms have a rich history in geometric integration
[38] and have recently come to the fold in data-driven problems [42, 18, 49, 36, 41].

1.2. Existing work. Most existing approaches to approximate K and its spec-
tral properties are based on dynamic mode decomposition (DMD) [79, 78, 88, 57] or
its variants [19, 45, 75, 27, 23]. DMD approximates K via a best-fit linear model of
(1.1) that advances spatial measurements from one time step to the next. However,
DMD is based on linear observables, i.e., linear functions ¢ in (1.3), which are not
rich enough for many nonlinear systems. To overcome this, [92] introduced extended
DMD (EDMD), a Galerkin approximation of K acting on a dictionary of nonlinear
observables (see section 3). As the number of snapshots, M, increases, the eigenval-
ues computed by EDMD correspond to the so-called finite section method [8]. These
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eigenvalues can suffer from spectral pollution [92]—persistent spurious modes that
result from the approximation of infinite-dimensional dynamics in a chosen finite-
dimensional computational basis. Moreover, as the dictionary becomes richer, the
so-called spectral measures of EDMD, which generalize the notion of spectral projec-
tions, do not typically converge weakly to that of K. Finally, although the Koopman
mode decomposition (KMD) provided by EDMD converges in an appropriate sense
(in contrast to DMD), it is not measure preserving, which can be a serious concern
(see subsection 6.3 for a real-world example).

Recently, Baddoo et al. [4] introduced physics-informed DMD (piDMD), which
enforces symmetry constraints on the DMD approximation. For conservative systems,
piDMD forces the DMD matrix to be orthogonal. However, no convergence results are
known for piDMD, and piDMD uses linear observables and implicitly assumes that
these are orthonormal in L?(Q,w). This assumption typically does not hold and may
not even be possible after re-weighting. We shall see that this issue can be overcome
by working in a data-driven inner product space. The resulting Gram matrix of the
observables must be included in a measure-preserving discretization, otherwise the
wrong measure may be preserved.

There are several methods that are not based on the eigenvalues of a Galerkin
approximation, and that approximate spectral measures. Similar to the Ulam ap-
proximation of the Perron—Frobenius operator, [34, 35] proved convergence of periodic
approximations of I via a partitioning of the state space, and developed a numerical
method for dealing with measure-preserving automorphisms on tori. In [55], the au-
thors computed measures for ergodic systems by first computing moments and then
making use of the Christoffel-Darboux kernel. Similar to DMD-type methods, this has
the advantage over periodic approximations of being implementable in high dimen-
sions. Residual DMD (ResDMD) [27, 23] provides a general computational framework
to deal with continuous spectra and spectral measures through smoothed approxima-
tions of spectral measures, leading to explicit and rigorous high-order convergence.
ResDMD deals jointly with discrete and continuous spectra, does not assume ergodic-
ity, and can be applied to data collected from either short or long trajectories. Finally,
the method in [29] constructs compact regularizations of the skew-adjoint generator
of continuous-time, measure-preserving, ergodic systems. Though based on different
techniques special to continuous-time systems, [29] is similar in spirit to the method
we propose—it preserves the measure and has convergence of spectral measures.

1.3. Contributions. We introduce a new approximation of X that is mea-
sure preserving and that converges to the correct spectral information. Our method
uses an orthogonal Procrustes problem using general dictionaries and nonlinear mea-
surements, and we call our algorithm measure-preserving EDMD (mpEDMD). Table 1
compares DMD, EDMD, piDMD, and mpEDMD, and highlights some of the bene-
fits of mpEDMD. The fact that mpEDMD produces a normal truncation of K is an im-
portant property used in the proofs of our convergence results. Our contributions
include

e we introduce mpEDMD to deal with generic measure-preserving systems.
mpEDMD is simple and easy to use with any preexisting DMD-type method,
it is measure preserving, and it can be used with a range of different data
structures and acquisition methods (e.g., single trajectories or multiple tra-
jectories);

1

1For example, we do not assume in this paper that the system is ergodic or invertible.
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TABLE 1

Comparisons of Galerkin discretizations discussed in this paper. X = [m(l) :z:(M)],Y =
['y<1> y<M)] € C*M gre matrices of the snapshots (linear dictionary) and it is common to
combine DMD with a truncated SVD (see section 3). G=V5WVUx and A= V5 Wy, where ¥y,
Uy are given in (3.3) and W =diag(wi,...,wpr) s a diagonal matriz of quadrature weights.

DMD EDMD piDMD mpEDMD

Aux. SVD matrices n/a n/a YX* =V S5Vy G_%A*G_% =U13U5
Koopman matrix (YXT)T GTA VaVy* G~ 3 UUS G%
Nonlinear dictionary X v ) 4 v
Conv. spec. meas. X b 4 X v
Conv. spectra X X X v
Conv. KMD X v b 4 v
Measure preserving b 4 X X//t v

¥ Note: piDMD is measure-preserving only if X X* and W are multiples of the identity, I.

TABLE 2
Lookup table of the approzimated spectral quantities using mpEDMD (Algorithm 4.1) and the rel-
evant convergence results of this paper. The vectors {’u]-}].\]:1 denote the eigenvectors of K with

corresponding eigenvalues {\; }é\’:l, and 5Aj denotes a Dirac delta distribution centered at Aj.
Spectral quantity Approximation Convergence results
Spec. measure £ SN’M:E;-\Ll vjv;fGéAj Theorems A.1 and 5.1
Spec. measures fig u‘,(]N’M>:Z§V:1 |U;Gg|26,\j Theorem 5.3, Corollaries 5.4 and 5.5
Approx. pt. spec. cap(K) {A1,..., AN} Theorem 5.6 and Equation (5.7)
Koop. mode decomp. Eq. (5.2) for g(@n). Lemma A.2 and Remark 5.2

e we prove convergence of mpEDMD for various spectral quantities of
interest, summarized in Table 2. Our results include weak convergence? of
projection-valued and scalar-valued spectral measures, convergence of spec-
tra (including spectral inclusion and ways to deal with spectral pollution),
and convergence of KMDs in L?(£2,w). mpEDMD is the first truncation method
whose eigendecomposition converges to these spectral quantities for general
measure-preserving dynamical systems. Corollary 5.5 is the first result in the
literature on convergence rates of the approximation of spectral measures as
the size of the dictionary increases;

e we demonstrate our convergence results and the use of mpEDMD on several ex-
amples, including numerically simulated data and experimental data. These
examples also demonstrate the increased robustness of mpEDMD to noise com-
pared with other DMD-type methods, and the ability to deal with difficult
problems such as capturing the energy conservation and statistics of a turbu-
lent boundary layer flow.

