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• State 𝑥 ∈ Ω ⊆ ℝ𝑑, unknown function 𝐹:Ω → Ω governs dynamics

𝑥𝑛+1 = 𝐹(𝑥𝑛)

• Given: Trajectory data 𝑥(𝑚), 𝑦(𝑚) = 𝐹(𝑥(𝑚))
𝑚=1

𝑀

• Koopman operator 𝒦 acts on functions 𝑔:Ω → ℂ

𝒦𝑔 𝑥 = 𝑔 𝐹 𝑥

• 𝒦 is linear but acts on an infinite-dimensional space.

• Work in 𝐿2(Ω, 𝜔) for positive measure 𝜔, with inner product ∙,∙ .

GOAL: Data-driven approximation of 𝒦 and its spectral properties.

Data-driven dynamical systems
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• Koopman, “Hamiltonian systems and transformation in Hilbert space,” Proc. Natl. Acad. Sci. USA, 1931.
• Koopman, v. Neumann, “Dynamical systems of continuous spectra,” Proc. Natl. Acad. Sci. USA, 1932.
• Mezić, “Spectral properties of dynamical systems, model reduction and decompositions,” Nonlinear Dynam., 2005.



Setting
Typical approach: 𝒦 𝕂 ∈ ℂ𝑁×𝑁

Challenges:

1) Spectral pollution: Approximate spurious modes 𝜆 ∉ Spec(𝒦).

2) Spectral invisibility: Miss parts of Spec(𝒦).

3) Continuous spectra.

Assume: System is measure-preserving

⟺𝒦∗𝒦 = 𝐼 (isometry) (we consider unitary extensions )

⟹ Spec(𝒦) ⊆ 𝑧: 𝑧 ≤ 1

WANT: Method preserves measure (e.g., stability, long-time behavior etc.)...
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• Reynolds number ≈ 6.4 × 104

• Ambient dimension (𝑑) ≈ 100,000
(velocity at measurement points)

*Raw measurements provided by Máté Szőke (Virginia Tech)

• Baddoo, Herrmann, McKeon, Kutz, Brunton, “Physics-informed dynamic mode decomposition (piDMD),” preprint.
• Williams, Kevrekidis, Rowley “A data-driven approximation of the Koopman operator: Extending dynamic mode decomposition,” J. Nonlinear Sci., 2015.

Motivating example

piDMD EDMD

stable but wrong

𝑦
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Given dictionary 𝜓1, … , 𝜓𝑁 of functions 𝜓𝑗: Ω → ℂ, 

𝒦 𝕂 = Ψ𝑋
∗𝑊Ψ𝑋

−1Ψ𝑋
∗𝑊Ψ𝑌 ∈ ℂ

𝑁×𝑁

𝜓𝑘 , 𝜓𝑗 ≈ σ𝑚=1
𝑀 𝑤𝑚𝜓𝑗 𝑥

𝑚 𝜓𝑘 𝑥 𝑚 =
𝜓1(𝑥

(1)) ⋯ 𝜓𝑁(𝑥
(1))

⋮ ⋱ ⋮
𝜓1(𝑥

(𝑀)) ⋯ 𝜓𝑁(𝑥
(𝑀))

Ψ𝑋

∗
𝑤1

⋱
𝑤𝑀

𝑊

𝜓1(𝑥
(1)) ⋯ 𝜓𝑁(𝑥

(1))
⋮ ⋱ ⋮

𝜓1(𝑥
(𝑀)) ⋯ 𝜓𝑁(𝑥

(𝑀))

Ψ𝑋 𝑗𝑘

Extended Dynamic Mode Decomposition (EDMD)

• Schmid, “Dynamic mode decomposition of numerical and experimental data,” J. Fluid Mech., 2010.
• Rowley, Mezić, Bagheri, Schlatter, Henningson, “Spectral analysis of nonlinear flows,” J. Fluid Mech., 2009.
• Kutz, Brunton, Brunton, Proctor, “Dynamic mode decomposition: data-driven modeling of complex systems,” SIAM, 2016.
• Williams, Kevrekidis, Rowley “A data-driven approximation of the Koopman operator: Extending dynamic mode decomposition,” J. Nonlinear Sci., 2015.

