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Is machine learning like alchemy?

Google’s Ali Rahimi, winner of the Test-of-Time award 2017
(NIPS), “Machine learning has become alchemy. ... I would like
to live in a society whose systems are built on top of verifiable,
rigorous, thorough knowledge, and not on alchemy.”

. Yann LeCun
December 6 at 8:57am - @
My take on Ali Rahimi's "Test of Time" award talk at NIPS.

Ali gave an entertaining and well-delivered talk. But | fundamentally
disagree with the message.

The main message was, in essence, that the current practice in machine
learning is akin to "alchemy" (his word).

It's insulting, yes. But never mind that: It's wrong!



Is machine learning like alchemy?

THIS 15 YOUR MACHINE LEARNING SYSTETT?

YUP! YOU POUR THE DATA INTO THIS BIG
PILE OF UNEAR ALGEBRA, THEN COLLECT
THE ANSLERS ON THE CTHER SIDE.

LIHAT I THE ANSLERS ARE LRONG? )

JUST STIR THE PILE UNTIL
THEY START LOOKING RIGHT




Outline of talk
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Motivation I: Construction of neural networks.
Motivation II: Stability of neural networks.
Some precise notions.

Theorem: Stable neural networks can (in some cases) be
constructed.

Numerical example.

» Conclusion.



Motivation I: Construction of neural networks.



What is the key problem in machine learning?

Learning a function.

LABELED)
PHOTOS

ouTPUT

DOG

TRAINING TEST
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Setup
Image © € CV, we are given access to measurements of the form
y=Ax+e,

where A € C™*¥ represents the sampling modality.
Task is to reconstruct « from the noisy measurements y.

Without additional assumptions, such as sparsity of x, this
problem is highly ill-posed.

Might try to solve via a solution of

min ||z s.t. ||Az — <e.
Inin, (B[ | yll2 <



Neural networks are FANTASTIC approximators!

Consider the following mapping ¢4 : M — RY where
M ={y;}j=1 CR™, r<oo,m<N
given by

YAc(y) =w, w € argmin ||z||; subject to ||[Az —y|l2 <e.
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Theorem ([Pinkus, 1999])

Let €,6 > 0. Given that the non-linearity p is not a polynomial,
there exists a neural network @, depending on A and M, such
that

@(y) — pac(y)l2 <6, Yye M.



Neural networks are FANTASTIC approximators!
Consider the following mapping ¢4 : M — RY where
M ={y;}j=1 CR™, r<oo,m<N
given by

YAe(y) =w, w € argmin||z||; subject to ||Az —y|l2 <e.
z

Theorem ([Pinkus, 1999])

Let €,6 > 0. Given that the non-linearity p is not a polynomial,
there exists a neural network @, depending on A and M, such
that

@(y) — pac(y)l2 <6, Yye M.

But: need a constructive training model.
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Constructive?

In reality given approximations: {yjn}j_1, {¢jn}}—; and A,
such that:

1Yjn = Yills 1@5n = Pan.c(@in)ll, |An — Al <277

Training set must be

T:= {(y],n7¢],n,An) ’.7 = 17 TN E N}

Can we train a neural network that can approximate ® based
on the training set 77

Maybe we expect to be able to do this by unravelling standard
(iterative) optimisation algorithms? Like ISTA, FISTA,
NESTA,...



Constructive?

(c)

Fig. 1. Block diagrams for () unfolded version of iterative shrinkage method [31], (b) unfolded version of iterative shrinkage method with sparsifying
transform (W) and (c) convolutional network with the residual framework. L is the Lipschitz constant, Xo is the initial estimates, b; is the learned bias, w;
is the learned convolutional kernel. The broken line boxes in (¢) indicate the variables to be learned.

Figure: Source: Deep convolutional neural network for inverse
problems in imaging [Jin et al., 2017].



What could go wrong?

(i) There does not exist a neural network that approximates
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What could go wrong?

(i) Fhere-does-rot-exist-a-neurab network-that-upproximnates
hef . . Lin

(ii) There does exist a neural network that approximates the
function, however, there does not exist an algorithm that
can construct the neural network.

(iii) There does exist a neural network that approximates the
function, and an algorithm to construct it. However, the
algorithm will need prohibitively many samples.

Both of these last two can happen...



Theorem (Impossible in general)

Let K >2,L € N and d be any metric on RN where N > 6. Then
there exists a well conditioned class 2 of elements (A, M), such that
we have the following three conditions. Consider the neural network ®
from Theorem 8.