1.4. Paper structure. In section 2 we introduce various concepts and nota-
tion, and motivate the computation of spectral properties of . Section 3 recalls
the basics of EDMD. This section can be read independently and the interested
reader may find the Galerkin interpretation helpful. In section 4 we introduce mpEDMD
and state its convergence properties in section 5. Proofs can be found in Appen-
dix A. A range of numerical examples are presented in section 6 and we conclude

2This means convergence after integrating against a Lipschitz continuous test function on the
unit circle (where the measures are supported) [7, Chap. 1]. The computation of spectral measures
poses a serious numerical challenge [25] and can only ever be done in this weak sense [21]. For
example, the spectral type of K is well known to be sensitive to arbitrarily small perturbations.
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in section 7. General purpose code for mpEDMD and the examples of this paper can
be found at https://github.com/MColbrook /Measure-preserving-Extended-Dynamic-
Mode-Decomposition.

2. Mathematical preliminaries. Here we provide the background material on
spectra and spectral measures needed to understand later sections.

2.1. Spectral measures and unitary extensions of /. Spectral measures
provide a way of diagonalizing normal operators, i.e., those that commute with their
adjoint. However, a Koopman operator that is an isometry does not necessarily
commute with its adjoint because it may not be invertible. A famous simple example
is the Koopman operator of the tent map

F(z)=2min{z,1 -z}, Q=]0,1].

If w is the usual measure, the system is measure preserving. However, the correspond-
ing Koopman operator, K, cannot be unitary since any function Kg is symmetric about
« =1/2 and hence K is not onto.

Despite this example, a Koopman operator K : L?(Q,w) — L?(Q,w) of a measure-
preserving dynamical system has a unitary extension K’ defined on an extended
Hilbert space H' with L?(Q,w) C H' [73, Chapter I]. Such an extension is not unique,
but it still allows us to understand the spectral information of K by considering X',
which is a normal operator. We shall see that after projecting back onto L?(Q,w), the
measure is independent of the extension. If F' is invertible and measure preserving,
K is unitary and we can simply take K’ =K and H' = L?(Q,w).

The spectral theorem for a normal matrix B € C"*", i.e., B*B = BB*, states

that there exists an orthonormal basis of eigenvectors vy, ...,v, for C™ such that
n n
(2.1) wv= (Z vw,ﬁ) v, veC" and By = (Z )\kvkv}:> v, veC"
k=1 k=1
where A1,...,\, are eigenvalues of B, i.e., Bvy = A\gvg for 1 < k < n. In other

words, the projections v,v; simultaneously decompose the space C" and diagonalize
the operator B. This intuition carries over to the infinite-dimensional setting of this
paper, by replacing v € C" by f € H', and B by a normal operator K'. However, if X’
has a nonempty continuous spectrum, then the eigenvectors of K’ do not form a basis
for H' or diagonalize K’. Instead, the spectral theorem for normal operators states
that the projections vy in (2.1) can be replaced by a projection-valued measure &’
supported on the spectrum of X' [28, Thm. X.4.11]. In our setting, K’ is unitary and
hence its spectrum is contained inside the unit circle T. The measure £’ assigns an
orthogonal projector to each Borel measurable subset of T such that

f= (/Tdé"(A))f and  K'f= (/TAdS’(A)> f fe.

Analogously to (2.1), & decomposes H’ and diagonalizes the operator K'. For exam-
ple, if U C T contains only discrete eigenvalues of K’ and no other types of spectra,
then &'(U) is simply the spectral projector onto the invariant subspace spanned by
the corresponding eigenfunctions. More generally, £’ decomposes elements of H’ along
the discrete and continuous spectrum of K’. An excellent and readable introduction
to the spectral theorem can be found in Halmos’ article [39].

PROPOSITION 2.1. Let P denote the orthogonal projection from H' to L?(Q,w)
and define £ =PE'P*. Then & is independent of the choice of unitary extension.
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Proof. For any g,h € L*(Q,w) and Borel measurable set U C T, (£(U)g,h) =
(€' (U)g,h)p. Hence, it is enough to show that the scalar-valued measures pg p,
pgn(U):=(E(U)g, h)y, are independent of the choice of K'. For n € Z,

(K"™g,h) ifn>0,
(g, K~™h) otherwise.

/TA" dpig n(X) = ((K')" g, by = {

Since fig,5 is determined by these moments, the result follows. 0

Proposition 2.1 shows that the choice of unitary extension is immaterial. Hence-
forth, we dispense with the extension K’, and call £ the spectral measure of K. The
approximation of £ plays a critical role in many applications. For example, in model
reduction, the approximate spectral projections provide a low-order model [71, 66].
A related example is the KMD in Remark 5.2. Furthermore, the decomposition of &£
into atomic and continuous parts often characterizes a dynamical system. For exam-
ple, suppose F' is measure preserving and bijective, and w is a probability measure.
Then, the dynamical system is (1) ergodic if and only if A =1 is a simple eigenvalue
of IC, (2) weakly mixing if and only if A=1 is a simple eigenvalue of K and there are
no other eigenvalues, and (3) mixing if A =1 is a simple eigenvalue of K and K has
an absolutely continuous spectrum on span{1}+ [40]. Different spectral types also
have interpretations in various applications such as fluid mechanics [67], anomalous
transport [94], and the analysis of invariants/exponents of trajectories [48].

Given an observable g € L?(,w) of interest that is normalized to have ||g|| = 1, the
spectral measure of /C with respect to g is a probability measure defined as pq(U) :=
(E(U)g,g), where U C T is a Borel measurable set. The proof of Proposition 2.1 shows
that the moments of the measure p, are the correlations (K"g,g) and (g,K"g) for n €
Z>o. For example, if our system corresponds to the dynamics on an attractor, these
statistical properties allow comparison of complex dynamics [71]. More generally, the
spectral measure of C with respect to almost every g € L?(2,w) is a signature for the
forward-time dynamics of (1.1). This is because p, completely determines K when g
is cyclic, i.e., when the closure of span{g, Kg,K?g,...} is L*(Q,w). If g is not cyclic,
then 4, only determines the action of K on the closure of span{g, Kg,K?g, ...}, which
can still be useful if one is interested in particular observables. The choice of g is up
to the practitioner and application.

2.2. Approximate point spectra. The spectrum of K is defined as
o(K):={AeC:(K—A)"" does not exist} .

The spectrum includes the set of eigenvalues, but can also include points that are
not eigenvalues. Since K is an isometry, any eigenvalue of L must lie in T. The
approximate point spectrum generalizes the notion of eigenvalues:

Oap(K) := {)\ eC: H{gn}neNCLQ(Q,w) such that ||gn| = 1,n1LHOIO K = XN)gnll = O}.

Any observable g with ||g|| =1 and A € C such that ||(K — \)g|| < € is known as an
(e-)approximate eigenfunction. Such observables are important for the dynamical sys-
tem (1.1) since K"g = A\"g+O(ne). In other words, A describes the coherent oscillation
and decay/growth of the observable g with time. The approximate eigenfunctions and
0ap(K) encode information about the underlying dynamical system (1.1) [70]. For ex-
ample, the level sets of certain eigenfunctions determine the invariant manifolds [68]
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(e.g., Figure 4) and isostables [65], and the global stability of equilibria and ergodic
partitions can be characterized by approximate eigenfunctions and o,,(K) [64, 15].
We can approximate o, (K) using the eigenvalues computed by Algorithm 4.1
and verify the computations using residuals (see subsection 5.4). If I is unitary, then
oap(K) =0 (K) CT. Otherwise, oap(K) =T and o(K) is the closed unit disc in C.