𝒦𝜓𝑘 , 𝜓𝑗 ≈ σ𝑚=1
𝑀 𝑤𝑚𝜓𝑗 𝑥

𝑚 𝜓𝑘 𝑦 𝑚

[𝒦𝜓𝑘] 𝑥 𝑚

=
𝜓1(𝑥

(1)) ⋯ 𝜓𝑁(𝑥
(1))

⋮ ⋱ ⋮
𝜓1(𝑥

(𝑀)) ⋯ 𝜓𝑁(𝑥
(𝑀))

Ψ𝑋

∗
𝑤1

⋱
𝑤𝑀

𝑊

𝜓1(𝑦
(1)) ⋯ 𝜓𝑁(𝑦

(1))
⋮ ⋱ ⋮

𝜓1(𝑦
(𝑀)) ⋯ 𝜓𝑁(𝑦

(𝑀))

Ψ𝑌 𝑗𝑘
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Ψ 𝑥 = 𝜓1 𝑥 … 𝜓𝑁 𝑥 , 𝑔 =෍

𝑗=1

𝑁

𝐠𝑗𝜓𝑗 = Ψ𝐠, 𝒦𝑔 = Ψ𝕂𝐠 + 𝑅(𝑔,∙)

min
𝕂∈ℂ𝑁×𝑁

න
Ω

max
𝐠 2=1

𝑅 𝑔, 𝑥 2 𝑑𝜔 𝑥 = න
Ω

Ψ 𝐹(𝑥) − Ψ 𝑥 𝕂 2
2 𝑑𝜔 𝑥

min
𝕂∈ℂ𝑁×𝑁

෍

𝑚=1

𝑀

𝑤𝑚 Ψ 𝑦(𝑚) −Ψ 𝑥(𝑚) 𝕂
2

2

Another interpretation

quadrature
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𝐺 = Ψ𝑋
∗𝑊Ψ𝑋, 𝐺𝑗𝑘 ≈ 𝜓𝑘 , 𝜓𝑗

Measure-preserving: Ψ𝐠 = Ψ𝕂𝐠 , Ψ𝐠 2 ≈ 𝑔∗𝐺𝑔, Ψ𝕂𝐠 2 ≈ 𝑔∗𝕂∗𝐺𝕂𝑔

A simple idea
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Enforce: 𝐺 = 𝕂∗𝐺𝕂

min
𝕂∈ℂ𝑁×𝑁

𝐺=𝕂∗𝐺𝕂

෍

𝑚=1

𝑀

𝑤𝑚 Ψ 𝑦(𝑚) 𝐺−1/2 −Ψ 𝑥(𝑚) 𝕂𝐺−1/2
2

2

A simple idea

quadrature orthogonal
Procrustes 
problem
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:

The mpEDMD algorithm

In a nutshell: Galerkin meets polar decomposition.

(This also allows us to prove numerical stability.)
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Relation to previous approaches

• Physics-informed DMD: Similar approach but doesn’t use nonlinear 
observables or matrix 𝐺. Hence in general, not measure-preserving.

Baddoo, Herrmann, McKeon, Kutz, Brunton, “Physics-informed dynamic mode 
decomposition (piDMD),” preprint.

• Periodic approximations via partitioning of state-space (e.g., on tori): Can 
be considered a particular case of mpEDMD, related to Ulam’s method.

Govindarajan, Mohr, Chandrasekaran, Mezić, “On the approximation of Koopman 
spectra for measure preserving transformations,” SIAM J. Appl. Dyn. Syst., 2019.

• Compact regularizations of the skew-adjoint generator: Measure-
preserving method in continuous time through RKHS.

Das, Giannakis, Slawinska, “Reproducing kernel Hilbert space compactification of 
unitary evolution groups,” Appl. Comput. Harm. Anal., 2021.
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• Fin.-dim.: 𝐵 ∈ ℂ𝑛×𝑛, 𝐵∗𝐵 = 𝐵𝐵∗, o.n. basis of e-vectors 𝑣𝑗 𝑗=1

𝑛

𝑣 = ෍

𝑗=1

𝑛

𝑣𝑗𝑣𝑗
∗ 𝑣, 𝐵𝑣 = ෍

𝑗=1

𝑛

𝜆𝑗𝑣𝑗𝑣𝑗
∗ 𝑣, ∀𝑣 ∈ ℂ𝑛

• Inf.-dim.: Operator ℒ:𝒟(ℒ) → ℋ. Typically, no basis of e-vectors! 
Spectral theorem: (projection-valued) spectral measure ℰ

𝑔 = න
Spec ℒ

1dℰ(𝜆) 𝑔, ℒ𝑔 = න
Spec ℒ

𝜆 dℰ(𝜆) 𝑔, ∀𝑔 ∈ ℋ

• Spectral measures: 𝜇𝑔 𝑈 = ℰ 𝑈 𝑔, 𝑔 ( 𝑔 = 1) prob. measure.