(i) There does not exist any algorithm taking elements from T as
input and producing a neural network VU such that W
approximates ® on M to K correct digits in the metric d for all

(A,M) € Q.

(ii) There exists an algorithm taking elements from T as input that
produces a neural network ¥ that approrimates ® on M to
K — 1 correct digits in the metric d for all (A, M) € Q.
However, any algorithm producing such a network will need
arbitrary many samples of elements from T, where accessing
(Yjn> Ojn, An) for one j and n counts as one sample.

(iii) There exists an algorithm using L samples from T as input that
produces a neural network ¥ that approrimates ® on M to
K — 2 correct digits in the metric d for all (A, M) € Q.
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Well conditioned

» Condition of a matrix Cond(A) = || Al|[|A7Y.

» Condition of the mapping ¥ : Q € C" — C™, linear or
non-linear, is often given by

Cond(\ll) = sup lim sup dlSt(\IJ(‘T + Z)7 \I/(l'))

2€Q =0T 14260 HZH
0<|l=[<e

)

where we allow for multivalued functions by defining
dist(¥(x), ¥(2)) = mingecy(z) zew(z) |1Z — Z]|-



Well conditioned

» If U denotes the solution map to our problem (in this
example basis pursuit) with domain 2, we define

p(A,y) = sup{3 | [|A[L, Igll <6 = (A+ A,y +7) € Q are feasible},

and this yields the Feasibility Primal (FP) condition

number
max([|All, [ly[l)

CFP(A,:U) = p(A,y)
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Hence, it is not enough to use universal approximation. When
we seek to construct neural networks via an algorithm, we are
led to classification theory.

It is NOT enough to just “unravel” your favourite algorithm.

Question: Which functions can be approximated by a neural
network that can be computed by an algorithm?



Motivation II: Stability of neural networks.
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A growing problem

Most “state-of-the-art” neural networks are unstable. Now
well-known for image classification:

» Universal small perturbations
[Moosavi-Dezfooli et al., 2017]

» Across different networks [Szegedy et al., 2013]

» Unrecognisable images confidently classified
[Nguyen et al., 2015]



A growing problem

+.007 x

T+

z sign(VeJ(0,2,y)) esign(V,J (6, ,y))
“panda” “nematode” “gibbon”
57.7% confidence 8.2% confidence 99.3 % confidence

Figure 1: A demonstration of fast adversarial example generation applied to GoogLeNet
[2014a) on ImageNet. By adding an imperceptibly small vector whose elements are equal to
the sign of the elements of the gradient of the cost function with respect to the input, we can change
GoogLeNet’s classification of the image. Here our € of .007 corresponds to the magnitude of the
smallest bit of an 8 bit image encoding after GoogLeNet’s conversion to real numbers.

Figure: Source: Explaining and harnessing adversarial examples
[Goodfellow et al., 2014].
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Figure 1: A demonstration of fast adversarial example generation applied to GoogLeNet
[2014a) on ImageNet. By adding an imperceptibly small vector whose elements are equal to
the sign of the elements of the gradient of the cost function with respect to the input, we can change
GoogLeNet’s classification of the image. Here our € of .007 corresponds to the magnitude of the
smallest bit of an 8 bit image encoding after GoogLeNet’s conversion to real numbers.

Figure: Source: Explaining and harnessing adversarial examples
[Goodfellow et al., 2014].

BUT can also happen with image denoising/reconstruction...
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A stability test

Consider a neural network ¢ : C™ — CV which aims to
reconstruct the image ¢(y) ~ = from the (noisy) measurements
y=Ax +e.

Algorithm seeks a vector r € RY such that
lp(y + Ar) — ¢(y)]|2 is large, while ||r||2 is small.
Consider the optimisation problem
1*(y) € argmac L 6(y + Ar) — =3 — 5 r 5.

Test aims to locate local maxima by using a gradient ascent
with momentum on

1 A
Qo) = Sllty + Ar) — zl3 = S}



Example
Simple example for the AUTOMAP network, reported in
Nature as a “state-of-the-art” network!

“Furthermore, AUTOMAP reconstructions exhibit superior
noise immunity compared to those from conventional methods,
as quantified by image signal-to-noise ratio and
root-mean-squared error (RMSE) metrics.”



Example

Simple example for the AUTOMAP network, reported in
Nature as a “state-of-the-art” network!

Not so state-of-the-art in terms of stability...