3. EDMD. Given a dictionary of functions {t1,...,%x} C L?(Q,w), EDMD [92]
constructs a matrix Kgpyp € CV*Y from the snapshot data (1.2) that approximate
the action of K on the finite-dimensional subspace Vi =span{1,...,1¥x}. The choice
of the dictionary is up to the user, with some common handcrafted choices given in
[92, Table 1]. When the state-space dimension d is large, it is beneficial to use a data-
driven choice of dictionary [57, 93], which can be verified a posteriori to capture the
relevant dynamics via residual techniques [27]. We define the vector-valued function
or “quasimatrix” ¥ via

\Il(a:):[@[;l(;c) d)N(m)]e(ClxN_

Any function g € Viy can then be written as g(x) = 27 Li(x)g; = ¥(x) g for some
vector of constant coefficients g € CV. Tt follows from (1.3) that

[Kgl(z) = ¥(z)(Kepmp g) + R(g,x), R(g,z):=Y¥(F(z))g— ¥(z)(Kepmp g)-

Typically, the subspace Vi generated by the dictionary is not an invariant subspace
of K. Hence there is no choice of Kgpmp that makes the error R(g,x) zero for all
choices of g € Viy and x € Q. Instead, it is natural to select Kgpyvp as a solution of

(3.1) argmin { max |R(g,x)|* dw(z / | (F \I/(IB)BHg dw(m)}.
Bechx~ Jalgll2=1
Here, ||-||2 denotes the standard Euclidean norm of a vector. Given a finite amount of

snapshot data, we cannot directly evaluate the integral in (3.1). Instead, we approx-
imate it via a quadrature rule by treating the data points {x(™}M_, as quadrature
nodes with weights {w,,}M_,. Note that in the original definition of EDMD, w is a
probability measure and the quadrature weights are w,, =1/M. General weights are
an important consideration when we sample according to a measure different from w
or if we are free to chose {x(™}M_, according to a high-order quadrature rule. The
discretized version of (3.1) is

M
2
(3.2) Kgpwmp € argmin wm H‘I’ y(m)) (:n(m))BH .

Be(CNXN — 2

For notational convenience, we define the following two matrices,

() iy
(3.3) Uy = : eCM*N oy = : e CMxN,
U(zM)) U(y™)
and let W = diag(wy,...,wps) be the diagonal weight matrix of the quadrature rule.

We define the Gram matrix G = V5 WV x and the matrix A = VS WVy. Letting
“1” denote the pseudoinverse, a solution to (3.2) is

Kepmp = GTA = (U WU ) (T Wy ) = (VIVU x ) VIV Ty
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In some applications, the matrix G may be ill-conditioned and it is common to consider
truncated singular value decompositions or other forms of regularization [57]. For
simplicity, we assume throughout the paper that G is invertible. The convergence
analysis of our algorithm under regularization is left for future work.

If the quadrature approximation converges, then

(3.4) A}E,HOOGJ’C:<¢’C7%> and ]V}i_r?ooAijUCiﬁk’%%

Let Py, denote the orthogonal projection onto V. As M — oo, the convergence
in (3.4) means that Kgpyp approaches a matrix representation of Py, KPy; . Thus,
EDMD is a Galerkin method in the large data limit M — oco. As a special case, if
Yi(x) =€z for j=1,...,d=N and w,, =1/M, then Kgpup = (VW ¥x)TVIW Ty
In this case, Kgpwmp is the transpose of the usual DMD matrix,

Kpmp = Uy U LT = ULV (U VIV = (VW0 ) VIV ) T = K-

Thus, DMD can be interpreted as producing a Galerkin approximation of the Koop-
man operator using the set of linear monomials as basis functions. When d is large,
it is common to form a low-rank approximation of v/W®¥x via a truncated SVD [57].

There are typically three scenarios for which the convergence in (3.4) holds:

(i) Random sampling: In the initial definition of EDMD, w is a probability
measure and {x(™}M_, are drawn independently according to w with the
quadrature weights w,,, = 1/M. The strong law of large numbers shows
that (3.4) holds with probability one [51, section 3.4], provided that w is not
supported on a zero level set that is a linear combination of the dictionary
[54, section 4]. Convergence is typically at a Monte Carlo rate of O(M~1/2)
[17].

(ii) High-order quadrature: If the dictionary and F' are sufficiently regular and we
are free to choose the {&(™}M_, then it is beneficial to select {x(™}M_, as
an M-point quadrature rule with weights {w,, }2/_,. This can lead to much
faster convergence rates in (3.4) [27], but can be difficult if d is large.

(iii) Ergodic sampling: For a single fixed initial condition &y and x(™) = F™~1(x)
(i.e., data collected along one trajectory), if the dynamical system is ergodic,
then one can use Birkhoff’s ergodic theorem to show (3.4) [54]. One chooses
Wy, = 1/M but the convergence rate is problem dependent [46].

If one is entirely free to select the initial conditions of the trajectory data, and d
is not too large, then we recommend picking them based on a high-order quadrature
rule. Random and ergodic sampling have the advantage of being practical even when
d is large. Ergodic sampling is particularly useful when we have access to only one
trajectory of the dynamical system. Ergodic sampling does not require knowledge of
w (e.g., if one wishes to study the dynamics near attractors).

4. mpEDMD. We now seek a matrix K € C¥*¥ that approximates the action
of I on the finite-dimensional subspace V and, in addition, corresponds to a unitary
operator on Vy. Given the Gram matrix G = Ui, WVU x, we can approximate the
inner product (-,-) via the inner product induced by G:

N N
(4.1) h*Gg= Z higeGi. =~ Z hjgi (i, ¥5) = (Pg, Thy.
jk=1 G k=1

If (3.4) holds, then this approximation converges to the inner product on L?(Q,w) as
M — oo. Hence we have |[¥g|? ~ g*Gg and ||¥Kg|]? ~ g*K*GKg. Since K is an
isometry, we must have that |[WK g||? = ||[¥g]|?. It is therefore natural to enforce
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9*Gg=9g"K*GKg VgeCV.
This condition holds if and only if K*GK = G. Hence, we replace (3.1) by

(4.2)
z dw(x) } .

We therefore enforce that our Galerkin approximation is an isometry with respect
to the learned inner product induced by G. This is a key difference to piDMD [4]
which forces the DMD approximation matrix to be orthogonal with respect to the
Euclidean inner product in which the observables are written down, i.e., B*B =1
(note also that the “coordinate” inner product used by piDMD is not canonical or
basis independent).