Spectral measures → diagonalisation
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Convergence of projection-valued measure

dℰ𝑁,𝑀 𝜆 =෍

𝑗=1

𝑁

𝑣𝑗 𝑣𝑗
∗𝐺𝛿 𝜆 − 𝜆𝑗 d𝜆

Key ingredients:

• Strong convergence of Galerkin approximation.

• Discretization by normal operators.

Theorem: Suppose that the quadrature rule converges, 𝒦 is unitary,
lim
𝑁→∞

dist(ℎ, 𝑉𝑁) = 0 for any ℎ ∈ 𝐿2(Ω, 𝜔). Then for any Lipschitz test

function 𝜉, 𝑔 ∈ 𝐿2(Ω, 𝜔) and 𝒈𝑁 ∈ ℂ𝑁 with lim
𝑁→∞

𝑔 −Ψ𝒈𝑁 = 0,

lim
𝑁→∞

limsup
𝑀→∞

න
𝕋

𝜉 𝜆 dℰ 𝜆 𝑔 − Ψන
𝕋

𝜉 𝜆 dℰ𝑁,𝑀 𝜆 𝒈𝑁 = 0

This assumption 
cannot be dropped 
in general!

𝕂: mpEDMD matrix

𝜆𝑗: eigenvalues of 𝕂

𝑣𝑗: eigenvectors of 𝕂

𝑉𝑁 = span 𝜓1, … , 𝜓𝑁
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Convergence of scalar-valued measure

𝜇𝒈
𝑁,𝑀

𝑈 = 𝒈∗𝐺ℰ𝑁,𝑀 𝑈 𝒈 = ෍

𝜆𝑗∈𝑈

𝑣𝑗
∗𝐺𝒈

2

𝑊1 𝜇, 𝜈 = sup න
𝕋

𝜉 𝜆 d(𝜇 − 𝜈) 𝜆 : 𝜉 Lipschitz 1

Theorem: Suppose quad. rule converges, lim
𝑁→∞

dist(ℎ, 𝑉𝑁) = 0 for any ℎ ∈

𝐿2(Ω, 𝜔). Then for 𝑔 ∈ 𝐿2(Ω, 𝜔) and 𝒈𝑁 ∈ ℂ𝑁 with lim
𝑁→∞

𝑔 −Ψ𝒈𝑁 = 0,

lim
𝑁→∞

limsup
𝑀→∞

𝑊1 𝜇𝑔, 𝜇𝒈
𝑁,𝑀

= 0.

If 𝑉𝑁 = 𝑔,𝒦𝑔,… ,𝒦𝑁−1𝑔 and 𝑔 = Ψ𝒈, then

limsup
𝑀→∞

𝑊1 𝜇𝑔, 𝜇𝒈
𝑁,𝑀

≲
log 𝑁

𝑁
.

𝕂: mpEDMD matrix

𝜆𝑗: eigenvalues of 𝕂

𝑣𝑗: eigenvectors of 𝕂

𝑉𝑁 = span 𝜓1, … , 𝜓𝑁

Matching 
autocorrelations!
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Avoid spectral invisibility!

Theorem: Suppose quad. rule converges, lim
𝑁→∞

dist(ℎ, 𝑉𝑁) = 0 for any ℎ ∈

𝐿2(Ω, 𝜔). Then
lim
𝑁→∞

limsup
𝑀→∞

sup
𝜆∈Specap(𝒦)

dist(𝜆, Spec(𝕂)) = 0.

Specap 𝒦 = 𝜆: ∃𝑢𝑛, 𝑢𝑛 = 1, lim
𝑛→∞

(𝒦 − 𝜆)𝑢𝑛 = 0 = Spec(𝒦) ∩ 𝕋

𝕂: mpEDMD matrix

𝜆𝑗: eigenvalues of 𝕂

𝑣𝑗: eigenvectors of 𝕂

𝑉𝑁 = span 𝜓1, … , 𝜓𝑁
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What about spectral pollution?

Avoid spectral invisibility!

𝕂: mpEDMD matrix

𝜆𝑗: eigenvalues of 𝕂

𝑣𝑗: eigenvectors of 𝕂

𝑉𝑁 = span 𝜓1, … , 𝜓𝑁

12/19



Residuals ⇒ avoid spectral pollution!