Figure: Stability test for AUTOMAP taken from [Antun et al., 2019],
and where A is a subsampled Fourier transform. Top row: original

image with perturbations. Bottom row: reconstructions using
AUTOMAP.



Hence, I would not want my doctor to test for cancer using
neural networks (at least not yet) - we need stability
guarantees. Can this be hard-wired into the networks?



Some precise notions.
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What is a neural network?

¢ : C™ — CN such that

o(y) = Wr(pr—1(...o1(W1(y)))).

> Affine map W;(z) = Ajz + bj(y) where 4; € CNi*Ni-1 and
bj(y) = Bjy+c¢; € CVi (affine function of input Y).
» Fach p; is a non-linear function and is one of two forms:

1. Index set I; C {1,...,N;} such that p; applies a non-linear
function f; element-wise on the input vector’s components
with indices in ;.

2. Non-linear function f; such that, after decomposing the
input vector x as (z9, X,Y)7T for scalar 2o and X € C™, we
have

Zo 0
pi | X | = | filzo)X
Y Y
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What do we mean by computable?

» Affine maps (matrix and bias) have rational entries - we
can store this on our computer (in practice use floats).

» Non-linear map constructed using sqrt, with
lsqrtg(z) — x| < 6, for all z € Rxg

We can access this for rational input.
» Architecture (including affine maps etc.) constructed
explicitly from the A,’s.

In other words, we can build these in real life - note that the
above theorem does NOT depend on this particular choice of
non-linear function, architecture etc.
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What do we mean by stable?

Definition (Framework for stability)

Let ® = {¢,, 0, }nen be a computable sequence of neural networks
such that each ¢, has l, layers and l,, — co. Given € >0, v > 0, and
a subset S C CN, we say that ® is stably (¢,v)—accurate over S if
the following holds:

1. (Linear growth in size) There exists a constant C > 1
independent of A such that C'n <1, < Cn and Njn <Cn.

2. (Algebraic rate of accuracy) There exists a polynomial Py
independent of A and a constant Cy (possibly dependent on A)
such that 0,71 < C1(A)Py(n).

3. (Stable recovery to error €) There exists constants Ca, Cs
(possibly dependent on A, x) such that for any © € S

bn(y) — zll2 < e+ L2 4 Co(A, 2)]| Az — y]|o.

In the case that Cy,C5 can be taken to be independent of x for x € S,
we say that © is strongly stably (e,v)—accurate over S.
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typical problems with € small and ~ as large as possible.



Goal: Explicitly construct stably (e,vy)—accurate networks for
typical problems with € small and ~ as large as possible.

Pqo: CN — C™ projection onto canonical basis e;j indexed by €.
A=PoUW™!

where W is sparsifying transform and U measurement matrix.



Goal: Explicitly construct stably (e,vy)—accurate networks for
typical problems with € small and ~ as large as possible.

Pqo: CN — C™ projection onto canonical basis e;j indexed by €.
A=PUW™!

where W is sparsifying transform and U measurement matrix.




Some ideas from compressed sensing

Figure: An image and its wavelet coefficients, where a brighter colour
corresponds to a larger value.

Idea: Fully sample rows that correspond to the coarser wavelet
levels and subsample the rows that correspond to the finer
wavelet levels.



Definition (Sparsity in levels)

Forr eN, let M = (M, ..., M,), where
1<My<..<M,=N, ands=(s1,...,S), where

sp < My — My fork=1,....;r and Mg =0. A vector z € CN
is (s, M)-sparse in levels if

|supp(z) N{Mj—1+ 1, ... M} < sk, k=1,..r

We denote the set of (s, M)-sparse vectors by Xsm-

N
HﬂCHZ}U = Zwi |74
i=1

UsyM(x)l}U = inf{||z — Z”lzlﬂ 12 € Ys M}

In practice, expect os m(Wz);1 to be small if we use
wavelet levels.



Definition (Multilevel random sampling)

Let L€ NN = (Ny,...,N;) € N with 1 < Ny < ... < Ny,

m = (my,...,my) € N, withmy, < N, — Np_1, k=1,...,1, and
suppose that

QkC{Nk_l—i-l,...,Nk},’Qk‘:mk, k=1,...,1,

are chosen uniformly at random, where Nog = 0. We refer to the
set Q= ONm =N U...UQ as an (N, m)- multilevel sampling
scheme.



Positive Results

(sparsifying transform: Haar wavelets with matrix W, others
possible)
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Case 1: Fourier measurements

U corresponds to the d-dimensional discrete Fourier transform.