After applying the quadrature rule, the discretized version of (4.2) is

argmin{ max \R(g,m)ﬁdw(x):/gH\IJ(F(x))G*%_qz(m)BG*%

BeCNXN | JQ |G gllo=
B¥*GB=G G2 gll2=1

M

2
(4.3) argmin Z W H\I/(y(m))G_% - \Il(a:(m))BG_%
BeSele

2

Letting B =G~/2CG'/? for some matrix C, the problem in (4.3) is equivalent to
2

)

(4.4) argmin HW%\I'XG_%C — W%‘l/yG_%
css

where ||-|| 7 denotes the Frobenius norm. The problem (4.4) is known as the orthogonal
Procrustes problem [81, 3]. The predominant method for computing a solution is via
the SVD. First, we compute an SVD of

G UL WUXG T =G 7 A*G ™7 =U,SU;.
A solution of (4.4) is then C' = UyU; and we take K= G~ Y2U,U; G/2.

Since K is similar to a unitary matrix, its eigenvalues lie along the unit circle.
For stability purposes, the best way to compute the eigendecomposition of K is to
do so for the unitary matrix UsU;. To numerically ensure an orthonormal basis of
eigenvectors, we use the MATLAB schur command in the examples of section 6. The
computation of K and its eigendecomposition are summarized in Algorithm 4.1. Note
that once the matrices G and A are given, the cost of Algorithm 4.1 is O(N?3) and
hence comparable to other methods such as EDMD or piDMD.

The following proposition lists some useful properties of Algorithm 4.1. In part
(iii), we use the notion of pseudospectra [86] of an operator or matrix .A:

o (A)={AeC:[[(A-N"">1/e} =Upj<co0(A+B), €>0.

In this paper, the Koopman operator is an isometry and hence o.(K) = {\ € C :
dist(A,0(K)) <€} so that the spectrum is stable to perturbations.

PrROPOSITION 4.1. The output of Algorithm 4.1 has the following properties.
(1) If (3.4) holds, then any limit point of the matrices K as M — oo corresponds
to an operator that is the unitary part of a polar decomposition of Py, KPy;. .
(i) If (3.4) holds and g = Vg is such that Kg € Vi, then limyr—,o, Kg exists and
(iii) For any € >0, 0c(K) Copigr/2y(U2U7) CHlz:|[2] = 1| < ex(GY?)}.
(iv) (V) < k(GY?).
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Algorithm 4.1: mpEDMD for approximating spectral properties of K.
Input: Snapshot data {x(™) ¢y = F(x™))}M_, " quadrature weights {w,, }?_,,
and a dictionary of functions {¢;}¥ Py
1: Compute G=V5 WU x and A= V5 WUy, where ¥x, Uy are given in (3.3).
2: Compute an SVD of G~1/2A*G~/2 =U,XU3.
3: Compute the eigendecomposition UsU; = VAV*.
4: Compute K = G/2U,U;G'/? and V =G~1/2V.
Output: Koopman matrix K with eigenvectors V' and eigenvalues A.

Proof. Suppose that B € CV*V is a limit point of the matrix K as M — oo.
By taklng Subsequences if necessary (all matrices are bounded), we may assume that
B = G_EUgUl G2 = limpy—00 Uj, G = limp; 0o G, and Y= limyse . In
the large data lnmt, the problem (4.3) is independent of the choice of basis for Vi,
and property (i) is also basis independent. Hence, we may assume without loss of
generality that G is the identity matrix corresponding to an orthonormal basis. It
follows that Kgpyp = UQEU1 Part (i) now follows.

For part (ii), since Kg € Vi, we have ||g|| = |Kg| = im0 |U2SU; G2 g2 =
lim /o0 ||[SUF G2 g|lo, where the last equality holds because U, is unitary. Simi-
larly, [lg] = limas o G glla = limasoe [UGEgllo. Hence limys oo [ U7 G glla =
iMoo |SUFG2glle. X is a dlagonal matrix and all of its entries are in [0,1]. We
claim that lim ;0 [UF G2 —XUFG2]g = 0. If not, then by taking a subsequence if nec-
essary, we may assume that limys_,o0 X and limps oo U; exist with lim s 00 [UT G —
SUFGz]g # 0. But this contradlcts limpas o0 ||UT ngHg = limp—so0 ||[SUF G2 g2
Since limp;_ oo G~ 2U22U1 ng = limy; oo Kgpmpg exists, limy; o, Kg exists and
limas oo YKg =limps o0 YKepmpg = g.

For part (iii), for any z ¢ o(K) we have ||(K — z)~!|| = |G~ 2 (UUF — 2)"'Gz2]|| <
k(G2)||(UUs —2)~1|. Hence, o.(K) C Ten(cr/2y(U2UT). UaUy is unitary, and hence

(Gz)(UQUl) c{z :||z] = 1| < ex(G2)}. Finally, V = G2V for unitary V so
( v) holds. O

Part (i) of Proposition 4.1 provides a geometric interpretation of Algorithm 4.1,
that we use to prove convergence of spectral measures in section 5. Part (ii) shows
that Algorithm 4.1 respects the invariance properties of K. This is particularly use-
ful for delay embedding (see Corollary 5.5). Parts (iii) and (iv) provide conditioning
bounds on the eigendecomposition of K. This is useful since we can only ever ap-
proximate the eigendecomposition using finite M. In contrast, conditioning bounds
for Kgpyvp cannot hold in general. In fact, Kgpyp need not even be diagonaliz-
able (see subsection 5.2). Further stability properties of mpEDMD are investigated in
subsection 6.2.

Note that mpEDMD can be used with generic choices of dictionary which generate
the matrices G and A. Data-driven choices of dictionary include diffusion kernels
[32] and trained neural networks [59, 72]. For example, the kernel trick has been
used for implementing EDMD when the state-space dimension is large [93]. It is
straightforward to adapt Algorithm 4.1 along the same lines.

5. Convergence theory. We now show convergence of Algorithm 4.1 to the
spectral information of K. Throughout, {vj} ", denotes the eigenvectors of K with
corresponding eigenvalues {\;} j=1, where K is the matrix output of Algorithm 4.1.
For ease of reading, the proofs of the results in this section are collected in Appendix A.
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5.1. Approximation of projection-valued spectral measures. To approx-
imate the spectral measure £, we consider the spectral measure, £y s, of the matrix
K on the Hilbert space CV with the inner product in (4.1) induced by G-

N
dEn m(N) =Y 00 GE(A = \j) dA.
j=1

We consider a sequence of vectors spaces {Vy}3_; and the large data limit M —
o0. The following theorem shows weak convergence® of WEy s if K is unitary. For
example, if F' is invertible and measure-preserving, K is unitary. A key part of the
proof is that K represents a normal truncation of .

THEOREM 5.1. Suppose that limy_, dist(h,Vx) =0 for all h € L*(Q,w), (3.4)
holds, I is unitary, and that ¢ : T — R is Lipschitz continuous. Then for any
g€ L?(Q,w) and gy € CN with limy o0 [|g — Ygy| =0,

/T¢(A)d5(A)g—\I//T¢(A) dgN,M(A)gNH 0.

The proof of Theorem 5.1 shows that the rate of convergence in (5.1) as N — oo
depends on the regularity of ¢ (how fast its Laurent series converges) as well as how
well the powers of K are captured by the powers of K.