• C., T., “Rigorous data-driven computation of spectral properties of Koopman operators for dynamical systems,” preprint.
• C., Ayton, Szőke, “Residual Dynamic Mode Decomposition,” J. Fluid Mech., 2023.

𝐺 = Ψ𝑋
∗𝑊Ψ𝑋, 𝐴 = Ψ𝑋

∗𝑊Ψ𝑌

𝒦 − 𝜆 Ψ𝒈 2 = 𝒦 − 𝜆 Ψ𝒈, 𝒦 − 𝜆 Ψ𝒈

= lim
𝑀→∞

𝒈∗ 1 + 𝜆 2 𝐺 − ҧ𝜆𝐴 − 𝜆𝐴∗ 𝒈

Suitable conditions ⟹ lim
𝑁→∞

min
𝑔∈𝑉𝑁

𝒦 − 𝜆 Ψ𝒈 / 𝑔 = dist(𝜆, Specap(𝒦))

Two methods:

• Clean up procedure for tolerance 𝜀.

• Local minimization algorithm converges to Specap 𝒦 .
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𝑁→∞

min
𝑔∈𝑉𝑁

𝒦 − 𝜆 Ψ𝒈 / 𝑔 = dist(𝜆, Specap(𝒦))

Two methods:

• Clean up procedure for tolerance 𝜀.

• Local minimization algorithm converges to Specap 𝒦 .

Executive summary of ResDMD: (considers inf-dim residuals)
• Rigorous convergence for spectra and pseudospectra of 

general Koopman operators from snapshot data.
• Error bounds ⟹ aposteri verification of spectral quantities, 

Koopman mode decompositions, and learned dictionaries.
• Deals with spectral measures of general measure-preserving 

systems with explicit high-order convergence.
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Lorenz system: scalar-valued spec meas
ሶ𝑥1 = 10 𝑥2 − 𝑥1 , ሶ𝑥2 = 𝑥1 28 − 𝑥3 − 𝑥2, ሶ𝑥3 = 𝑥1𝑥2 − 8/3 𝑥3, Δ𝑡 = 0.1

𝑔𝑗 = 𝑐𝑗 𝑥 𝑗 , 𝑉𝑁 = span 𝑔𝑗 , 𝒦𝑔𝑗 , … ,𝒦
𝑁−1𝑔𝑗
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Lorenz system: projection-valued spec meas

𝑉𝑁 = span 𝑔1, 𝑔2, 𝑔3, 𝒦𝑔1, 𝒦𝑔2, 𝒦𝑔3, … ,𝒦
𝑞−1𝑔1, 𝒦

𝑞−1𝑔2, 𝒦
𝑞−1𝑔3

𝜙 𝜆 = (1 − 𝜆)2log(1 − 𝜆)
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Nonlinear pendulum

ሶ𝑥1 = 𝑥2, ሶ𝑥2 = −sin 𝑥1 , Ω = −𝜋, 𝜋 per × ℝ, Δ𝑡 = 0.5

𝑔 𝑥 = exp 𝑖𝑥1 𝑥2 exp −𝑥2
2/2 , 𝑉𝑁 = span 𝑔,𝒦𝑔,… ,𝒦99𝑔

log10 𝑣𝑗
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Robustness to noise: Gauss. noise for ΨX, ΨY

Mean residual (EDMD)

Noise levelNoise level

strongly consistent
estimation

Mean residual (mpEDMD)
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Turbulence statistics
Flow mpEDMD piDMD EDMD

unstable
stable but 
wrong
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Summary: Structure-preserving Koopmanism for arbitrary measure-preserving systems.

https://github.com/MColbrook/Measure-preserving-Extended-Dynamic-Mode-Decomposition

• Convergence of spectral measures, spectra, 

Koopman mode decomposition.

• Long-time stability, improved qualitative behavior.

• Increased stability to noise.

• Simple, flexible: easy to combine

with any DMD-type method!
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• Convergence of spectral measures, spectra, 

Koopman mode decomposition.

• Long-time stability, improved qualitative behavior.

• Increased stability to noise.

• Simple, flexible: easy to combine

with any DMD-type method!

Summary

Read more about these 
breakthroughs in SIAM News!

Short video summaries
available on YouTube:

(Thank you Steve Brunton
for letting me use your channel!) 

https://github.com/MColbrook/Measure-preserving-Extended-Dynamic-Mode-Decomposition
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