We divide the different frequencies into dyadic bands By, where
By ={0,1} and for k=2,...,7

Bp={-2141,.., 22 u{2k2 41,2k 1)

In d dimensions set
B = By, x ... x By,, k= (ki,....kq) € N

Multilevel random sampling with (mk:(k’l7---7kd))21,...,l€d:1’
d
| < | B,



Some final quantities...

Assume that if M;_1 +1 <7 < M; then w; = w(j) (i.e. constant

in each level).

S sjw?,
>‘(W¢S): =) )

. i . 2
minj=1,__r ;W)

s) = Zsjw

[kl

Zs,nalk—u S g2

1=kl oo +1

d
(1= liloc) TT 21~
i=1



Theorem (Stable Neural Networks Exist)

Let ep € (0,1), r,d € N, N =274 and M = (M, ..., M,.),

s = (s1,...,8,) describe (s, M)-sparse vectors corresponding to the
scales in a d-dimensional wavelet basis. Suppose

mk 2 A(w,s) - Mx(s,k) - L,
L=d-r* log(m)-log®(s\(w,s)) + log(ep ).
Then, for each n € N, there exists a computable neural network ¢

with 3n layers such that with probability at least 1 — ep, the following
uniform recovery guarantee holds. For any x € CN with ||z|/;2 <1,

Mw,s)i Aw,s)1]|A
(w,s) oot (Wals + (w,s)1[|Af
n(w,s) n

+ Mw,s)3 || Az — y||p2.

6 (y) = zllie <



Theorem (Stable Neural Networks Exist)

Let ep € (0,1), r,d € N, N =274 and M = (M, ..., M,.),

s = (s1,...,8,) describe (s, M)-sparse vectors corresponding to the
scales in a d-dimensional wavelet basis. Suppose

mk 2 A(w,s) - Mx(s,k) - L,
L=d-r* log(m)-log®(s\(w,s)) + log(ep ).
Then, for each n € N, there exists a computable neural network ¢

with 3n layers such that with probability at least 1 — ep, the following
uniform recovery guarantee holds. For any x € CN with ||z|/;2 <1,

Mw,s)i Aw,s)1]|A
(w,s) oot (Wals + (w,s)1[|Af
n(w,s) n

+ Mw,s)3 || Az — y||p2.

6 (y) = zllie <

N

A(w,s)

n(w,s)

Stably (e, 1)—accurate, € = osMm(Wx)p .




How to interpret?

» Choose w(;y = +/s/sj, A(w,s) = and n(w,s) =rs. Up to
log-factors, becomes equivalent to that for the oracle estimator.

>

Z mk2<sk+Zsl2 (k=D 4 Z 52730 k) rL.

] I=k+1

Number of samples required in each annular region is (up to
logarithmic factors) proportional to s + exponentially decaying
terms.



Remarks

» Proof uses state-of-the-art compressed sensing techniques.

» Care must be taken (especially given previous negative
result) - not just a question of picking your favourite
optimisation problem /solver.

» Unknown whether « can be made larger. Would expect
this given universal approximation theorem, but then
might become unstable.
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Case 2: Binary measurements

U corresponds to Walsh-Hadamard transform with tensor
product basis.

d
MB(Sa k) = 8||K]|oo H 2_|ki_||k||oo|
i=1
Theorem then the same but now

Z my 2 2%ds;rL,
Ikl=k

and there are no terms from the sparsity levels s;,1 # k.
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Conclusions

» The ridiculously impressive performance of neural networks
may come at a high price in terms of stability. Given the
last fifty years of the studying stability via inverse
problems, this is an important issue that should not be
overlooked.

» There is likely a rich classification theory, stating limits on
the performance of stable methods - trade-off.

» One such example was presented with explicitly
constructed stable neural networks.

> Next step: assessing the performance of these new neural
networks. Initial tests are promising...



Conclusions

>

The ridiculously impressive performance of neural networks
may come at a high price in terms of stability. Given the
last fifty years of the studying stability via inverse
problems, this is an important issue that should not be
overlooked.

There is likely a rich classification theory, stating limits on
the performance of stable methods - trade-off.

One such example was presented with explicitly
constructed stable neural networks.

Next step: assessing the performance of these new neural
networks. Initial tests are promising...

This talk was somewhat a test: please ask lots of questions (am
very interested in feedback) and feel free to disagree - this issue
is likely to be an ongoing debate in the community.
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