(5.1) lim limsup

N—oo pooo

Remark 5.2 (computing suitable g, and the Koopman mode decomposition).
Given g € L?(Q,w), we can compute a suitable g, in Theorem 5.1 via

1 T
gy =GO W (g(™) - g(z™)) eCM.

If the quadrature rule converges, ¥g, converges to Py, ¢ in the large data limit and
limpy o0 ||lg — Pvy gl = 0 under the first condition of the theorem. We obtain

Prgl(@) ~ @)V [V VW) VT (g(a™) - g(®)) 7]
Hence, we have the approximate factorization
) gl@n) = WKV [V VTV (g(2®) o g(a™)) ]
= [W(@o)VIA" [V VIWU) VIV (g(@ V) - g@))T].

The factor UV is a quasimatrix of approximate Koopman eigenfunctions. The col-
umns of the final factor in square brackets are known as Koopman modes [66]. The
first part of Lemma A.2 shows the convergence of this approximation.

5.2. Warning example. We cannot drop the condition that K is unitary from
Theorem 5.1. In general, since K is an isometry, it is unitarily equivalent to a direct
sum of unilateral shifts and a unitary operator [73, Chapter I]. The general case can
be understood by supposing that K is unitarily equivalent to a single unilateral shift.
Let Viy = span{ey,...,en}, where the {e;} is a basis so that Ke; = e;41 for j € N.
We have

0 0 1

1 . 1
1. = 1' —
M1—>00KEDMD .. .. ’ Ml—rf})oK

1 0 1 0

3This is not to be confused with weak operator convergence of the operator-valued measures.
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Note that for this example, Kgpyp is not even diagonalizable. Let ¢(A) =1/, then

/ SN AENer =K e =0,  lim ¥ / (V) dEna (Ner = ens
T T

M—o0

where we also use e; to denote the first canonical basis vector of CV. Clearly ey does
not converge in the norm to e;. However, ey does converge weakly to 0 in L2(,w).
Motivated by this, we remove the need for I to be unitary when considering scalar-
valued spectral measures in the next subsection.

5.3. Approximation of scalar-valued spectral measures. Let g € L?(Q,w)

with ||g|| = 1. We approximate the spectral measure 4 by pg =, where
(5.3) pgV M) = g"GEn(U)g =Y |v;Ggl”
A eU

and g is normalized so that g*Gg = 1. Since {Gl/%j }é\le is an orthonormal basis for
CN, uéN’M) is a probability measure. To measure the distance between probability
measures, we use the 1-Wasserstein distance, W;. For two Borel probability measures
@ and v on T, the W distance is defined as

Wi(u,v) :=sup {/Tgb()\) d(p—v)(A):¢: T—R Lip. cts., Lip. constant < 1} .

Convergence in this metric is equivalent to the usual weak convergence of measures.
The following theorem explicitly bounds Wi (ug, ,u(gN’M)), before taking any limits.

THEOREM 5.3. For any LEN, gc L*(Q,w), and g € CV with g*Gg =1,

log(L IC”'g,g —g*GK‘”g
Wl(Mg7uéN,hf))§C IE )+ Z |< > l |

1<I<L

for a universal constant C' that can be made explicit.
Theorem 5.3 and the first part of Lemma A.2, show the following corollary.

COROLLARY 5.4. Suppose that limpy_, o dist(h, V) =0 for all h € L*(Q,w), and
(3.4) holds. Then for any g € L?(Q,w) and gy € CN with limyx_o|g — Vg || =0,

(5.4) lim limsup Wy (pg, ,u(ngM)) =0.

N—oo poo
A popular choice of dictionary is a Krylov subspace, i.e., span{g,Kg,...,K*"1g}.
This corresponds to time-delay embedding, which is a popular method for DMD-type
algorithms [1, 47, 74]. More generally, we can consider the case {g,Kg,...,KFg} C
Vy. Part (ii) of Proposition 4.1 shows that if g,Kg,...,K!g € Vy and g = Vg,
then limy; o0 |(Kllg, g) — g* GKl! g| = 0. Combining this with Theorem 5.3 shows the
following corollary, which provides an explicit rate of convergence.

COROLLARY 5.5. If {g,Kg,...,K*g} C Vi, g= Vg, and (3.4) holds, then

(5.5) limsup W1 (pg, i) < Clog(L)/L
M—o0

for a universal constant C' that can be made explicit.
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5.4. Approximation of spectra. We end this section with the convergence to
0ap(K). The following theorem shows that the eigenvalues computed by Algorithm 4.1
approximate the whole of 0,,(K) as N — co and the subspace Viy becomes richer.

THEOREM 5.6. If limy_, o dist(h, Vy) =0 Vh € L*(Q,w) and (3.4) holds, then

(5.6) lim limsup sup dist(A\, {A\1,...,An})=0
N=00 M—oo A€oap(K)

Despite this result, o(K) ={A1,..., Ay} can suffer from spectral pollution. That
is, eigenvalues of K may approximate points that are not in o(K). We can avoid spec-
tral pollution by computing residuals and discarding eigenpairs with a large residual.
Suppose that (3.4) holds, v € CV, and X € C. Since K*K is the identity,

(5.7) (K= W] =+/{(K—\)To, (IC—A)\I!U)zZ\}iglOO\/v*[(1+|/\\2)G7XA7>\A*]U.

Since K is an isometry, this residual provides a good error estimate. In particular, if
v is normalized so that limpy; o0 [|GY/?0]|2 = 1, then ||(K — X\)To|| > dist(\, o(K)).

6. Numerical examples. We consider three numerical examples, two with data
from numerical simulations, and one with experimentally collected data. Each exam-
ple demonstrates different aspects and advantages of mpEDMD.

6.1. Lorenz system and convergence of spectral measures. The Lorenz
system [60] is the following system of three coupled ordinary differential equations:

X=10(Y-X), Y=X(28-2)-Y, Z=XY —8Z/3.

We consider the dynamics of & = (X,Y,Z) on the Lorenz attractor. The system
is chaotic and strongly mixing [62] (and hence ergodic). Hence the only eigenvalue
(including multiplicities) of K is the trivial eigenvalue A =1 corresponding to a con-
stant eigenfunction. We consider the corresponding discrete-time dynamical system
by sampling with a time step A; =0.1. We use the ode45 command in MATLAB to
collect data along a single trajectory with M snapshots, from an initial point on the
attractor. The quadrature rule in section 3 corresponds to ergodic sampling.*

We first consider the scalar-valued spectral measures ug]f’M), where g;(x) = ¢;[z];
is the jth coordinate normalized to have norm 1 with respect to the ergodic measure w.
For each j, we use {g;,Kg;,...,K¥"1g;} as the dictionary. This choice corresponds to
time-delay embedding. Figure 1 (left) shows the convergence as M — oo (large data
limit) for a fixed N = 50. The convergence is at a Monte Carlo rate of O(M~1/?),
Figure 1 (middle) shows the convergence as N — oo, where M = 10° is selected
large enough to have negligible effect on the shown errors. The W distance to p,, is
computed by comparing it to an approximation with larger N selected large enough
to have negligible effect on the shown errors. The plot demonstrates the rate O(N 1)
from Corollary 5.5. For either convergence in M or N, we do not observe monotonic
decrease of errors, which is to be eXFected. Figure 1 (right) plots the cumulative
distribution functlons (cdfs) of ﬂg for N =10% and M = 10°. For this example,
the cdf of g, is continuous away from )\ =1 and hence the cdf of ,u_E,N M) converges
pointwise on T\{1}. The cdf for ,ug,s D suggests an atom at A = 1 with a small
absolutely continuous spectrum in the vicinity of A = 1. In contrast, ,u_f,];[ M) and
uéz’ are more uniform.

4Though we cannot accurately numerically integrate for long time periods since the system is
chaotic, this does not affect the convergence of the quadrature rule. This effect is known as shadowing.
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50,2x10° 50, M N,10°8 102,108
W (g, M g ™My W (g, g, ) Cdf of g, ")
10/ A\i — 1

10° 8\\\\
(df\%)\

10° 10* 10°

— 92

0 93

o

0.6

0.4

0.2

Fic. 1. Left: Convergence of M_E]i.o’M) as M — oo. Middle: Convergence to the scalar-valued
3 106
measure as N — oo. Right: Cdf of uéljo 10%) plotted against the phase, 0, of the spectral parameter

A=e¢. In all cases, the Wy distance is computed using the L1 distance between the cdfs.

19 fy @) dIE5 g o106 () — 50,1 (M]gjl Il fr @) EEN)g; — ¥dE |46 (V)
¥ fr 6 (N5 5 106 (Ml I fr d(0dEN) gl

10°

Fi1G. 2. Convergence of integrals as M — oo (left) and N — oo (right).

Next, we approximate the projection-valued spectral measures and demonstrate
Theorem 5.1. We use the same dictionaries as before, take ¢(\) = (1 — X)%log(1 — \),
and compute [ ¢(X) dEn ar(N)g;. Figure 2 (left) shows the convergence as M — oo
for a fixed N = 50. Again, we see the Monte Carlo rate of convergence O(M~1/2),
Figure 2 (right) shows the convergence as N — co. Theorem 5.1 does not provide a
rate of convergence. However, we may use the proof of Theorem A.1. The function ¢
was chosen so that its second derivative has a logarithmic blowup at A =1. Figure 1
suggests a convergence rate of approximately O(N~2). In general, the rate depends
on how fast the truncated Laurent series of ¢ converges and how fast powers of K
converge strongly to powers of . Figure 3 shows the outputs as functions on the
Lorenz attractor using N = 50 basis functions and M = 108.

6.2. Nonlinear pendulum, approximate eigenfunctions, and robustness
to noise. We now consider the dynamical system of the nonlinear pendulum. Let
the state variables @ = (z1,x2) be governed by the following equations of motion,

T =T9, Xg= 7Sin(l’1) with Q= [*71_77r}per X R,

where w is the standard Lebesgue measure on ). We consider the corresponding
discrete-time dynamical system by sampling with a time step A; = 0.5. The system
is nonchaotic and Hamiltonian, with challenging Koopman operator theory [61].

We use the dictionary {g,Kg,...,K¢} with g(x1,22) = exp(iz1 )z exp(—23/2).
We collect data points on an equispaced tensor product grid corresponding to the
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v fT d(N) d550,105 (Mg1 v fT d(N) d550,105 (Ng2 . v f’]r d(N) d550,106 (Ngs

Fi1G. 4. Eigenfunctions logiy(|v]), where v = Uv is normalized and v is the eigenvector of K
(mpEDMD) or Kepmp (EDMD). In each case we plot the eigenfunction with eigenvalue nearest to the
shown value of X\. Taking A — X yields the corresponding eigenfunctions reflected in x2 =0.

periodic trapezoidal quadrature rule with M; points in the z; direction and a trun-
cated trapezoidal quadrature rule with Ms = M; points in the x5 direction. For
our problem, these quadrature rules have exponential [87] and (’)(exp(—CM; / %)) [85]
convergence, respectively. To simulate the collection of trajectory data, we compute
trajectories starting at each initial condition using the ode45 command in MATLAB.
Figure 4 shows approximate eigenfunctions on a log-scale, computed using M; =
200. The Koopman operator K has no normalizable eigenfunctions, but has general-
ized eigenfunctions supported along unions of contour lines of the action variable [69].
The eigenfunctions produced by mpEDMD are much more localized along these contour
lines and better approximate the generalized eigenfunctions than EDMD, whose ap-
proximate eigenfunctions are blurred. Figure 5 (left) shows the eigenvalues of K and
Kgpwup. The eigenvalues of Kgpyp lie strictly inside the unit disc, corresponding to
spectral pollution. Note that this spectral pollution has nothing to do with any stabil-
ity issues, but instead is due to the discretization of the infinite-dimensional operator
KC by a finite matrix. In contrast, mpEDMD does not suffer from spectral pollution.
Noise is a substantial problem for most DMD methods, and a common remedy is
to consider a total least squares (TLS) problem [30]. The solution to the orthogonal
Procrustes problem (4.4) is also the solution to the corresponding constrained TLS
problem [3]. Hence, mpEDMD is optimally robust when noise is present in both data
matrices in (4.4) [89]. We test the robustness to noise by adding 7 Gaussian random
noise to the measurement matrices Ux and ¥y in (3.3). Figure 5 (right) shows the
effect of noise on the eigenvalues of K and Kgpump for 7 = 0.1 (10% noise). The
deterioration of the spectrum of Kgpyp is clear. To further investigate robustness,
we compute the (relative) residual of eigenpairs using (5.7) with noise-free matrices
G, A computed using large M;. Figure 6 plots the mean residual over all N = 200
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spectral
pollution

F1G. 5. Eigenvalues of Kgpmp (EDMD) and K (mpEDMD). Left: Noise-free case. Right: 10%
Gaussian random noise added to ¥x and Uy .

o Mean residual (EDMD) o Mean residual (mpEDMD)
—— 1 =E
0.6 0.6 J\[: = 350

M, =400
—— M, = 450
M, =500

05 05

o4t / 0.4

—— M, =200
0.3 —— M =250 0.3
/ —— M, =300

0.2 M, =350 0.2

M, = 400

0.1 —— My =450 01
My =500

0 0.2 0.4. 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
7 (noise level) 7 (noise level)

Fic. 6. Mean residual over all N eigenpairs and 10 independent realizations per noise level T.
Residuals are computed using (5.7) with matrices G and A computed using a larger My and 7 =0.

eigenpairs and 10 independent noise realizations against the noise level 7. We see
that mpEDMD is much more robust to noise than EDMD. Moreover, for a given noise
level 7, the accuracy of mpEDMD increases as M; increases. A full statistical analysis
of this phenomenon is beyond the scope of this paper, but we note that this type of
behavior, known as strongly consistent estimation, is typical of TLS [89, Chapter 8].
This phenomenon does not happen with EDMD in Figure 6.

6.3. Conservation of energy and statistics for turbulent boundary layer
flow. We now consider the boundary layer generated by a thin jet of height 12.7 mm
injecting air onto a smooth flat wall. Experiments are performed at the wind tunnel of
Virginia Tech [84]. A two-component time-resolved particle image velocimetry system
is used to capture 1000 snapshots of the two-dimensional velocity field of the wall-jet
flow over a spatial grid and a time period of 1 s. The streamwise origin of the field-of-
view is 1282.7 mm downstream of the wall-jet nozzle. We use a jet velocity of Ujey = 50
m/s, corresponding to a jet Reynolds number of 6.4 x 10%. The length and height of
the field-of-view is approximately 75 mm x 40 mm, and the spatial resolution of the
measurements is Az = Ay ~ 0.24 mm. This corresponds to dimension d = 102300
in (1.1). We use a full SVD of the data matrix to form a dictionary, as outlined
in section 3. The flow consists of two main regions. Within the region bounded by
the wall and the peak in the velocity profile at y ~ 15.5 mm, the flow exhibits the
properties of a zero pressure gradient turbulent boundary layer. Above this fluid
portion, the flow is dominated by a two-dimensional shear layer consisting of large,
energetic flow structures. This example is a considerable challenge for regular DMD
approaches due to multiple turbulent scales expected within the boundary layer.
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TKE, y ~ 5bmm TKE, y = 35mm a0 Time-avg. TKE
0 D
10 ‘mpEDMD 100 ‘mpEDMD mpEDMD
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Fi1G. 7. Left and middle: Turbulent kinetic energy (TKE) as a function of time, averaged over
the homogeneous horizontal direction. The dashed line shows the expected growth rate of EDMD
from the eigenvalues of Kgpmp. Right: TKE as a function of vertical height, averaged over time,
and the homogeneous horizontal direction. The relative error of mpEDMD is bounded by 0.001.

We investigate the conservation of energy and statistics of the flow when using
the KMD in Remark 5.2, in particular (5.2), to make future state predictions. We
consider the velocity profiles predicted by mpEDMD, EDMD, and piDMD over a time
period of 5 s (five times the window of observations) from an initialization @ selected
at random from the trajectory data. The results are averaged over 100 such random
initializations.

Figure 7 (left, middle) shows the TKE of the predictions, averaged in the (ho-
mogenous) horizontal direction and normalized by szet We show the TKE at vertical
heights in the boundary layer (left panel) and in the shear layer (middle panel). The
instability of the KMD for EDMD is clear. Whilst piDMD is stable, it does not
preserve the correct values of TKE. This is because piDMD is preserving the stan-
dard Euclidean inner product, as opposed to the inner product in (4.1) induced by
the matrix G. In contrast, mpEDMD preserves the correct inner product and conserves
the correct TKE. Figure 7 (right) highlights this by showing the TKE prediction of
mpEDMD and piDMD as a function of the vertical height, and averaged over the whole
time period of 5 s. The maximum relative error of mpEDMD is less than 0.001. These
results underline the importance, even for dictionaries of linear functions, of the non-
trivial matrix G in Algorithm 4.1.

Figure 8 (top row) shows characteristic predictions of the horizontal component
of the velocity field at prediction time 4 s. mpEDMD captures the larger-scale structures
above the boundary layer, whereas piDMD does not, and EDMD overpredicts the
velocity magnitude. Note that the system is chaotic so we can only expect to predict
the qualitative behavior. To investigate the statistics of the predictions, Figure 8
(bottom row) shows the wavenumber spectrum, computed by applying the Fourier
transform to spatial autocorrelations of the predictions in the horizontal direction
[33, Chapter 8]. The wavenumber spectrum provides a measure of energy content
of various turbulent structures as a function of their size, and provides an efficient
measure of how well a flow-reconstruction method performs for various spatial scales.
The wavenumber spectrum of mpEDMD shows excellent agreement with the wavenumber
spectrum of the flow. In contrast, EDMD and piDMD do not capture the correct
turbulent statistics. While we can only ever capture the statistics to the resolution of
the collected data, this example provides very promising results for the use of mpEDMD
in real-world applications and methods such as model order reduction.

7. Conclusion. We formulated a structure-preserving data-driven approxima-
tion of Koopman operators for measure-preserving dynamical systems, mpEDMD, sum-
marized in Algorithm 4.1. We proved the convergence of mpEDMD to various
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- Example flow mpEDMD 4s pred. piDMD 4s pred. EDMD 4s pred.
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FiG. 8. Top row: Horizontal velocity profiles predicted at 4s. Bottom row: Wavenumber spectra,
which measure the energy content of various turbulent structures at different scales, thus providing
an efficient measure of a flow reconstruction method’s performance over various spatial scales.

infinite-dimensional spectral quantities of interest, summarized in Table 2. In par-
ticular, mpEDMD is the first truncation method whose eigendecomposition converges
to these spectral quantities for general measure-preserving dynamical systems. We
also proved the first results on convergence rates of the approximation in the size of
the dictionary. As well as the convergence theory, our numerical examples show the
increased robustness of mpEDMD to noise compared with other DMD-type methods,
and the ability to capture energy conservation and statistics of a real-world turbulent
boundary layer flow. These results open the door to future extensions to more gen-
eral structure-preserving methods for Koopman operators and data-driven dynamical
systems.

Appendix A. Proofs of results in section 5. To prove Theorem 5.1, we
begin with the following bound.

THEOREM A.l. Suppose that ¢ : T — R is Lipschitz continuous with Lipschitz
constant bounded by 1. Then for any L €N, g€ L*(Q,w), and g € CV,

‘ log(L)
L

{Awmweum—wammammH<c< llal-+1%G 411G gl + g - gl ol

[IIKlg — UK'g|| + [[(K*)'g — VK g][]
+ > l ,

1<I<L
where C' is a universal constant.
Proof. Consider the Laurent series of ¢, p(A\) =72 ¢!, and let
1
Srp(\) = AL wh :—/A‘(l“) A) dA.
Lo(N) |ZZ<L a where ¢ i o P(N)

For |I| > 1, since ¢ is Lipschitz continuous with Lipschitz constant bounded by 1,
lei] S 1/]1]. Arguing as in the proof of Proposition 2.1,

! if [ >
[rasmg=itt T =
T (K*)~'¢g  otherwise.
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Arguing directly, we see that ¥ [ A dEn ar(X)g = ¥K'g. It follows that

[ seo0asg— v [ su00n deN,MmgH
(A1)
Slla—allléle+ 3 1Ky - vk'g] + (C) g - vEg]].
1<I<L

Let ¢ = ¢ — ¢(0), then since the Lipschitz constant of ¢ is bounded by 1, ||¢]|lec < .

Since ||¢ — SLd|loo = |6 — SLd||lso Slog(L)/L [44, Chapter 1.3], it follows that

(A2) log( )

(6 5160 dE g H Il

For functions f defined on T,
/f VdEN (NG = \Ifo v Gg=WG™ V2 f(U,UT )G g,

where we have used the fact that the eigenvectors of UsU; are G/2v;. It follows that
Y / (6 = SL)(\) dEn (Vg = WG (9 = SL0)(U>UT) G 2g.
T
Since UxU7 is unitary, ||(¢ — Std)(U2UT)|| < ||¢ — Spé||co- It follows that
log( ) 1/2 1/2
(A3) V(9= SLo)(N)dEnmNg|| S G2l =glla-
T

Theorem A.1 follows by combining (A.1), (A.2), and (A.3). 0

The following lemma shows that the first summation term in Theorem A.1 con-
verges to zero as N — oo if the sequence of vector spaces is dense, and that the second
summation term also converges to zero if, in addition, /C is unitary. This result shows
strong operator convergence of K.

LEMMA A.2. Suppose that limy_,.odist(h, V) =0 for all h € L*(,w) and (3.4)
holds. Then for any g € L*(,w) and gn € CV with limy_o ||g — ¥gx| =0,

(A.4) hm limsup ||K'g — VK'gy|| =0 VIEN.

N—oo proo

If, in addition, KC is unitary, then
(A.5) hm limsup ||(K*)'g — VK'gy||=0 WVIEN.

N—oo pooo

Proof. Recall that Py is the orthogonal projection onto Viy so that PyPj is the
identity on V. For notational convenience, let Qn = PxPn. The assumption that
lim o0 dist(h, V) = 0 for all h € L?(Q,w) implies that Qn converges strongly to
the identity on L?(Q,w), denoted by I. It follows that QnKQx converges strongly
to K and that (QNIC* QnKQnN)'/? converges strongly to (K*K)Y/2 =

To prove (A.4), we may assume without loss of generality, by taking subsequences
if necessary, that the large data limit limp;_,. K exists for each fixed N. Let Ky
denote the operator on Vi represented by limps_, ., K. Proposition 4.1(i) shows that

PiKnPn(QNK*ONKON)Y? = OnK Q.
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Let h € L*(Q,w) and € > 0. Choose Ny € N so that if N > Ny, then ||QnKOnh—Kh| <
e and |[(QnK*QNKQON)Y2h — h|| <e. Tt follows that if N > Ny, then

|PiKnPrnh—Kh||<||QnKQnh — Kh||+|| P KnPr[(QnK* QnKQON)Y2h — h)|| <2,

where we have used the fact that ||Px/CnPn]|| < 1. Since h € L?(,w) and € > 0 were
arbitrary, it follows that Px/nyPn converges strongly to K as N — oo and hence
[Pi KNPyl converges strongly to K! for any I € N. Let gy = Wg,, then

N}im \I/KlgN = 'P?{,]CéVPNgN = [PEICN'PN]ZQN vieN.
—00

Since gy converges to g, [PJ*{,ICNPN]I converges strongly to K!, and all relevant oper-
ators are uniformly bounded, the limit in (A.4) holds.

Now suppose that /I is unitary so that ICIC* is the identity. Again, we may assume
without loss of generality that lim,;_, o, K exists for each fixed N. Let Ky denote the
operator on Vy represented by limy;_,o K. Since Py nPy converges strongly to K
as N — oo for all h € L?(Q,w), we must have

limsup ||[PNKNPN]*PNKNPNK h — [PNKNPN] A SA}im IPNKNPNEK*h — k|| =0.
N—o00 00
Since K3 Ky = PnPj are the identity on Vi, [PyKnPn]* Py KnPnyK*h = OnK*h
converges to K*h. It follows that P33Py converges strongly to K* as N — oo.
Since limps— 00 VK ~!gy = Px (Ki)! Pngn, we argue as before to show (A.5). |

Using Lemma A.2, we now prove Theorem 5.1.

Proof of Theorem 5.1. By rescaling, we may assume without loss of generality
that the Lipschitz constant of ¢ is bounded by 1. We use the bound in Theorem A.1,
replacing g by gy. We have limy/ oo [[PG2|| = 1 and limy; o0 [|GM2g |2 =
l¥g |l Since limy_o0 ||g — Tgn || =0, it follows that for any L € N,

lim sup lim sup
N—oco M—oo

< log(L)
~TL

[ewasog-v [ ¢<A>dsN7M<A>gNH

. : 1 » _
llg|l + lim sup lim sup Z 7[||1Clgf\IlKlgNH +][(K*)lg — VK gy |] -
N—oo M—oo 1<I<L

Since L € N is arbitrary, to prove the theorem it is enough to show that
limsup limsup ||K'g — UK'gy || + [|(K*)'g — PK g x| =0 VIEN.
N—oco M—oo
This follows from Lemma A.2. a0

Proof of Theorem 5.3. The proof is almost identical to that of Theorem A.1. Let

¢ : T — R be Lipschitz continuous with Lipschitz constant bounded by 1. Since p,

M) are probability measures, we may assume that ¢(0) =0. Moreover,

1 ifl>
/Aldugw:{m 9.9) if 120,
T

and ,ugN’

(K™H*g,9) = (9,Kg)  otherwise

and g*G [p A du_S,N’M)()\)g = g*GK!g = g*G'/?[U,U;])'G'/%g. In particular, if I <0,
then g*G [ A duf™™ (\)g = g*GKlllg. Tt follows that

Akld(ug—uéN’M))(A)‘=’<’C”g,g>—g*GK”g Vi€ Z.
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Arguing as in the proof of Theorem A.1, it follows that

1 *
(a0 | [seodig - N0 $ Y ] [ia.0) - g6,
T 1<I<L
Since py and u(gN’M) are probability measures and ||¢ — S1.¢||o0 Slog(L)/ L,
log(L
(A7) J@=s1o e, - 00| s EE.

The result follows by combining (A.6) and (A.7) and taking suprema over such ¢. O

Proof of Theorem 5.6. To prove (5.6), we may assume without loss of generality,
by taking subsequences if necessary, that the large data limit limy; .. K exists for
each fixed N. Let Ky denote the operator on Vj represented by limy;_, o K.

Let 6 > 0andlet {z1,...,25} C 0ap(K) be such that dist(A, {z1,...,2x}) <0 for any
A € 0,4p(K). Such a d-net exists since 0,,(K) is compact. For j=1,..., k there exists
gj € L*(,w) of norm 1 such that [[(K — zj)g;|| <. Since limy_, o dist(h,Vy) =0
for any h € L*(Q,w), we may choose g; v = Vg, y € Vi, each of norm 1, such that
Imy oo [lg5 — gj,n]| =0 for j=1,..., k. Using the first part of Lemma A.2,

timsup (o — 2)gsv ]| =Tmsup Tim (K — )g; vl = (K — 27}l <.
N—o0 N—oco M—o0

Since Ky is unitary, limsupy_, . dist(z;,0(Kn)) < ¢ and hence

limsup lim sup dist(z;, 0 (K)) = limsupdist(z;,c(Kn)) <.

N—oco M—oo N —o00

Since supyc,, () dist(A, o0(K)) <sup;_;  , dist(z;,0(K)) +J, we have

limsuplimsup sup dist(),o(K)) <24.
N—oco M—00 AEoap(K)

Since 6 > 0 was arbitrary, the theorem follows. 0
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